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MAIN REFERENCE

I will mainly discuss the following paper:

“Coarse reducibility and algorithmic randomness” by Denis Hirschfeldt,
Carl Jockusch, Rutger Kuyper, and Paul Schupp (to appear in J.
Symbolic Logic).

After the paper was submitted, significant improvements of some of
the results were obtained by Gregory Igusa (private communication),
based on his work with Peter Cholak and Damir Dzhafarov.



(ASYMPTOTIC) DENSITY OF SUBSETS OF w

Ideally, an algorithm to solve a problem will always answer correctly.
However, this is not always achievable. We will consider algorithms
which give correct answers with asymptotic density 1.

LetACw,new.
(1) pn(A)=]ANn{0,1,...,n—1}|/n (density of Aup to n)
(1) p(A) = limp, pp(A), provided the limit exists.  (Density of A.)

For example, the multiples of k have density 1/k, and the squares
have density 0.



GENERIC COMPUTABILITY

Generic computability was defined by Kapovich, Myasnikov, Schupp

and Shpilrain (2003) and applied (with time bounds) to analyze
decision problems in group theory.




COARSE COMPUTABILITY

We now consider algorithms which always give an answer but may err
on a set of density 0.

Jockusch and Schupp (2012) showed that neither of generic
computability and coarse computability implies the other.

In this talk | will focus on coarse computability and the corresponding
reducibility concepts.

Clearly, A is coarsely computable if and only if A has a computable
coarse description.



THE OPERATOR Z

The following operator was used by Jockusch and Schupp to show that

every nonzero Turing degree contains a set which is neither generically
computable nor coarsely computable.




Recall that Z(A) = Upealn. To prove that A is computable from every
coarse description D of Z(A), use majority vote on each interval.
Specifically:
1
A="{n:|Dnly| > =|ln|}

where =* denotes equality mod finite sets.




COARSE REDUCIBILITIES

It is obvious that both <, and <, are reflexive and transitive, and
hence there are corresponding degree notions. In each, there is a
least degree consisting of the coarsely computable sets.

Many other reducibilities of this sort have been considered by
Dzhafarov and Igusa, replacing coarse descriptions by other kinds of
partial descriptions.




AN EMBEDDING

Recall that Z(A) = Upealn!, (n+ 1)!).
Then Z induces an embedding of the Turing degrees in the nonuniform
coarse degrees:




EMBEDDING THE TURING DEGREES INTO THE UNIFORM
COARSE DEGREES

The mapping Z induces an embedding of the Turing degrees into the
nonuniform coarse degrees.

However, this embedding does not appear to work for embedding the
Turing degrees into the uniform coarse degrees, because from a
coarse description of Z(A), one may uniformly compute only a set

almost equal to A, and this does not suffice to uniformly compute a set
B <t A.



THE OPERATOR &

Let
AxB={(ab):ac A& bec B}

Define

E(A) = T(A x w)

The following was observed independently by us and Dzhafarov and
Igusa.




THE DIFFERENCE BETWEEN UNIFORM AND
NONUNIFORM COARSE REDUCIBILITY

We showed that uniform and nonuniform coarse reducibility are

distinct. Then our result was improved by Igusa, who gave examples of
c.e. sets where these reducibilities differ.

There are c.e. sets which are not autoreducible.



This result is proved using various other reducibilities introduced by
Dzhafarov and Igusa. We do not see how to prove it directly.




QUASIMINIMALITY

A set X is quasiminimal for <p. if X is not coarsely computable and, for
all noncomputable A C w, £(A) %nc X.

Thus, for X not coarsely computable, X is quasiminimal for <. iff no
noncomputable set is computable from every coarse description of X.

Quasiminimality is defined analogously for <.

Of course, no degree of a quasiminimal set is in the range of the
embedding for either <,; or <.

If X is random in some sense, we expect very little information to be
recoverable from every coarse description of X, and so it is reasonable
to conjecture that X is quasiminimal.



The main tool in the proof is a kind of compactness theorem. The
lower density of a set Y is liminf, pp(Y).




A set X is weakly n-random if X belongs to no M9 set P C 2« of
measure 0.




CONTRASTING RESULTS

The following contrasting result of Cholak and Igusa answers a
question we raised.

This is proved by considering other reducibilities.




Many characterizations are known for the K-trivial sets. We have
shown that every set computable from every coarse description of a
1-random set is K-trivial. However, this does not give a
characterization of K-triviality:




MINIMAL PAIRS IN THE TURING DEGREES (REVIEW)




MINIMAL PAIRS IN THE UNIFORM AND NONUNIFORM
COARSE DEGREES

The situation is similar to that for Turing degrees, but “one jump up”.

The proof uses the Sacks jump inversion theorem and other results.




