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1. Vector Spaces

(a) (5 points) Let V be a vector space and suppose v ∈ V . What property must a vector v′

satisfy in order to be the additive inverse of v?

(b) (10 points) For each of the following, circle whether or not the subset W is a subspace of
the vector space V .

V = R2 V = R

W = {circle of radius 1 centered at (0, 0)} W = {all points x ∈ R such that x > 0}

Subspace Not Subspace Subspace Not Subspace

V = M3(R) V = F (X),where X = {1, 2, 3}

W =
{
A ∈M3(R) | At = A

}
W = {f ∈ V | f(1) + f(3) = 0}

Subspace Not Subspace Subspace Not Subspace
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(c) (10 points) Fix A ∈M2(R), and let W = {B ∈M2(R) | Tr(AB) = 0}. Show that W is a
subspace of M2(R).



Math 340 Final Exam Review - Page 4 of 9 11 May 2014

2. Basis & Dimension

(a) (5 points) Answer each question.

1. Let V be a vector space. Define what it means for V to have dimension n.

2. Let B and C be two bases for the vector space V , and let v ∈ V . What is the
relationship between [v]B and [v]C?

(b) (10 points) Answer each question.

1. True or False: Let W = Span




1
−1
2
3

 ,


0
4
1
7

 ,


−1
2
0
5


 ⊂ R4. The dimension

of W is 4.

2. True or False: Let v ∈ Span{v1, . . . , vn}, where v 6= vi for all i. Then {v1, . . . , vn, v}
is linearly independent.

3. Fill in the blank. Suppose B = {v1, v2} and C = {u1, u2} are bases for V . Let
v ∈ V , then

[v]B = A[v]C ,

where the matrix

A = ( , ) .

4. Fill in the blank. Let V = M2(R). The set W = {A ∈ M2(R) | A = At} is a
subspace of V . Then

dimW = .
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(c) (10 points) Compute a basis for the space of solutions to the following system of equa-
tions. Compute the dimension of the space of solutions.

x− 4y + 2z − w = 0

2x+ 4z + w = 0.
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3. Linear Transformations

(a) (5 points) Let T : V → W be a linear transformation. Define what it means for T to be
an isomorphism.

(b) (10 points) Answer each question.

1. True or False: Let T : V →W be a linear transformation. Then 0W ∈ ImT .

2. True or False: Let T : V → W be a linear transformation. If kerT = {0V } then T
is one to one.

3. Fill in the blank.: Let T : V → V be a linear transformation, and suppose B =
{v1, v2} is a basis for V . Let v ∈ V , and suppose that

[v]B =

(
2
1

)
, [T ]B =

(
3 2
−1 4

)
.

Then

[T (v)]B =

( )
.
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(c) (10 points) Let V be the vector space of 2× 2 matrices with trace 0. Then

B =

{(
1 0
0 −1

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)}
is a basis for V . Consider the linear transformation T : V → V defined by T (A) = At.
Compute [T ]B.
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4. Eigenvalues & Diagonalization

(a) (5 points) Let T : V → V be a linear transformation. Define what it means for T to be
diagonalizable.

(b) (20 points) Consider

A =

(
4 −2
3 −1

)
and the associated linear transformation TA : R2 → R2 defined by TA(v) = Av.

1. It turns out that the eigenvalues of TA are 1 and 2. Show this by finding the charac-
teristic polynomial pA(λ) of A and finding its roots.

2. For each eigenvalue λ1 = 1 and λ2 = 2 compute an associated eigenvector v1 for λ1
and v2 for λ2.
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3. Write down the 2× 2 matrix
C = (v1, v2)

and compute C−1.

4. We know that A = CDC−1 where D =

(
1 0
0 2

)
. Use this information to compute

A17.


