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1. PROBLEMZ:INTERTWINING NUMBER BETWEEN PERMUTATION PREPRESENTATIONS

1.1. (a). G acts onHom(C(X),C(Y)) byVg € G,VT € Hom(C(X),C(Y))
(9-T)(a):=g-(T(¢'a)) Vae CX).
le.
g-T:=1Ily(g)oTollx(g ™).
GactsonC(X x Y)byVg € GVK € C(X,Y)

(9-K)(z,y):=K(g 7,9 y)

1.2. (b). WTS: K commute with G action, i.e/g € G, K(g-«) = g- K(a). More concretelyyz,
Yy, K(g-a)(z,y) = g K(a)(x,y). On one side we have:
(9-a)(d:) =g-alg™"d)
=g- (a(agflx))
=g-(O_ Kalg™" z.9)5,)

yey

=> Kulg™ - zy)g-9,

yey

= Z Ka(g_l ", y)(sg-y

yey

=> Kulg™ - z,97" - y)d,

yey
=Y g Kalx,y)é,
yey
On the other side

(9-a)(0s) = ZKg-a(xa y)dy

yey
By comparing coefficient of,, we havek ., (z,y) = g - K.(x,y).

1.3. (c).

(1) Well-definedVa € V¢ need to show - I(a) = I(a). This is because of | commute with G
action.
(2) injective: | is injective
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(3) surjectiveVb € VF, a :== [71(b), NTS:g-a = a. Note that/ (g - a) = g- [(a) = g-b =
b= I(a), since | is injectiveg - a = a.

1.4. (d).
<Ilx,ly > =dimHom(Ilx,IIy)
= dimHomg(C(X),C(Y)) intertwiner = isomorphism commute with G
= dimHom(C(X),C(Y))¢ Tollx(9) =Ily(9)T = T =y (g9)T o T oIlx(g) ™"
= dimC(X,Y)¢ (b), (c)
= #(X xY)/C

The last identity is because for each oi&it (x, ) one can define
Ke.(ay) = Zég'w,gy
yeG

{K¢.(4)} form a base of£(X,Y)“, since any function itC(X,Y")“ has to be a constant over an
orbit of G.

2. IRREDUCIBLE REPRESENTATION OFS;

2.1. (a).

< Ilx,,1x, >= #{pt} x {pt})/S5 =1

< Ilx,,IIx, >=#{pt} x X1)/S3 =1

< Iy, Iy, >= #(X; x {pt})/S5 =1

<y, Iy, >=#(X1 x X1)/S3 = #{Ax,, Xu x X1\ Ax, } =2
Now we show the second last identity x X;)/S55 = {Ax,, X1 x X1\ Ax, }:
V(a,b) # (a/, V) € X3 x X1\ Ax,, without loss of generality assume# d/, a # b anda’ # V/

since they are off diagonal. Now dependingioa «’ or not we have two cases:

e o/ = b. In this casé is either different fronb = «’ anda, ie {a,b,t'} = X; ord’ = a:
—{a,b,V'} = Xy: (abb') - (a,b) = (b,V) = (', V);
- b =a:(ab) - (a,b) = (b,a) = (', V).
e a/ # b. In this casé' is eithera or b:
-V =a: (bad') - (a,b) = (d’,a) = (', V);
-0 =b:(ad) - (a,b) = (d’,b) = (d', V).

2.2. (b). H.andH, areSs-invariant.
I1]3, is irreducible sincé. is 1-dim.
2 =< HX17HX1 > =< H|'HC®H|H07H|HC@H|H0 >

=<1I HmH‘HC >+2 < H‘Hml—”?{o >+ < H|H07H‘Ho >
=1+2< H|HcaH|Ho >+ < H|H0’H|Ho >

This force< Il|,, I1|, >= 0 and< Il|x,, I1|», >= 1 Soll|y, is an irreducible representation.
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2.3. (c). By #G = ZWGIW(G)(dimW)2:
6=#S5=1+2>+1°

Where the first 1-dim irreducible representationlig, (the trivial representation), the 2-dim irre-
ducible representatioii|;,,. Only need to find the other 1-dim representation. Note tleahave a
charactep : S3 — Z, which send odd permutations to -1 and even permutationsTai.defines
a nontrivial 1-dim irreducible representation.

3. IRREDUCIBLE REPRESENTATION OF4,

3.1. (a). AjactsonY by Vo € Ay, V(eamp, €cd) €Y, 0 - (€acp, €csd) = (Co(a)ma(d) s Eo(c)ma(c))-
Note that(e,(q)wo(b), Co(c)mo(c)) € Y SINCE(Er(a)ma(b) Co(c)—a(c)) AFE NON-coplanar as far §s(a), o (b)} #
{o(c),a(d)}

1) compute K:

If o c K thenv<€a<—>b7€c<—>d> S Yl g - (ea<—>b7€c<—>d) = (eo'(a)HO'(b)7eO'(C)<—>O'(C)) = <€a<—>buec<—>d>-
This meansr must be one of the followings:

e o(a) =a,o(b) =bo(c) =c o(d) =d, s0oc =id;

e o(a)="b,0(b) =a,0(c)=d,o(d) =c,s00 = (ab)(cd);
e 0(a) =c¢,o(b) =d,o(c) =a,o(d) =b,s00 = (ac)(bd);
e 0(a) =d,o(b) =co(c) =b,0(d) = a,s00 = (ad)(bc).

m: Ay — Ay/K = Z3 is determined by ((ab)(cd)) = 1 for any(ab)(cd) € K, 7((abc)) = e’

for (abc)=(123),(243),(134),(142), and(abc)) = ™5 for the rests.
i) find three 1-dim representation df, We have three characters by postcomposingth p,, :

2kmi

Zs — C*, where fork = 0,1,2, p;(e*3) := ”5".

3.2. (b). We first show that
X x X)/A4 = {Ax,X X X\AX}

V(a,b) # (/b)) € X x X \ Ay, we have the following cases:

e a,b,d b are all different:(aa’)(bV') - (a,b) = (', V);
e There are three distinct elements amany, o', t': use cycle of the three elements;
o =bV =a:(ab)(cd) - (a,b) = (b,a) = (d', V)
Thus
<Ilx,IIx >= #(X X X)/A4 = #{AX,X X X\AX} =2

2 =<Ily,lIx > =<l & |p,, U3, & U, >
=< H‘HC,H H. > +2 < I HC,H‘HO >4 < H|H07H|Ho >
=142 <., Hny >+ < gy, Mgy >

This force< I1

o, Uy, >= 0and< |y, |y, >= 1 Soll|sx, is an irreducible representation.
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3.3. (d).
12 =17 412+ 12 + 32
The representation of 3-dimi§|,,,, Three 1-dim representations are given in (a). Thus we have a
the irreducible representations.

4. PROBLEM4 OF HOMEWORK 2:COMPLETE REDUCIBILITY AND FINITE FOURIER
TRANSFORMATION

4.1. (a). They are determined by the characters: A — C*, where fork = 0..p — 1, ¢x(1) =
e .

4.2. (b). Hy := {co|c € C}.
Orthogonal:

1 - 1
< Pk, 95 >= A > oilx)g;(x) = T > oi(2)g;(—x)

€A €A
If k=, < ¢p. bj >= g Xpentule —2) = 1;
If & # J,
1 1 2z k—w-j)mi 1 22 (k—j)mi
< Ok, O; >:Wz¢i($)¢j(—ﬂ7):mze ’ :mze v =0

€A z€EA z€EA

Now H = @,H, by dimension counting.

2k

My, is A-invariant undeily: [ILa(y)éul(z) = ou(@ + y) = du(y)on(z) = ¢+ dp(z) € Hy,.

4.3. (c). Verify Py, [f] € Hpni,:

<Pylflid;> = @ S Py [f](@)(—)

z€EA

= 2 X u(u) (o + )6 (-a)

z€A yeA

= 3 = D)+ D) (—a)

T, yeA

= 11 2 X ) )onla)s(—a)

z€A yeA

= > o) ) g 3 oula)os ()

yeA z€A

=S 6u(-y)f(y) < i, by >

yeA

If k& #j
<P¢k[f]7¢j >=0
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If k=j
< Py lf], 6k >=_ én(—y)f(y)
yeA
Thus Py, [f] € Hpni,. MoreoverPy, [fl = > o, 1 < [, & > ¢x.(@nswer a question in (dJ}; is
an orthogonal projection because its image(is kernel is®,4 ., Hy , the two are orthogonal as a
result of (b).

4.4. (d). Done in (b) and (c)



