5. Implication Chains. In order to coordinate the action of nodes working for thesame (densely distributed) requirement of type 1 or 2 so that iterated limits will exist, wewill have to force extensions of certain nodes to follow specified paths, so that we can formimplication chains. This will allow us to show that the nodes work together to specify thesame outcome for their axioms. Suppose that s and s are two such nodes. If s and s areincomparable, then the notion of control defined in Section 6 allows us to prevent the nodewhich is off the true path from declaring too many axioms. So we restrict our attention inthis section to the case where s and s are comparable. We try to arrange that, wheneverpossible, either both s and s are activated or both s and s are validated. (Such attemptsbegin on Tdim(s)-1, as the notion of control is used to coordinate action taken by theconstruction for this requirement at nodes on treesTk for k < dim(s)-1, allowing us toverify the existence of iterated limits, except for the outermost iteration.) Whenever facedwith a path along which this is not the case, we try to force an extension of paths whichcauses one of these two nodes to switch before declaring any new axioms. As we alsowant these nodes to act in accordance with the validity of the sentences which generate theiraction, we try to construct implication chains between nodes which yield implications eitherfrom Ms to Ms or from Ms to Ms (see Definitions 2.9 and 2.10). These implication chainsare carried down to T0, where decisions on action can be made effectively, based on thetruth of the sentences.We now describe the construction of implication chains in more detail. Fix L0 ˛[T0] and assume that L0 is the true path for the construction. For all i £ n, let Li = li(L0).Suppose that we have sr � sr � Lr such that r = dim(sr)-1, up(sr) „ up(sr), and sr and srare working for the same densely distributed requirement R. Then at most one of sr and srwill have all of its antiderivatives on Ti lying along Li for all i ˛ [r,n], but we will not beable to recursively identify if either of these nodes has this property, and if so, which onehas the property. We may then be forced to define infinitely many axioms for R forderivatives of both sr and sr. Such axioms have value determined by the prediction of thetruth of certain sentences derived from the sentence assigned to R. However, we can onlyshow that these predictions are correct, and hence that the proper value is specified, whenall antiderivatives of the node lie on the true path. Thus the values produced by derivativesof sr and derivatives of sr may be different, preventing us from computing limits needed tosatisfy R. We must therefore try to coordinate the actions taken for sr and sr. The same sentence, Mup(sr), will be assigned to both up(sr) and up(sr). Thesentences Msr and Msr assigned to sr and sr, respectively, will be obtained by bounding allquantifiers in the first quantifier block of Mup(sr) by numbers wt(sr) and wt(sr),respectively, where wt(sr) < wt(sr). If the quantifier block is a block of universal37

quantifiers, then MsrwillformallyimplyMsr, and if it is a block of existential quantifiers,t h e n Msr w i l l f o r m a l l y i m p l y Msr. A s s u m e t h e l a t t e r , a n d s o , t h a t r i s e v e n , f o r concreteness. The coordination problem arises when we reach tr such that (tr) - = sr, and sr hasfiniteoutcomealongtriffsrhasinfiniteoutcomealongtr. We briefly describe the attemptto coordinate action. There are two cases to consider, depending on whether sr has finiteorinfiniteoutcomealongtr.C a s e 1 : First suppose that sr has finite outcome along tr, a n d s o , t h a t sr h a s infiniteoutcomealongtr.Recallthatsr � sr � tr. We will only need to follow this case ifup(sr) � up(sr), so we assume that this latter condition holds. (If this is not the case, thenwewillbeabletoshowthattherearetoofewconflictingaxiomstopreventtheexistenceofiteratedlimits.)ThesentencesMsrandMsr assigned to srandsr are obtained by boundingthe leading unbounded quantifier block (a block of existential quantifiers) in Mup(sr) = Mup(sr) by numbers wt(sr) < wt(sr), respectively. As srhasfiniteoutcomealongtr, we arepredictingthatMsr is false, so do not have a formal implication from the truth of Msr to thetruthofMsr.Butifitwerethecasethatwt(sr) ‡ wt(sr)andaswearepredictingthatMsr istrue, MsrwouldformallyimplyMsr.Wethustrytocreateanimplicationbetweensentencesbyreplacingsrwithaderivativesr of up(sr) which extends tr. (The process of obtainingsr will require us to switch certain nodes which are the ends of primary links, or whichcaused other implication chains to be created. We may need to iterate this process down toT0, and nodes of T1 which are switched will place elements into sets, so could injure thetruthoftheinstanceofMsr on T1. We will be able to check to see if this is the case, andw i l l s h o w t h a t i t w i l l b e u n n e c e s s a r y t o p a s s f r o m tr t o sr i n t h i s s i t u a t i o n , a s t h e constructionwillresolveconflictsbetweenaxiomsdeclaredbyderivativesofsrandaxiomsdeclaredbyderivativesofsrautomatically.Wewilltrytoprovidemoreintuitionastohowthis occurs later.) Suppose that we decide to extend tr to sr. (In this case, we say that trrequiresextensionforsr.) We now look at trsuchthat(tr)- = sr. If sr has finite outcomealong tr, we proceed as in Case 2 below (with sr i n p l a c e o f sr a n d sr i n p l a c e o f sr) , whereitisassumedthatsr has infinite outcome along tr. If sr has infinite outcome alongtr,thenwewillhaveswitchedtheoutcomeofup(sr), thus forcing up(sr) off the true path,and will have prevented derivatives of sr from defining any axioms which might preventthe computation of an iterated limit, as we have delayed the declaration of axioms byderivativesofsr.C a s e 2 : Suppose that sr has infinite outcome along tr. We now have a formalimplicationfromMsr which seems to be true, to Msr which seems to be false. (We will not38 allow this to happen for r = 0.) If the immediate successor of sr along tr does not requireextension, then we call sr a p s e u d o c o m p l e t i o n of sr. We form an r - i m p l i c a t i o n c h a i n ÆÆsr,sr,trææ, to try to resolve this discrepancy on Tr-1. This discrepancy is first observed attr-1 = out(tr)alongL r-1. We will then have sr-1 � sr-1 � tr-1 such that sr-1 and sr-1 are,r e s p e c t i v e l y , t h e p r i n c i p a l d e r i v a t i v e s o f sr a n d sr a l o n g tr-1, a n d ( tr-1) - = sr-1.Furthermore, �sr-1hasfiniteoutcomealongtr-1andsr-1hasinfiniteoutcometr-1. We nowhave the situation for r-1 which we discussed in Case 1 for r. If tr-1 requires extension forsr-1,thenther-implicationchainÆÆsr,sr,trææ will be called amenable, and we will either beable to extend our implications between sentences to level r-1 and build an amenable (r-1)-implicationchain,orwillswitchpathsasdescribedabove. Once we have an (r-1)-implication chain, we repeat this process. There are threepossibilities. Either we eventually switch sr, thus removing sr from the current path. Orwe switch sr (this can occur when we try to build a j-implication chain for j even), thusresolving the conflict by forcing derivatives of sr a n d sr to define axioms with identicaloutputs (no axioms are defined by sr while we are resolving the conflict), or we reachT0and do not allow the construction of a 0-implication chain. We show that the action of theconstruction on T0 is still in accordance with the potential truth of the sentences described.The process of defining implication chains requires us to define several notions bysimultaneous induction on lh(h) for h ˛ T0. We begin by defining hk requires extensionfor nk, where hk = lk(h). (In Case 1 of our intuitive remarks, hk corresponds to tr andnk to sr.) When hk requires extension for nk, then either k = dim(nk)-1 and we will bebeginning an attempt to construct a k-implication chain, or k < dim(nk)-1 and we will beattempting to extend a (k+1)-implication chain which has been defined by the time hk isreached, to a k-implication chain. If hk requires extension for nk, then we will begin aprocess of defining the k-completion of hk for nk. (The k-completion will correspond tothe node sr when k = r in Case 1). We may need to switch nodes while constructing a k-completion, and may thereby discover a new node which requires extension, and so wantsto find a j-completion. In order to resolve potential conflicts about which completion topursue, we stipulate that we obtain the j-completion of the new node before continuing withthe process of finding the k-completion of the original node. (We will show that thisprocess is finitary.) Nodes which are first encountered during the process of finding a k-completion will not be implication-free, and so will not be allowed to control thedeclaration of axioms. The decision as to whether hk requires extension for nk will dependon the elements in PL(up(nk),l(hk)), a set of ends of primary links along l(hk) whichrestrain up(nk), and nodes extending up(nk) which caused implication chains to be created.39

These are nodes which will have to be switched in order to obtain the k-completion of h k,and in the iterative process of finding a 0-implication chain, could place elements into setswhich might destroy the truth of the instance Ms1 of the sentence whose truth at a givenstage caused us to try to construct the implication chain. (We note that this can only occurfor requirements of type 1.) Should such a destruction occur, then h k will not requireextensionforn k;wewillshowthatifn k really is on the true path for the construction, thenany way of returning n k t o t h e t r u e p a t h w i l l c a u s e s u c h a d e s t r u c t i o n , a n d t h a t t h i s destruction will also allow us to correct axioms. The a m e n a b l e implication chains arethose which give rise to sets PL(up(n k) , l (h k)) for which no such destruction will occur.There are five conditions which must be satisfied in order for a node to r e q u i r e e x t e n s i o n . F i x n o d e s n k � d k �

τ_{r,respectively, in Case 1 of our intuitive remarks), and let}ξk be the immediate successor ofnk alongηk. Condition (5.1) requires that, if k = r, then for all i £ k, the principalderivatives of nk along

ξ_{k) and dk along}outi(ηk) are implication-free (see Definition5.7). This will correspond to assuming that all action to find j-completions for j ‡ k whichwas started before

out0(ξk) is pseudotrue; should this condition fail, then

σ r in Case 1. By (5.2) and Lemma 4.3(i)(a) (Link Analysis), condition(5.3) will imply that up(νk) � up(δk); and the failure of (5.3) will imply that up(

δk) are incomparable, so by (2.6), no derivatives of up(νk) can extendδk. In the lattercase, it is impossible to carry out the extension process needed to find a completion. (5.4)is the condition which determines if any node which must be switched during the iterationprocess for finding completions will place elements into the restraint set for the sentencewhose apparent truth caused us to want to act; the condition requires that such nodes do notexist. This will always be the case for requirements of type 2, so (5.4) only applies torequirements of type 1. (5.5)(i) is the condition required to start building an r-implicationchain, and condition (5.5)(ii) describes the situation which arises in extending a (k+1)-implication chain to a k-implication chain. Definition 5.1: Suppose that k £ r < n and ξ_{k ˝}δk �ηk ˛

δk, (ξk)- =νk, and r = dim(

η_{k requires extension for}νk ifνk isthe shortest node for which the following conditions hold:40

( 5 . 1 ) If k = r, then for all i £ r, the principal derivatives ofνr along

δ r along

out_{i(}

η_{r) are implication-free (see Definition 5.7), and} 0( ν_{k ”}δk, up(δk) „ up(νk),

ν_{k is the principal derivative of up(}

ν_{k) along}

η_{k, and}

ν_{k is the initial derivative of up(}νk) alongηk).(5.3)There is no primaryηk-link which restrains

π_{k+1 ˛ PL(up(}νk),l(ηk)), TS(

σ j,σ j,τ jæ: r ‡ j˚‡ k+1æ along l(

τ_{k+1), and}δk (νk, resp.) is the principal derivative of

η_{k. (See Definitions 5.4 and 5.2 for the definitions of amenable and implication chain.)We say that}ηk requires extension ifηk requires extension for some

Tr, down toTk. The conditions mentioned in Definition 5.2 aredescribed in the motivation at the beginning of the section. In addition, we require theprincipal derivatives of

τ_{r) to be implication-free for all i£ r (condition (5.10)). This will correspond to assuming that all action to find j-completions for j ‡ k which was started before outi(}τ r) or outi( σ_{k alongouti(}τ k) need not be implication-free. (We note that condition (5.6) below allowsup(σ r)|up(sr).)We will also need to describe the situation when the first triple of an implication41

chain can be formed by taking an immediate extension of a node sr in the absence of arequiresextensionconfiguration;suchasrwillbecalledapseudocompletion.Definition 5.2: Fix k £ r £ n. A k-implication chain is a sequence Æ Æ

σ_{j,}

τ_{jæ: r ‡ j ‡ kæsuch that:(5.6)}σ r ” sr and up(σ r) „ up(sr). (5.7)tp(σ r) ˛ {1,2}, dim(

σ_{k.(ii)}σ k = (τ k)- �

σ_{k+1 and up(}σ k) =σ k+1.(5.10)(i)Fix σ_{r. Then for all i £ r, the principal derivative of}σ r along outi(τ r) is implication-free (see Definition 5.7), and sr is implication-free.(ii)For all i £ r, the principal derivative of sr along outi(

σ_{k has infinite outcome along}σ k.(ii)σ k has finite outcome alongτ k.(5.12)If k < r, then ÆÆ

τ_{jæ: r ‡ j ‡ k+1æ is a (k+1)-implication chain along}τ k+1 and out(τ k+1) �

ρ_{k ˛}Tk (Λk ˛ [Tk], resp.) if

τ_{k �}

Λ_{k,resp.).Suppose that k = r, conditions (5.6), (5.7), (5.8)(i), (5.9), (5.10)(i), and (5.11)(i)hold, and sr is an initial derivative. In this case, we call sr a pseudocompletion of}σ r. sris a pseudocompletion if it is a pseudocompletion of some node. nThe process of building a new r-implication chain, or of extending a (k+1)-implication chain to a k-implication chain, will require us to build completions. We willdefine PL sets, which keep track of the antiderivatives of those nodes of

T0 during the process of building completions.Consider the situation wherein a node ofTk requires extension. Thus assume that we have42

η_{k)- =}

δ_{k and}

η_{k requires extension for}

ν_{k. We wish toconstruct a}

κ_{k) = up(}

ν_{k) =}

ν_{k+1. By (2.10), this requires takingextensions of}

κ_{k)-free node. Thus we must eliminatethe links which restrain}νk+1. Letηu =λ u(ηk) for all u ˛ [k,n]. We will show later that, in this situation, there isan ν_{k+1 and}

ν_{k+1 �}

δ_{k+1 = up(}

δ_{k). By Lemma 4.1 (Nesting),there will be an}

k+1-link [

ν_{k+1 and contains all}ηk+1-linkswhich restrainνk+1, and

νk+1 free; this is done as follows. Let [μk+1,πk+1] be derived from theprimary

π_{j] (we allow j = k+1). By Lemma 3.5 (Nonswitching Extension) andsince all blocks defined in Section 2 are finite, we will be able to find a nonswitchingextension}ηk ofηk such that

π_{j and}ηk is an initial derivative ofupj–1(

η_{k such that (}ηk)- =ηk,

λ_{i(}

η_{k) for all i <j, and}ηk switches

π_{k+1] will not be a}λ k+1(ηk)-link, and every

νk+1 will be properly contained in the interval [μk+1,πk+1]. Hence barringother considerations, we can repeat this process for the longest νk+1, and eventually find a new derivativeκk ofνk+1 on

T_{0 which will be nonswitchingexcept when needed to switch one of the above nodes ending a link.}out0(κk) will actaccording to the validity of its sentence unless k = 0, in which case we forceκ0 to haveinfinite outcome, and show that this action is in accordance with the validity of the sentenceassigned to

out_{0(}κk) produces an immediate successorηοϕ

κk has infinite outcome along lk(η), τηεν τηε προχεσσ ηαλτσ σινχε ωε ωιλλτηεν ηαϖε σωιτχηεδνk+1, so will have forced

Λ_{k+1. Otherwise, we willhave constructed a k-implication chain, and}λ k–1(η) ωιλλ ρεθυιρε εξτενσιον, σο ωε χανρεπεατ τηισ προχεσσ. ν_{k+1,}ηk+1) via (5.13) whenever j = k+1, i.e.,whenever [μk+1,

η_{k+1-link. Each such}πj will be the last node of aprimaryηk+1-link which restrainsνk+1. The nodes in PL(

νk+1,ηk+1), whether this action causes anelement to be placed into this oracle. If not, then the implication chains constructed duringthis process are called amenable (see Definition 5.4). The derivative operation willprovide a one-one correspondence between PL(

δ_{k,}λ k(η)), σο ιτ ωιλλσυϕϕιχε το χονσιδερ ονλψ τηε νοδεσ ιν ΠΛ σετσ. Τηερε αρε αδδιτιοναλ χονσιδερατιονσ ωηιχη ωε νεεδ το τακε ιντο αχχουντ. Ουρ προοϕρεθυιρεσ τηατ ωε ϕολλοω τηε βαχκτραχκινγ προχεσσ ϕορ α νοδε ωηενεϖερ τηατ νοδε ρεθυιρεσ43

extension. In the preceding paragraph,

λ_{j–1(} η k).It is thus possible that

λ_{j–1(}

k) will require extension for some

γ_{j–1, if}

γ_{j = up(}

γ_{j–1), then there is a}

λ_{j(} η k)-link which restrains

η_{k)-link derived from this}λ j(

η_{k)-link restrains}

k+1, so this situation is notcovered by (5.13). Suppose that

η_{k) requires extension for}γj–1. By (5.1) and sinceλ j–1(

η_{k) isimplication-restrained, dim(}

η_{k) (which entails removing all links around}γj)before proceeding as in the preceding paragraph for the next link which restrainsνk+1.This may require us to switch additional primary links, say [

T_{t for t ‡ j, with}

ν_{k+1�}outk+1(

τ_{j–1 of}

γ_{j, we must forceit to have infinite outcome along its immediate extension in order to preclude the existenceof a (j-1)-implication chain along the true path. In either case, we have to switch nodes on}Tk+1 if t = k+1 or j = k+1, respectively, until we complete the backtracking process forλ j–1(

η_{k). For the first case, we putall nodes}τ k+1 ˛ PL(γk+1,

η_{k+1) via (5.14)(ii), as these nodes have to beswitched in order to backtrack l(}ηk), and call PL(γk+1,

ηk+1). For the second case, we putγk+1 into PL(νk+1, ηk+1) by looking ahead to someηk � out(ηk+1), and seeing which nodes ˝

η_{k.However, in the definition of PL sets below, we will want to inductively describe this setin advance, as we pass from}νk+1 toηk+1, in anticipation of later findingηk and having tocarry out the corresponding backtracking process. When we wanted to place an element ν_{k+1,}ηk+1) through (5.13), it was the case thatτ k+1 was the end of a primaryηk+1-link restraining δ_{k+1which requires extension for some}μk+1 �νk+1 withνk+1 � (

γ_{k+1 of the preceding paragraph.)Once we complete the backtracking process for}δk+1, i.e., once we find a primarycompletion

δ_{k+1 does not placeelements �}κk+1 into PL(νk+1,

ξ_{k+1 in (5.14) (for j = k+1) mustsatisfy}ξk+1 ˝κk+1.The backtracking process is induced by the process described above, starting at

ηk) and ending atout0(κk). Thus we begin at η_{k), and proceed as describedabove by taking extensions on}T0 which are never j-switching for any j £ k, until we reacha node ηk) which has the properties ofout0(κk). As activated and validatedoutcomes are unique on

κ_{k has been defined in this way. For all i £ k,}outi(

κ_{k) will becalled the i-completion of hk for}νk, and will be defined in Definition 5.6. In the definitionof the PL sets, which we now present, it would be helpful for the reader to think of j as thek+1 of the preceding remarks. The definition is an inductive definition, proceeding byinduction on n-j and then by induction on lh(

νj �ηj ˛Tj. We place

ν_{j,}

η_{j) if one of thefollowing conditions holds:(5.13)There is a}μj such thatμj ˝

τ_{j] is a primary}

η_{j-link.(5.14)There are}μj,

μ_{j �}νj � (δj)- �

η_{j,}

δ_{j requires extension for}μj and has no j-completion with infinite outcome along

δ_{j)-; or(ii)}τ j ˛ PL((δj)-, ξ_{j) a componentof PL(}νj,ηj). nLemma 5.1 (PL Analysis Lemma): Fix j £ n and σ_{j ˝}

η_{j ˛}

T_{j such that(}

νj,ρ j) ˝ PL(νj,

σ_{j)\PL(}νj,ρ j) ˝ { σ_{j)\PL(}νj,ρ j) „ fl, then either PL( ν_{j,}ρ j) = {ρ j} and σ_{j requires extension.(iv)If}ρ j has finite outcome alongσ j then PL( ν_{j,}ρ j).(v)Ifρ j is μ_{j such that}δj requires extension forμj and δ_{j)- �}δj ˝ηj, it is the case that there is a

κj is the j-completion ofδj andκj has infinite outcome along

ν_{j,}σ j) = PL(νj,ηj).(vi)If

ρ j,ξj) is a component of PL(νj,

ξ_{j)¨{}ρ j} ˝ PL(νj,

ηj) is a component of PL(νj,ηj) and ( η_{j), then (}ηj)- ˛ PL(ρ j, ρ_{j.(viii)If every}δj ˝ρ j which requires extension has a j-completion ˝

σ j, then PL(νj,ηj) ˝ PL(

ρ_{j)¨PL(}ρ j,ηj)¨{

ρ_{j,}

η_{j) is a component of PL(}

ρ_{j,}

η j) and PL(

η j) is a component of PL(

ν_{j,}

η j), then PL(

ρ j,

ν_{j,}

η j).Proof: (i): By definition.(ii),(iii): Any primary

σ_{j-link which is not a primary}

σ j only ifσ j requires extension. Hence(iii) holds. (ii) now follows from (5.13), (5.14)(i), and induction on lh(ηj)-lh(

σ_{j, then}ρ j is not the last element of a primaryσ j-link. By (5.2), if σ_{j. (iv) nowfollows from (i) and (iii). (v): As}ρ j isηj-free, it follows from (4.1) that the primary

σ j-links restrainingνj. Hence all nodes placed in PL(νj,

σ_{j). Suppose that}νj � (δj)- �

δ_{j requires extensionfor}μj �νj. By the hypothesis of (v), there is a κ_{j] is a primary}

η_{j-linkwhich restrains}νj. As

ν_{j ˝}ρ j,κj ˝

νj,ηj) via (5.14) are already in PL(νj,

ν_{j). By definition, if PL(}ρ j,ηj) is acomponent of PL( ν_{j �}ρ j and there is aμj �

μj. Hence if (ηj)- enters PL(νj,

ηj)-] also restrainsρ j. Thus (ηj)- ˛ PL(

ηj)- enters PL(νj,ηj) via (5.14). Then there are

η_{j such that}νj �δj = (

μj �νj, PL(δj,

ηj), and either (ηj)- =δj or ( η_{j). If}ρ j �δj, then as ρ_{j,PL(}δj,ηj) is a component of PL(

ρ_{j =}δj, then (vii) isimmediate. Otherwise, asδj,

δ_{j �}ρ j �ηj; hence as

δ_{j,PL(}ρ j,ηj) is a component of PL(

ρ_{j)-lh(}δj) < lh(ρ j)-lh(

δ_{j, soby induction, (}ηj)- ˛ PL(δj,

η_{j) is a component of PL(}νj,ηj) andlh(

ρ j)-lh(νj), so by induction, either (ηj)- = ρ_{j,}ηj).(viii): Suppose thatτ j ˛ PL(

τ_{j. Then thereis a}μj �τ j such that [

τ j] is a primaryηj-link restrainingνj. If τ_{j is placedinto PL(}νj,ρ j) by (5.13). And if τ_{j is placed into PL(}ρ j,ηj) by (5.13).Next assume that

νj,ηj) by (5.14), because of the componentPL(δj, δj �νj which requires extension for someμj �

δ_{j ˝}ρ j, then by hypothesis,δj has a j-completion

ρ_{j which has infinite outcome along}ρ j,so by the properties ofξj in (5.14), ξ_{j ˝}ρ j. Hence eitherτ j =

τ_{j is placed intoPL(}νj,ρ j) by (5.14). Otherwise,ρ j �

ν_{j ˝}ρ j, PL(δj,

η_{j), so}

τ_{j is placed into PL(}ρ j,

η_{j) by (5.14).(ix): Immediate from (vi). nAs mentioned earlier, the process of extending a k-implication chain to a 0-implication chain may injure the validity of a sentence whose truth we are trying topreserve. When this happens, we will not act to extend the k-implication chain. Our nextdefinition allows us to differentiate between the k-implication chains which we want toextend (the amenable implication chains), and those which we do not want to extend (thenonamenable implication chains). Condition (5.15) applies when up(sr) has an initialderivative �}

Tk+1 generated by a node onTk, then we have a configuration ofnodes onTk which gives rise to a requires extension situation, so condition (5.4) will beapplicable. Condition (5.16) imposes a restriction similar to that imposed by (5.4) whenup(sr) does not have an initial derivative �

σ r is a pseudocompletion ofσ r. We say that

σ_{r) „ 1, or for every}πr ˛PL(σ r,

σ r) = fl. Now suppose that ÆÆσ j,σ j,

τ j �τ j such that (τ j)- = σ_{k)along}τ k. We say that ÆÆσ j,

σ k is the shortest string satisfying (5.6)-(5.11), and(5.15) or (5.16) forσ k and

νk andσ k is the primary k-completion ofτ k. (See Definition 5.6 for the definition of k-completion.)(5.16)k = r and

σ r.A nonamenable implication chain is an implication chain which is not amenable. n47

The backtracking process requires us to keep track, along each path, of the nodesw h i c h r e q u i r e e x t e n s i o n b u t h a v e n o 0 - c o m p l e t i o n a l o n g t h e p a t h , a n d t o f i n d 0 - completions for these nodes in reverse order of the order in which we discover that theyrequire extension. This ordering is defined in Definition 5.8, and depends on the definitionof completions (Definition 5.6). In order to show that backtracking can be carried out, wer e q u i r e t h a t t h e f i n a l p a t h s t h r o u g hT0 be admissible (see Definition 5.9). There is apotential circularity here, which we avoid by requiring these nodes to be preadmissible.Preadmissibility ensures that nodes will only be switched when they do not interfere withthe backtracking process; and in the course of finding completions, nodes will be switchedonly as required by the backtracking process. Completions are then defined as the nodesreached when the backtracking process has been completed. Because of the interdependence of the next five definitions, we will explain some ofthe terminology used in the next definition. A node r will be completion-respecting if forall j £ n, any node along

T0, andcondition (5.17)(ii) requires that nonswitching extensions be taken for all nodes which arenot captured during a backtracking process but are derivatives of captured nodes. Condition(5.18) covers extensions taken during the backtracking process. Clause (i) requires that wetake (k+1)-switching extensions of nodes ofTk which are primary completions. Thiscondition is needed to maintain compatibility with all completions which are forced to betaken during the construction. Clause (ii) requires us to switch outcomes of primary linksin a minimal way, in order to return a designated node to the true path. Clause (iii)specifies that no other nodes captured by the backtracking process have switchingextensions. (The reader may want to refer back to the remarks following Definition 5.2 forintuition.)Definition 5.5: Fix s ˛

ηi: i < mæ for some m ‡ 0 (see Definition 5.8), and foreach i < m, fix k(i) such thatηi ˛

ηi requires extension forνi. Wesay that s is preadmissible if either s = Æ æ, or s „ Æ æ, r is admissible (see Definition 5.9),48

andthefollowingconditionshold:( 5 . 1 7 ) (i)If either r is a primary 0-completion or an amenable pseudocompletion, then r hasinfiniteoutcomealongs.(ii)I f t h e h y p o t h e s e s o f ( i ) f a i l , S = Æ æ, and r i s i m p l i c a t i o n - r e s t r a i n e d ( s e e Definition 5.7), then s is a nonswitching extension of r.( 5 . 1 8 ) If S „ Æ æ, then one of the following conditions holds:(i)(a)Therearek(m)and

m ˛

η^{i: i £ mæ, r is a 0-completion of}η

m; and(b)s is a (k(m)+1)-switching extension of r.(ii)(a)(i)(a) fails, and there is a j > k(m-1) and aλ k(m–1)+1(r)-link [μk(m–1)+1,

λ j(r)-link [μj,πj] such that r is the initial derivative of

κk ˛Tk. We say that

κ_{k)is nonswitching and either:(5.19)There are m ‡ 0,}γk �ρ k �

η^{m =}ρ k requires extension forγk, up(

out_{0(}ρ k) andout0((

κ_{k of}ρ k such thatκk �κk (in this case, we say that

γk)); or:(5.20)There is a j > k and aκj ˛Tj such that

ρ_{j and}κk is an initial derivative ofκj. (In this case, we say that

ρ j.)49

Wesaythatκk is a completion ifκk is a k-completion of some

ρ k.) nThe process of finding a 0-completion ofηk may force paths to follow nodes on

η_{k),}κj], whereκj is the j-completion of

ξk ˛Tk is primarily implication-restrained if:(5.21)There is an

κ_{k ˝}ξk ofηk.

out_{k(}ηj) ˝ξk,

ξ_{k of}ηj.ξk is inductively implication-restrained if the following condition holds:(5.23)upj(

ξ_{k is implication-restrained if}ξk is either primarily, hereditarily, or inductivelyimplication-restrained.ξk is implication-free ifξk is not implication-restrained. (ByDefinition 2.1, the implication-restrained nodes can be recursively recognized.) nSuppose that

T_{k.}ξk is completion-respecting if for all j ˛ [k,n] and allρ j ˝ ξk), ifρ j requires extension, thenρ j has a j-completion along ξ_{k). It is possible forsuch a node}ρ j ˝λ j(

ξ_{k but not to have a j-completionalong}λ j(ξk). This will happen only during an iteration of the backtracking process, and inthis case,ρ j will have an i-completion along

δ_{k) for all i ˛ [k,j). Such a}ρ j has already50

found a j-completion, and does not need to find another one; in fact, an attempt to maintaincompatibility with its j-completion may conflict with being able to carry out a finitarybacktracking process. Thus we will need to determine the nodesρ j ˝

ξ_{k. These are the nodes for which we needto find k-completions, and are placed in the completion-deficient set at}ξk. These nodesare ordered into a sequence by the order of the appearance of their images under

ξk ˛Tk and a set S of nodes of ¨{

j ˝

ξk is completion-deficient for S if the following condition holds:(5.24)For all j ˛ [k,n] andρ j ˝λ j(

ρ_{j requires extension and has no k-completion ˝}ξk.ξk is completion-respecting if for all j ˛ [k,n] and ξ_{k), if}

ρ_{j requires extension,then there is a j-completion}κj ˝

ρ_{j.Given S such that}ξk is completion-deficient for S, let S = Æηi: i < mæ be the linearordering of S induced by the inclusion ordering on outk(n) for n ˛ S. By (2.5) and Lemma5.6 (Uniqueness of Requiring Extension), this ordering will be well-defined. For all i <m, fix k(i) such that

ξk is completion-consistent via S if the following conditions hold:(5.25)If i < j < m, then k(i) £ k(j).(5.26)If i < j < m and k(i) = k(j), thenηi �

ξk is completion-consistent. nAdmissible nodes, as defined below, are nodes which are preadmissible,hereditarily completion-consistent in a uniform manner as specified by condition (5.27), actin a way to preclude the existence of amenable implication chains along the final pathsthrough the trees as specified in (5.28), and preserve a correspondence between PL sets onconsecutive trees, as specified in (5.29)(i)-(iii). (5.29)(i) specifies that when the extensionof a path onTk causes the path on

Tk. If the above51

h a p p e n s d u r i n g t h e b a c k t r a c k i n g p r o c e s s f o r a n o d e , t h e n ( 5 . 2 9 ) ( i i ) s p e c i f i e s t h a t immediately at the end of that process, the PL set onTk for the predecessor of the noderequiring extension consists exactly of derivatives of all nodes in a corresponding PL set on

T_{k, and let s =}

out_{0(}

σ_{k). We say that}

σ k is completion-free if s is 0-completion-free. We say that s ispseudotrue if s is preadmissible, completion-consistent via Æ æ, and completion-free. Wesay that s is admissible if s is preadmissible, hereditarily completion-consistent,completion-consistent via a sequence S, and the following conditions hold:(5.27)If x � s is completion-consistent via S and h ˛ S, then either h has a 0-completionk ˝ s, or h ˛ S.(5.28)If h ˝ s is pseudotrue, then there is no amenable j-implication chain alongλ j(h) forany j £ n.(5.29)(i)For all k < n and

η_{k ˝}λ k(s) ˛Tk, if up( η_{k) and}νk is implication-free, then PL(up(μk),up(

ξ_{k ˛ PL(}νk,ηk)}¨PL(up(

μk �νk = (ηk)- �

λ_{k(s) ˛}Tk, ifηk requires extension for

η_{k, thenPL(up(}μk),l(ηk)) = {up(

ν_{k,}κk)}.(iii)If h ˝ s is completion-consistent via Æ æ and h is a 0-completion, then h is implication-free.Λ0 ˛ [

Λ0 is admissible.Λk ˛ [Tk] is admissible if

λ k(Λ0) for some admissibleΛ0 ˛ [

T_{k–1which requires extension. 52}

L e m m a 5 . 2 ( R e q u i r e s E x t e n s i o n L e m m a ) : Fix k such that 0 < k < n and fixσ k ˛Tk. Let r = dim(σ k)-1, and assume that k £ r. Suppose that ÆÆ

ηk–1 = out(τ k), letνk–1 be the principal derivative of

out_{0(}ηk–1) is preadmissible. Thenηk–1 requires extensionfor

η_{k–1)-. As}ηk–1 = out(tk) and as, by (5.8)(ii),σ k = (

σ_{k along}

η_{k–1. We verify (5.1)-(5.5). (5.1) is vacuous. By (5.6) and (5.9),}σ k ”σ k ”

ν_{k–1 and}δk–1 are, respectively, the principal derivatives ofσ k andσ k alonghk-1, so

up_{r+1(}νk–1) „ upr+1(δk–1), so up(

σ k has finite outcome along tk andσ k has infinite outcome alongτ k, so by (2.4)and as

σ_{k and}σ k alongηk–1,

δ_{k–1 has infinite outcome along}ηk–1. Hence (5.2)holds.By Lemma 3.2(i) (Out) and hypothesis, l(ηk–1) = ν_{k–1). By (5.2),}νk–1 must be both the initial and principal derivative of up(νk–1) along l(

νk–1) follows from the uniqueness of sr for sr given by Definition 5.4, if k = r. Andif k < r, then the minimality of lh(νk–1) follows from (5.15) and the fact that, by Definition5.6, a primary completion along a preadmissible path is the primary completion of exactlyone node. nSuppose that hk requires extension for nk, kk is the k-completion of hk, and (xk)- =kk. If kk has finite outcome along xk, then a k-implication chain will have been formedalong xk. Otherwise, we show that [nk,kk] is a primary xk-link.Lemma 5.3 (Implication Chain Lemma): Fix k £ r < n and nk � dk � hk � kk �xk ˛ Tk such that k < dim(nk) = r+1, (hk)- = dk, (xk)- = kk, and

δ_{k �}κk �ξk ˛ Tk such that (ξk)- =

ξ_{k,}κk is an53

amenable pseudocompletion ofδk, and for all i £ k, the principal derivative of

ξ_{k) is implication-free. Then:(iii)ÆÆ}δk,κk,ξkææ is an amenable k-implication chain.Proof: We proceed by induction on n-k, and then by induction on lh(kk). (i): By (5.19), up(nk) = up(kk), and by (5.2), nk is the initial derivative of up(nk)along xk. Since kk has infinite outcome along xk, [nk,kk] is a primary xk -link.(ii): We first show that (5.6)-(5.12) hold. By (5.19), up(nk) = up(kk). Hence(5.6) follows from (5.2) if k = r, and from (5.5)(ii) and (5.6) inductively if k < r. (5.7)follows from (5.2), the definition of r, and (5.5)(i) if k = r, and (5.5)(ii) and (5.7)inductively if k < r. (5.8) follows from the definitions of sk, sk, and tk in (ii). (5.9) and(5.12) follow from (5.5)(ii) and (5.19). (5.10) follows from the definitions of sk, sk, andtk in (ii), (5.1), and hypothesis if k = r, and by (5.5)(ii) and (5.10) inductively if k < r.(5.11) follows from the definitions of sk, sk, and tk in (ii), (5.2), and hypothesis. HenceÆÆsj,sj,tjæ: r ‡ j ‡ kæ is a k-implication chain.(5.15) follows from hypothesis, so this k-implication chain is amenable. Wecomplete the proof of (ii) by verifying the minimality condition for the case k = r. By theminimality of the choice of nr in Definition 5.1 and by (5.15), the minimality condition canonly fail if there is a

ν_{r such that ÆÆ}μr,κr,

νr) = up(κr) andκr is not an initial derivative. Hence by Definition5.2,

μ_{r,}

κ_{r,}

ξ_{rææ. ByDefinition 5.6,}κr is the primary completion of only one node, and by hypothesis, that nodemust be

κ_{r,}ξrææ,ηr must require extension for

ηr requires extension forνr, soνr =

η_{v =}outv(hi), and suppose thatηv ˝λ v(r) =

P r o o f : We proceed by induction on j £ v, noting that, by hypothesis, the lemmaholds for j = 0. Assume that j > 0. As

ρ_{v, it follows from (2.5) that hq = outq(hi) ˝rq for all q £ j. By (5.22), every xj such that hj ˝ xj � kj is implication-restrained. Wenote, by (5.18) and (5.25), that if u < n,}σ u ˛Tu requires extension and has u-completion

σ_{u), t is the 0-completion of}σ u and is preadmissible, and s � d ˝ t, then dcannot be t-switching for any t £ u. As r is preadmissible, r- is admissible and thus hereditarily completion-consistent.Fixξj such that hj ˝

ξ_{j is not(j+1)-switching, so if}ξj is the principal derivative of up(ξj) along

ξj) alongκj; thus there is noμj such [

κ_{j-link. By(5.19) and (5.25) and as j < i,}ξj is not a primary completion or an amenablepseudocompletion. Fix d such that k � d ˝ r and upj(d -) =ξj. If d - is primarily orhereditarily implication-restrained, then by (5.18), d will not switch

ξj. Thus asκj–1 ˝ρ j–1 by induction, it follows from (2.4) that

κ_{j.We complete the proof of the lemma by assuming that d - is either a primary 0-completion or an amenable pseudocompletion, and obtaining a contradiction. First assumethat dim(}ξj) > j. If j is even, then by repeated applications of (5.5)(ii), (5.9) and (5.15)((5.16) cannot apply at any t < j), it follows thatξj is a primary completion or an amenablepseudocompletion, contrary to the preceding paragraph. Suppose that j is odd. Byrepeated applications of (5.5)(ii), (5.9) and (5.15) ((5.16) cannot apply at any t < j), itfollows that upj-1(d -) is a primary completion, and that the immediate successor of

ξj) £ j. By Lemma 3.1(i) (Limit Path),ξj has an initialderivative xj-1 �

ξj) < j, then by (2.9), xj-1 is the only derivativeofξj along

j–1, so it follows by induction that d - is neither a primary 0-completion nor anamenable pseudocompletion. Suppose that dim(

κj–1],so is hereditarily implication-restrained, yielding the desired contradiction. nOne consequence of the next lemma, is that if h is admissible and pseudotrue, thenfor all j £ n, ifρ j ˝

λ_{j(h).Hence for pseudotrue nodes, completion-respecting and completion-consistent via Æ æ55}

coincide.Wewillneedasomewhatmoregeneralstatement.L e m m a 5 . 5 ( C o m p l e t i o n - R e s p e c t i n g L e m m a ) : (i)Fix k < n andδk �ξk ˝

κ_{k) is admissible,} δ k and

ξ_{k both require extension, and}

ξ_{k has a primary completion}

τ_{k �}

κ_{k, and}

T_{0 such that h is preadmissible and completion-consistent via Æ æ. Suppose that}ρ j ˝λ j(h) requires extension forνj and σ_{k and}

σ_{k is the primarycompletion of the immediate successor of}σ k alongσ k, then assume further that it is neither the case that j ‡ k, j-k is odd and

γ_{j, nor the case that j ‡ k, j-k is even and}upj(σ k) =

κ_{j �}λ j(h) which has infinite outcome alongλ j(h). (iii)Fix x,h ˛

λ_{j(h) requires extension. Then}ρ j has a primary completionκj �

ξ_{k has a primary completion}τ k �κk.By (5.18)(i) and as, by (5.18), (5.24), and (5.25), if k is the 0-completion correspondingto

out_{0(}δk),k] can be v-switching for any v £ k,τ k has infiniteoutcome alongκk.(ii),(iii): We prove (ii), and indicate the modifications needed for (iii) inparentheses. We assume that

κj �λ j(h) (λ j(x), resp.), or that

λ j(x), resp.), and derive a contradiction under the assumption, in the proof of (ii),that the exclusionary conditions in (ii) fail. (For (iii), fixνj andγj such that

νj andγj = (ρ j)-.) Without loss of generality, we may assume that j is thesmallest number for which the conclusion fails for some

λ_{j(h) (}λ j(x), resp.) satisfyingthe hypothesis of (ii) ((iii), resp.). As h is completion-consistent via Æ æ,ρ j has a 0-completion k ˝ h. Now for (ii), k „ h, else h would be the 0-completion correspondingto the primary j-completion of

σ_{k =}κj =upj(h), and

upj+1(k); so k has infinite outcomealong h. Hence j > 0.By Lemma 5.4 (Compatibility),ρ j has a (j-1)-completion

λ_{j–1(h), andby Definition 5.6,}κj–1 is an initial derivative of the primary completionκj of

κj–1. As h � k (x � k, resp.), it follows from (2.4) thatκj–1 �

j–156 (

λ_{j–1(x), resp.). Fix}τ j–1 ˝

η_{j–1 (}

ξ_{j–1, resp.) such that (}

τ j–1))- =κj.We assume that all derivatives ofκj along

η_{j–1 (}ξj–1, resp.), and derive a contradiction. Under this assumption and by (5.19),there is a primary l(τ j–1)-link [μj,κj] which restrains

ρ_{j �} κ j. As

ρ j ˝

λ

j(h)(

η_{j–1 (}

ξ_{j–1, resp.) that [}

μ_{j,}

κ j] is al(

τ_{j–1 ˝}βj–1 ˝ηj–1 (

κ_{j] is a}

λ_{j(h)-link(}λ j(x)-link, resp.). But thenκj �λ j(h) (

λ j(h) (λ j(x), resp.), contrary to the choice of j. We conclude that there is a derivativeκj–1 �

κ_{j which hasinfinite outcome along}ηj–1 (ξj–1, resp.). Fix

ξ_{j–1, resp.) such that (}

τ_{j–1)- =}κj–1. By Lemma 3.1(ii) (Limit Path), (l(

κ_{j has finite outcome alongl(}τ j–1). Hence by Lemma 5.3(ii) (Implication Chain) and Lemma 5.2 (RequiresExtension),τ j–1 requires extension for some derivative

τ j–1, and derive a contradiction. By (5.9),dim(h) > j, so (5.5)(ii) must hold for the immediate successor ofσ k alongσ k; fix thecorresponding (k+1)-implication chain ÆÆ

σ_{i,}α iæ: r ‡ i ‡ k+1æ. First suppose that k £ j-1,(j-1)-k is odd, andupj–1(

up_{j–1(}σ k) =σ j–1 and so

σ_{j =}

κ_{j.Thus by (5.5), the failure of (5.16), and our assumptions,}σ j =

σ_{j, and of the immediate successorof}σ j alongσ j, so

up_{j(}σ k), k £ j, and k-j is even, and the exclusionary conditionsof (ii) hold forρ j, contrary to our assumption. Finally, suppose that k £ j-1, k-(j-1) iseven, and

σ_{k) =}κj–1. By (5.9),upj–1(σ k) =

σ_{k) =}σ j =κj. Thus by(5.5), the failure of (5.16), and our assumptions,

γj alongσ j, and of the immediate successor ofσ j along

γ_{j=}σ j =upj(σ k), k £ j, and k-j is odd, and the exclusionary conditions of (ii) hold for

γj–1 ofγj, it follows thatτ j–1 has a primary completion ηj–1 (ξj–1, resp.). By (5.19), up(γj–1) =

γ_{j ˝}

λ_{j(h),}γjhas finite outcome alongλ j(h) (

ρ j ˝λ j(h) (λ j(x), resp.), a contradiction. nWe now show that at most one new string requires extension at any admissible h.Lemma 5.6 (Uniqueness of Requiring Extension Lemma): Fix h ˛ T0 such thath is preadmissible and lh(h) > 0. Let h and h- be completion-consistent via S and S,respectively. Suppose that i £ j and li(h),lj(h) ˛ S\S. Then i = j. 57

P r o o f : For all u £ n, let

η_{j. By (5.27) for the admissible node h-and as}ηj ˛/ S, there will be a 0-completion k ofηj such that x � k ˝ h-. Hence byDefinition 5.8,ηj ˛/ S, contrary to hypothesis.We conclude that j £ s, and hence, by Lemma 3.3 (l-Behavior), that (

τ_{i =}ηi. By (5.5)(ii), thereis an r > i and an amenable (i+1)-implication chain ÆÆst,st,ttæ: r ‡ t ‡ i+1æ such thatτ i =out(

τ_{i+1)) = l(}

τ_{i) =}

η_{i+1.We now claim that if i < t £ j and t-i is odd then:(5.30)tt ˝}

τ i-free. Hencert+1 isηt+1-free. By (5.30) and (2.4), rt+1 � lt+1(h). Hence we can fix tt+1 ˝

τ_{i =}ηi and ri isτ i-free, it followsfrom (2.4) that ri+1 = up(ri) has finite outcome along

η_{t. As ri is}τ i-free, rt = upt(ri) must beηt-free. So as tt ˝ηt, itfollows from the definition of links that all derivatives of rt+1 along

ηt+1, where gt ˝ηt and (gt)- is the initialderivative of rt+1 alongηt. Thus (gt)- ˝ rt, and so by (5.30), gt ˝ tt. By (5.12) and(5.30), out(tt+1) ˝ tt ˝

ηt. Hence by (2.4), tt+1 ˝ tt+1. Now by (5.12), out(tt+2) ˝tt+1, and by (5.5)(ii), (out(tt+2))- = rt+1. So as (tt+1)- = rt+1 and tt+1,out(tt+2) ˝ tt+1, wehave tt+1 = out(tt+2). As rt+2 = up(rt+1) isηt+2-free and rt+1 has infinite outcome alongtt+1 ˝ tt+1�

τ j–1 ˝ηj–1. Iterating (5.5)(ii) and recalling that (

ηj)- =σ j �σ j � tj; hence

⊇/ tj and so by (2.4) and as out(tj) �ηj–158

˝ out(ηj), it must be the case that

σ_{j. By (5.2),} σ j has infiniteoutcome

β_{j–1 along}

j, so by (2.4), all derivatives of

ηj–1, and (βj–1)- is the initial derivative ofσ j along

η_{j–1, allderivatives of s which are �}τ j–1 must have finite outcome alongτ j–1. By Lemma 3.1(ii)(Limit Path),βj–1 ˝ σ_{j along}

τ_{j–1.Hence since out(tj) �}τ j–1 and by (2.4),σ j^Æβj–1æ ˝ tj, so

η_{j, contradictingthe fact that}ηj�tj =σ j. nIn order to show that the backtracking process is finitary, we will need to know thatif a node requires extension, then its immediate predecessor is not a primary j-completion. Lemma 5.7 (Primary Completion Lemma): Fix j £ n and

η_{j ispreadmissible and requires extension, and let h =}out0(ηj) and

δ_{j is not a primary j-completion or an amenable pseudocompletion. (ii)If}ηj „λ j(

ηi =λ i(h).(i): Let r = dim(δj)-1. Let

μ_{j. To see that}

δ_{j is not aprimary j-completion or a pseudocompletion, we proceed by induction on r-j and then byinduction on lh(}ηj), assuming to the contrary and deriving a contradiction. Letηj requireextension for

ρ_{r which requires extension forsome nr. By Definition 5.6, up(nr) = up(dr); and by (5.2) and the hypothesis of the lemma,dr has infinite outcome along hr. Hence [nr,dr] is a primary hr-link. By (5.2), up(mr) „up(dr), so mr „ nr. By (5.3), it now follows that mr � nr. We show that (5.1)-(5.5) holdfor mr �}γr = (ρ r)- �ρ r, and thus contradict the minimality of lh(nr) for

ρ r � dr, and by (5.2),γr= (ρ r)- has infinite outcome along hr. Hence up( γr] would be primary hr-links, contradicting Lemma4.1 (Nesting). (5.1)-(5.3) and (5.5) can now be routinely verified, using those sameconditions and the assumptions that up(nr) = up(dr), hr requires extension for mr, andρ r59

requiresextensionfornr. By (2.7), (5.3), and Lemma 4.3(i)(a) (Link Analysis), up(mr) ˝l (mr) , l (hr) , s o b y ( 2 . 6 ) , u p ( mr) ˝ l (

ρ r and is theprincipal derivative of up(nr) alongρ r; so by (2.4), up(nr) has infinite outcome along l(

ρ r), and by (5.1), out0(br) = out0(l(br)) is pseudotrue. By(5.1), nr is implication-free, so by (5.23), up(nr) is implication-free. Hence by Lemma5.5(iii) (Completion-Respecting) and Lemma 5.1(viii),(i) (PL Analysis),PL(up(mr),l(ρ r)) ˝ PL(up(mr),up(nr))¨{up(nr)}¨PL(up(nr),l(

γr �ρ r follows from Lemma 2.2(i) (Interaction) and (5.4) for mr �δr� hr and for nr �

ρ_{r in Definition 5.1.Subcase 1.2:}δr is an amenable pseudocompletion. Letδr be apseudocompletion of nr. By (5.2) and (5.11)(i), mr has finite outcome along hr and nr hasinfinite outcome along hr, so nr „ mr. We compare the locations of mr and nr.Subcase 1.2.1: nr � mr. Let tr be the immediate successor of mr along hr. By(5.2), mr is an initial derivative, so up(mr) „ up(nr). (5.6)-(5.12) are routinely verified forÆÆnr,mr,trææ, using the conditions obtained from the assumptions that hr requires extensionfor mr and that δ_{r, it follows from Lemma 5.1(i)(PL Analysis) that PL(nr,mr) ˝ PL(nr,}δr), so (5.16) follows from the amenability conditionfor pseudocompletions. Thus ÆÆnr,mr,trææ is an amenable implication chain along tr. Butby (5.1),

ξr, using the conditions obtained from the assumptions that hr requiresextension for mr and thatδr is a pseudocompletion of nr. Recall that nr has infinite outcomealong hr, hence along

ξr). By (5.2), mr is an initial derivative, so by Lemma 3.1(i) (Limit60

Path), up(mr) � up(nr). Hence by Lemma 5.1(iv) (PL Analysis), PL(up(mr) , l (ξr)) = PL(up(mr),up(nr)).Hence by (5.29)(i),PL(up(mr),up(nr)) ˝ {up(

δ_{r)¨{}

δ_{r}.Now}δr ” mr by (5.2), so by (5.4) for mr and hr, Definition 5.4 for nr andδr, and Lemma2.2(i) (Interaction), for all p ˛ PL(up(mr),l(hr))¨PL(nr,

ξr)), TS(p)˙RS(mr) = fl, so (5.4) holds for mr � nr �ξr.Thusξr requires extension for some

ξ_{r ˝}

δ_{r. Now d =}η– is the principal derivative of

ξ_{r has a primarycompletion}κr �δr which has infinite outcome along

κ_{r] is a primary hr-link restraining mr, contradicting (5.3) for mr �}δr � hr.Case 2: j = r-1. By case assumption,δr–1 must be a primary completion; fix

δr–1 is a primary completion ofρ r–1. By (5.5)(ii), there is an amenable r-implication-chain ÆÆsr,sr,trææ such that rr-1 = out(tr). As hr-1 requires extension, it followsfrom (5.5)(ii) that there is an amenable r-implication-chain ÆÆsr,sr,trææ such that hr-1 =out(tr). By Definition 5.6 and (5.5)(ii), sr = up(dr-1) = sr, so by (5.8)(i), sr � sr = sr �sr. We show that ÆÆsr,sr,trææ satisfies (5.6)-(5.12) and (5.15) or (5.16), contradicting theminimality of lh(sr) for ÆÆsr,sr,trææ in Definition 5.4.(5.6)-(5.12) for ÆÆsr,sr,trææ follow routinely from (5.6)-(5.12) for ÆÆsr,sr,trææ andÆÆsr,sr,trææ, once we recall that sr � sr � sr, and note that sr has infinite outcome along srby (5.11)(i), so up(sr) „ up(sr) by (2.8). Let

μr „ sr andμr „ sr. Subcase 2.1:μr � sr. Then (5.15) must hold for ÆÆsr,sr,trææ and so if we fix

τ r)- = sr, thenτ r requires extension forμr. But sr = sr, so by (5.15) or(5.16) for ÆÆsr,sr,trææ, sr is either a primary completion or an amenable pseudocompletion.61

As r > j, we have contradicted (i) by induction.S u b c a s e 2 . 2 : sr �

σ_{r,trææ is an amenable implicationchain, contradicting the minimality condition in Definition 5.4 as sr � sr. It suffices to show that}σ r is an amenable pseudocompletion of sr. The relevantconditions from (5.6)-(5.11) follow easily from our assumptions that ÆÆsr,sr,trææ andÆÆsr,σ r,trææ are amenable implication chains. Fixτ r ˝ sr such that (

out_{0(}τ r))- are implication-free. As anyimplication-free node onT0 must be completion-consistent via Æ æ (else (5.21) or (5.22)would cause it to be implication-restrained), ( ξr ˝ sr requires extension. Ifξr � sr, then as (out0(

ξ_{r has a primary completion with infinite outcomealong sr. And if sr is the primary completion of}ξr, then sr has infinite outcome alongτ r.Hence Lemma 5.1(viii) (PL Analysis) can be applied (for

σ_{j of the lemma) .Subcase 2.2.1:}μr � sr. Then (5.15) must hold for ÆÆsr,sr,trææ and so if we fixτ r ˝ sr such that (τ r)- = sr, then

τ r. By Lemma 5.1(viii) (PL Analysis),PL(sr,σ r) ˝ PL(sr,sr)¨{sr}¨PL(sr,σ r).By (5.29)(ii), {up(

ξ_{r ˛ PL(sr,sr)} = PL(up(}μr),l(τ r)).Hence by (5.4) for

σ_{r,for all p ˛ PL(sr,sr)¨{sr}¨PL(sr,}σ r), TS(p)˙RS(sr) = fl, soσ r is an amenablepseudocompletion of sr. As r > j, we have contradicted (i) by induction.Subcase 2.2.2:

δ_{j be the j-completion of}

ν_{j and let}

ν_{j require extension forrj. By (5.5)(ii), there is an amenable r-implication-chain ÆÆsi,si,tiæ: r ‡ i ‡ j+1æ such that}νj = out(tj+1). As hj requires extension, it follows from (5.5)(ii) that there is an amenabler-implication-chain ÆÆsi,si,tiæ: r ‡ i ‡ j+1æ such that hj = out(

τ_{j+1 is the immediate successor of sj+1 along}σ j+1, thenτ j+1requires extension. But sj+1 = sj+1, so we have contradicted (i) inductively.(ii): Let r = dim(η–)-1. We assume that h is nonswitching and

ηj „λ j(η–) and h is nonswitching, it follows from Lemma 3.3 (l-Behavior)that (

η_{–) =}λ j(η–), so

out_{0(}

η_{j);and by (5.2),}λ j(

λ j(η–) is the principal derivative of up(λ j(

ηj+1)- =upj+1(η–) = η_{– is implication-restrained, j+1< r, so by (5.5)(ii),}upj+1(η–) is a primary completion. But then as

η_{– isimplication-restrained. (ii) now follows. n In order to show that k-completions exist, it will be necessary for the pathsconstructed to be admissible. We thus need to analyze the process of constructing paths,and to show that we can construct admissible paths. The proof will proceed by inductionon n-k, and then by induction on lh(hk) for hk ˛ Tk. There are some induction hypothesesthat will also need to be verified. We will need to know that admissible nodes arecompletion-consistent for some set. And we will need to show a relationship betweencertain PL sets on Tk at hk and corresponding PL sets on}Tk+1 at l(hk) whenever hk is notcompletion-respecting. We prove several lemmas which will give us the desiredinformation. The first lemma treats the case where the node to be extended is completion-consistent via Æ æ. We treat the case where extensions are taken during the backtrackingprocess in Lemmas 5.9-5.14.Lemma 5.8 (Completion-Respecting Admissible Extension Lemma): Fix h,x˛ T0 such that x- = h, x is preadmissible, and h is completion-consistent via Æ æ. Then x isadmissible and either x is completion-consistent via S = Æ æ, or x is completion-consistentvia S = Ælj(x)æ for some j £ n. 63

P r o o f : As h i s a d m i s s i b l e a n d c o m p l e t i o n - c o n s i s t e n t v i a S = Æ æ, ( 5 . 2 7 ) i s vacuous. We now verify (5.28). As h is admissible, (5.28) follows by induction if x isnot pseudotrue. Hence we may suppose that x is pseudotrue for the sake of proving (5.28).Itthenfollowsthatλ j(x) is not a primary completion for any j £ n.Suppose that ÆÆ

τ_{jæ: r ‡ j ‡ kæ is an amenable k-implication chain with}τ k ˝λ k(x) in order to obtain a contradiction. Then by (5.15) or (5.16),

τ k. Thus k > 0, else by (5.17)(i) or (5.18)(i),σ k would have infinite outcome alongτ k. By Lemma 5.2 (Requires Extension), out(

τ_{k) has a primary completion}κk–1 which has infinite outcome along its immediatesuccessorβk–1 ˝λ k–1(x). But now by (5.19) and (5.5)(ii),

τ_k

⊆/λ_{k(x), a contradiction. Hence (5.28) holds.We now verify (5.29)(i)-(iii). For all i £ n, let xi = li(x), hi = li(h), and hi =upi(h). By (2.5) and Lemma 3.1 (Limit Path), for any}

T_{0 is an initialderivative of}γk, then for all b such thatout0( γ_{k; and by (2.4) andLemma 5.4 (Compatibility), if a � g,}γk ˝λ k(a), and

λ k(a). Hence if xk were a k-completion, thenout0(xk) ˝ x and either x would be a 0-completion or there would be no 0-completion corresponding to xk along x; in either case,it follows from Definition 5.6, that h = x- must be primarily or hereditarily implication-restrained so cannot be completion-consistent via Æ æ, contrary to our hypothesis. (5.29)(ii)and (5.29)(iii) now follow from (5.27) by induction. We now note that if h is implication-restrained, then x does not switch h. For by(5.17), if x were to switch h and h were implication-restrained, then h would have to beeither a primary completion or an amenable pseudocompletion. If h is an amenablepseudocompletion, then dim(h) = 1and this is impossible by (5.10); and if h is a primarycompletion, then dim(h) > 1 and h must be a 0-completion contrary to (5.29)(iii). Henceby (5.23), if x is switching, then hi is implication-free for all i £ n.We now verify (5.29)(i). Fix k < n and

ξ_{k such that}νk is implication-free and up(μk) � up(

ν_{k ˝}ηk = (ξk)- and up(νk)˝ hk+1, so as up(

μk) � hk+1. Hence by (5.29)(i) for h ifνk �ηk, and by (2.7) and Lemma 5.1(i) (PL Analysis) if

η_{k,64}

PL(up(μk),up(νk)) ˝ {up(

k):

η_{k)}¨PL(up(} μ k),hk+1).Again by Lemma 3.3 (l-Behavior), hk+1 � xk+1, so by Lemma 5.1(i) (PL Analysis),PL(νk,

μ_{k),hk+1) ˝ PL(up(}μk),xk+1), so (5.29)(i) holds for k.Case 2: k+1 > s. By Lemma 3.3 (l-Behavior), there are i < k+1 andσ i = (

λ_{q(}

σ_{i) =}

σ_{q. As}

k �

σ_{k. Let s=}out0(σ i), and note that by (2.5), s � x. Thus by (2.5) and (5.29)(i) for s if

νk =σ k,PL(up(μk),up(

α_{k ˛ PL(}νk,

σ_{k)}¨PL(up(}

σ k+1 = xk+1, and thatσ k ˝ξk; hence by Lemma 5.1(i) (PL Analysis),PL(

ν_{k,}ξk), so (5.29)(i) holds for k.Case 3: p < k+1 £ s. By Lemma 3.3 (l-Behavior), hk = (ξk)- and x switcheshk+1. As

ν_{k ˝ hk. Let b be the initial derivative of hk along x. By(2.7), up(}νk) ˝ l(νk). Hence by (2.4), (2.6), and as up(

μk) � l(hk). Hence by (5.29)(i) for b ifνk � hk, and by Lemma 5.1(i) (PL Analysis)ifνk = hk, PL(up(

ν_{k)) ˝ {up(}α k):α k ˛ PL(νk,hk)}¨PL(up(

μk),up(νk))˙PL(up(μk),l(hk)))\PL(up(

ξ_{k)- = hk and (xk+1)- = hk+1 = up(hk).First suppose that (5.13) places}ρ k+1 into PL(up(μk),up(νk)). Then there is a

ρ k+1] is a primary up(νk)-link restraining up(μk), so

ρ k+1 has an initial derivativeρ k �νk. By (2.10) and as

μk),l(hk))\PL(up(μk),xk+1) and x switches hk+1, hk+1 =ρ k+1, and

ξk and [ρ k,hk] is a primary

ν_{k)= hk+1 =}ρ k+1, soρ k+1

μ_{k),up(}νk)), contrary to our assumption. Hence [ρ k,hk]is a primaryξk-link restraining

ξ_{k), as requiredby (5.29)(i).65}

Suppose that (5.14) placesρ k+1 into PL(up(μk),up(

γ_{k+1,}

π_{k+1) be acomponent of PL(up(}

μ_{k),up(}

ν_{k)) which causes}ρ k+1 to be placed into PL(up(

π_{k+1 as long as possible. It follows from Definition 5.3 that if}πk+1 � up(νk), then ν_{k is implication-free, it follows from (5.23)that up(}νk) is implication-free; so by (5.21) and Definition 5.3,πk+1 must be the primarycompletion of the immediate successor dk+1 of

μ_{k).By Definition 5.6,}δk+1 �ρ k+1, so as

δ_{k+1 �}

ρ_{k+1 ˝ l(hk). ByLemma 5.5(ii) (Completion-Respecting), either [mk+1,}πk+1] is a primary l(hk)-linkrestraining up(

γ_{k+1. Subcase 3.1: [mk+1,}πk+1] is a primary l(hk)-link restraining up(μk). Now

∉ [μκ+1,πk+1). Also, hk+1⊄ μκ+1, ελσε ασ

π_{k+1 ˝ hk+1 � xk+1, and so PL(}γk+1,πk+1) is acomponent of PL(up(

μ_{k),xk+1), a contradiction.Subcase 3.2: hk+1 =}πk+1. Proceed as in the last two sentences of Subcase 3.1.Subcase 3.3: hk+1 =γk+1. Recall that dk+1 ˝ up(

π0 ˝ h. And as dk+1 ˝hk+1, it follows from Lemma 5.4 (Compatibility) that for all i £ k, dk+1 has an i-completionπi ˝

π_{i+1 for all i £ k. Now}upk+1(π0) =

upk+1(h), soπ0 „ h. Henceπ0 � h. Thus by induction using (2.4),

πk+1 along hk have finite outcome along hk.Then by (2.4), [mk+1,πk+1] is a primary hk+1-link restraining γk+1, a contradiction.We conclude that there is a derivative pk ofπk+1 which has infinite outcome alonghk. Let sk be the immediate successor of pk along hk. By (2.4),

γk+1 and, byLemma 5.7(i) (Primary Completion),γk+1 is not a primary completion, it follows from(5.5)(ii), (5.9) and (5.12) that k+1-i is odd. Hence k-i is even and by (5.5)(ii), (5.9) and66

( 5 . 1 2 ) ,

γ_{k+1 � up(}

ν_{k), so byLemma 3.1(i) (Limit Path) gk �}νk. Thus PL(pk,

νk,xk) via (5.14)(i), completing the proof for the case in whichρ k+1 =γk+1. Furthermore, by (5.29)(ii) and (5.14)(ii), PL( κk)} ˝ {up(ak): ak ˛ PL(νk,xk)}, so (5.29)(i) holds in this case.As h is completion-consistent via S = Æ æ, it follows from Lemma 3.1(i) (LimitPath) that anyρ j �

λ_{j(g) for some g ˝ h, sohas a 0-completion ˝ h by (5.27). Hence if x is completion-deficient via some Z „ Æ æ, thenall elements of Z are of the form}λ j(x) for some j. The last conclusion of the lemma nowfollows from Lemma 5.6 (Uniqueness of Requiring Extension), so x is admissible. nWhen an admissible h ˛ T0 requires extension, we will need to find an admissible0-completion k of h. The process of constructing k is called backtracking. The nextlemma indicates the manner in which backtracking preserves completion-consistency.Lemma 5.9 (Completion-Consistency Lemma): Fix m ‡ 0 and r,s ˛ T0 such thats is preadmissible, and s- = r. Assume that r is completion-consistent via S = Æ

λ j(s), rj =λ j(r), andρ j = upj(r). Then s is completion-consistent via U and:(i)If s is a 0-completion, then U = Æ

ρ t+1 is a primary completion for some t such that j-1 £ t £ s, andρ t has infinite outcome along

σ t requires extension.(iii)If the hypotheses of (i) or (ii) are not satisfied, then U = S.(iv)s satisfies (5.27) and (5.28).Proof: For each i £ m, fix k(i) such that hi ˛ Tk(i). If sj requires extension forsome j such that sj „ rj, then by Lemma 5.6 (Uniqueness of Requiring Extension), we letk(m+1) be the unique such j and letηm+1 = σ u such thatηu requires extension andηu

out0(ηu) � s, so h ˝ r. Furthermore, if S is the set via which h is completion-consistent,67

thenηu ˛ S. As

η_{u musthave a 0-completion along r � s. Hence}ηu∉ Υ. Ωε χονχλυδε τηατ Υ∴Σ ⊆ {

σ_{u)}⊆/ r}. By the preceding paragraph, U\S has at most one element.Suppose that s is a 0-completion. By Definition 5.6, s is nonswitching, so rj ˝ sjfor all j £ n. By Lemma 5.7(ii) (Primary Completion), sj cannot require extension for anyj £ n. Thus U ˝ S (as sets) by the preceding paragraph. By Definition 5.6, s must be a 0-completion ofηm and, as noted in Definition 5.6, cannot be a 0-completion of

η^{i ˛ S. By Definition 5.8,}ηi has no 0-completion along r. As s is switching, it follows from Definition 5.6 that s isnot a 0-completion ofηi. Henceηi has no 0-completion along s. By (5.18) and (5.25), sis not u-switching for any u £ k(i), so

σ t ˛ U. Now by (2.5),out0(σ t) = s, so

σ_{t =}

λ_{t(s) that (5.25) and (5.26) hold. In order to complete the proof of (ii), we must show that if j is defined as in(5.18)(ii)(a), then t = j-1. By Lemma 3.3 (l-Behavior), it must be the case that (}σ t)- =ρ t.As S „ Æ æ, it follows from (5.21) or (5.22) that r is not implication-free; hence by (5.1), u< dim((

ρ_{t+1, else by (5.5)(ii) and (5.15),}ρ t+1 =ρ t+1 would be aprimary completion, hence (5.18)(i)(a) would hold, excluding the possibility that(5.18)(ii)(a) holds. Thus as s is j-switching, j £ t+1. Fix p and s as in Lemma 3.3 (l-Behavior) for s. As s is j-switching, j = p+1, and as

out0(σ t) (else s ˛ S), t £ s. By choice of j in (5.18)(ii)(a),ρ j is the end of a primary

ρ j has infinite outcome alongρ j and is not an initial derivative; hence by (2.4) andLemma 3.3 (l-Behavior), s = j andρ j has finite outcome along

ρ t has infinite outcome alongσ t, so t „ j. Thus t = j-1,completing the proof of (ii).We now complete the proof of (iii). Suppose that u £ n and su ˛ U\S ˝ {gu:u £ n&

ρ u. Furthermore, as (5.18)(i)(a) and (5.18)(ii)(a) fail to hold for s,it follows from (5.18) that s is nonswitching, so by Lemma 3.3 (l-Behavior),ρ u =

Lemma 3.3 (l-Behavior) that

ρ u+1. But then (5.18)(i)(a) holds, contradicting thehypotheses of (iii). (5.27) follows from (i)-(iii); and (5.28) follows by induction as s is notpseudotrue. Hence (iv) holds. nThe next lemma keeps track of the relationship between various nodes, as wefollow the step-by-step process of going from a node which requires extension to itsprimary completion. At a given step in the process, we will begin with a node r ˛T0which is completion-consistent via a sequence S = Æ

T_{k(i), and if}

λ_{j(s) requires extension for somej such that}λ j(s) „

λ_{k(m+1)(s). For each i £ w, let}δi = (ηi)-, and let

νi): i £ w} liesalong the branch ofTk(i)+1 computed by s, and that the inclusion ordering of elements ofthis set which lie on the same tree agrees with the ordering on the indices of these nodes,and so by (5.26), is the same as the ordering induced on the subset of U corresponding tothe same indices. And clause (v) will be shown to imply that the immediate successors ofthe elements in {up(

νi: i £ w} lying on the same tree, but clauses (iii) and (vii) specifythat eachνi is shorter than

Tk(i)+1, no elements ofTk(i)+1 exceptthose in {up(νi): i £ w} can require extension without having a primary completion alongthe path. And clause (vi) relates nodes on trees of successive dimension, and implies theproperty induced by (5.25), namely, that higher dimension nodes find completions beforewe encounter any new node on a lower dimensional tree which requires extension.Lemma 5.10 (Component Lemma): Fix m ‡ -1 and r,s ˛

ηi: i £ mæ, thats is completion-consistent via U, and that if m = -1, then |U| „ 0. For each i £ m, fix k(i)such thatηi ˛

λ_{j(s) „}λ j(r), letk(m+1) be that j (which is unique by Lemma 5.6 (Uniqueness of Requiring Extension))and let

δi = (ηi)-, and let

i require extension for

σ j =λ j(s),ρ j =

ρ j =upj(r). Then for all i £ w:69

(i)up(νi) �

ρ_{k(i)+1.(ii)If 0 < i and k(i) = k(i-1), then up(}νi–1) � up(ν

i).(iii)If 0 < i and k(i) = k(i-1), thenνi �

i–1.(iv)Let

ξ_{k(i)+1)- �}

ξ_{k(i)+1 ˝}

σ_{k(i)+1 be given such that}

κ_{k(i)+1 �}

σ_{k(i)+1 of}

ξ_{k(i)+1 such that}

κ_{k(i)+1 has infinite outcome along}

ξ_{k(i)+1)-, or w = 0 and up(}

ν^{0) = (}ξk(0)+1)-.(c)

ξ_{k(i)+1)- = up(}

ν^{m).(v)If dim(}νi) > k(i)+1, then the immediate successor

σ_{k(i)+1 requires extension for some}μk(i)+1; and if 0 < i and k(i) = k(i-1), thenμk(i)+1 � up(

ν^{i.(vii)If 0 < i and k(i) = k(i-1), then PL(}δi,σ k(i)) is a component of PL(

out0(η0), and r is completion-consistent via Æ æ. (ii), (iii), (vi),and (vii) are vacuous in this case since w = 0. We verify (i), (iv), and (v). (i): By (5.3) and Lemma 4.3(i)(a) (Link Analysis), up(

η^{0 =}σ k(0), s =out0( ρ_{k(0). Furthermore, by (5.2),}δ0 = (σ k(0))-has infinite outcome along

σ_{k(0)+1 = l(}σ k(0)) =up(δ0)^Æ

σ k(0)+1), and (σ k(0)+1)- ˝ρ k(0)+1. Hence by Lemma 3.3 (l-Behavior), up( σ k(0)+1 = (σ k(0)+1)-. By (5.2), up(ν0) „ ( η0 =σ k(0) = out(σ k(0)+1), so by Lemma 3.1(i) (Limit Path), up(

ν0) � (σ k(0)+1)- =ρ k(0)+1�

η^{0 =}λ k(0)(s) ˛Tk(0), andη0 requires extension, it follows from Lemma5.6 (Uniqueness of Requiring Extension) that

ξk(0)+1 ˝σ k(0)+1 satisfying the hypotheses of (iv), and note thatξk(0)+1 �

ρ – exists. First suppose thatρ – is completion-consistent via Æ æ. As noted in the proof of (i),(

ξk(0)+1 ˝ρ k(0)+1. Hence by Lemma 5.5(iii) (Completion-Respecting),ξk(0)+1 has a primary completion ρ_{k(0)+1 which has infinite outcomealong}ρ k(0)+1. By (2.10),κk(0)+1 ˝ κ_{k(0)+1 will have infinite outcome along70}

σ k(0)+1 unless h switchesκk(0)+1. Thus if h does not switch

ρ_{k(0)+1 =}

κ_{k(0)+1, and by (5.5)(ii), up(}ν

0) = (

ρ_{k for some k. Again byDefinition 5.6,}ρ i is an initial derivative ofρ k for all i < k, so by (2.4),ρ k = ρ_{k has finite outcome along}σ k. Then by Lemma 5.3(ii)(Implication Chain),σ k–1 requires extension, so k = k(0)+1. Furthermore,ρ k(0)+1 =

ξ_{k(0)+1 ˝}ρ k(0)+1, so (iv)(a) will follow from Lemma 5.5(ii)(Completion-Respecting) unless up(ν0) = (

σ_{k. We compare k and k(0). Firstsuppose that k(0) < k-1. Then by Definition 5.6,}ρ k(0)+1 =ρ k(0)+1 is an initial derivative, so

ρ_{k is a primary k-completion and upk(}ρ k(0)) =ρ k, dim(ρ k(0)) > k(0)+1. Hence (5.5)(ii) must hold for

ρ k has infinite outcome alongσ k, it follows from Lemma 3.3 (l-Behavior) that

k(0) has finite outcome along

σ k(0) requires extension,ρ k(0) must have infinite outcome alongσ k(0), acontradiction.Finally, suppose that k(0) = k+2q for some q ‡ 0. Then by (5.5)(ii), (5.9), and(5.12), ρ k) is the middle element of a triple in an implication chain, and by(5.15) or (5.16),ρ k(0) must be a primary completion or an amenable pseudocompletion,contrary to Lemma 5.7(i).(v): As dim( η0) ˝ r � s. There are two subcases.Subcase 2.1: i £ m. (ii), (iii), and (vi) follow by induction.(i): First suppose that s is not v-switching for any v £ k(i)+1. By Lemma 3.3 (l-Behavior),ρ k(i)+1 ˝

k(i)+1. By (i) inductively and Lemma 3.3 (l-Behavior),up(ni) �

ρ_{k(i)+1�}σ k(i)+1 ˝σ k(i)+1.Otherwise, by (5.18) and (5.25), s is (k(m)+1)-switching and k(i) = k(m). Thus by thepreadmissibility of s, (5.18)(i)(a) or (5.18)(ii)(a) must hold. Suppose that (5.18)(i)(a)holds. Then there is an T_{k(m) such that}ρ – is completion-consistent via S^Æηk(m)æ.71

Let

ρ_{k(m) is the primary completionof}ηk(m), so by (5.19),ρ k(m)+1 = up(

ρ_{k(m)+1 =}

ρ_{k(i)+1�}

σ_{k(i)+1 �}

k(i)+1.Now suppose that (5.18)(ii)(a) holds. Then

ρ_{k(m)+1-linkwhich restrains up(}νm). By the case assumption, i £ m. Hence by (ii) inductively andLemma 3.3 (l-Behavior), up(ni) ˝ up(νm) �

σ_{k(i)+1 �}

σ_{k(i)+1.(i) now follows. (iv): Assume the hypothesis of (iv). By (ii), it suffices to verify (iv) under theassumption that i is the largest integer for which the hypotheses of (iv) hold for}ξk(i)+1 and

ξ_{k(i)+1 „}

σ_{k(i)+1 (else by Lemma 5.9(Completion-Consistency), w = m+1 and we would choose i = w for}σ k(i)+1). Now byLemma 3.3 (l-Behavior), (σ k(i)+1)- ˝

ρ_{k(i)+1. Thus byinduction, one of (iv)(a)-(c) must hold at}ρ k(i)+1. We consider each possibility.Assume that (iv)(a) holds atρ k(i)+1. If

σ_{k(i)+1, then (iv)(a) will hold at}σ k(i)+1. Ifρ k(i)+1⊆/

σ_{k(i)+1, then by (5.18) and(5.25),}σ k(i)+1 is (k(i)+1)-switching and, by (2.10), must switch the primary completionρ k(i)+1 =

ξk(i)+1. Thusκk(i)+1 will have finite outcome alongσ k(i)+1, so by Lemma5.3(ii) (Implication Chain) and Lemma 5.2 (Requires Extension),

out0(σ k(i)), w = m+1 andηw =

ξ_{k(i)+1)- = up(}νw), so (iv)(b) follows from (5.25) and (ii) inductively.If (iv)(b) holds atρ k(i)+1, then by the maximality of i and as k(m) = k(w), (iv)(b)will hold atσ k(i)+1 unless w = m-1 = i; so assume that (iv)(b) fails and w = m-1. ByLemma 5.9 (Completion-Consistency),

ηm, and byDefinition 5.6, s is nonswitching; henceρ k(i)+1 ˝σ k(i)+1. Now either (iv)(a) will hold for

νm) atρ k(i)+1, and so atσ k(i)+1, or (

ν^{m). In the latter case, (iv)(c)holds at}σ k(i)+1.Suppose that (iv)(c) holds atρ k(i)+1. By (5.19), ifα k is a primary completion withcorresponding 0-completion a, then a is an initial derivative of

α k),a] are nonswitching; so by Lemma 3.1(i) (Limit Path),λ k(b) =λ k(out0(

ρ_{k(m)+1. By (5.5)(ii) and the maximality of i, k(i) = k(m) and}ρ k(m)+1= up(νm) �ξk(i)+1. Butξk(i)+1 ˝

σ_{k(m)+1 =}ρ k(m)+1; soξk(i)+1⊆/

ρ_{k(i)+1�} σ k(i)+1. Fix

τ i ˝ ρ k(i)+1�

ν^{i). As}

τ^{i ˝}

ρ_{k(i)+1, (v) follows by induction.(vii): By (5.18) and (5.25), s is not v-switching for any v £ k(i). Hence byLemma 3.3(i) (l-Behavior),}

δ^{i,}

ρ_{k(i)) is a component ofPL(}δi–1,

ρ_{k(i). It now followsfrom Definition 5.3 that PL(}δi,σ k(i)) is a component of PL(

ρ k(w)+1 is a primary completion. By Lemma 5.3(ii) (Implication Chain) andLemma 5.9(ii) (Completion-Consistency), Æup(νw),

ν^{w) >k(w)+1. Hence by (5.5)(ii), if}τ k(w)+1 is the immediate successor of up(νw) alongρ k(w)+1,then

τ_{k(w)+1 has primarycompletion}ρ k(w)+1. By (5.18)(ii)(a), [μk(w)+1,

ρ k(m)+1-link derived from this link restrains up(νm). By Lemma 5.9(ii) (Completion-Consistency),σ k(w) =

δ^{w =}ρ k(w). Furthermore, as s is (k(w)+1)-switching,ρ k(w) =ρ k(w). We verify(i)-(vii).(i): As Æup(

σ_{k(w)+1æ is the last triple of a (k(w)+1)-implication chain, itfollows from (5.8)(i) that up(}νw) �ρ k(w)+1. By Lemma 3.3 (l-Behavior),

ρ_{k(w)+1�}σ k(w)+1. (i) now follows.(ii): We assume that k(w) = k(m), else there is nothing to verify. We assume that(ii) fails, and derive a contradiction. By (i), up(νw) and up(νm) are comparable. Firstassume that up(

τ_{k(w)+1 ˝}ρ k(w)+1�σ k(w)+1, and we have noted that τ_{k(w)+1.Furthermore, as (}τ k(w)+1)- = up(νw) = up(

τ_{k(w)+1 requires extension and S „ Æ æ, itfollows from (5.5) that dim(up(}νm)) > k(w)+1. Hence by (5.5)(ii) for bothηm and

σ k(w), it must be the case that bothδm andδw =

σ_{k(w), andup(}δm) = up(δw) =ρ k(w)+1. Hence by (2.8),

σ_{k(w). But as k(m) = k(w),}ηm ˝ρ k(w) =

σ_{k(w), yielding a contradiction.Next suppose that up(}νm) � up(νw) in order to obtain a contradiction. Asτ k(w)+1requires extension and τ_{k(w)+1, all nodes in[}τ k(w)+1,ρ k(w)+1] are implication-restrained. Hence by (5.1) and (i) forνm, dim( τ^{m is the immediate successor of up(}νm) alongσ k(w)+1, thenτ m ˝73

τ m has a primary completionκm �ρ k(w)+1, and

σ_{k(w)+1. Thus by (2.4), all derivatives of}κm alongσ k(w) have finite outcomealong δ^{m) =}

κ^{m and} δ m has infinite outcomealong

T_{k(w) and (k(w)+1)-implicationchains, and specifies that}νw is the initial derivative of up(νw) alongσ k(w). We have notedthat

τ_{k(w)+1), and note that}τ k(w) �σ k(w) by (2.5).We compare the locations of

σ k(w). First assume thatτ k(w) �ηm. (We will show that this is the only case which canactually occur.) Now

ρ_{k(w)+1 �}

σ_{k(w)+1;hence by Lemma 3.1(i) (Limit Path),}ρ k(w)+1 has an initial derivative

ρ k(w)+1. By (5.25) and (5.27), new nodes on lower dimensiontrees cannot require extension until all nodes on higher dimension trees which previouslyrequired extension have found their 0-completions; hence as k(w) < k(w)+1, no node in[τ k(w),

k(w)] can require extension. Hence

η^{m. By Lemma 3.1(i) (Limit Path),and as up(}νw) �ρ k(w)+1 by (i), it must be the case that μ_{k(w) �}η

m, so (iii)holds in this case.τ k(w) „

ηm. By (vi) inductively forτ k(w)+1, up(νm) �

ξ_{k(w)+1 ˝}σ k(w)+1 which requiresextension. By the hypotheses of (iv), up(νw) � (ξk(w)+1)-, so

τ_{k(w)+1�}ρ k(w)+1 �σ k(w)+1, it must be the case that

σ k(w)+1)- =ρ k(w)+1andρ k(w)+1 has finite outcome along

ξ_{k(w)+1 ˝}ρ k(w)+1 �ρ k(w)+1.As

τ_{k(w)+1, (iv)(a) follows from Lemma 5.5(i)(Completion Respecting).(v): We have already noted that the immediate successor,}τ k(w)+1, of up(νw) alongρ k(w)+1 � μ_{k(w)+1. For the second clause of (v), we assumethat k(w) = k(m), else there is nothing to verify. As r is completion-consistent via Æ}ηi: i £mæ and (5.18)(ii)(a) holds at r withρ k(w)+1 a primary completion, [μk(w)+1,

ρ k(w)+1-link which restrains up(νm), soμk(w)+1 ˝ up( μk(w)+1 = up(νm) and derive a contradiction. As [μk(w)+1, ρ k(w)+1-link and by (i),μk(w)+1 „ρ k(w)+1,

ρ_{k(w)+174}

�

σ k(w)+1, and up( μ k(w)+1) = up(

k(w)+1), so dim(

ν^{m) > k(m)+1. Thus by(v) for}νm, the immediate successorτ m of up(

ν^{m) =}

μ_{k(w)+1 has infinite outcome along}τ m ˝

σ_{k(w)+1, a contradiction. (v) nowfollows.(vi): We assume that k(w) = k(m)+1, else there is nothing to verify. By(5.18)(ii)(a) and as s is (k(w)+1)-switching, there is a primary}

ρ_{k(w)+1] such that the}ρ k(w)-link [μk(w),πk(w)] derived from [

k(w)+1,

ρ_{k(w)+1 is the primary completion of the immediate successor}τ k(w)+1 of up(νw) along

νw) has infinite outcome alongτ k(w)+1, so by (2.4), the initial derivative of up(νw)along

π_{k(w) and has finite outcome along}πk(w); hence again by (5.2), this initial derivative must beνw. So by (2.4), if

τ_{k(w))- =}νw. By (5.25) and (5.27), no node in [τ k(w), ν^{m) along}πk(w) �σ k(w) requires extension, it must be thecase that

νm) = (τ m)- � (τ k(w))- =

ν^{w �}δm �ηm ˝

σ_{k(w). (vii) now follows from Definition 5.3, as (5.14) holds. nThe next lemma provides a step-by-step analysis of the effect of extending r to s,as specified by (5.18), on the PL sets corresponding to each element in the sequence viawhich r is completion-consistent.Lemma 5.11 (Amenable Backtracking Lemma): Fix hypotheses as in Lemma 5.10(Component). Then for all i £ m:(i)If either (5.18)(i)(a) holds for r with k(m+1) = k(i), or (5.18)(ii)(a) holds for r with j = k(i)+1, then PL(di,sk(i)) = PL(di,rk(i))¨{rk(i)} and the union is disjoint, rk(i)+1 ˛ PL(up(ni),rk(i)+1), and PL(up(ni),sk(i)+1) = PL(up(ni),rk(i)+1)\{rk(i)+1}.(ii)If the hypotheses of (i) fail, then PL(di,sk(i)) = PL(di,rk(i)) and PL(up(ni),sk(i)+1) = PL(up(ni),rk(i)+1).(iii){up(}ξk(i)):

ξ_{k(i) ˛ PL(di,rk(i))}¨PL(up(ni),rk(i)+1), and the unions are disjoint.(iv)If w = m+1, then PL(dw,sk(w))} = fl.(v)If s is a 0-completion of hm, then PL(up(}νm),

k(m)+1) = fl.75

(vi)If

ρ_{k(i)) =}

ρ_{k(i)+1 by (5.18), (5.25), and Lemma 3.3 (l-Behavior), (iii)follows from (i) and (ii) by induction on lh(rk(i)). We first prove (iv) and (v). If w = m+1, then (sk(w))- = dw by Lemma 5.9 (Completion-Consistency), so therecan be no primary sk(w)-link restraining dw or sk(w). Furthermore, PL(dw,sk(w)) can have acomponent only if lh(sk(w)) - lh(dw) ‡ 2. (iv) now follows from Definition 5.3. Supposethat s is a 0-completion of}ηm. By Lemma 5.9 (Component), w = m-1. By (5.19),up(nm) = up(sk(m)), so by (2.10), up(nm) is sk(m)+1-free. Suppose that elements areplaced in PL(up(nm),sk(m)+1) through (5.14) in order to obtain a contradiction. Then thereareμk(m)+1 � up(nm) � (

ξ_{k(m)+1 ˝ sk(m)+1 such that}

ξ_{k(m)+1 requires extensionfor}μk(m)+1. As w = m-1, the hypothesis of Lemma 5.10(iv) (Component) holds for r inplace of s, so one of conditions (iv)(a)-(iv)(c) must hold for i = m. (iv)(b) cannot hold, asthe w corresponding to r is m, soνm+1 is undefined. (iv)(c) cannot hold, else

ξ_{k(m)+1 has a primary completion}κk(m)+1which has infinite outcome alongρ k(m)+1. Thus by Definition 5.6, [μk(m)+1,

ρ k(m)+1-free, a contradiction. Itnow follows from Definition 5.3 that PL(up(nm),sk(m)+1) = fl, so (v) holds.We now verify (i) and (ii). We proceed by induction on lh(s). There are severalcases to consider, depending on the manner in which s extends r. By (5.18) and (5.25),we see that if s is v-switching, then v > k(m) if m ‡ 0. In the first two cases, v > k(i)+2 ors is nonswitching, and v = k(i)+2, we show that the hypothesis and conclusion of (ii)hold. The final case is when v = k(i)+1, in which case (i) will be followed.We first note the following:Claim: Ifα k �

T_{k, (}γk)- =βk,

γk is not u-switching for any u £ k+1, then PL(α k,βk) = PL(

γ_{k). Proof: By Lemma 5.1(i) (PL Analysis), PL(}α k,βk) ˝ PL(

α k,γk)\PL(α k,

β_{k is the end of aprimary}γk-link and soγk is u-switching for some u £ k+1, orγk requires extension; and inthe latter case, it follows from Lemma 5.9 (Completion-Consistency) that (5.18)(ii) holdsfor s with j = k+1, so

δ^{i,}

σ_{k(i)) = PL(}

δ^{i,}

ρ

k(i)). Itfollows from (5.18)(iii) that either (5.18)(i)(a) or (5.18)(ii)(a) holds. By (5.25), k(i) £k(m), and by (5.18), if s is v-switching, then v > k(m). Hence there are two subcases toconsider; k(i) = k(m), and k(i) = k(m)-1. We note that in both cases, (i) is vacuous ask(m+1) > k(i) if (5.18)(i) is followed, so it suffices to verify (ii).Subcase 2.1: k(i) = k(m). By Lemma 3.3 (l-Behavior),

ν^{m+1,}

η^{m+1 ˛}

T_{k(m)+1 such that}ρ k(m)+1 is a primarycompletion of

ρ_{k(m)+1)- iscompletion-consistent via S^Æ}ηm+1æ. By Proposition 5.1(i)(iii), PL(up(νm),

σ_{k(m)+1) and PL(up(}νm),σ k(m)+1)\PL(up(

ρ_{k(m)+1}. By Lemma5.10(vi) (Component), up(}νm) �νm+1. Now [

σ_{k(m)+1-link which is not a}ρ k(m)+1-link, and by Lemma 5.7(i) (Primary Completion),σ k(m)+1 doesnot require extension. Hence neither (5.13) nor (5.14) can place

νm),σ k(m)+1), so PL(up(νm),

ρ_{k(m)+1).Subcase 2.1.2: (5.18)(ii)(a) holds and i = m. Then there is a}ρ k(m)+1-link[μk(m)+1,

ρ_{k(m)+2-link[}μk(m)+2,πk(m)+2], and s switches

ρ_{k(m)+1] is the only primary}σ k(m)+1-link which is not aρ k(m)+1-link, and up(

νm),σ k(m)+1) via (5.13) is already in PL(up(νm),

σ_{k(m)+1 requires extension for some}νm+1 which we fix, then up(νm) �νm+1; hence any node placed into PL(up(

νm),ρ k(m)+1). Thus by Definition 5.3 and Lemma 5.1(i) (PL Analysis),PL(up(νm),

νm),ρ k(m)+1).Subcase 2.1.3: i < m. By Lemma 5.10(i) (Component), PL(up(νi), νi),σ k(m)+1). By Proposition 5.1(ii) (PL Analysis) and sinceρ k(m)+1 � νi),σ k(m)+1)\PL(up(νi),

ρ_{k(m)+1}. For each j ˛ [i+1,m], let tjk(m)+1 bethe immediate successor of up(}νj) alongσ k(m)+1 and note that, by Lemma 5.10(v)(Component), tjk(m)+1 requires extension for each such j. For each j ˛ [i+1,m], let xjk(m)+1be the primary completion of tjk(m)+1 alongσ k(m)+1 if it exists, and let xjk(m)+1 = ν^{i+1)) > k(m)+1. Hence byLemma 5.10(v) (Component) and (5.14), we see that PL(up(}νi+1),xik(m)+1) is a componentof PL(up(νi),σ k(m)+1). Furthermore, by Lemma 5.10(iv) (Component), every componentof PL(up( ρ_{k(m)+1 as an element must be of the formPL(up(}νj),xjk(m)+1) for some j ˛ [i+1,m]. By Lemma 5.10(i),(ii) (Component), if j ˛[i,m], then up(νj) ˝ up(νm) �

νi),σ k(m)+1), thenρ k(m)+1 ˛ PL(up(

ν^{i),}σ k(m)+1) = PL(up(νi),ρ k(m)+1).Subcase 2.2: k(i) = k(m)-1. By Lemma 3.3 (l-Behavior), ν^{m+1,}

η^{m+1 ˛}

T_{k(m) such that}ρ k(m) is a primary completion of

ρ k(m))- is completion-consistent via S^Æηm+1æ. By Lemma 5.10(vi)(Component), up(νi) �

ρ_{k(m)] is the onlyprimary}σ k(m)-link which is not aρ k(m)-link, and by Lemma 5.7(i) (Primary Completion),

σ_{k(m)) = PL(up(}νi),ρ k(m)).Subcase 2.2.2: (5.18)(ii)(a) holds. Then there is a primary

πk(m)+1] which restrains up(νm), so up(νm) �

πk(m)+1 alongσ k(m). Then [πk(m), ρ k(m)-link, and by (5.2),νm is the initial derivative of up(νm) along

ν^{m �}πk(m). Ifσ k(m) requires extension forsomeνm+1, then by Lemma 5.10(vi) (Component), up(

νi),σ k(m)+1) =PL(up(νi),

σ_{k(m)+1)- =}ρ k(m)+1. Now s ispreadmissible and m ‡ 0, so r is not completion-consistent via Æ æ; hence (5.18)(i)(a) or(5.18)(ii)(a) must hold. We note that (ii) is vacuous in this case, and verify (i). Weconsider three subcases.Subcase 3.1: (5.18)(i)(a) holds and i = m. By Lemma 5.9 (Completion-Consistency), there is a nodeηk(m) ˛Tk(m) such that (

ρ_{k(m)))- is completion-consistent via S^Æ}ηk(m)æ, rk(m) is the k(m)-completion ofηk(m) for some

δk(m) = (ηk(m))-.78

By Lemma 5.10(iii) (Component),νk(m) �

ηk(m)æ andηm ˛ S, (ηm)- = ρ k(m)] is a primaryσ k(m)-link which restrainsδm. It now follows from (5.13) that

δm,σ k(m)) = PL(δ m, η_{k(m) and}ηk(m) requires extension forνk(m), itfollows from (5.19) that up(

τ_{k(m)+1 be the immediatesuccessor of rk(m)+1 along}ρ k(m)+1. By Definition 5.6,ηk(m) and (

δ_{k(m) are completion-consistent via the same sequence, which isnon-empty as m ‡ 0. Hence as}ηk(m) requires extension, it follows from (5.1) thatdim(δk(m)) > k(m)+1. By (5.3) and Lemma 4.3(i)(a) (Link Analysis), l(

ν_{k(m)); so as}σ k(m) switches rk(m)+1 andηk(m) �ρ k(m), it follows that

τ k(m)+1 requires extension for up(δk(m)). ByLemma 5.10(v) (Component) at r-, up(δk(m)) � up(

νm) � rk(m)+1. Thus by (5.14)(i),rk(m)+1 ˛ PL(up(νm),τ k(m)+1). As s switches rk(m)+1 (and so, by Definition 5.6, cannotbe a primary completion), it follows from Lemma 4.5 (Free Extension) that rk(m)+1 is

νm),ρ k(m)+1) = PL(up(νm),

ν^{m),}ρ k(m)+1) = PL(up(νm),ρ k(m)+1)¨{

∉ ΠΛ(υπ(ν

m),ρ k(m)+1).As s switches

ρ k(m)+1 andρ k(m)+1 has finite outcome alongσ k(m)+1. Thus by Lemma5.1(iv) (PL Analysis), PL(up(

σ_{k(m)+1) = PL(up(}νm),ρ k(m)+1). ThusPL(up(

ν^{m),}σ k(m)+1) = {rk(m)+1},and (i) follows in this case.Subcase 3.2: (5.18)(ii)(a) holds and i = m. Then there is a primaryρ k(m)+1-link[ ρ k(m)+1] which restrains up(νm) such that s switchesρ k(m)+1. By (5.13),

νm),ρ k(m)+1). By induction (onT0) using (i) and (ii), if

ξ_{k(m) ˝}ρ k(m) thenPL(up(νm),l(

ν^{m),l((}ξk(m))-)). Thus PL(up(νm),ρ k(m)+1) ˝PL(up(

ρ k(m)+1 ˛ PL(up(νm),l(ηm)), from which it follows that ηm). As (ηm)- =δm and by (5.2),

ηm, it follows from(2.4) that (l(ηm))- = up(δm), and so

δm). By Lemma 3.1(i) (Limit Path),79

ρ k(m)+1 has an initial derivativeμk(m) ˝

ρ_{k(m) and s is (k(m)+1)-switching, so by (2.4),}ρ k(m) has infinite outcome alongσ k(m); so as up(ρ k(m)) =

σ_{k(m)-link restraining}δm. By Definition 5.3,ρ k(m)

δm,σ k(m))\PL(δm,

ρ_{k(m)+1 is the last node of a primary}ρ k(m)+1-link which restrainsup(νm). Hence by (5.13),ρ k(m)+1 ˛ PL(up(

ρ_{k(m)+1 (and so,by Definition 5.6, cannot be a primary completion), it follows from (2.10) that}ρ k(m)+1 isρ k(m)+1-free; hence by Lemma 5.10(iv) (Component), we may apply Lemma 5.1(v) (PLAnalysis) to conclude that if

ρ_{k(m)+1 along}

ρ_{k(m)+1,then PL(up(}νm),ρ k(m)+1) = PL(up(

νm),ρ k(m)+1) = PL(up(νm),

ρ_{k(m)+1}∉ ΠΛ(υπ(ν

m),

σ k(m)+1)- =ρ k(m)+1 andρ k(m)+1 has finite outcome along

ν^{m),}σ k(m)+1) = PL(up(νm),ρ k(m)+1). ThusPL(up(

νm),σ k(m)+1) = {rk(m)+1} &ρ k(m)+1

σ_{k(m)+1),and (i) follows in this case.Subcase 3.3: i < m. Recall that k(i) = k(m) and}ρ k(m) �σ k(m). By Lemma5.10(vii) (Component) and induction using Lemma 5.1(ix) (PL Analysis),{

δm,σ k(i)) ˝ PL(δi, ∉ ΠΛ(δi,ρ k(i)). Hence by Lemma 5.1(ii) (PL Analysis),PL(

δi,ρ k(i))¨{ρ k(m)}. By Subcases 3.1 and 3.2,

ν^{m),}ρ k(m)+1). By Definition 5.3 andLemma 5.10(v) (Component), for all q such that i £ q < m, PL(up(νq+1),ρ k(m)+1) is acomponent of PL(up(

ρ_{k(m)+1 ˛PL(up(ni),}ρ k(m)+1). Letτ k(m)+1 be the immediate successor of

ρ_{k(m)+1. As sswitches}ρ k(m)+1 (and so, by Definition 5.6, cannot be a primary completion), it followsfrom (2.10) that

ρ_{k(m)+1) =PL(up(ni),}τ k(m)+1). By Lemma 5.1(i),(ii) (PL Analysis) and Definition 5.3, and asρ k(m)+1˛ PL(up(ni),ρ k(m)+1), PL(up(ni),

ρ_{k(m)+1} &}

ρ_{k(m)+1}

∉ ΠΛ(υπ(νι),

ρ_{k(m)+1 and}ρ k(m)+1 has finite outcome alongσ k(m)+1, so by Lemma5.1(iv) (PL Analysis), PL(up(ni),σ k(m)+1) = PL(up(ni),

ρ_{k(m)+1)\{}ρ k(m)+1}.(i) now follows.We complete the proof of the lemma by verifying (vi). Fix k < n andμk �

νk is implication-free and up(μk) � up(νk),

σ_{k in (5.29)(i).) Fix p and s for s as inLemma 3.3 (l-Behavior). We proceed by cases.Case 1: s is not j-switching for any j £ k+1. Then (}σ k)- =ρ k and (

νk �ρ k, then PL(νk,

σ_{k) and PL(up(}μk),ρ k+1) ˝ PL(up(

νk =ρ k. But asνk is implication-free and r isnot completion-consistent via Æ æ, this is impossible.Case 2: s is j-switching for some j £ k. By (5.18) and Definition 5.6, s switchesa principal derivative which is not an initial derivative on

λ k(d) =σ k, so (5.29)(i)follows by induction. Suppose that j = k. If

k �

out_{0(}ρ k), andas j = k = s,σ k+1 = l(

ν_{k =}ρ k. By Lemma 4.5 (Free Extension),up(νk) ˝σ k+1, so by Lemma 5.1(i) (PL Analysis), PL(up(

μk),σ k+1), and (5.29)(i) holds.Case 3: s is (k+1)-switching. Then by Lemma 5.1(i) (PL Analysis), PL(νk, νk,σ k). Suppose thatπk+1 ˛ (PL(up(

∩ΠΛ(υπ(μk),up(νk))\PL(up(

πk+1 lies in PL(νk,σ k).There are several subcases.81

S u b c a s e 3 . 1 :

ρ_{k+1-link restraining up(}

μ_{k). By(2.10) and as up(}μk) � l(σ k), s must switchπk+1. If

μk),up(νk)) ˝ PL(up(μk),σ k+1), so (vi) holds. If

π_{k+1}

∉ΠΛ(υπ(

μ_{k),up(}

ν_{k)), contrary to hypothesis. Hence}

πk+1 has an initial derivativeπk �νk. But up(

ρ_{k has infinite outcome along}σ k. Hence by (5.13),ρ k ˛ PL(νk,

σ_{k).Subcase 3.2: (5.14) places}

μ_{k),}

ρ_{k+1)\PL(up(}

μ_{k),}

σ_{k+1) throughthe component induced by some}

k+1 requiring extension, and the conditions of (5.13) fail.Then

ρ k+1, else by(2.10) and Lemma 5.3(i), any component of PL(up(μk),ρ k+1) induced by

σ_{k+1). Thus by Lemma 5.10(iv) (Component), (}βk+1)- = up(νi)for some i £ m, which we fix. Now by (iii), there is a derivative

π_{k ˛PL(}δi,σ k)\PL(

π_{k =}ρ k. By Definition 5.3,ρ khas infinite outcome along

μ_{k),up(}νk)), so again by Definition5.3,πk+1 � up(

ν_{k, and by Lemma 3.1(i) (Limit Path),}πk+1 has an initialderivativeπk � ρ_{k] is a primary}σ k-link restrainingνk, so by(5.13),

ν_{k,}σ k). nOur next lemma specifies the correspondence between a PL set which isencountered when a nodeηk requires extension, and another PL set which is defined at thek-completion

η_{k. Lemma 5.12 (PL Lemma): Fix k £ r £ n, and}νk �δk �ηk ˝

η_{k)-=}δk and k < dim(νk), and let η_{k requires extension for}νk,and thatκk is the k-completion of

τ k+1 ˝ l(ηk): $ρ k(

κ_{k &}ρ k switchesτ k+1)} = PL(

ξk):ξk ˛ PL(δk, η_{k)).(iii)If ÆÆ}σ j,σ j,

σ k+1, and up(δk) =σ k+1, then { ξ_{k ˛ PL(}δk,κk)} = PL(

κk.Proof: (ii): By Lemma 5.11(iv),(v) (Amenable Backtracking), {up(ξk):ξk ˛PL(

ηk)} = PL(νk+1,l(κk)) = fl, so (ii) follows by repeated applications of Lemma5.11(iii) (Amenable Backtracking) to those rk such that ρ_{k ˝}κk. (i): By (5.18), {τ k+1 ˝ l(

ρ_{k(}ηk �ρ k ˝κk &

ρ k ˝κk & (out0(

ξ_{k ˛ PL(}

δ_{k,}

κ_{k)}. Hence (i) follows from (ii).(iii): Let}σ k =

δ_{k. By induction and Lemma 5.1(iv) (PL Analysis), itsuffices to show that for all j ˛ [k,r), {up(}ξj):ξj ˛ PL(

σ_{j+1,} τ j+1) =PL(

σ_{j+1,}

σ_{j+1). Fix j ˛ [k,r), and let}

τ_{k =}

η_{k. By (5.5)(ii) andLemma 5.2 (Requires Extension),}τ j requires extension for

τ j. By (5.5)(ii) and (ii), {up(ξj):ξj ˛ PL(

σ_{j+1,}

τ_{j+1). By (5.11),}

σ_{j+1 hasfinite outcome along}τ j+1, so by Lemma 5.1(iv) (PL Analysis), PL(

σ_{j+1,}σ j+1).(iv): Immediate from (ii). nLetΛ0 ˛ [T0] be admissible, and for all k £ n, let

Λ_{0). In order to showthat all requirements are satisfied, we will need to show that if a node is}Λk-free, then it isalso implication-free, and so can act according to the truth of the sentence generating itsaction. We will be able to show this under the assumption that

0 is admissible. (5.17)(i)may prevent a node which is a potential component of a 0-implication chain from actingaccording to the truth of the sentence generating its action, as it forces a specified outcomefor certain implication-free nodes. However, we want to show that the implication-chainmechanism ensures that the action this node takes is in accordance with the truth of thatsentence. The proof of this fact relies on the next lemma, which relates the implication-freeness of one of the first two nodes on Tk of a k-implication chain to the implication-freeness of the other node.Lemma 5.13 (Free Amenable Implication Chain Lemma): Suppose that k < r £n, ÆÆ

σ j,τ jæ: r ‡ j ‡ k+1æ is an amenable (k+1)-implication-chain, thatσ k is the primarycompletion of

T_{0 is preadmissible and the 0-completioncorresponding to}σ k. Letσ k = ( σ_{k is implication-free.Furthermore, if x is completion-consistent via Æ æ, then x is implication-free.Proof: We proceed by induction on r-k. First suppose that}σ k is implication-free.By Lemma 5.2 (Requires Extension),

σ k+1 and up(σ k) =σ k+1. As (5.23) fails to hold for

σ k+1 is implication-free. As (5.21)and (5.22) fail forσ k,

k is completion-consistent via Æ æ. (We note that the completion-consistency of the admissible h ˛

λ_{k(h) viathe subsequence of S consisting of those nodes which are on}Tj for some j ‡ k.) ByLemma 5.9(i) (Completion-Consistency) applied to

τ kæ, and by (5.19),τ k is completion-consistent via Æ

kæ. By Lemma 5.983

(Completion-Consistency)appliedon

σ k. Thus we conclude thatσ k is implication-free.Now suppose thatσ k is implication-free. By Lemma 5.2 (Requires Extension),

σ_{k) =}

σ_{k+1 and up(}

σ_{k) =}

σ k+1. As(5.23) fails to hold for

σ_{k,}

σ_{k,}

σ_{k iscompletion-consistent via Æ æ. (We again note that the completion-consistency of theadmissible h ˛}T0 via S implies the completion-consistency of

T_{j for some j ‡ k.) By Lemma 5.9(ii)(Completion-Consistency) applied on}Tk,τ k must be completion-consistent via Æτ kæ, and by(5.19), (

Tk,σ k is completion-consistent via Æ æ, so (5.21) and (5.22) fail to hold forσ k.We conclude that

σ_{k)-1,}out0(σ j) andout0(

j) are completion-consistent via the same sequence; so

σ j is primarily implication-restrained. Furthermore, by(5.10), neither sr nor sr is implication-restrained, and by (5.9), upj(σ k) ˛ {σ j,

σ_{k) is implication-restrained, and note thatj < r, and that upj(}σ k) is either primarily or hereditarily implication-restrained.First suppose that upj(σ k) is primarily implication-restrained. By (5.6) and as j < r,upj(σ k) ˛ {

σ j andσ j are primarily implication-restrained and completion-consistent via the same sequence. Thus by (5.8)(i), there is anηj ˝

σ_{j. Fix}δj such that (ηj)- =

ηj requires extension forνj. Nowδj �

η_{j has a j-completion}κj �λ j(x) which has infinite outcome alongλ j(x). ByDefinition 5.6 and (2.7), upj(

σ_{k) ˛ {}σ j,σ j} and

σ_{k) is}λ j(x)-restrained by the primary link [νj,

σ_{k) is hereditarily implication-restrained but not primarilyimplication-restrained. By (5.6) and as j < r, upj(}σ k) ˛ {σ j,σ j}, so by the precedingparagraph, both

ηi ˛Ti such that

irequires extension, has no j-completion ˝ upj(

out_{j(}ηi) ˝σ j. By Lemma 5.4(Compatibility) and as x is completion-consistent via Æ æ,

κ_{j such that}σ j ˝κj ˝ τ k ˝σ k be defined by (τ k)- =

out_{0(}

η_{i) �} out 0(

τ k) �

κ j),contradicting (5.26). nWe are now ready to show that completions exist. We proceed as described in theexample preceding Definition 5.3. The definition proceeds by induction on n-k, and thenby induction on the cardinality of PL sets. The process used, within the proof, to constructcompletions is called backtracking. Lemma 5.14 (Completion Lemma): Fix h ˛T0 such that h is admissible,ηk =

η_{k). Then there is an effectively obtainableadmissible 0-completion k � h of}ηk.Proof: For all j £ n, let hj =λ j(h). Let

ν_{k+1 =up(}νk), and note, by (5.3) and Lemma 4.3(i)(a) (Link Analysis), thatνk+1 �

ηk ˛Tk such that (ηk)- = ηk+1). We carry out a backtracking process, constructing increasingsequences Æξik ˛Tk: i £ mæ and Æxi ˛

ξ^i_{k). m will be bounded by the length of thelongest}ηk+1-link restrainingνk+1 plus 1. We also define a mapξik fi

Tk+1.We begin by setting x0 = h,ξ0k =ηk and

ξ^i_{k, and}ξik+1 have been defined for some fixed i < m. We assume by induction that:(5.31)(i)xi is admissible and completion-consistent via S.(ii)If i > 0, then xi is switching.(5.32)(i)For all j < i,ξj � xi,

ξi_{k, and}ξik+1 �ξjk+1.(ii)

ξik+1 is l(ξik)-free.(ii)(5.18)(i)(a), with xi in place of r, is not satisfied.At the end, we will ensure that (5.32) and (5.33)(i) also hold for i = m, and in addition:(5.34)

mk+1 = nk+1 and xm is admissible and the 0-completion of

η_{k)-) > k+1, so (5.5)(ii) must be true when}ηk requires extension; and by(5.5)(ii) and (5.18)(i) for (xi)- and xi, if (xi)- is implication-restrained andλ j(xi) requiresextension, then xi is switching. Hence h cannot be a 0-completion, and (5.33)(ii) holds. We now assume that i ‡ 0 and verify (5.31)-(5.34) for i+1. There are two cases:Case 1: There is a l(ξik)-link [

ν_{k+1. By Lemma 4.1(Nesting), we can assume that [}μk+1,πk+1] is the longest such link. Now there is a t ‡ k+1and a primary

μ_{t,}πt] such that [μk+1,

π_{t].}

π_{t is}

λ t(

k)-free by Lemma 4.3(iii) (Link Analysis), and by (4.1), will be

ξ^i_{k)-free for anynonswitching extension}ξik ofξik. And as [

λ_{t(}

ξ^i_{k)-link,}

π_{t has infiniteoutcome along}

π_{t is}λ t–1(

ξ^i_{k)-consistent for all nonswitching extensions}

ξi, and willeventually reach the shortest such nonswitching b �ξi such that

π_{t,}

up_{t–1(}

β_{k) �}

upt–1(βk). (When we apply the NonswitchingExtension Lemma to extend a string, and it is possible to take both activated and validatedextensions and still be nonswitching, (5.18)(iii) requires that we take the activatedextension, in order to uniquely define the process of taking nonswitching extensions in thisinduction.) As

T0 such that lh(g) > 0, if g is a nonswitching extension of g -,then for all q £ n, theλ q(g)-links coincide with the

ξi_{k-free, up(}νk) is notλ k(r)-free. So r cannot bethe 0-completion of

up_{k+1(r) = up(}νk), so by (2.10), up(νk)would have to beλ k(r)-free, which is impossible. It now follows that r is not a 0-completion, else by Definition 5.6, r would have to be the 0-completion of α^{u; hence(5.18)(i)(a) does not hold for r. The same proof shows that (5.18)(i)(a) does not hold forr = b.We conclude that b is admissible and completion-consistent via S, and that(5.18)(i)(a) does not hold for b. By Lemma 3.6 (Switching), we can choose an extension86}

b of b such that b- = b and b induces an infinite outcome forupt–1(b) alongλ t–1(b), thusswitching the outcome ofπt to finite along

λ_{j(b) iff j˚< t. Subcase 1.1:}πt is not a primary t-completion. Then by (5.18),ξi is not a 0-completion. Set λ_{k(b) and}

ξ^{i+1}_{k+1 = (}

λ_{k+1(b))-. We note that neither thehypothesis of Lemma 5.9(i) or of Lemma 5.9(ii) (Completion-Consistency) is satisfied, soby Lemma 5.9(iii) (Completion-Consistency),}

ξi+1, and (5.32) and (5.33)follow from the properties of b, (2.10), and Lemma 4.5 (Free Extension).Subcase 1.2: pt is a primary t-completion. First suppose that t > k+1. Then by(2.4), (λ t(b))- = pt and pt has finite outcome along

λ t–1(b), and, by Lemma 5.9(i),(iv),(Completion-Consistency) and again by Lemmas 5.11(vi), 5.12(iv), and 5.13, find anadmissible k such that k- = k and k induces an infinite outcome for (λ t–1(k))- along

ξi+1k =λ k(k) andξi+1k+1 = (

λ_{k+1(b))- =}πk+1 andπk+1 has finite outcomealongλ k+1(b). By Lemma 5.3(ii) (Implication Chain), there is an r < n and an amenable(k+1)-implication chain ÆÆ

τ_{jæ: r ‡ j ‡ k+1æ such that}σ k+1 =πk+1 and the immediatesuccessor of

σ_{k+1 requires extension for}μk+1. Note that as [μk+1,πk+1]restrains

νk+1. And by (5.2) and Lemma 5.10(v) (Component),νk+1 hasinfinite outcome alongπk+1, so as, by (2.8),

π_{k+1,}μk+1 �νk+1. By Lemma 5.2 (Requires Extension),

λ_{k(b) requires extension for some}γk,andβk is not implication-free. Furthermore, by (5.5)(ii) and (5.8), up( σ_{k+1 �}σ k+1= up((βk)-) =

η_{k+1. By Lemma 5.9(ii) (Completion-Consistency), b is completion-consistent via S^Æ}βkæ, so by Lemma 5.10(ii) (Component),νk+1 � up(γk). By Lemma 3.387

( l -Behavior), (l (

π_{k+1 has finite outcome along l(}

β_{k), so by Lemma5.1(iv) (PL Analysis), PL(up(}γk),l(

γk),l(βk)) is a component of PL(νk+1,l(

ν_{k+1,l(}

β_{k))\PL(up(}

γ_{k),l(} β k)). Thus PL( β k)) �PL(up(

γ_{k),l(}βk)) = PL(up(

k),

β_{k, and justifying the existenceof k by induction on the cardinality of the PL sets.Case 2: Otherwise. By the case assumption, there are no l(}ξik)-links restrainingνk+1. Henceνk+1 is l(

ξi+1�ξi such thatupk+1(

ξ^{i+1 is admissible and completion-consistent via S.By (5.31)(ii) and Definition 5.6,}ξi cannot be a 0-completion. Thus by Lemma 5.9(Completion-Consistency) and Lemmas 5.10-5.12,ξi+1 is the shortest nonswitchingextension of

ξk_{m =}λ k(ξ

i+1),and

Λ0 ˛ [T0] be given,and for all k £ n, let

Λ_{0). Then for all k £ n:(i)}Λk does not extend an amenable k-implication chain.(ii)Everyηk �

Λ_{k.Proof: We proceed by induction on k. First let k = 0. (i) follows from (5.11)(ii)and (5.18)(i) for implication-restrained nodes, and from (5.11)(ii) and (5.17)(i) forimplication-free nodes. And (ii) follows from Lemma 5.14 (Completion), the uniquenessof primary completions, and (5.18).Suppose that k > 0. First suppose that ÆÆ}σ j,σ j,τ jæ: r ‡ j ‡ kæ is an amenable k-implication chain for some r, with

Λ_{k, in order to obtain a contradiction. By (2.5),}τ k–1 = out(τ k) �

τ_{k–1 requires extension.By (ii) inductively,}τ k–1 has a (k-1)-completionκk–1 �Λk–1, and by Lemma 5.3(ii)(Implication Chain) and (i) inductively,

Λ_{k–1. Fix}ξk–1 �Λk–1 such that (ξk–1)- =

σ_{k and so by (2.4),}σ khas finite outcome alongΛk. By (5.11)(i),

τ_{k, so}τ k⊄

η_{k �}

Λ_{k requires extension for}

ν_{k. By (5.18), the uniqueness ofcompletions, and Lemma 5.14 (Completion),}ηk has a 0-completion �

κ_{k–1 �}

Λ_{k–1, so has a principal derivative}κk–1 �Λk–1. First assume thatκk–1 has finite outcome along

Λ_{k–1 suchthat (}τ k–1)- =κk–1, and let

κ_{k] is a primary l(}

τ_{k–1)-link whichrestrains}ηk, so by (2.6), (2.10) and as

β_{k–1 such that}

τ_{k–1 ˝}

β_{k–1 �} Λ k–1 canswitch any node �

κ_{k, and so}

κk–1 has infinite outcome alongΛk–1, fixτ k–1 �

κk–1, and letκk = up(κk–1). Then by (2.4),

τ k–1) is the last node of the last triple of anamenable k-implication chain. By Lemma 5.2 (Requires Extension),τ k–1 requiresextension. By (ii) inductively,

Λ_{k–1, and by Lemma5.3(ii) (Implication Chain) and (i) inductively,}α k–1 has infinite outcome alongΛk–1. Fix

ξ_{k–1)- =}α k–1. By (5.5)(ii) and (5.19), up(α k–1) = (

Λ_{k. By (5.2), (}ηk)- has infinite outcome alongηk, so

Λ_{k, yielding the desired contradiction. Hence (ii) holds for k. n In order to show that all requirements are satisfied, we will need to show that if anode is}Λk-free, then it is also implication-free, so can act in accordance with the truth ofthe sentence trying to generate its action. In fact, we will need to apply this lemma to

out0(βk) is pseudotrue.Lemma 5.16 (Implication-Freeness Lemma): Fix k £ n. Suppose thatβk ˛

βk) < ¥, then b =out0(βk) is pseudotrue. For all i £ n, let

ηk+1 � l(βk) be l(βk)-free and implication-free. Then:(i)For all j £ k, the initial derivative β_{j is implication-free.(ii)If}ηk �βk, up( η_{k is}βk-free, thenηk is implication-free.(iii)If

ν_{k of}ηk+1 alongβkis k-completion-free.(iv)If dim(ηk+1) = k+1,

β_{k and has finite outcome along}βk, then n =out0(

δ_{k is the immediate successor of}νk alongβk, then d =out0(

βj is j-completion-free for all j £ n. (i): Fix j £ k. By Lemma 3.1 (Limit Path),νj �

j. Suppose that

ν_{j to be implication-restrained. If (5.21) holds, then there is a shortest}ξj ˝

ν_{j suchthat}ξj requires extension but there is no j-completion of

μj. By Lemma 5.5(ii) (Completion-Respecting),ξj has a j-completionκj �

β_{j. Hence}

μ_{j �}

ν_{j �}

κ_{j �}

β j, and [

βj-link. By Lemma 4.3(i)(c) (Link Analysis),ηk+1 =upk+1(

βk) =¥, and Lemma 5.4 (Compatibility) and since b is completion-free if lh(βk) < ¥, there is a q> i and a

δ_{q requires extension,}δq has an i-completionκi �βi, and

ν_{i �}κi. As q > i, it follows from (5.18) and (5.26) that no node in (δi, out_{i+1(}δq), and by Lemma 5.4 (Compatibility) letκi+1 be the(i+1)-completion of

κ_{i) = l(}κi) =

κ_{i+1and}

ν_{i is an initial derivative of}ηi+1, it follows fromLemma 3.1(i) (Limit Path) thatδi+1 ˝ up( κ_{i+1, so}

η_{i+1 is implication-restrained, contrary to the inductive hypothesis. (5.23) cannot hold, by our induction.(ii): Suppose that}ηk is not implication-free, in order to obtain a contradiction.Then one of clauses (5.21)-(5.23) must cause

ηk is primarily or hereditarily implication-restrained, and obtain a contradiction. Fix the shortestδk ˝

k such that for some j ‡ kand some

δ_{j =}λ j(δk) ˝

μ_{j, but there is no k-completionof}δj alongηk. By Lemma 5.5(ii) (Completion-Respecting),

κ_{j �}βj which has infinite outcome alongβj. If j = k, then by Lemma 5.2(i) (ImplicationChain), [μj,

κ_k⊆/ηk, itfollows that

κk. Now if [μk,κk] is the β_{k)-link [}μj,κj], then

η_{k �}κk, soηk is not

λ j(ηk+1) =λ j(

δ_{i =}outi(δk), letνi = (

νk alongδi and thatδi ˝

ν_{i is implication-restrained. As}νk is implication-free, i < k; note that, bychoice of i,νi is either primarily or hereditarily implication-restrained. First suppose thatνiis hereditarily implication-restrained. By Lemma 5.4 (Compatibility),

νi is hereditarily implication-restrained, and by90

(5.18) and (5.25),δi is not (i+1)-switching. Henceνi is the initial derivative of

νi+1 is primarily or hereditarily implication-restrained, contrary to thechoice of i.Now suppose thatνi is primarily implication-restrained. Then there is an

ν_{i. Fix}

μ_{i �}

η_{i such that} η irequires extension for

μ_{i. By Lemma 5.5(ii) (Completion-Respecting),}

κ_{i �}βi which has infinite outcome alongβi. Thus [μi,κi] is a primary

ν_{i+1}⊄

β_{i+1, contradicting(2.5). This completes the proof of the first part of (iv).We now note that for all i,}

δ – = n, it follows from (5.27) that ifδi is a primarycompletion, then it is a primary completion of

i, contrary to Definition 5.6.Finally, we show by contradiction that for all i £ n,

δi requires extension in order to obtain a contradiction, and letδirequire extension forμi. If i > k, then by (5.2),

η_{k+1 along}δk, andupn(νk) has a unique derivative along

νk) for all j > k, contrary to the dimension requirements of Definition 5.1. Hence i £ k.Asνk has finite outcome alongδk and dim(

δ_{i has a primary completion}κi �βi which hasinfinite outcome alongβi. By Definition 5.1,

κ_{i, and [}μi,κi] is a primary

δ_{i, so is the principal derivative of up(}νi) alongβi.By Lemma 4.3(i)(c) (Link Analysis), up(

/⊆β_{i+1. But as i < k, up(}νi) =

βi+1, a contradiction. Thus d is pseudotrue. n Our next lemma shows that, under the assumption thatΛ0 is admissible, everyrequirement R is assigned to a free and implication-free node along

Λk, and that the principal derivative ofζk alongΛk–1 is free and implication-free. We will show later that, as a result of this lemma, the construction will act to satisfy Rin accordance with the truth or falsity of the sentence which tries to determine the action forR. The implication-freeness of the nodes involved will enable us to show that sufficientlymany derivatives of

Λ0, but to pseudotrue b �Λ0.91

L e m m a 5 . 1 7 ( A s s i g n m e n t L e m m a ) : Suppose that b ˛T0¨[

λ_{i(b). Then:(i)If lh(b) = ¥, then there is a}ζn �βn such that

ζ_{n.(ii)If R is assigned to}ζn �βn, then there is a uniqueζk �βk such that upn(

ζ_{k is}βk-free, implication-free, and k-completion-free.(iii)Ifζk exists as in (ii), then the principal derivative β_{k–1 is}βk–1-free and implication-free.(iv)If j £ n,ξj �

δ_{j ˝}

β_{j, and (}

δ_{j)- =}

δ_{j) is pseudotrue. (v)If}ζn �βn and lh( ζ_{j) is pseudotrue, and the initial derivative of}ζn along b is pseudotrue.Proof: (i): Assume that lh(b) = ¥. By (5.28) or Lemma 5.15(i) (Admissibility),there are no amenable j-implication chains alongβj for any j £ n. Fix i such that R =

β_{n are completed, so there are infinitely manyblocks along}βn. Hence there is aζn �βn which completes the (i+1)st block. By Lemma3.1(i) (Limit Path),

ζn. Such a requirement can only be assigned when Step 4 of Definition 2.8 isfollowed, and the requirement assigned isRi.As there are no

n -links,

β_{n-free. As all requirements have dimension £ n, itfollows from (5.2) and Definition 5.7 that}ζn is implication-free. As no nodes onTnrequire extension,

ζn has a principalderivativeζi �βi, and by (2.9) for all i such that k £ i £ n,

ζ_{nalong}βi. For all i £ n, it follows from Lemma 4.6(i) (Free Derivative), (i), and inductionthatζi is

ζk is implication-free and k-completion-free. Again by Lemma5.16(ii) (Implication-Freeness),ζk–1 is implication-free. (iv): For all i £ j, let

δ_{j), and for all i > j, let}δi =λ i(

ξ_{i = (}δi)- is the principal derivative ofξj alongβj. Fix i £ n. ByLemma 4.6(i) (Free Derivative),

ξi is implication-free; thus x =ξ0 =out0(

ηi �δi whichrequires extension has a primary completion �

δi requires extension, and obtaining92

acontradiction.Asβi is admissible and if lh(βi) < ¥ then β i)is completion-consistent via Æ æ and is not a 0-completion, it follows from Lemma 5.5(ii)(Completion-Respecting) or Lemma 5.15(ii) (Admissibility) thatδi ˝

β_{i has a primarycompletion}

β_{i is pseudotrue so is not a primary completion; hence}κi �

β_{i.Fix}γi ˝βi such that (

κ_{i has infinite outcome along}γi, then by Lemma 5.3(i)(Implication-Chain), there is a primaryγi-link restraining

ξ_{i is}βi-free. Thusκi has finite outcome along

ζn �βn isβn-free and implication-free. The firstconclusion of (v) now follows from (iv). Let z be the initial derivative of

up_{i(z) =}

λ_{i(z) is not a primary completion. By Lemma5.16(i) (Implication-Freeness), z is implication-free, hence completion-consistent via Æ æ.The second conclusion of (v) now follows. n In Lemma 5.12 (PL), we showed that the backtracking process yielded a one-to-one correspondence between the PL sets defined for any two triples of an amenableimplication chain, and that this correspondence was provided by the up function. In orderto successfully correct axioms, we will need to show that if x is pseudotrue,}δ1,ρ 1,

η1) = h, andρ 1 ˛ PL(δ1,

ρ 1. The next lemma will allow us to draw such a conclusion when the need tocorrect is due to the existence of a nonamenable implication chain (the relationship of thenonamenable implication chain onTr–1 to the situation on

ρ_{k+1,}ηk+1 ˛Tk+1 and

ηk, such thatδk+1 �ηk+1,l( ξ_{k)-free, x =}out0(ξk) and

ρ k+1 ˛ PL(δk+1,ηk+1). Then:(i)Some element of (

ξ_{k] switches}ρ k+1. (ii){up(γk):

ξ_{k)} ˚ PL(}δk+1,ηk+1).Proof: We first note that PL(

ξ_{k)) = fl. As}δk+1 is l(ξk)-free, (5.13)cannot place any elements intoδk+1 is l(

δ_{k+1 requiresextension for some}μk+1 �δk+1. As ξ_{k) =}out0(l(ξk)) is pseudotrue,

ξ_{k)) iscompletion consistent via Æ æ and is not a 0-completion. Hence by Lemma 5.5(ii)(Completion-Respecting),}τ k+1 has a primary completionκk+1 which has infinite outcome93

along l(ξk). But then [

ξ_{k)-link restraining}

δ_{k+1, so} δ k+1 is notl(

ξ_{k)-free, contrary to hypothesis.By (2.6), no element of (}ηk,

δ_{k+1. We first consider thecase in which}ρ k+1 is placed in PL(δk+1,

η_{k+1, there is a}μk+1 �ηk+1 and a primary ρ_{k+1]which restrains}

δ_{k+1. As}δk+1 � l(

ρ_{k+1}

∉ΠΛ(

δ_{k+1,l(}

ξ_{k)-link. Hence by (2.6) and (2.10), someelement}τ k of (ηk,

ρ_{k = (}

τ_{k)- has infiniteoutcome along}τ k. Now

ρ_{k+1 has an initial derivative}ρ k �ηk. Hence [

ξ_{k-link which restrains (}ηk)-, so by (5.13),ρ k ˛PL((

ρ k+1 is placed into PL(δk+1,ηk+1)by (5.14) as an element of the component PL(

ζ_{k+1 ˝}

η_{k+1, or if}

ρ_{k+1=}

ξ_{k] switches}

ρ_{k+1. Let}

τ_{k+1 be theimmediate successor of}

τ_{k+1 requires extension for some}μk+1 which we fix. By (5.14),μk+1 �

out_{0(}

η_{k+1) is pseudotrue,}out0(

κ_{k+1 which has infiniteoutcome along}ηk+1. By Lemma 5.4 (Compatibility),τ k+1 must have a k-completion

η_{k �}ξk, soκk+1 must have a principal derivativeκk along

κk alongξk. Suppose first thatκk has finite outcome along

κ_{k =}κk andκk+1 has infinite outcome alongl(α k), so [

α k)-link restrainingρ k+1. By (2.6) and (2.10)and asκk is the principal derivative of

ξ_{k, [}μk+1,κk+1] must be a primary l(ξk)-link restraining

ξ_{k)-free.We conclude that}κk has infinite outcome alongξk. As

η_{k+1, it follows from (2.4) and (2.8) that}ηk ˝κk. By Lemma 5.3(ii) (ImplicationChain) and Lemma 5.2 (Requires Extension),α k will require extension for some

σ k+1. As x is pseudotrue,λ j(x) is not a primary completion for any j £ n.Hence by Lemma 5.9 (Completion-Consistency),ξ – is completion-consistent via Æ æ.Hence

κk ˝ (ξk)- �ξk. As x is admissible, it follows from(5.28) that there are no amenable k-implication chains along

κk must have infinite outcome alongξk. Fixα k ˝

α_{k)- =}κk. By Definition 5.3 and sinceκk+1 has infinite outcome along

δk+1,ηk+1) coming from a component PL(σ k+1,

ζ_{k+1 ˝}ηk+1 are elementsof PL(σ k+1, κk+1 has finite outcome along l(α k), it follows from Lemma94

5.1(iv) (PL Analysis) that PL(σ k+1,

α_{k)). By Lemma 5.12(i),(ii) (PL)and Lemma 5.11(v) (Amenable Backtracking), PL(}σ k+1,l(κk)) = fl, every node inPL(σ k+1,l(

k)) is switched by some element of (

γ_{k):} γ k ˛ PL(

κ k,

κ

k)} =PL(

α_{k switches}σ k+1 = up(κk), so (i) holds.By (5.2),

ξ_{k. As}

σ_{k+1 � (}

η_{k+1)-, it followsfrom Lemma 3.1(i) that}

η_{k)-. We have shown that}

η_{k ˝}

κ_{k. Henceby (5.14), PL(}κk,κk) is a component of PL((

σ_{k+1 � (}

η_{k+1)-, itfollows from Lemma 3.1(i) (Limit Path) that}σ k � (

σ_{k+1.Hence [}σ k,κk] is a primary