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1 Section Homomorphism

1.1 Mar, 21

Definition:
Suppose there exist two groups (G,*,Ig) and (H,o,Iy). A map ¢: G
is called a homomorphism if and only if for any ¢1,92 € G, ©(g1 * g2) =

e(g1) © p(g2)-
Example: Sgn homomorphism: sgn: S, — {£1}.

First consider the most simple situation.
(1) When n = 2; D(x1,22) = 22 — 21.
o € Sy = Aut(1,2); o can act on D, ie 0D = D(x5-1(1), To-1(2)) = To-1(2) —
Ty-1(1). It can be shown that 0D = D or —D, Define sgn(o) as 0D = sgn(o)-D,
sgn(o) =1or —1.
When o =1, 0D =D = sgn(o) - D, sgn(c) = 1;
When o = (32), 0D = —D = sgn(o) - D, sgn(c) = —1;
1 o=1
sgn(o) = { —1 o #I

Claim1:
sgn: So — {£1} is a homomorphism.

Verify:
c=1 o=(32)
o=1 1 o
c=(1%) o I

when o1 = o

when o1 =0, = (32), 0
when oy =1, 09 = (%%), 01 %09 = (%%), sgn(oy * 03) :sgn((éf)) =—1;
when o = (%%), oo =1,01 %09 = (%%), sgn(oy * 02) —sgn((%%)) =-1



(2)n = 3; D(z1,x2,23) = (23 — x1)(x3 — 22) (w2 — 21); 0 € S35 = Auit(1,2,3).

Define: oD(x1,22,...2n) = D(To-1(1), To-1(2), - - - To—1(n)) =

("E(rfl(n) - zafl(nfl))(zafl(n) —Lo-1(n=2)) - \To—1(2) — 1‘0—1(1)).

Claim?2:
(a) oD = sgn(o)D, sgn(c) =1 or —1;
(b) sgn: S, — £1 is an homomorphism.

Proof of (a):

sgn(0) = (~1)F, k= #{i < j | oi) > o(i)}. (=

Example:

if o =(123). sgn(o) = (-1}

consider o : pairs (i,7),i < j — all pairs (L,k) |l #k

o(i,j) = (0(i),0(5)). When o(i) < o(j), there exists x,(;) — ,(;) as a factor in
D

when (i) > o(j), there exists —(z,(;) — Zo(;)) as a factor in D. Thus sgn(o) =
(—1)*. Then the claim is proved.
QED.

Example: 0 = (323), sgn=(-1)2=1.

Proof of (b): 0,7 € S, what we need to prove is sgn(o * 7) = sgn(c) - sgn(7).
As the definition of shows, sgn(o * 7)D = (o x7)D = D((o * 7) " (11),... (0
) () = D(r~ Mo (@1), ... 7o (@) = o(r(D)) = o(sgn(r) - D)
sgn(7) - oD = sgn(r) - sgn(o) - D. = sgn(o * 1) = sgn(o) - sgn(7).

[

1.2 Mar, 23

Theorem:
There exists a unique onto homomorphism : S, — {£1}.

Proof:
Uniqueness:

Lemmal: Vo € S,,, 3 a decomposition with unique parity o = 7 % 7y_1 * ... * Ty
for some [, where 7;(1 < i <) are transposition.

The parity is determined by the number of 7; in the decomposition. And the
parity is odd or even and doesn’t change for different decompositions of ¢ into
product of transposition.

Proof:

Step 1:

Vo € S, can be written (uniquely) as a product of cycles : 0 = ¢y *Cpp—1*. . .%xC1.
A cycle ¢ € S, is a map {1,2,...n} — {1,2,...n} which is a bijection of the
form:

¢ = (a,a2,...a1),1 < a3 < as... < ar < n. (a1,ag,...a;) means: c(ay) =
ag, c(ag) = as,...clai—1) = a;.



Step2:
Every cycle can be written as a composition of transposition. Indeed, ¢ =
(a1,az,...a;) = (a1,a2) * (az,a3) * ... (a_1, az).

The uniqueness can be proved following lemmal:

Suppose @, cp/ are onto homomorphism which map S, to £1.

Step 1: ¢ and <pl send any transposition to -1.

(1) All the transpositions are conjugate with each other.

It’s enough to prove that (a1, a2) and (b1, bs) are conjugate.

Proof: a1, az2,b1,bs € {1,2,...n},a1 # as,b1 # ba.
(ag,b2)(a1,b1)(a1,a2)(a1, b1)(az, be) = (b1,b2). Thus (a1, a2), (b1, bs) are conju-
gate.

(2) ¢ and ¢ send any transposition to —1.

Proof: Suppose 3 transposition 7 € S,, ¢(7) = 1. Then V transposition
0 €Sy, IYES,, st o=~"1r.

Then ¢(0) = p(y~'77) = (v~ (1) e(T)p(0 ' o)p(1) = ¢(7). Thus, ¥ sends
any transposition to 1. As {transposition of S, } is a generator of S, ¢ sends
any element of S, to 1, which conflicts with ¢ is an onto mapping. Thus ¢ and
<pl sends any transposition to —1.

Step 2: ¢ and <p' are onto homomorphism which map S, to £1 and sat-
isfy o(1) = —1,¢ (1) = —1, Vr that is transposition of S,. Then ¢ ~ ¢ .
Proof: take o0 = 7 % ... %1 € S,, decompose (o) and ¢ (o) into:p(o) =

o) ...o(m) = @/(Tl) o @,(7’1) = (=1)!. Thus p ~ ¢
Existance

Definition of sgn: sgn : S, — %1 is defined by ¢ D = sgn(o) - D,
where D = D(25(1), To(2)s - - - To(n)) = [L1<icjcn (T — T4),

oD = D(xg(l),xg(g), N ,.’L‘U(n)) = H1§i<j§n(m.j — aji).

Claim 2 has shown that there exists a homomorphism sgn, s.t sgn(o) = (—1)*,
k=4{(i,5) | 1 <i<j<no(j) <o)}

In particular, if 7 = (a,b), then k = 1 and sgn(7) = (-1)! = —1.

QED.



