Monday, February 7, 2011 Lecture 5
Continue with the homework 1 problem 3 (c).

Permutations:

X3={ay, a3, a3}

Aut(x)=S,={0: X—=X; o is a bijection }
o operation of standard composition of functions

id(x)=x, V x EX.

Claim:
#S,= n! the number of elements of S, is n!.
#S3=3!1=6 the number of elements of S is 6.

Conventional:

Domain a1 A2 e an
o
Range o(ai) o(ay) ... ... o(an)

for example with n=3:

Domain ax a2 a3
o
Range o(a1) ofaz) ofas)
Proof of (c):

We know for each element in the domain we have to send it to one element in the
range. Since the function is one to one and onto, for instance by firstly looking at a;
element, we’ll have

a; corresponding to n options to send it to the range;
a, corresponding to n-1 options to send it to the range;

an eventually only left with 1 option to send it to the range.



Overall, we compute the total ways of sending each element in the domain to the range,
we obtain n*(n-1)*(n-2)*...*3*2*1=n! (by definition)

Similarly, for n=3, S3=3*2*1=6.

3(d)

Write down all the elements of Ss.
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3(e)

Definition: A group (G, °, 1¢) is called commutative ,
ifVg hEG,geh=hog.

Ifdg, hEG, g oh#h o g, then we say that G is a non-commutative group.

Example: The group (Z, +, 0) of integers with addition operation and zero as identity, is
commutative.

m+n=n+m Vm,n€&EZ.

Claim: S3 (or even to be more in general ¥Yn =3) is a non-commutative group.

Compute:
N R
Let’s calculate:
Oa,b © Oac
(Gae) (Cra)=Cas)
However,
Oa,c © Oab
= (5ea)

Therefore, we have O, © Oac # Oac © Oap



How would you show that V¥ n = 3, S,, is non-commutative?

Simply, we can use a counter example to show that V n = 3, S, is non-commutative.

al a2 a3 ad .. .. an
(0(a1) o(a2) o(a3) a4 ... an)

where O'al,aZ ° Oal,a3 # 0'al,a3 ° O'al,aZ

Rotational Symmetries

1)

cR*={(xy) | xy€ER}

) (R, °, 1g) <«thisis a group

R=(r,= (cgn@ —sin@)' 0 € R}
sin® cos®

o« composition of operators (matrix multiplication)

and  rg1 © rg2 =re1+p2

lo °r-e=l=((1) (1))

1)) Note that we have a map:
-+ RxR*> R? action of R on R?
(ro, V)= rg-v=rg(v) the rotation of v by 6
Properties of -
1. rga-(rga-v)=(rg2° re1) v it holds true for multiplications of any 3 matrices.
V 01,02,vERZ.
2. 1lz-v=v , VveER?
V) Symmetries
CG={r,€R|ry(r) =A}

It is a group.



