The Decidability of the Existential Theory of the Poset ofRecursively Enumerable Degrees with Jump Relations STEFFEN LEMPP1 AND MANUEL LERMAN2,3 Department of Mathematics, University of Wisconsin,Madison, WI 53706, USAlempp@math.wisc.eduDepartment of Mathematics, University of ConnecticutStorrs, CT 06269, USAmlerman@uconnvm.uconn.eduAbstract. We show that the existential theory of the recursively enumerable degrees inthe language L containing predicates for order and n-jump comparability for all n, andconstant symbols for least and greatest elements, is decidable. The decidability followsfrom our main theorem, where we show that any finite L-structure which is consistentwith the order relation, the order-preserving property of the jump operator, and theproperty of the jump operator that the jump of an element is strictly greater than theelement, can be embedded into the r.e. degrees.1 Research partially supported by National Science Foundation Grants DMS-8701891, DMS-8901529, DMS-9100114, U.S.-W. Germany Binational Grant INT-8722296, and post-doctoral fellowships of the DeutscheForschungsgemeinschaft and the Mathematical Sciences Research Institute.2 Research partially supported by National Science Foundation Grants DMS-8521843, DMS-8900349, andDMS-9200539, and by the Mathematical Sciences Research Institute.3 The authors wish to express their gratitude to C. Ash, M. Groszek, L. Harrington, J. Knight, A. Kucera, R.Shore, and T. Slaman for helpful comments during the seven years in which this research was being carried out.1

TABLE OF CONTENTS0. Introductionp. 21. The Basic Modulesp. 62. The Requirements and Systems of Treesp. 113. Paths and Switchingp. 234. Linksp. 305. Implication Chainsp. 376. Control of Spacesp. 957. Construction and Proofp. 1270. Introduction. Decidability and undecidability of (fragments of) elementary theoriesof recursion-theoretic structures have been central topics of research in recursion theory formore than two decades. Results of this nature have been obtained by Lachlan [La1], [La2],Simpson [Si], Herrmann [He], Harrington (unpublished), Lerman and Soare [LrSo],Schmerl (cf. [Lr1]), Epstein [Ep], Shore [Sh1], [Sh2], Lerman [Lr1], Lerman and Shore[LrSh], Sacks [Sa1], Harrington and Slaman [HaSl] (cf. [SlWo]), Jockusch and Soare(unpublished, cf. [Lr1]), Jockusch and Slaman [JoSl] and Hinman and Slaman [HiSl].Sharp results have been obtained for the poset of degrees D = ÆD,£æ. In this case, Lachlan[La1] showed that Th(D) is undecidable, and Simpson [Si] showed that this theory isrecursively isomorphic to second order arithmetic; Shore [Sh1] and Lerman [Lr1] showedthat "$˙Th(D) (the "$-fragment of the elementary theory of D) is decidable, and thisdecidability result has been extended by Jockusch and Slaman [JoSl] to "$˙Th(ÆD,£,¨æ).Schmerl (cf. [Lr1]) showed that $"$˙Th(D) is undecidable. Sharp results have also beenobtained for the elementary theory of the poset D[0,0’] = ÆD[0,0’], £æ of the degreesbelow 0’. Epstein [Ep] and Lerman [Lr1] showed that Th(D[0,0’]) is undecidable andShore [Sh2] showed that this theory has degree 0(w); Lerman and Shore [LrSh] showedthat " $ ˙ T h ( D [0,0’]) is decidable, while Schmerl (cf. [Lr1]) showed that$"$˙Th(D[0,0’]) is undecidable. Gaps in our knowledge remain for other structures.There are some natural operations on degree structures which motivate the study ofdecidability in languages other than the language of posets. Most degree structures areuppersemilattices and so support a join operator ¨. The join operator is definable from £by an "-predicate. Hence $˙Th(ÆD[0,0’],£,¨æ) is decidable. D also supports the jumpoperator, ’, an order-preserving function of one variable on degrees such that a’ > a for alla. Cooper [Co1, Co2] has shown that the jump operator is definable over D, but Lermanand Shore [LrSh] have shown that the definition cannot be an "$-definition. Thus thestudy of the elementary theory of D’ = ÆD,£,’æ is more complex than the study of Th(D).The results of Lachlan [La1] and Simpson [Si] cover Th(D’) as well; thus Th(D’) isundecidable, and is recursively isomorphic to second-order arithmetic. On the other hand,2

Jockusch and Soare (cf. [Lr1]) have shown that Th(ÆD,’æ) is decidable. In this paper, we develop methods which enable us to build configurations ofrecursively enumerable degrees while simultaneously controlling the configurations of themth-jumps of these degrees. Our results will yield a decision procedure for the existentialtheory of the recursively enumerable degrees in an expanded language, and can be used togive a decision procedure for a fragment of $˙Th(ÆD,£,’,0æ). We expect the methodsintroduced in this paper to be useful in providing a decision procedure for$˙Th(ÆD,£,’,0æ). (Hinman and Slaman [HiSl] have recently proved that $˙Th(D’) isdecidable using a forcing argument.) For every degree a, we let R(a) = ÆR(a),£æ be the poset of degrees r.e. in a, andwe set R = R(0). For each m ˛ N (N is the set of natural numbers) and a,b ˛ R, wedefinea £m b � a(m) £ b(m).A jump poset is a 5-tuple ÆP,£,P’,£’,fæ, such that ÆP,£æ and ÆP’,£’æ are posets ofcardinality ‡ ˚2 with least and greatest elements, and f is an order-preserving map from Ponto P’. An m-jump poset is a structure P = ÆP0,£0,P1,£1,f1,...,Pm,£m,fmæsuch that for each k < m, ÆPk,£k,Pk+1,£k+1,fk+1æ is a jump poset. We define a <w-jumpposet analogously.We now state our main theorem.Theorem 7.8: Fix n ˛ N, and let P = ÆP0,£0,P1,£1,f1, . . . , Pm,£m,fmæ be a finite m-jumpposet such that P0 has least element 0 and greatest element 1. Then there is a finite set G0of r.e. degrees, and there are finite sets Gk = {d: $a˛G0(a(k)˚=˚d)} for each k ˛ [1,m]such that the following diagram of Figure 1 commutes. Furthermore, the embedding maps0 ˛ P0 to 0 and 1 ˛ P0 to 0’. (In fact, the proof of Theorem 9.9 can easily be extended tocountable <w-jump posets.) n We specify a finite set of axioms for m-jump posets. These axioms assert thatÆPi,£iæ is a poset for each i £ m, 0 is the least element ofP0, 1 is the greatest element of

Pi–1,≤i–1æ onto ÆPi,

≤^{1...,}

≤^{m,...æ is decidable.nThis corollary extends the result in [LmLr2] where it is shown that the existential theory ofÆR,0,0’,£,£1æ is decidable. Fix m. The simplest sentences of this existential theory in the language L require usto construct a degree a such that 0(k) < a(k) < 0(k+1) for all k £ m. The Sacks JumpInversion Theorem [Sa2] allows us to construct such degrees. One begins with a degreedm such that 0(m) < dm < 0(m+1) and dm is r.e. in 0(m). The jump inversion theorem isnow applied to obtain a degree dm-1 which is r.e. in 0(m-1) such that (dm-1)’ = dm and0(m-1) < dm-1 <˚˚˚0(m). This procedure can be iterated, producing d0 = a. Attemptswere made to decide the full $-Theory in this way, but the Shore Non-Inversion Theorem[Sh3] showed that such attempts were doomed to failure. Our approach is to construct ther.e. degrees directly. To do this, we introduce a 0(n)-priority argument for each n ˛ N.Priority arguments of this sort were developed by Ash [A1,A2] and Knight [Kn] forrecursive model theory, but their approach does not seem to be applicable here. Groszekand Slaman [GS] have been developing a different general framework for 0(n)-priorityarguments, and our proof has been influenced by the techniques of Ash, Groszek andSlaman. In particular, although our trees are different from those used by Ash, theproperties used in the tree decomposition are, in many cases, based on ideas introduced inAsh [A1]. A framework is also being developed by Kontosthatis [Ko1,Ko2,Ko3]. Other4}

theorems proved using our framework can be found in [LmLr1], [LmLr2], and [LLW],and an overview of the framework is presented in [LmLr3]. Our treatment of individualrequirements is modeled after the solution to the "deep degree" problem by Lempp andSlaman [LmSl].Weusethefollowingnotation.IfA ˝ N , then we let A denote the complement ofA. For A,B ˝ N , we let A\B denote the difference of A and B. Given a set P, we let |P|denote the cardinality of P. A k-dimensional space is a set S = {a} · N k · {b} f o r s o m e choiceoffinitesequencesaandb of elements of N; in this case, we write dim(S) = k. If A= {a} · N k · {b} and i ˛ N, then we let A[i] denote {Æa, i , x,bæ:x ˛ N k - 1 } ˙ A and call A[ i ] asection of A. W e d e p a r t a l i t t l e f r o m t h e s t a n d a r d c l a s s i f i c a t i o n o f s e n t e n c e s , a l t h o u g h o u r classification is equivalent to the standard classification. Thus aΣ0- orΠ 0-formula is onein which all quantifiers are bounded. A

Π m-formula is one of the form Q1x1...Qkxk"yR(x1,...,xk,y), where each Qixiis a finite block of bounded universal quantifiers or a finite block of bounded existentialquantifiers and R is aΣm–1-formula. Let g be a

m- or

Σm–1. The formulaγ[z] is obtained from g byreplacing the first block of unbounded quantifiers $y or "y with a similar block where allvariables are restricted to numbers £ z.A string is a finite sequence of letters from an alphabet. If S is an alphabet, we letS<w be the set of all strings from S. We write s � t if t properly extends s, and s|t if sand t are incomparable. We say that s lies along t if s ˝ t. For s,t ˛ S<w, we let lh(s)denote the cardinality of the domain of s. If s „ Æ æ (the empty string), then s- is theunique t � s such that lh(t) = lh(s)-1. We define the string s^t by�s(x)if x < lh(s)s^t(x) = ˚�t(x-lh(s))if lh(s) £ x < lh(s)+lh(t).If x £ lh(s), then s|‘x, the restriction of

s to x, is the string t of length x such that t(y) =s(y) for all y £ x. Restriction is defined similarly for infinite sequences from an alphabet.We also use interval notation for strings. Thus [s,t] = {r: s ˝ r ˝ t}. s� t denotes thelongest r such that r ˝ s,t, and if s and t are comparable, then s�t is the longer of s andt .A tree is a set of strings which is closed under restriction. The p a t h s through a5

treeTaretheinfinitesequencesLsuchthatL|‘x ˛ T for all x ˛ N . We let [T] denote theset of paths through T. The h i g h / l o w h i e r a r c h y for R is defined as follows. For n ‡ 0, we say that a isl o w n (a ˛

n) if

H^{n) if}

a_{(n) =}

0_{(n+1). If}

(n) <

Φ ek: e ˛ Næ will be the standard enumeration of all partial recursive functionals of kvariables. (We will frequently suppress the superscript, writingΦ e forΦ ek.) Thus

x^{k) = y if the eth partial recursive functional of k variables, computing fromoracle A and input}x1,...,xk, outputs the value y. For each e,k ˛ N, we will have arecursive approximation Æ

Φ^{e,s}_{k(A;}

x^{1,...,}

x^{k)fl if we obtainan output from this computation in fewer than s steps; otherwise,}

x^{k)›. If}Φ

e,sk(A;x1,...,

xmæ and z = Æzm+1,...,zkæ, then

limx1...limxmΦ ek(A;

z^{m+1,...,}zk). Other notation follows [So].1. The Basic Modules. We will introduce the basic modules for requirements ofdimensions 1 and 2 in this section. While the proof of the theorem will need requirementsof higher dimensions, the descriptions of the basic modules for these higher dimensionrequirements is similar to the descriptions for requirements of dimensions 1 and 2,requiring only more iterations of the limit process. Fix a finite m-jump poset P = ÆP0,£0,P1,£1,f1,...,Pm,£m,fmæ, and assume that P0has least element 0 and greatest element 1. Let g0 be the identity function, and for each k ˛[1,m], let gk = fk�fk-1�... �f1. Assume, also, that there are d „ d ˛ P0 with the followingproperties:(1.1)For all k £ m, gk(0) <k gk(d) <k gk(1) and for all c ˛

( 1 . 2 ) F o r a l l k £ m , g k( 0 ) < k g k(d) < k g k( 1 ) a n d f o r a l l c ˛ P 0\{d} s u c h t h a t g k(0) < k g k(c)< k g k(1), g k(d) and g k(c)areincomparable.These conditions will reduce the number of different types of requirements needed for ourconstruction. In particular, we will not have to treat, as special cases, requirements tomake any of the sets which we are constructing non-lowk or non-highk for any k £ m.We will construct an r.e. set A b for each b ˛ P 0.WespecifythatA0 = fl and A1 isthe complete r.e. set K. We will also be constructing partial recursive functionals D withsubscripts and superscripts designating the requirement for which D is acting. D e f i n i t i o n 1 . 1 : Uniformly in A ˝ N and e,r ˛ N , we fix a sentence b r(A;e) which isS r + 1 and whose validity agrees with that of e ˛

A(r) if r is even. nFor all b,c ˛ P0 and k £ m, we will have to show thatgk(b) £ gk(c) �Ab(k) £TAc(k).Each such equivalence will be satisfied if we satisfy the following conditions forsufficiently many b and c: There is a partial recursive functional D (depending on thecondition) such that for all e ˛ N:(1.3)

Φ ek+1(Ab;v1,...,vk,x)).(1.4)Re,b,c1,k: gk(b) £ gk(c) & b „ 1 �˚"e$q£1((limu1...limukD(Ac;u1,...,uk,e)fl = q) & (q = 1 iff bk(Ab;e) is true)).(1.5)

Re,b,c1,0 is satisfiedby coding Ab into Ac. The construction will have the following property:(1.6)If e ˛Abs+1\

bs, and b £ c, then e ˛

Acs, and note that e ˛ Ab iff e ˛Abs.We have thus proved:Lemma 1.1: Let b,c ˛ P0 be given such that b £ c. Assume that the constructionsatisfies (1.6). Then Ab £T Ac. nThe Basic Module: Dimension 1 incomparability requirements. We satisfy{

Acs;x) = 0 with use x. If, at some later stage t, we find thatΦ e,t1(Abt;x)fl = 0, with use q, then we will restrain Ab|‘(q+1) from changing after stage t,and place x into Ac. This will allow us to redefine D(Ac;x) = 1 with use x. There are twopossible types of outcomes. If, during the construction, we never see a computation

Abt;x) = 0, then D(Ac;x) = 0 and eitherΦ e1(Ab;x)› orΦ e1(Ab;x)fl „ 0. If we eventuallyplace x into Ac, then D(Ac;x) = 1 „ 0 =

A^b_{s;e) is true with use < s, declaring axioms D(}Acs;u,e) =0 for progressively larger u until such an s is found. If we ever find such a stage s, werestrainAbs|‘s (so Ab|‘s =Abs|‘s), and declare axioms D(

Re,b,c0,2 willbe treated as a connected infinite set of dimension 1 incomparability requirements,8

producing the desired result in the limit. Fix D . We will appoint a witness x, and try toguaranteethatif{v:Φ e2(Ab;v,x) = 0} is infinite, then {u: D(Ac;u,x) = 1} is cofinite, and if{v:

A^b_{t;v0,x) = 0, then we restrain}

A^b_{t|‘t (soAb|‘t =}Abt|‘t), and place p into Ac at stage t, allowing us to declare new axioms D(

Φ^e_{2(Ab;v,x)fl = 0} is finite and {u:D(Ac;u,x)fl = 0} is cofinite, or {v:}Φ e2(Ab;v,x)fl = 0} is infinite and {u: D(Ac;u,x)fl = 1} =N. In either case,Re,b,c0,2 is satisfied. The Basic Module: Dimension 2 highness requirements. If f1(1) £1 f1(c)and K is the complete recursively enumerable set, then we will want to satisfy � 0if e ˛ K’ (i.e., b2(fl,e) is not true or, equivalently, b1(K,e) is true)limuD(Ac;u,e) = � Ł 1if e ˇ K’ (i.e., b2(fl,e) is true or, equivalently, b1(K,e) is not true).The strategy for satisfying this requirement is similar to that for the dimension 2incomparability requirements. While K_{s;e)›, we declare axioms D(}Acs;u,e) = 1 forprogressively larger u, with use 0. If we discover thatΦ e,s1(

A^c_{s;u,e) = 0 with large use p for progressively larger u for which axiomshave not yet been defined. If}Kt|‘v „Ks|‘v at some later stage t, then we place p into Ac atstage t, and reset the axiom D(Act;u,e) = 1 with use p for values of u for which the axiomwas previously set to 0, and begin again to declare axioms having output 1 and use r ‡ t foryet larger values of u. Thus either that

Φ e1(K;e)› and {u: D(Ac;u,x)fl = 1} = N. In either case,Re,1,c2,2 is satisfied. Comparability requirements of dimension 2, and requirements of dimension 3 orgreater are handled in a way similar to that in which their counterparts of lower dimensionare handled, except that more iterations of the limit operation are required. As no newstrategies are involved, we will not discuss basic modules for these requirements.Conflicts between requirements are resolved by placing requirements on iteratedtrees of strategies, and using the trees to determine when requirements should act. We fixthe maximum dimension n of the requirements to be satisfied, and assign each requirementto all nodes of a given level of the tree

theform(

ψ_{n)&(�}

φ_{nfi}

χ_{n), where}

φ_{n is a sentence which determines when to initiateaction during the construction, and}

Tk will be derivatives of nodes of a treeTk+1 . Eachderivative is to generate action based on the truth of a sentenceφ k obtained from thesentence jk+1 assigned to the node from which it is derived, by appropriately bounding theouter block of quantifiers. And the action must result in satisfying some property derivedfrom yn and cn. Rather than bounding quantifiers for the sentence obtained from yn andcn, we assign spaces to the nodes on which we ensure that a given functional has aniterated limit (sometimes requiring a specified value for this limit). When we reach

T0 taken to show that thesentence assigned toTn is satisfied. The processes of assigning derivatives and of determining which derivatives shouldact are delicate, and differ with the type of requirement. This assignment must be done insuch a way that the action taken by derivatives can be pieced together to show that theoriginal sentence on

T1). The key is to determine the derivative responsible for the definition of agiven axiom. For incomparability requirements, the nodes specifying axioms for a givenfunctional and argument in the limit are all derived from a single node ofTn, and controlmust be expanded to ensure that limits exist when the node is not on the true path of theconstruction. In the case of comparability and highness requirements, nodes on each paththrough

T_{k which is responsible fordefining the axioms. The notion of control will determine the axioms for which a node is responsible.Determining when a node should act will involve additional concepts, such as freeness,admissibility, implication chains, and links. We will define the assignment of requirementsto trees in Section 2, and prove some lemmas about paths in Section 3. Links will beanalyzed in Section 4. Implication chains and backtracking will be discussed in Section 5.Control will be discussed in Section 6. The construction and proof based on the machineryintroduced in previous sections will be discussed in Section 7.10}

2 . T h e R e q u i r e m e n t s a n d s y s t e m s o f t r e e s . T h e f r a m e w o r k f o r o u r p r i o r i t y argumentusessystemsoftrees,andmuchofitcanbepresentedindependentlyofthesetofr e q u i r e m e n t s t o b e s a t i s f i e d . S y s t e m s o f t r e e s a r e i n t r o d u c e d i n t h i s s e c t i o n , a n d t h e mechanism for assigning requirements to the trees is described. (The reader is referred to[LmLr1], where systems of trees are used to prove some standard theorems of recursiontheory. The framework there is a little different, as some of the subtleties needed here donot occur at the lower levels, but the many similarities in the approaches might be helpful.)Fix n ˛ N henceforth.D e f i n i t i o n 2 . 1 ( D e f i n i t i o n o f t r e e s ) : We setT–1 = {0,¥} andT0 = {0,¥}<w. If 0 <k £ n andTk–1 has been defined, let

Tk˚=˚ÆTk,˝æ is the kth tree of strategies, ordered by inclusion. We refer to the elementsofTk as nodes of

Tk–1. If s ˛Tk, x ˛Tk–1, and s = s-^Æxæ, then we say that s- hasoutcome x along s, and define out(s) = x. If j £ k, then we define

out_{k(s) = s, and}outj–1(s) = out(outj(s)). Outcomes are of two types, activatedor validated. If k = 0, t ˚ s, and lh(s) > 0, then we say that s- is activated (validated,resp.) along

t if out(s ) = 0 (out(s ) = ¥ , resp.). If k > 0, then s- is activated (validated,resp.) along t if out(s ) - is activated (validated, resp.) along out(s ). (Activation andvalidation represent different ways of satisfying a requirement depending on whether thesentence generating action is true or false. The steps taken when a requirement associatedwith the node s-isfirstactivatedmaybelaterextendedwhenthatrequirementisvalidated.)If s ˝ t ˛Tk and lh(s) > 0, then we say that s- has finite (infinite, resp.) outcome along

t if either k = 0 and out(s ) = 0 (out(s ) = ¥ , resp.), or k > 0 and out(s ) - has infinite(finite, resp.) outcome along out(s). (Note that s- is activated (validated, resp.) along s ifeither k is even and s- has finite (infinite, resp.) outcome along s, or k is odd and s- hasinfinite (finite, resp.) outcome along s.) nIn order to provide the reader with some intuition about these trees, we relate themto the tree of strategies approach introduced by Harrington, and indicate the relationshipbetween the way certain concrete requirements are treated by these approaches. Firstconsider a typical Friedberg-Muchnik requirement F (A) „ B. The standard tree ofstrategies approach assigns such a requirement to a node s of

T_{0 = {0,¥}<w. (We use ¥ in place of 1because we want to talk about finite and infinite outcomes.) In place of stage t, we form ad-block on}T0 which consists of derivatives of nodes of

1 which lie on true pathcomputation through

T_{0, and such that the requirement for these nodesof}T1 has not yet been validated. Each derivative along the path gets a chance to try tosatisfy its requirement when it is reached, and the block ends either when we newlyvalidate a node, or begin to deal with one new requirement. The outcome x = n^Æbæ of salong r = s^Æxæ ˛T1 is used to code whether or not F(A;x) = 0. x will tell us whether ornot the requirement assigned to s has been activated or validated, and in addition, that thedecision to activate or validate was made based on the outcome of n along x. Thus if s isactivated along r, then s will will have infinitely many derivatives along the true path

Λ0 (we will call n both the initial and principalderivative of s alongΛ0), and the outcome b = 0 of n along

T0 at which we made the decision to determine the outcome of s along r (we will call n theprincipal derivative of s along d), and the outcome b = ¥ of n alongΛ0 indicates that n isvalidated along x. If n is not the first (i.e., initial) derivative m of s along r, then we createa link from m to n. These links partially correspond, in standard priority arguments, toinitializing all extensions of r. At higher levels, they also serve the purpose of notallowing nodes restrained by the link to act and cause a change in the approximation to thetrue path. This allows us to show that when the outcome of a node is switched by theapproximation, it must be switched because of action taken for the requirement for whichthe node is responsible. (We note that this approach differs from that in [LmLr1], wherethe outcome of n was not coded along the outcome of s, and ¥ was used in place of a nodeof

Λ0. This approach works for 0’’’-constructions, i.e., constructions which do notrequire a tree beyondT3. Once

T2. We are given an infinite12

recursivesetR,andactivationcorrespondstoputtingonlyfinitelymanyelementsofRintoa set A, while validation corresponds to putting all elements of R into A. Suppose that thisthickness requirement is assigned to a node s of the true pathΛ2 throughT2. Then s willhave derivatives along the true path

Σ1-sentence is true. First supposethat one of these sentences is false, say the one corresponding to the derivative x of s.Then x will be the last (and principal) derivative of s alongΛ1, and will have infiniteoutcome along

T_{0, i.e., that no derivative of x finds a witness for its existential sentence at the stagespecified by the framework. No elements ‡ the least element of R for which x hasresponsibility are placed into A in this case. Now suppose that all of the sentences are true. Then s will have infinite outcomealong}Λ2, indicating that s has infinitely many derivatives along

1, each of which isvalidated. Each such node will place the elements of R for which it is responsible into A.As each element of R will be assigned to such a node, all elements of R will be placed intoA. (The infinite outcome of s along

Λ_{1 (which also isthe principal derivative of s along}Λ1), followed by its first validated derivative n alongΛ0and the outcome ¥ for n indicating that n is validated.)We will need a one-to-one weight function on elements of T = ¨{

Tk:(2.1)If s � t then wt(s) < wt(t).(2.2)If k > 0, then wt(out(s)) < wt(s).(2.3)If k > 0 and out(s) � out(t), then wt(s) < wt(t). nDefinition 2.3: The action taken at each stage of the construction will be associated witha node ofT0. This node will be derived from a node of

T_{k–1.Nodes of}Tk will be of one of two types. Each node onTk working on a givenincomparability requirement can pick a different witness for its functional, and we call such13

r e q u i r e m e n t s l o c a l l y d i s t r i b u t e d . For any comparability or highness requirement andargument x, each path throughTk must contain a node working to define a value for afunctional on argument x; such requirements are called densely distributed. nWe will take action to ensure the satisfaction of requirements. This action willconsist in placing numbers into certain sets, and in trying to keep numbers out of othersets. Certain sets will be associated with a requirement R. OS(R), the oracle set of R,will contain a particular oracle from which the requirement wants to define axioms. Wewill want to prevent numbers from entering the oracles in RS(R), the restraint set of R.And TS(R) will be the target set of R, a set of oracles into which numbers should beplaced in order to satisfy the requirement while preserving the ability to satisfy otherrequirements. If a requirement is assigned to a node s, then the above definitions andnotation are inherited by s from R, and inherited by all derivatives of s from s.Fix an m-jump poset, P = ÆP0,£0,P1,£1,f1,...,Pm,£m,fmæ. There will be threetypes of requirements, which we now define.Definition 2.4: Incomparability requirements have dimension k ‡ 1 and type 0. Theyare locally distributed requirements, each associated with an element of

P_{2: gk-1(c) £/ gk-1(b) & (gk(c) £ gk(b) or k = m+1) & gk-1(b) „ gk-1(0) & gk-1(c) „ gk-1(1)}.We establish a requirement R =}Re,b,c0,k for each Æb,cæ ˛Z0,k and e ˛ N as described inSection 1, whose goal is to make the condition$x(limu1...limuk-1D(Ac;u1,...,uk-1,x) „ limv1...limvk-1

Z1,k ={Æb,cæ ˛P2: gk(b) £ gk(c) & gk-1(b) £/ gk-1(c) & gk(1) £/ gk(c)}.We establish a requirement R =

Z2,k = {Æ1,cæ ˛ P2: gk-1(1) £ gk-1(c) & gk-2(1) £/ gk-2(c)}.We establish a requirement R =Re,1, c2,k for each Æ1,cæ ˛

2,k and e ˛ N as described inSection 1, whose goal is to ensure that � fl(k)(e)if k is oddlimu1...limuk-1D(Ac;u1,...,uk-1,e) =� �fl(k)(e) if k is even.We set RS(R) = fl, TS(R)˚=˚{Aa: gk-1(1)˚£˚gk-1(a) & a˚„˚1}, and OS(R) = {Ac}. nLemma 2.1: Let P = ÆP,£,P1,£1,f1,...,Pm,£m,fmæ be an m-jump poset with least element0 and greatest element 1. Suppose that we have a map h from P to the r.e. sets given byb˚˚˚fi˚˚˚Ab which maps 0 to fl, 1 to K, and satisfies the following conditions for allb,c ˛ P:(i)Æb,cæ ˛

Ac_{(k–1) £/T}Ab(k–1).(ii)b £ c � Ab £T Ac.(iii)Æb,cæ ˛Z1,k �

Z2,k �Ø (k) £TAc(k–1).Then the m-jump poset generated by the image of h in the r.e. degrees is isomorphic to P.Proof: Fix b,c ˛ P. We proceed by cases.Case 1: gk(b) £k gk(c). As the jump operator is order-preserving, we can assumethat k is the least r such that gr(b) £r gr(c). Subcase 1.1: k = 0. Then

Ac_{(k) by (ii).15}

S u b c a s e 1 . 2 : k˚> 0. S u b c a s e 1 . 2 . 1 : g k(1) £/k g k(c). ThenAb(k) £TAc(k) by (iii). Subcase 1.2.2: gk(1) £k gk(c). As the jump operator is order-preserving,

Ac_{(k). But the degrees form a poset, so}Ab(k) £TAc(k).Case 2: gk(c) £/k gk(b). As the jump operator is order-preserving, it suffices toshow that

Ac(k) £/TAb(k) by (i).Subcase 2.2: gk(b) = gk(0) and gk(c) = gk(1). As the jump operator has theproperty that 0(k) < 0(k+1) and h(1) = K has degree 0’,

Ac(k) £/TAd(k). As the jump operator is order-preserving,

0(k) £T

Ac(k) £/T˚A0(k). By Case 1,Ab(k) ”T

A^b_{(k).Subcase 2.4: gk(b) = gk(0), gk(c) „ gk(1), and c = d. We proceed as in Case2.3, replacing d with d and (1.1) with (1.2). Subcase 2.5: gk(c) = gk(1), gk(b) „ gk(0) and b „ d. By (1.1), gk(d) £/k gk(b),so as gk(0) <k gk(d) <k gk(1) by (1.1), we can apply (i) to conclude that}Ad(k) £/T

b(k). Asthe jump operator is order-preserving,

Ab(k). By Case 1,Ac(k) ”T A1(k). HenceAc(k) £/T

R^{e,b,c}_{j,k and R = Re,b,cj,k suchthat k ‡ k. Then the following conditions hold:(i)TS(R)˙RS(R) = fl.(ii)If tp(R) ˛ {0,2}, then OS(R) ˝ TS(R).(iii)Suppose that tp(R) = 1, that Ab ˛ TS(R), and that if tp(R) ˛ {0,2} then k < k. Then Ac ˛ TS(R).(iv)If tp(R) = 2, then Ac ˛ TS(R).Proof: We note that that if tp(R) = 0, then gk-1(c) £/k-1 gk-1(b). (i) and (ii) arenow routine to verify. (iii): Suppose that tp(R) = 1 and Ab ˛ TS(R). Then gk(b) £k gk(c), so as k˚£ k,gk(b) £k gk(c). (iii) now follows if tp(R) = 1.Suppose that tp(R) = 2. Since Ab ˛ TS(R), gk-1(1) £k-1 gk-1(b). As gk(b) £k gk(c)and k < k, gk-1(1) £k-1 gk-1(c). Hence Ac ˛ TS(R).Finally, suppose that tp(R) = 0. Since Ab ˛ TS(R), gk-1(b) £/k-1 gk-1(b). As gk(b)£k gk(c) and k < k, gk-1(b) £k-1 gk-1(c). It now follows that gk-1(c) £/k-1 gk-1(b), else bytransitivity, gk-1(b) £/k-1 gk-1(b), yielding a contradiction. Hence Ac ˛ TS(R).(iv): Suppose that tp(R) = 2. Then gk-1(1) £k-1 gk-1(c). As k £ k, gk-1(1) £k-1gk-1(c). It is now easily checked that Ac ˛ TS(R). nDefinition 2.7: Fix a recursive ordering {Ri:˚i ˛ N} of all requirements. We say thatRi has higher priority than Rj if i < j. If Ri =}Re,b,cj,k, is assigned to node s ˛Tk, then wesay that tp(s) = j and dim(s) = k. nRequirements of dimension k will be assigned to nodes of trees

T_{k, then l(s) will be a node on}Tk+1. Given a path L ˛[Tk], {l(s):˚s � L} gives an approximation to a path l(L) ˛ [

T_{k. These links, defined in Step 2, will prevent action by nodes of}Tk which do not seem to come from the true path approximation for trees of higherdimension. We will have to decide which nodes ofTk+1 are eligible to assignsubrequirements to a given node ofTk. Conditions ensuring consistency between thedifferent trees enter into this decision, and these conditions are delineated in Step 3. Therequirement assignment process is described in Step 4.Definition 2.8: We proceed by induction on k = n-j, assigning requirements to nodes of

T_{k into blocks of requirements. If k = n, then the requirement Ri isassigned to every node s of}Tn such that lh(s) = i. Each node ofTn is a block. Thus fors ˛

T_{k such that requirements have been assigned to all predecessors of h, the function l willdefine a node l(h) ˛}Tk+1. The process is meant to capture the following situation. Foreach x � h, x will be derived from a node s ˛Tk+1. A sentence Ms will be associatedwith s, and a fragment Mx of that sentence will be associated with x. Suppose that the firstunbounded quantifier of Ms is a universal quantifier. If s has dimension ‡ k+1, we boundthe leading block of universal quantifiers by numbers which are strictly increasing withlh(x). As long as each x succeeds in satisfying its sentence Mx, the approximation givenby l predicts that s^Æn^Æbææ ˝ l(h), where n will be the initial derivative of s along h(defined formally below) and b is the outcome of n along h. If we find a first x for whichMx is false, then s^Æx^Æbææ ˝ l(h), where b is the outcome of x along h. If the firstunbounded quantifier of Ms is an existential quantifier, then we proceed as above afterreplacing Mx with �Mx. (If dim(s) £ k, then outcomes on

Tk+1 from which h- is derived.18

(up(h-)hasbeendefinedinductivelyinStep4forh-.) ( 2 . 4 ) If either up(h-) = l (h-) or h- h a s i n f i n i t e o u t c o m e a l o n g h , then we set l ( h ) = up(h-)^Æhæ. We set l(h) = l(h-) otherwise.(It follows from Definition 2.1 that l(h) ˛Tk+1.) It follows from (2.4) that:(2.5) If s ˝ l(h) then out(s) ˝ h and l(out(s)) = s; and(2.6) If l(h-) ˚ s and l(h) ˚/ s, then for all d ˚ h, l(d) ˚/ s. We define

λ_{r(h) = l(}

λ_{r–1(h)) for r > k. Givenx ˝ h, we say that x is the principal derivative of up(x) (defined in Step 4) along h ifeither x has infinite outcome along h, or x is the shortest derivative of up(x) along h andfor all g � h, if up(g) = up(x), then g has finite outcome along h. (We do not require thatup(x) ˝ l(h).) And if r ‡ k and z ˛}Tr, we call x the principal derivative of z along h ifeither r = k and x = z � h, or r > k, x is the principal derivative of up(x) along h and up(x)is the principal derivative of z along l(h).Step 2: Links. We will place restrictions on the stages of the construction atwhich nodes are eligible to be switched by the approximation to the true path. Onerestriction requires a node to be free when it is switched by the true path approximation,i.e., that it not be contained in any link. Links are formed when a switch occurs, and canbe broken when the outcome of a switched node is switched back. (Links correspond toinitialization, after injury, in the standard approach to infinite injury priority arguments.Suppose that a node s ˛

Λ1 throughT1, and principal derivative p � n along h �Λ1. Then we form a primaryh-link [n,p] from n to p, thereby restraining any node x ˛ [n,p) from acting anddestroying computations declared by p. (Note that if [n,p] is an h-link, then p is notrestrained by [n,p]. However, as we can have [n,p) = [n,d) as intervals with p „ d, weuse closed interval notation [n,p] for h-links to make sure that there is a one-to-onecorrespondence between intervals which determine links, and the links themselves.) Anysuch x ˛ [n,p) will either be a derivative of a node which is no longer on theapproximation to the true path, or a derivative of a node r ˝ s. In the former case, clause(2.7) of the definition of h-consistency which is presented in Step 3 will also preventderivatives of x from acting. The links are aimed at preventing derivatives of r ˝ s fromacting. Derivatives of such a node r which extend p will be able to act, and we will showthat there is no harm in preventing derivatives of r restrained by the link from acting. Wewill allow derivatives of p to act, and so do not restrain p in this link.) 19

Anodeh ˛

λ r(h-)|λ r(h). For the least such r, we say that h is r-switching. If j ˛ [r,n] and h is r-switching, we say that h switchesupj(h-). Fix h ˛

T_{k by inductionon n-k. If k = n, then there are no h-links. Suppose that k < n. We first determine the primary h-links. Suppose that x ˝ h and x- is the principalderivative of g = up(x-) along h, but is not the initial derivative of g along h. Let m be theinitial derivative of g along h. Then [m,x-] is a primary}

h-link and has infinite outcome. h -links can also be created by pulling down l (h )-links. Suppose that [r ,t ] is al (h )-link on Tk+1. Assume that the initial derivative m of r along h and the principalderivative p of t along h both exist. Then [m,p] is an h -link derived from [r ,t ]. [ m , p ]has finite outcome if [r,t] has infinite outcome, and has infinite outcome otherwise.If [r ,t ] is derived from some link [z ,k ], then every link derived from [r ,t ] isderived from [z,k]. We say that x is h-restrained if there is an h-link [m,p] such that m˝ x � p. In this case, we say that x is h -restrained by [m,p]. x is h -free if x is not h -restrained. x is free if x is x-free.Step 3: h - c o n s i s t e n c y . We decide, in this step, whether a node s ˛Tk+1 isallowed to assign subrequirements at h. This will depend on four conditions. The firstcondition, (2.7), requires h to predict that s is on the true path of

Tk if k ‡ dim(s), as we have not yet begun todecompose the sentence associated with s in this case. Rather, we will require an outcomeof s to code the outcome of a unique derivative of s along a path ofTk, and so imposecondition (2.9) requiring that there be a unique such derivative. Condition (2.10) requiresthat s be l(h)-free. Lemma 4.4 will show that this condition implies condition (2.7), butfor now, it is convenient to require both conditions.For h ˛

λ r(h) for all r ˛ [k+1,n].(2.8) If s � l(h) and dim(s) > k, then for all n � h, if up(n) = s then n has finite outcome along h.20

( 2 . 9 ) For all n � h, if dim(s) £˚k then up(n) „ s.( 2 . 1 0 ) s is l(h)-free.(We note that our definition of h -consistency differs from that in [LmLr1] in thatwe impose (2.10) as an additional restriction. This restriction is needed to show thatwheneverapathapproximationisswitchedpreciselyats˛Tr, then for all k ‡ r, the pathapproximation on

k is switched precisely at the node from which s is derived. Many ofthe lemmas we prove rely on this fact. If k £ 3, however, this property of switching isautomatic, so (2.10) does not need to be imposed.)Step 4: Assignment of Derivatives. Let h ˛

Tk+1. Requirements are assigned in blocks. (Blocks onT0 are the counterpart of stagesin the usual approach to priority constructions. Thus if a block is begun at d ˛

Tk if either d = Æ æ or a path through a blockwas completed at d-. If we begin a block at d, then this block is called the d-block. Apath through the d-block is completed at x ˚ d if up(x) completes a path through someblock of Tk+1 and x is an initial derivative of up(x). We say that g lies in the d-block if d˝ g and no path through the d-block has been completed at any b � g. Fix d such that h is in the d-block. If either h = Æ æ, h = d, or h is switching, set r= Æ æ. Otherwise, fix r ˝ l(h) such that r - = up(h-). (By induction using (2.7), up(h-) ˝l (h-) and h provides an outcome for a derivative of up(h-); hence by (2.7), up(h-) � l( h )so such a r must exist.) Fix the shortest s such that r ˝ s ˝ l(h) and s is h-consistent.(We note that for any j ‡ k, anyλ j(h)-link [

π_{j �}λ j(h), so l(h) is l(h)-free.Furthermore, (2.7) for k will follow from (2.7) for k+1. It thus follows that l(h) is h-consistent, so s must exist.) Let Ri be the requirement assigned to s. We assign Ri to h,designate h as a derivative of s, and say that up(h) = s. We assign a type, dimension,oracle set, target set, and restraint set to h in the same way as these were assigned to s. The derivative operation can be iterated; thus for every z such that s is a derivativeof z, we call h a derivative of z. h is also a derivative of h. If r > k, z ˛˚

s along n, and if s is the initial derivative of z21

along s, then h is also the initial derivative of z along any n ˚ h. We specify that h ” s.z is an antiderivative of x if x is a derivative of z.If

T_{k, then we let l(}Λk) = lims{l(Λk|‘s)}, and define

Λ_{k+1) exists and is infinite.) For}

Λ_{k ˛ [}

T_{k],the}Λk-links are the h-links for those h such that

Λ_{k-restrained or}Λk-free as in Step 2, withΛk in place of h. The description of the assignment of requirements to nodes is now complete. Wetake the reflexive, symmetric, and transitive closure of ” as defined in Step 4 and beforeStep 1 to generate an equivalence relation. nWe note an important relationship between the functions wt and l. Suppose that k< n, s � t ˛Tk, and l(s) „ l(t). By (2.5), out(l(s)) ˝ s and out(l(t)) ˝ t, so by (2.4)and (2.5) and as s � t, out(l(s)) ˝ s � out(l(t)) ˝ t. It now follows from (2.3) that:(2.11)For all k < n and s � t ˛

Tk for k > 0 andthe construction takes place onT0, we must work with fragments of j on

Tk such that dim(s)˚= k,there is a requirement R =Re,b,cj,k which is assigned to upn(s). We will assign a sentenceMs to s such that Ms is

Re,b,cj,k, is assigned to node s ofTk. For k ‡ 1, let

formulawithfreevariablex$ x 0 " y 0 ‡ x 0 " x 1 $ y 1 ‡ x 1 . . . " x k - 2 $ y k - 2 ‡ x k - 2 $ s " t ‡ s (

Φ et(Abt;y,x) = 0)if k is even. If j = 0, we let Ms be the sentence gk(e,wt(s),b). If A is recursivelyenumerable, then by Definition 1.1, we can fix a sentence br(A;e), such that, if r is odd,then br(A;e) is aΣr+1 sentence whose truth agrees with the truth of "e ˛

Π r+1 sentence whose truth agrees with the truth of "e ˛/A(r)".Furthermore, we can write br(A;e) as Qx$s"t‡sbr(At;e), where Qx is a quantifier blockand br(At,e) is quantifier free. Suppose that the requirement

Λk ˛ [Tk], and let

Λ_{k}. Then:(i)If s � l(}Λk), then s has an initial derivative n alongΛk and l(n)˚= s.(ii)If s � l(

Λ_{k such that p- is the principal derivative of s along}Λk, l(p)-=˚s, and for all h ˝Λk, l(p) ˝ l(h) iff p ˝ h. (iii)For any d-block such that d �

Λ_{k such that x completes a path through the d-block.(iv)lh(}Λk+1) = ¥.23

Proof: We proceed by induction on j = n-k.(i): By (2.4) and as s � l (Λk), s must have a derivative along

Λ_{k. By(2.7), l(n) ˚ s. By (2.4) and (2.7), no t � s can have a derivative m � n. Hence by(2.4), l(n) = s.(ii): If dim(s) £ k, then by (2.9), the initial derivative n of s along}Λk is theprincipal derivative of s along

k. (ii) follows in this case from (i), (2.5) and (2.6). Suppose that dim(s) > k. By (i), let n be the initial derivative of s along

Λ_{k such that up(p-) = s and p- has infinite outcome along p, then it followsas in the case for dim(s) £ k that n is the principal derivative of s along}Λk. Otherwise, fixthe shortest such p. We note that p- is the principal derivative of s along

Λ_{k then l(h)˚˚ s^Æpæ iff h˚ p. (iii),(iv): It follows easily from (2.7) that}Λk+1 = l(Λk) = lim{l(h): h �

Λk+1, so infinitely many t �Λk+1 such that t completes a path through ablock. By (i), each such t has an initial derivative along

Λk+1) < ¥ in order to obtain a contradiction. Then by (2.7),there is an h �Λk such that for all x satisfying h ˝ x �

Λ_{kand x completes a path through a block, then x must be an initial derivative of some node ˝Lk+1. As this is possible only finitely often and lh(}Λk) = ¥, we can assume without loss ofgenerality that there is no x such that h ˝ x �

Λ_{k+1. But this is impossible if lh(}Λk+1) < ¥ andlh(Λk) = ¥. nFrom now on, whenever we write Lk ˛ [

Λ_{0 ˛ [}T0]such thatΛk = T_{k, we assume that h �}Λk for someΛk ˛ [Tk]. If this is not the case, then h and

T_{k. Then:(i)If k > 0 then l(out(rk)) = rk.(ii)If k < n and lh(rk) > 0, then there is a unique rk+1 ˛ Tk+1 such that out(rk+1) = rk.Proof: (i): rk = (rk)-^Æout(rk)æ, and (out(rk))- is the principal derivative of (rk)-along out(rk). Hence (i) follows from Lemma 3.1(ii) (Limit Path).(ii): Let nk = (rk)-, nk+1 = up(nk), and rk+1 = nk+1^Ærkæ. Then out(rk+1) = rk.To see uniqueness, we note that if out(tk+1) = rk, then tk+1 = (tk+1)-^Ærkæ, and up((rk)-) =(tk+1)-. Hence (tk+1)- = nk+1 and tk+1 = rk+1. n Our next lemma analyzes the behavior of the function l. Suppose that h extends h-on Tk in Step 4 of Definition 2.8. We discuss the relationship of the path computed bylj(h-) to the path computed by lj(h) for all j such that k £ j £ n. Three types ofphenomena can occur, and one will occur for each j. These phenomena induce a partitionof [k,n] into three intervals.There will be a largest p ‡ k such that for all j ˛ [k,p], lj(h) is an immediatesuccessor of lj(h-) = upj(h-). h is not j-switching for any j ˛ [k,p].If p „ n, then there will be two possibilities. The first is that upp(h-) = (lp(h))- hasinfinite outcome along lp(h). Then h will be (p+1)-switching, and will switch upj(h-) forall j ˛ [p+1,n]. h will switch the outcome of upp+1(h-) from infinite along lp+1(h-) tofinite along lp+1(h). It will follow from (2.10) that for all j ‡ p+1, h will switch theoutcome of upj(h-) from infinite along lj(h-) to finite along lj(h) if j-(p+1) is even, andfrom finite along lj(h-) to infinite along lj(h) if j-(p+1) is odd. There will be a largest s ˛(p,n] such that for all j ˛ [p,s), upj(h-) will be the principal derivative of upj+1(h-) alonglj(h), and lj(h) will be an immediate successor of upj(h-). [p+1,s] is the interval wherethe second type of phenomenon occurs. If s < n, then the third type of phenomenon begins at s+1 (we set s = p if upp(h-) =(lp(h))- has finite outcome along lp(h), which is the second possibility alluded to in thepreceding paragraph, and if this is the case, then h is not switching). Here ups(h-) =(ls(h))- will have finite outcome along ls(h) and will not be the principal derivative ofups+1(h-) along ls(h). Thus by (2.4), ls+1(h) = l(ups(h-)), so lt(h) = lt(ups(h-)) for all t> s. The three types of phenomena mentioned above can be observed if we consider theusual way for satisfying a thickness requirement on T2. h decides, for h-, whether to place25}

an additional element x into a set S which is to be either a finite or a thick subset of arecursive set R. We assume that some elements have already been placed in S. If h is thefirst stage at which we consider x, then we set p = s = 1 if we decide to place x into S andwe set p = 1 and s = 2 otherwise. And if h is not the first stage at which we consider x,and we decide to place x into S at h, then we set p = 0 and s = 1.L e m m a 3 . 3 ( l - B e h a v i o r L e m m a ) : Fix h ˛ Tk and assume that a requirement hasb e e n a s s i g n e d t o h . Then there are p and s such that k˚£ p £ s˚£ n and the followingconditionshold:(i)For all i ˛ [k,p], l i(h-) = u p i(h-) = (l i( h ) ) - , if i < p then l i(h-) is the initial derivativeofl i + 1 (h-)alongl i(h), and if i > k then out(l i(h)) = l i - 1 ( h ). (ii)For all i ˛ (p,s], u p i(h-) = l i( h ) -, l i(h-)|l i(h) = l i(h)-^Æl i - 1 ( h ) æ .(iii)For all i ˛ (s,n], l i(h) = l i((l s(h ))-). Proof: We verify (i)-(iii) by induction on lh(h), analyzing what can happen whenrequirementsareassignedinStep4ofDefinition2.8forh-. If i = k, then h- = l k(h-) = (l k(h))- = u p k(h-). Fix the largest p £ n such that for alli ˛ [k,p], l i(h-) = (l i(h))- = u p i(h-). (i) now follows from (2.4).If h is nonswitching, then we set s = p and note that (ii) holds vacuously, and that(iii) holds vacuously if s = n. So suppose that s < n. As it is not the case that l s + 1 (h-) =(l s + 1 (h))- = u p s + 1 (h-), it follows from (2.4) that (l s(h))- cannot be an initial derivative ofu p s + 1 (h-). As h is nonswitching, it follows from (2.4) that (l s( h ) ) - = l s(h-) has finiteoutcomealongl s(h ). Thus by (2.4), l s + 1 (h) = l s + 1 (h-), so for all i > s,l i(h) = l i(l s + 1 (h)) = l i(l s + 1 (h-)) = l i(l s(h-)) = l i((l s(h ))-) , and (iii) must also hold.Suppose that h is switching. By (i), let z p = u p p(h-) = ( l p( h ) ) - , and let z p + 1 = u p p + 1 (h-). We first show that h is (p+1)-switching, and that z p has infinite outcome alongl p( h ) . F o r s u p p o s e t h a t z p h a s f i n i t e o u t c o m e a l o n g l p( h ) i n o r d e r t o o b t a i n a contradiction.z pcannotbeaninitialderivativeofz p + 1 , else p would have been chosen ‡p+1. But if z p is not an initial derivative of z p + 1 , t h e n a s z p has finite outcome alongl p( h ), l p + 1 (h) = l(z p) = l (l p(h-)) and so h is nonswitching, contrary to assumption. Weconcludethatz p has infinite outcome along l p( h ), and so by (2.4) and (i), that l p + 1 ( h ) =z p + 1 ^ Æl p( h ) æ . Thus (ii) holds for i = p+1. Fix the least s ˛ (p,n), if any, such that the26 c o n d i t i o n s o f ( i i ) f a i l f o r i = s + 1 ; o t h e r w i s e , l e t s = n . ( i i ) n o w f o l l o w s . ( i i i ) h o l d s vacuously for s = n, so assume that s < n.As s+1 > p+1, we note that u p s(h-) = (l s(h))- cannot have infinite outcome alongl s(h), else u p s(h-)wouldbetheprincipalderivativeofu p s + 1 (h-) along l s( h ), so by (2.4),the condition specified in (ii) would hold for i = s+1. For the same reason, u p s(h-) = (l s(h))-cannotbetheinitialderivativeofu p s + 1 (h-) along l s + 1 ( h ). Thus by (2.4), l s + 1 (h)= l (l s(h )-), so l i(h) = l i((l s(h))-) for all i ˛ (s,n]. nD e f i n i t i o n 3 . 1 : Fix k £ r £ n, x ˝ h ˛ Tk and L ˛ [Tk]. We say that x is (

h ,r)-true ifl j(x) ˝ l j(h) for all j ˛ [k,r], and that x is (L,r)-true if l j( x ) � l j( L ) for all j ˛ [k,r]. xis h-true if x is (h,n)-true, and x is L-true if x is (L,n)-true. x is true if x is x-true. nThe next lemma, which is an easy corollary of Lemma 3.1 (Limit Path), proves theexistence of many true nodes. Lemma 3.4 (True Node Lemma): Fix k £ r £ n and h ˝ Lk ˛ [Tk]. Then:(i)Every z ˝ l r(h) is (l r(h),r)-true.(ii)If s is (l(h),r)-true, then the initial derivative of s along h is (h,r)-true.(iii)If s is (l(h ),r)-true, x ˝ h , and x- is the principal derivative of s- along h , then x is (h,r)-true.P r o o f : (i) follows by definition. (ii) and (iii) follow from clauses (i) and (ii),respectively, of Lemma 3.1 (Limit Path). nWe now turn our attention to an analysis of the possible ways of extending paths.We first show that we can always take nonswitching extensions.L e m m a 3 . 5 ( N o n s w i t c h i n g E x t e n s i o n L e m m a ) : Fix n ˛ Tk. Then either n ^ Æbæ isnonswitching for every b ˛ T k-1 such that n^Æbæ ˛ Tk and b - has infinite outcome along b,or n ^ Æ b æ is nonswitching for every b ˛ T k-1 such that n ^ Æ b æ ˛ Tk and b - has finiteoutcome along b. Moreover, if n^Æbæ is a nonswitching extension of n, then for all j ‡ k,thel j(n)-links and the l j(n^Æbæ)-links coincide.P r o o f : We proceed by induction on n-k. We note that no node on Tn i s switching, and that there are no links on Tn.Suppose that k < n and n is not the initial derivative of up(n) along n. Fix b ˛ T k-1such that b - has finite outcome along b. By (2.4), l(n^Æbæ) = l(n). Thus 27

l j(n^Æbæ) = l j(l (n ^Æbæ)) = l j(l(n)) = l j(n)for all j ˛ (k,n], so n^Æbæ is not switching.Supposethatk<nandnistheinitialderivativeofup(n)alongn.ByLemma3.1(i)(Limit Path), up(n) = l (n). By induction, either up(n)^Æxæ is nonswitching for all x ˛ Tks u c h t h a t u p ( n ) ^ Æ x æ ˛ T k + 1 a n d x- h a s i n f i n i t e o u t c o m e a l o n g x , o r u p ( n ) ^ Æ x æ i s nonswitching for all x ˛ Tk such that up(n)^Æxæ ˛ T k + 1 and x- has finite outcome along x .If dim(n ) £ k, then l ( n ^ Æ b æ ) = up(n ) ^ Æ n ^ Æ b æ æ by (2.9), (2.4) and Lemma 3.1(ii) (LimitPath), so by Lemma 3.1(i) (Limit Path), ( 3 . 1 ) l j(n^Æbæ) = l j(l (n ^Æbæ)) = l j(up(n)^Æn^Æbææ) ˚ l j(up(n)) = l j(l(n)) = l j(n)for all j ˛ (k,n], and n ^ Æ b æ i s n o n s w i t c h i n g . O t h e r w i s e , d i m ( n ) > k. If up(n ) ^ Æ x æ isnonswitching for every x ˛ Tk such that up(n)^Æxæ ˛ T k + 1 andx- has infinite (finite, resp.)o u t c o m e a l o n g x , fix b ˛ T k - 1 s u c h t h a t n ^ Æ b æ ˛ Tk a n d b - has finite (infinite, resp.)outcome along b . By (2.4) and Lemma 3.1(i) (Limit Path), l ( n ^ Æ b æ ) = up(n ) ^ Æ n ^ Æ b æ æ .Hence (3.1) holds for all j ˛ (k,n], and n^Æbæ is nonswitching.Fix j ‡ k. As l j( n ^ Æ b æ ) ˚ l j(n ), any primary l j( n )-link is a primary l j(n^Æbæ) - link. Fix p and s as in the proof of Lemma 3.3 (l-Behavior). As n^Æbæ is a nonswitchingextension of n , it follows from Lemma 3.3(ii) (l -Behavior) that p = s. If j £ p, then byL e m m a 3 . 3 ( i ) ( l - B e h a v i o r ) , ( l j( n ^ Æ b æ ) ) - = l j( n ) a n d l j( n ) is the initial derivative ofup(l j(n))alongl j(n ^ Æ b æ ); and if j > p, then by Lemma 3.3(iii) (l -Behavior), l j( n ^ Æ b æ ) =l j(n). In either case, any primary l j(n ^ Æbæ)-link is a primary l j(n)-link. The lemma nowfollows from Step 2 of Definition 2.8. nThe next lemma, together with the Nonswitching Extension Lemma, allows us toanalyzethecomputationofl.L e m m a 3 . 6 ( S w i t c h i n g L e m m a ) : Fix k £ n and x ˛ Tk.Theneither:(i) x^Æbæ is switching for all b ˛ T k - 1 suchthatb -hasfiniteoutcomealongb;or(ii) x^Æbæ is switching for all b ˛ T k - 1 suchthatb -hasinfiniteoutcomealongb;or(iii)xistheinitialderivativeofu p j(x) along l j(x) for all j ˛ [k,n].Proof: We proceed by induction on n-k. (iii) holds if k = n. Suppose that k < n.Let m be the initial derivative of up(x ) along x . If m � x , then by (2.7) and (2.8), up(x )m u s t h a v e i n f i n i t e o u t c o m e a l o n g l ( x ), so if b i s a n i n f i n i t e o u t c o m e f o r x , t h e n 28 l (x )|l (x ^ Æbæ), so (ii) holds. Suppose that m = x . By Lemma 3.1(i) (Limit Path), up(x ) =l(x). If up(x)^Ænæ is switching for all n˚˛ Tksuchthatn- has finite outcome along n, then(ii) holds. If up(x)^Ænæ is switching for all n˚˛ Tk such that n- has infinite outcome alongn , then (i) holds. Otherwise, by induction, up(x ) is the initial derivative of u p j( u p ( x )) =u p j(x) along l j(l(x)) = l j(x) for all j ˛ [k+1,n], so (iii) holds. nOur next lemma shows that if L k ˛ [ Tk], then there is a nice approximation tol k + 2 (L k) from L k. This lemma will enable us to show that, under certain circumstances,nodesnotalongl k + 2 (L k) will not declare many axioms. The lemma is a standard infiniteinjury lemma, stating that for any node t which is not along the true path, i.e., not alongl k + 2 (L k),therewillonlybefinitelymanynodesaalongL k which think that t is along thetrue path, i.e., such that l k + 2 (a ) ˚ t . The machinery which we develop does not requireus to look, locally, beyond the interaction of nodes from three consecutive levels. This isa l s o t h e c a s e w i t h H a r r i n g t o n ’ s a p p r o a c h t o 0 ( n ) - p r i o r i t y a r g u m e n t s , w h i c h u s e s t h e Recursion Theorem.L e m m a 3 . 7 ( I n f i n i t e I n j u r y L e m m a ) : Fix k £ n-2 and L k ˛ [Tk]. Let L k + 1 = l (L k)andL k + 2 = l (L k + 1 ). Fix t ˛ T k + 2 such that t �/ L k + 2 . Then {a � L k: l k + 2 ( a ) ˚ t } isfinite.P r o o f : Let r = L k + 2 �t. As t �/ L k + 2 , r � t . Fix x ˛ T k + 1 such that r ^ Æ x æ ˝ t .By (2.4), if a � L k and l k + 2 ( a ) ˚ t , then l ( a ) ˚ x . If x �/ L k + 1 , then by Lemma 3.1(Limit Path), {a � L k: l(a) ˚ x} is finite, and the lemma follows.Suppose that x � L k + 1 . Fix h „ x such that r ^ Æ h æ � L k + 2 . B y ( 2 . 4 ) , h � L k + 1 ,so x and h are comparable. dim(r) > k+1, else x = h by (2.9), a contradiction. x- cannothave infinite outcome along x, else by (2.8), h ˝ x, so by (2.4) and as x � L k + 1 , r ^ Æ x æ ˝L k + 2 . Hence by (2.4), x � h , x-hasfiniteoutcomealongL k + 1 andh-hasinfiniteoutcomealongL k + 1 . By Lemma 3.1 (Limit Path), we can fix b � L k such that for all g , if b ˝ g �L k then l(g) ˚ h. But then for all such g, if l k + 2 (g) ˚ r , then l k + 2 ( g ) ˚ r ^ Æ h æ . n4. Links. In this section, we analyze the effect of link formation on the path generationprocess. We show that links must be nested, so that the process of removing links byswitching paths must be done in an orderly way, no matter how the path is extended. We29 r e l a t e t h e r e s t r a i n t o f x ˛ Tk by an h - l i n k t o t h e s a t i s f a c t i o n o f w h e t h e r o r n o t t h e antiderivatives of x lie along the paths computed by h . If h switches x, then by (2.10), xwillbeh--free; we show that x is also h-free. And we show that if u p j(x) is L j-freeforallj‡ k and k £ dim(x), then x has sufficiently many L k - 1 -freederivatives.Wewillneedtoshowthatwecanreturnanodetothetruepathbytakingswitchingextensions which change the outcomes at the ends of links. We will need to determinewhich links must be switched in this way. This determination depends on the fact that h-links on Tkareeithernestedordisjoint.L e m m a 4 . 1 ( N e s t i n g L e m m a ) : Fix k £ n and h ˛ Tk. Suppose that, for i £ 1, [m i,p i]isanh-linkandthatp 0 � p 1. Then m 1 ˝ m 0 or p 0 � m 1.Proof: We proceed by induction on n-k. We note that there are no links on Tn, s o thelemmaholdstriviallyfork=n.Assumethatthelemmaistruefork+1inplaceofk.For each i £ 1, fix the l(h)-link [r i,t i] from which [m i,p i] is derived if such a linkexists; otherwise, [m i,p i] is a primary h -link, and we set r i = t i = u p ( m i) = u p ( p i ) . I t follows from the definition of links that for i £ 1, m i is the initial derivative of r i along handp iistheprincipalderivativeoft i along h. As p 0 � p 1, it follows from Lemma 3.1(ii)(LimitPath)thatt 0 � t 1. If t 0 � r 1, then by Lemma 3.1(i),(ii) (Limit Path), m0 � p 0 �m 1 � p 1 and the lemma holds. Otherwise, r 1 ˝ t 0 � t 1. If r 0 = t 0, then r 1 ˝ r 0. And ifr 0 „ t 0, then by induction, r 1 ˝ r 0. S o i n e i t h e r c a s e , i t f o l l o w s f r o m L e m m a 3 . 1 ( i ) (Limit Path), that m 1 ˝ m 0. nOur next definition traces links back to higher trees. Again, a node is free if it isnot restrained by a link. We will show that all free nodes have all their antiderivativesalongthecomputedpaths.Theconverseofthisstatementisnottrue.D e f i n i t i o n 4 . 1 : Fix k £ r˚£ n and x � h ˛ Tk. Let [m , p ] be an h -link. We say that[ m , p ] is an ( h ,r

)-link if [m ,p ] is derived from a primary l r( h )-link. [m , p ] is an ( h , £ r ) - link if [m,p] is an (h ,j)-link for some j ˛ [k,r]. We say that x is (h ,r)-restrained if thereis an (h,r)-link [m,p] which h-restrains x. In this case, we say that x is (h,r)-restrained by[m,p]. We say that x is (h,r)-free if x is not (h,r)-restrained. We say that x is r-free if xis (x ,r)-free. If Lk ˛ [Tk], then we say that x is (

Lk, r ) - f r e e if x is (h ,r)-free for all(Lk,r)-true h ˚ x, and that x is

Lk-free if x is (Lk,n)-free. nRecall that if [m,p] is an h-link, then p is not restrained by [m,p]. However, as wecan have [m,p) = [m,d) with p „ d for intervals, we used closed interval notation [m,p] for30

h - l i n k s t o m a k e s u r e t h a t t h e r e i s a o n e - o n e c o r r e s p o n d e n c e b e t w e e n i n t e r v a l s w h i c h determinelinks,andthelinksthemselves.Thenextlemmaidentifiestheoutcomeofalinkwiththeactualoutcomeofthenodeendingthelink.L e m m a 4 . 2 ( F a i t h f u l O u t c o m e L e m m a ) : Fix m � p � h ˛ Tk such that [m , p ] is anh-link. Then [m,p] has finite outcome iff p has finite outcome along h.P r o o f : We proceed by induction on n-k. As there are no links on Tn, the lemmaholds for k = n. Assume that k < n. If [m,p] is a primary h-link, then p has infinite outcome along h, and by Step 2 ofDefinition 2.8, [m ,p ] has infinite outcome. Otherwise, [m ,p ] is derived from some l (h ) - link [r,t]. By Definition 2.1, induction, and Step 2 of Definition 2.8, phasfiniteoutcomealonghiffup(p)=thasinfiniteoutcomealongl(h)iff [r,t] has infinite outcome iff [m,p] has finite outcome. nT h e n e x t l e m m a r e l a t e s t h e p r e s e n c e o f a n t i d e r i v a t i v e s o f a n o d e x on a pathcomputed by h to the restraint of x by an h-link. It will follow from this lemma that (2.10)implies (2.7).L e m m a 4 . 3 ( L i n k A n a l y s i s L e m m a ) : Fix k £ r £ n and x ˝ h ˛ Tk. Then:(i)(a)If up(x ) ˝/ l ( h ), then there is a primary h -link [m , p ] such that up(m ) „ up(x) and [m,p] h-restrains all d ˝ h such that up(d) = up(x).(b) If x � d � h, up(x ) ˝ up(d ) and up(x ) ˝/ l ( h ), then there is a primary h-link [m,p] which h-restrains both x and d.(c)If [m,p] is an h-link which h-restrains the principal derivative x of up(x), then either there is a primary h-link [m,p] which h-restrains x and up(x) ˝/ l (h ), or [m,p] is derived from a l(h)-link which l(h)-restrains up(x).(d)I f t h e r e i s a p r i m a r y h - l i n k [ m , p ] w h i c h h - r e s t r a i n s t h e i n i t i a l derivative of up(x), then either up(x)˝/ l (h ) or m is the initial derivative of up(x) along h.(ii)I f u p ( x ) ˝ l ( h ) a n d u p ( x ) is (l ( h ) , r ) - r e s t r a i n e d b y [ r , t ] , t h e n x is (h , r ) - restrained by an h-link [m,p] derived from [r,t]. (iii)S u p p o s e t h a t j £ r a n d u p j( x ) i s ( l j( h ) , r ) - r e s t r a i n e d b y [ r , t ] . T h e n x is (h ,£r)-restrained. Furthermore, if u p i( x ) ˝ l i( h ) for all i ˛ [ k , j ] , t h e n x is (h,r)-restrained by an h-link derived from [r,t]. 31

Proof: (ia): Let k = up(x)�l(h) and let d be any derivative of up(x) along h. Asu p ( x ) ˝/ l ( h ), k � u p ( x ) . H e n c e b y L e m m a 3 . 1 ( i ) , ( i i ) ( L i m i t P a t h ) , k h a s a n i n i t i a l derivative m � d and a principal derivative p � h such that m � p . By (2.4) and as k �u p ( x ), p ˝/ d. Hence d is h-restrained by the primary h-link [m,p]. As up(m) = k ˝ l(h),u p ( m ) „ up(x ) . (ib): As up(x) ˝/ l ( h ), it follows from the proof of (ia) that there is a primary h -link [m,p] which restrains x, and that up(m) = up(p) � up(x). Fix r ˝ h such that r - = p .By (2.4), up(m) must have finite outcome along l(r), but infinite outcome along up(x) ˝up(d ). If p � d, then by (2.4), d cannot lie along d , contradicting (2.7). p „ d as up(p ) „u p ( d ). But p,d � h, so p � d.( i c ) : S u p p o s e t h a t [ m , p ] i s a p r i m a r y h - l i n k w h i c h h - r e s t r a i n s t h e p r i n c i p a l derivative of up(x) along h. We assume that up(x) ˝ l(h) and derive a contradiction. Wecomparetherelativelocationsofup(x)andup(m)=up(p)onT k + 1 .First suppose that up(m) � up(x). Fix b ˛ Tk such that up(m)^Æbæ ˝ up(x) ˝ l(h).By (2.5), b ˝ x . By (2.4), b - is the principal derivative of up(m) along h, so b - = p . B u t then p � x so [m,p] cannot h-restrain x.Suppose that up(m) = up(x). As x and p are, respectively, the principal derivativesof up(x) and up(p) along h and up(m) = up(p), x = p. So [m,p] cannot h-restrain x.Suppose that up(x) � up(m). Fix b ˛ Tk such that up(x ) ^ Æ b æ ˝ up(m ). By (2.5),b ˝ m . By (2.4), b - is the principal derivative of up(x) along p ˝ h; as x � p and x is theprincipalderivativeofup(x)alongh,itfollowsfrom(2.4)thatb - = x . But then x � m so[m,p] cannot h-restrain x.S u p p o s e t h a t u p ( x ) | u p ( m ). Let t = up(x ) � u p ( m ), and fix a , b such that t ^ Æ a æ ˝ u p ( x ) and t ^ Æbæ ˝ up(m ). As x is h -restrained by the primary h -link [m , p ] and up(x ) „u p ( m ) = up(p ), m � x � p . By (2.7), t ^ Æaæ ˝ l ( x ) and t ^ Æbæ ˝ l ( m ) , l ( p ), contradicting(2.6). Thus [m,p] cannot h-restrain x.Now suppose that [m,p] is an h-link which h-restrains the principal derivative x ofu p ( x ), but that there is no primary h -link which h -restrains x . By (ia), up(x ) ˝ l( h ), sou p ( x ), up(m), and up(p)areallcomparable,and[up(m) , u p ( p)] is a l ( h )-link. As [m,p] h -restrains x, m ˝ x � p. As x is the principal derivative of up(x ) along h , it follows fromLemma 3.1(ii) (Limit Path) that up(m) ˝ u p ( x ) . A n d a s p is the principal derivative ofup(p) along h , it follows from Lemma 3.1(ii) (Limit Path) that up(x ) � up(p) . H e n c e [up(m) , u p ( p)] l(h)-restrains up(x).(id): Suppose that [m,p] is a primary h-link which h-restrains the initial derivativen of up(x ), and that up(x ) ˝ l (h ). We assume that m „ n and derive a contradiction. By32

Lemma 4.1 (Nesting), there can be no primary n-link which n-restrains m, so by (ia), up(m)˝ l( n ). By (2.7), up(n ) ˝ l( n ), so up(m ) and up(n ) are comparable. By Lemma 3.1(i)(Limit Path), up(m ) ˝ u p ( n ). As [m , p ] is a primary h -link and n � p, all derivatives ofup(m) which are � n must have finite outcome along n, but p has infinite outcome along h.As m „ n, it follows that up(m ) has infinite outcome along l (n ), but finite outcome alongl ( h ). But up(m ) � u p ( n ) = up(x ) ˝ l ( h ), so by (2.7), up(n ) ˝ l( n ) , l ( h ). Thus up(m )musthavethesameoutcomealongbothl(n)andl(h),yieldingacontradiction.(ii): Suppose that [r,t] is a l(h)-link which restrains up(x) and is derived from theprimary l r( h ) - l i n k [ k , z ] . B y L e m m a 3 . 1 ( L i m i t P a t h ) , l e t m (p , r e s p . ) b e t h e i n i t i a l ( p r i n c i p a l , r e s p . ) d e r i v a t i v e o f r (t , resp.) along h . As up(x ) ˛ [ r , t ), it follows from(2.10) and Lemma 3.1(i),(ii) (Limit Path) that x ˛ [m , p ), so x is h - r e s t r a i n e d b y [ m , p ]which is derived from [k,z].(iii):Immediatebyinductionfrom(i)and(ii).nWe now show that free nodes lie along the computed path, so (2.10) implies (2.7).L e m m a 4 . 4 ( F r e e I m p l i e s T r u e P a t h L e m m a ) : Fix k £ r £ n and x � h ˝ L k ˛[Tk] such that x is (h,r)-free. Then for all j ˛ [k,r], upj(x) ˝ lj(h). Proof: Immediate from Lemma 4.3(ia),(iii) (Link Analysis). �W h e n a r e q u i r e m e n t i s a s s i g n e d t o d ˛ T0, t h e n b y ( 2 . 1 0 ) a n d t h e p r o c e s s o f pullinglinksdownfromtreetotree,u p i(d) is l i( d )-free for all i £ n. If h- = d and i £ n,i.e., h determines an outcome for d, then h may or may not switch u p i( d ). We show thatin either case, no l i(h )-link restrains u p i( d ) f o r a n y i £ n . I n f a c t , w e s h o w t h a t t h i s happens not only for d ˛ T0, but also for all k £ n, d ˛ Tk and all i ˛ ˚ [ k , n ] . L e m m a 4 . 5 ( F r e e E x t e n s i o n L e m m a ) : Fix k £ n and h ˛ Tk. Then for all i ˛ [k,n],u p i(h-) is l i( h )-free. Furthermore, if r ˛ [k+1,n] and h is r-switching, then for all i ˛[ r , n ] , l i(h-)|l i( h ), upi (h-) = l i(h-)�l i( h ), and upi (h-) has finite outcome along l i( h ) iffu p i(h-)hasinfiniteoutcomealongl i(h-) . P r o o f : F i x p a n d s a s i n L e m m a 3 . 3 ( l - B e h a v i o r ) . F i r s t s u p p o s e t h a t h isnonswitching. Then by Lemma 3.3 (l-Behavior), p = s, upi(h-) = (l i( h ) ) - = l i(h-) if i ˛[k,s], and l i(h) = l i(ups(h-)) = l i(l s(h-)) = l i(h-) if i ˛ [s+1,n]. It follows from Lemma3 . 5 ( N o n s w i t c h i n g E x t e n s i o n ) t h a t f o r a l l i ˛ [ k , n ] , t h e p r i m a r y l i( h )-links and the33 primaryl i(h-)-links coincide. By (2.10), for all i ˛ [k,n], upi (h-) is l i(h-)-free. Hencefor all i ˛ [k,n], upi(h-)mustbel i(h)-free.Now suppose that h is switching. We first show that for all i ˛ [k,n], upi(h-) ˝l i(h). If i ˛ [k,p], then by Lemma 3.3 (l-Behavior), upi(h-) = (l i(h))- = l i(h-); so as, by( 2 . 7 ) , u p i (h-) ˝ l i(h-), it must be the case that upi(h-) ˝ l i( h ). If i ˛ [ p + 1 , s ] , t h e n b y Lemma 3.3 (l-Behavior), l i(h-)|l i(h) and upi(h-) = l i(h-)�l i(h); so upi(h-) ˝ l i( h ). If i˛ [s+1,n], then by Lemma 3.3 (l -Behavior), l i( h ) = l i(ups(h-)). By (2.7), upi ( u p s (h-))˝ l i(ups(h-)). Hence upi(h-) = upi( u p s(h-)) ˝ l i( h ) . We next show that for all i ˛ [k,n], upi(h-) is both l i(h-)-free and l i( h )-free. By(2.10), upi(h-) is l i(h-)-free. Suppose that upi(h-) is not l i(h )-free for some i, which wefix in order to obtain a contradiction. Then there is a l i( h )-link which restrains upi(h-) . We note that for any m ˛ [k,n] and any l m(h)-link [mm,p m] , p m � l m( h ) and p m is notl m(h)-restrained by [mm,p m]. By Lemma 3.3(i),(ii) (l -Behavior), if i £ s then upi(h-) =(l i(h))-. Hence it must be the case that i > s. But then by Lemma 3.3 (l-Behavior), l i(h)= l i(ups(h-)), and by (2.10), upi( u p s(h-)) is l i(ups(h-))-free. Hence upi(h-) = upi( u p s(h-))is l i(h)-free,yieldingthedesiredcontradiction.F i n a l l y , w e m u s t s h o w t h a t f o r a l l i ˛ [ p + 1 , n ] , l i(h-)|l i( h ) , u p i (h-) = l i(h-)�l i( h ), and upi (h-) has finite outcome along l i( h ) iff upi (h-) has infinite outcomealong l i(h-). This follows from Lemma 3.3(ii) (l -Behavior) for i ˛ [p+1,s]. We nowp r o c e e d b y i n d u c t i o n o n i ˛ [ s + 1 , n ] . B y ( 2 . 7 ) a n d a s u p i (h-) ˝ l i( h ) , u p i (h-) ˝l i(h-)�l i(h). Suppose that upi(h-) � l i(h-)�l i(h ) in order to obtain a contradiction. Fixr i ˝ l i(h-)�l i( h ) such that (r i) - = upi (h-) . T h e n b y ( 2 . 4 ) , ( o u t ( r i) ) - is the principalderivative of upi(h-) along out(r i) ˝ l i - 1 (h-)�l i - 1 ( h ) . N o w ( o u t ( r i) ) - � u p i - 1 (h-) , e l s e eitherl i - 1 (h-) and l i - 1 (h)arecomparable,oru p i - 1 (h-) „ l i - 1 (h-)�l i - 1 ( h ). Hence by (2.8),(out(r i))- is the initial derivative of upi(h-) along both l i - 1 (h-) and l i - 1 ( h ), and (r i) - hasinfiniteoutcomealongbothl i(h-) and l i(h). But then all derivatives of upi(h-) must havefiniteoutcomealongbothl i - 1 (h-) and l i - 1 ( h ). As u p i - 1 (h-) is such a derivative, we havecontradictedourinductionhypothesis.Suppose that upi(h-)hasfiniteoutcomealongl i(h) (l i(h-), resp.). Then there is aderivativen i - 1 of upi(h-) which has infinite outcome along l i - 1 ( h ) (l i - 1 (h-), resp.). Sinceu p i - 1 (h-) is l i - 1 (h)-free(l i - 1 (h-)-free, resp.), n i - 1 = u p i - 1 (h-). By induction, u p i - 1 (h-) hasfinite outcome along l i - 1 (h-) (l i - 1 ( h ) , r e s p . ) . A s u p i - 1 (h-) i s l i - 1 (h-)-free (l i - 1 (h)-free,resp.), all derivatives of u p i(h-) along l i - 1 (h-) ( l i - 1 ( h ), resp.) must have finite outcome34 alongl i - 1 (h-) (l i - 1 ( h ), resp.). Hence by (2.4), upi (h-) has infinite outcome along l i(h-)(l i( h ), resp.). Now upi(h-)cannothaveinfiniteoutcomealongbothl i(h-) and l i(h ), elseb y ( 2 . 4 ) , u p i - 1 (h-) would have finite outcome along both l i - 1 (h-) and l i - 1 ( h ) contrary toour induction assumption. Hence pi (h-) has finite outcome along l i( h ) iff upi (h-) h a s infiniteoutcomealongl i(h-). nT h e n o d e s w h i c h a r e L k- f r e e a r e t h e n o d e s w h i c h h a v e t h e r e s p o n s i b i l i t y t o determine the value of most of the axioms. However, we will be unable to recursivelyidentify these nodes, and so, will be unable to prevent other nodes from defining a largenumber of axioms. We will have to show that the nodes to which we want to assignresponsibility for defining most of the axioms can automatically transfer this responsibilityto their derivatives. In order for this transfer to occur, we will need to show that principalderivativesoffreenodesarefree,andthatifafreenodehasinfiniteoutcomealongthetruepathL k + 1 through T k + 1 , then it has infinitely many free derivatives along the true path L kthrough Tk. We show this in our next lemma. We will later show that these nodes alsohave the opportunity to correct many axioms defined by other nodes. We first note animportantfact,whoseproofweleavetothereader.( 4 . 1 ) Fix k £ r £ n, b ˝ L k ˛ [Tk], and m � n � h such that h is (b,r)-true. Then [m,n] is a (b,r)-link iff [m,n] is an (h,r)-link.L e m m a 4 . 6 ( F r e e D e r i v a t i v e L e m m a ) : Fix k < n and L k ˛ [Tk]. For all r ˛ [ k , n ] , letLr = l r(L k). Suppose that s � L k + 1 is L k + 1 -free. Then:(i)If d � L kistheprincipalderivativeofsalongL k, then d is L k-free.(ii)IfshasinfiniteoutcomealongL k + 1 and dim(s) > k, then there are infinitely manyL k-freederivativesofs.P r o o f : (i): By Lemma 3.1(ii) (Limit Path), fix the principal derivative d of sa l o n g L k. S u p p o s e t h a t d is L k- r e s t r a i n e d b y a L k- l i n k [ m , p ] i n o r d e r t o o b t a i n a contradiction. By repeated applications of Lemma 3.1(i) (Limit Path) we may fix h � L ksuch that p � h and h is L k-true. By (4.1), [m,p] is an h-link. Without loss of generality,we may assume that [m,p] is a primary h-link. (Else by Lemma 4.3(ic) (Link Analysis), swould be l(h)-restrained by a l(h)-link. But then l(h) is L k + 1 -true, so by (4.1), s wouldnotbeL k + 1 -free, a contradiction.) Let up(m ) = up(p ) = t . By (2.7) and assumption, s ˝l (d ),l (h ), so by (2.6), s ˝ l(p ). By (2.7), t ˝ l(p ); hence s and t are comparable. By35

Lemma 3.1(ii) (Limit Path) and as d � p, it must be the case that s � t. d cannot be theinitial derivative of s along d , else by Lemma 3.1(i) (Limit Path) and as m ˝ d, t ˝ s,yielding a contradiction. Let n be the initial derivative of s along h . By Lemma 3.1(i)(Limit Path), n � m � d, and we have already shown that d � p. But [n ,d ] and [m ,p ] areh-links, contradicting Lemma 4.1 (Nesting).(ii): We note by (i) that if z � L n, then for all j such that k £ j £ n, the principalderivativez j of z along L j is L j-free. As lh(L k) = ¥ , it follows inductively from Lemma3.1(iv)(LimitPath)thatlh(L j) = ¥ for all j such that k £ j £ n. Hence there are infinitelymany z � L nsuchthatz j extends upj(s) for all j such that k £ j £ n. Fix such a node x. ItsufficestoshowthatshasafreederivativealongL kwhichextendsz k.By (2.4) and Lemma 3.1(ii) (Limit Path), if we fix g k � L k such that (g k) - = z k,theng k is L k-true. Hence by (4.1), for all j such that k £ j £ n and all d j ˝ l j(g k) , d j is L j-freeiffd j is l j(g k)-free. In particular, s is l(g k)-free. It thus follows easily from Lemma4.4 (Free Implies True Path) and hypothesis that s is g k-consistent. Furthermore, as z j isthe principal derivative of z j + 1 along l j(g k) for all j ˛ [ k , n - 1 ] a n d ( g k) - = z k, i t f o l l o w s fromLemma3.3(l-Behavior)thateitherg k is switching, or (g k)- is the initial derivative ofzalongL k. In either case, we set r = Æ æ in Definition 2.8, Step 4 when we are ready toassignarequirementtog k. As s � l(g k) � L k + 1 , it follows from (2.4) and (2.6) that wewill take nonswitching extensions in Definition 2.8, Step 4, beginning at g k, and reach anode b k at which s is the shortest node eligible to determine a derivative along L k. B y L e m m a 3 . 5 ( N o n s w i t c h i n g E x t e n s i o n ) , n o n e w l i n k s a r e f o r m e d w h e n n o n s w i t c h i n g extensions are taken. Since s � l(g k),itwillbethecasethatl(b k) = l (g k), and so, that sis b k-freeandb k-consistent. By Definition 2.8, Step 4, we define up(b k) = s , and b k willbeL k-trueandL k-free. Hence by (4.1), b kwillbeaL k-freederivativeofs. n36