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Abstract. In this paper we present a proof of the Hecke quantum unique ergodicity conjecture
for the Berry-Hannay model, a model of quantum mechanics on a two dimensional torus. This
conjecture was stated in Z. Rudnick’s lectures at MSRI, Berkeley, 1999 and ECM, Barcelona, 2000.

1. INTRODUCTION

Hannay-Berry model. In 1980 the physicists Sir M.V. Berry and J. Hannay [1] explore
a model for quantum mechanics on the two dimensional symplectic torus (T,ω).

Quantum chaos. Consider the ergodic discrete dynamical system on the torus, which
is generated by an hyperbolic automorphism A ∈ SL2(Z). Quantizing the system, we
replace: the classical phase space (T,ω) by a Hilbert space Hh̄, classical observables,
i.e., functions f ∈C∞(T), by operators πh̄( f ) ∈ End(Hh̄) and classical symmetries by a
unitary representation ρh̄ : SL2(Z)−→U(Hh̄). A fundamental meta-question in the area
of quantum chaos is to understand the ergodic properties of the quantum system ρh̄(A),
at least in the semi-classical limit as h̄→ 0.

Hecke quantum unique ergodicity. This question was addressed in a paper by Kurl-
berg and Rudnick [6]. In this paper they formulated a rigorous definition of quantum
ergodicity for the case h̄ = 1

p . The basic observation is that the representation (ρh̄ ,Hh̄)
is finite dimensional and factors through the quotient group SL2(Fp). We denote by
TA ⊂ SL2(Fp) the centralizer of the element A, now considered as an element of the
quotient group SL2(Fp). The group TA is called (cf. [6]) the Hecke torus correspond-
ing to the element A. The Hecke torus acts semisimply on Hh̄. Therefore we have a
decomposition:

Hh̄ =
⊕

χ:TA−→C∗
Hχ

where Hχ is the Hecke eigenspace corresponding to the character χ . Considering a unit
vector v ∈Hχ , one defines the Wigner distribution Wχ : C∞(T) −→ C by the formula
Wχ( f ) :=

〈
v|πh̄( f )v

〉
. The main statement in [6] asserts about an explicit bound of the

semi-classical asymptotic of Wχ( f ):
∣∣∣∣Wχ( f )−

∫

T
f ω

∣∣∣∣≤
C f

p1/4
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where C f is a constant that depends only on the function f . In Rudnick’s lectures at
MSRI, Berkeley 1999 [7] and ECM, Barcelona 2000 [8] he conjectured that a stronger
bound should hold true, namely:

Conjecture 1.1 (Rate Conjecture). The following bound holds:
∣∣∣∣Wχ( f )−

∫

T
f ω

∣∣∣∣≤
C f

p1/2 .

The basic clues suggesting the validity of this stronger bound come from two main
sources. The first source is computer simulations [5] accomplished over the years to
give extremely precise bounds for considerably large values of p. A more mathematical
argument is based on the fact that for special values of p, in which the Hecke torus splits,
namely TA ' F∗p, one is able to compute explicitly the eigenvector v ∈ Hχ and as a
consequence to give an explicit formula for the Wigner distribution [4]. More precisely,
in case ξ ∈ T∨, i.e., a character, the distribution Wχ(ξ ) turns out to be equal to an
exponential sum very much similar to the Kloosterman sum:

1
p ∑

a∈F∗p
ψ

(
a+1
a−1

)
σ(a)χ(a)

where σ and ψ denote the Legendre character and the standard additive character
correspondingly. In this case the classical Weil bound [10] yields the result.

Geometric approach. The basic observation to be made is that the theory of quantum
mechanics on the torus, in case h̄ = 1

p , can be equivalently recast in the language
of representation theory of finite groups in characteristic p. Consider the quotient Fp
vector space V = T∨/pT∨, where T∨ is the lattice of characters on T. We denote by
H = H(V) the Heisenberg group. The group SL2(Fp) is naturally identified with the
group of linear symplectomorphisms of V. We have an action of SL2(Fp) on H. The
Stone-von Neumann theorem states that there exists a unique irreducible representation
π : H −→ GL(H ), with the non-trivial central character ψ , for which its isomorphism
class is fixed by SL2(Fp). This is equivalent to saying that H is equipped with a
compatible projective representation ρ : SL2(Fp) −→ PGL(H ). Noting that H and
SL2(Fp) are the sets of rational points of corresponding algebraic groups, it is natural to
ask whether there exists an algebro-geometric object that underlies the pair (π,ρ)? The
answer to this question is positive. The construction is proposed in an unpublished letter
of Deligne to Kazhdan [2]. In one sentence, the content of this letter is a construction of
Representation Sheaves Kπ and Kρ on the algebraic varieties H and SL2 respectively.
One obtains, as a consequence, the following general principle:
(*) Motivic principle: All quantum mechanical quantities in the Berry-Hannay model
are motivic in nature.
By this we mean that every quantum-mechanical quantity Q, is associated with a vector
space VQ endowed with a Frobenius action Fr : VQ −→ VQ s.t. Q = Tr(Fr|VQ

). The
main contribution of this paper is to implement this principle. In particular we show that
there exists a two dimensional vector space Vχ , endowed with an action Fr : Vχ −→Vχ
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s.t. Wχ(ξ ) = Tr(Fr|Vχ
). This, combined with a bound on the modulus of the eigenvalues

of Frobenius, i.e., |e.v(Fr|Vχ
)| ≤ 1

p1/2 , completes the proof of the rate conjecture.
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2. CLASSICAL TORUS

Let (T,ω) be the two dimensional symplectic torus. Together with its linear symplecto-
morphisms Γ w SL2(Z) it serves as a simple model of classical mechanics (a compact
version of the phase space of the harmonic oscillator). More precisely, let T = W/Λ
where W is a two dimensional real vector space and Λ is a rank two unimodular lattice
in W. We denote by Λ∗⊆W∗ the dual lattice, i.e., Λ∗ = {ξ ∈W∗| ξ (Λ)⊂Z}. The lattice
Λ∗ is identified with the lattice of characters of T by the map ξ ∈Λ∗ 7−→ e2πi<ξ ,·> ∈ T∨,
where T∨ := Hom(T,C∗).

Classical mechanical system. We consider a very simple discrete mechanical system.
An hyperbolic element A ∈ Γ, i.e., |Tr(A)|> 2, generates an ergodic discrete dynamical
system on T.

3. QUANTIZATION OF THE TORUS

The Weyl quantization model. The Weyl quantization model works as follows. Let Ah̄
be a one parameter deformation of the algebra A of trigonometric polynomials on the
torus. This algebra is known in the literature as the Rieffel torus [9]. The algebra Ah̄ is
constructed by taking the free algebra over C generated by the symbols {s(ξ ) | ξ ∈ Λ∗}
and quotient out by the relation s(ξ + η) = eπih̄ω(ξ ,η)s(ξ )s(η). Here ω is the form on
W∗ induced by the original form ω on W. The algebra Ah̄ contains as a standard basis
the lattice Λ∗. Therefore, one can identify the algebras Ah̄ 'A as vector spaces. Hence,
every function f ∈A can be viewed as an element of Ah̄. For a fixed h̄ a representation
πh̄ : Ah̄ −→ End(Hh̄) serves as a quantization protocol.

Equivariant Weyl quantization of the torus. The group Γ acts on the lattice Λ∗,
therefore it acts on Ah̄. For an element B ∈ Γ, we denote by f 7−→ f B the action of
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B on an element f ∈Ah̄. Let Γp w SL2(Fp) denotes the quotient group of Γ modulo p.

Theorem 3.1 (Canonical equivariant quantization). Let h̄ = 1
p , where p is an

odd prime. There exists a unique (up to isomorphism) pair of representations
πh̄ : Ah̄ −→ End(Hh̄) and ρh̄ : Γ −→ GL(Hh̄) satisfying the compatibility con-
dition (Egorov identity) ρh̄(B)πh̄( f )ρh̄(B)−1 = πh̄( f B), where πh̄ is an irreducible
representation and ρh̄ is a representation of Γ that factors through the quotient group
Γp.

Quantum mechanical system. Let (πh̄,ρh̄,Hh̄) be the canonical equivariant quanti-
zation. Let A be our fixed hyperbolic element, considered as an element of Γp . The
element A generates a quantum dynamical system. For every (pure) quantum state
v ∈ S(Hh̄) = {v ∈Hh̄ : ‖v‖= 1}, v 7−→ vA := ρh̄(A)v.

4. HECKE QUANTUM UNIQUE ERGODICITY

Denote by TA the centralizer of A in Γp w SL2(Fp). We call TA the Hecke torus (cf. [6]).
The precise statement of the Kurlberg-Rudnick conjecture (cf. [7, 8]) is given in the
following theorem:

Theorem 4.1 (Hecke Quantum Unique Ergodicity). Let h̄ = 1
p , p an odd prime. For

every f ∈Ah̄ and v ∈ S(Hh̄), we have:
∣∣∣∣AvTA

(< v|πh̄( f )v >)−
∫

T
f ω

∣∣∣∣≤
C f√

p
, (1)

where AvTA
(< v|πh̄( f )v >) := ∑

B∈TA

< v|πh̄( f B)v > is the average with respect to the

group TA and C f is an explicit constant depending only on f .

5. PROOF OF THE HECKE QUANTUM UNIQUE ERGODICITY
CONJECTURE

It is enough to prove the conjecture for the case when f is a non-trivial character ξ ∈ Λ∗
and v is an Hecke eigenvector with eigencharacter χ : TA −→ C∗. In this case Theorem
4.1 can be restated in the form:

Theorem 5.1 (Hecke Quantum Unique Ergodicity (Restated)). Let h̄ = 1
p , where p is

an odd prime. For every ξ ∈ Λ∗ and every character χ : TA −→C∗ the following holds:
∣∣∣∣∣ ∑
B∈TA

Tr(ρh̄(B)πh̄(ξ ))χ(B)

∣∣∣∣∣≤ 2
√

p.
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The trace function. Denote by F the function F : Γ × Λ∗ −→ C defined by
F(B,ξ ) = Tr(ρ(B)πh̄(ξ )). We denote by V := Λ∗/pΛ∗ the quotient vector space,
i.e., V ' F2

p. The symplectic form ω specializes to give a symplectic form on V. The
group Γp is the group of linear symplectomorphisms of V, i.e., Γp = Sp(V,ω). Set
Y0 := Γ×Λ∗ and Y := Γp×V. We have a natural quotient map Y0 −→ Y .

Lemma 5.2. The function F : Y0 −→ C factors through the quotient Y .

From now on Y will be considered as the default domain of the function F . The function
F : Y −→ C is invariant with respect to the action of Γp on Y given by the following
formula:

Γp×Y α−−−→ Y,

(S,(B,ξ )) −−−→ (SBS−1,Sξ ).
(2)

Geometrization (Sheafification). Next, we will phrase a geometric statement that
will imply Theorem 5.1. Moving into the geometric setting, we replace the set Y by
an algebraic variety and the functions F and χ by sheaf theoretic objects, also of a
geometric flavor.
Step 1. The set Y is the set of rational points of an algebraic variety Y defined over
Fp. To be more precise, Y' Sp×V. The variety Y is equipped with an endomorphism
Fr : Y −→ Y called Frobenius. The set Y is identified with the set of fixed points of
Frobenius Y = YFr = {y ∈ Y : Fr(y) = y}. Finally, we denote by α the algebraic action
of Sp on the variety Y (cf. (2)).
Step 2. The following theorem proposes an appropriate sheaf theoretic object standing
in place of the function F : Y −→ C. Denote by Db

c,w(Y) the bounded derived category
of constructible `-adic Weil sheaves on Y.

Theorem 5.3 (Geometrization Theorem). There exists an object F ∈ Db
c,w(Y) satis-

fying the following properties:

1. (Function) It is associated, via the sheaf-to-function correspondence, to the func-
tion F : Y −→ C, i.e., f F = F .

2. (Weight) It is of weight w(F )≤ 0.

3. (Equivariance) For every element S ∈ Sp there exists an isomorphism α∗SF 'F .

4. (Formula) On introducing coordinates V ' A2 we identify Sp ' SL2. Then there
exists an isomorphism F|T×V 'Lψ( 1

2 λ µ a+1
a−1 )⊗Lσ(a).1

Here T := {(a 0
0 a−1

)} stands for the standard torus, (λ ,µ) are the coordinates on V
and Lψ , Lσ the Artin-Schreier and Kummer sheaves.

Geometric statement. Fix an element ξ ∈Λ∗ with ξ 6= 0. We denote by iξ the inclusion
map iξ : TA×ξ −→Y . Going back to Theorem 5.1 and putting its content in a functorial

1 By this we mean that F|T×V is isomorphic to the extension of the sheaf defined by the formula in the
right-hand side.
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notation, we write the following inequality:
∣∣∣pr!(i∗ξ (F) ·χ)

∣∣∣≤ 2
√

p.

In words, taking the function F : Y −→ C and restricting F to TA× ξ and get i∗
ξ
(F).

Multiply i∗
ξ
F by the character χ to get i∗

ξ
(F) · χ . Integrate i∗

ξ
(F) · χ to the point, this

means to sum up all its values, and get a scalar aχ := pr!(i∗ξ (F) · χ). Here pr stands for
the projection pr : TA× ξ −→ pt. Then Theorem 5.1 asserts that the scalar aχ is of an
absolute value less than 2

√
p.

Repeat the same steps in the geometric setting. We denote again by iξ the closed
imbedding iξ : TA×ξ −→ Y. Take the sheaf F on Y and apply the following sequence
of operations. Pull-back F to the closed subvariety TA× ξ and get the sheaf i∗

ξ
(F ).

Take the tensor product of i∗
ξ
(F ) with the Kummer sheaf Lχ and get i∗

ξ
(F )⊗Lχ .

Integrate i∗
ξ
(F )⊗Lχ to the point and get the sheaf pr!(i∗ξ (F )⊗Lχ) on the point.

Recall w(F ) ≤ 0. Knowing that the Kummer sheaf has weight w(Lχ) ≤ 0 we de-
duce that w(i∗

ξ
(F )⊗Lχ)≤ 0.

Theorem 5.4 (Deligne, Weil II [3]). Let π : X1 −→ X2 be a morphism of algebraic
varieties. Let L ∈Db

c,w(X1) be a sheaf of weight w(L )≤ w then w(π!(L ))≤ w.

Using Theorem 5.4 we get w(pr!(i∗ξ (F )⊗Lχ))≤ 0.

Now, consider the sheaf G := pr!(i∗ξ (F )⊗Lχ). It is an object in Db
c,w(pt). The

sheaf G is associated by Grothendieck’s Sheaf-To-Function correspondence to the
scalar aχ :

aχ = ∑
i∈Z

(−1)i Tr(Fr
∣∣
Hi(G )). (3)

Finally, we can give the geometric statement about G , which will imply Theorem 5.1.

Lemma 5.5 (Vanishing Lemma). Let G = pr!(i∗ξ (F )⊗Lχ). All cohomologies Hi(G )
vanish except for i = 1. Moreover, H1(G ) is a two dimensional vector space.

Theorem 5.1 now follows easily. By Lemma 5.5 only the first cohomology H1(G ) does
not vanish and it is two dimensional. Having that w(G )≤ 0 implies that the eigenvalues
of Frobenius acting on H1(G ) are of absolute value ≤√p. Hence, using formula (3) we
get |aχ | ≤ 2

√
p.

Proof of the Vanishing Lemma. Step 1. All tori in Sp are conjugated. On intro-
ducing coordinates, i.e., V ' A2, we make the identification Sp ' SL2. In these terms
there exists an element S ∈ SL2 conjugating the Hecke torus TA ⊂ SL2 with the standard
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torus T =
{
(a 0

0 a−1

)} ⊂ SL2, namely STAS−1 = T. The situation is displayed in the
following diagram:

SL2×A2 αS−−−→ SL2×A2

iξ

x iη

x

TA×ξ
αS−−−→ T×η

pr
y pr

y
pt pt

where η = S ·ξ and αS is the restriction of the action α to the element S.
Step 2. Using the equivariance property of the sheaf F (see Theorem 5.3, property 3)
we see that it is sufficient to prove the Vanishing Lemma for the sheaf Gst := pr!(i∗η F ⊗
αS !Lχ).
Step 3. The Vanishing Lemma holds for the sheaf Gst . We write η = (λ ,µ). By Theorem
5.3 Property 4 we have i∗η F ' Lψ( 1

2 λ µ a+1
a−1 )⊗Lσ(a), where a is the coordinate of the

standard torus T and λ ·µ 6= 02. The sheaf αS !Lχ is a character sheaf on the torus T. A
direct computation proves the Vanishing Lemma. ¤
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