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ABSTRACT. Given a fixed p # 2, we prove a simple and effective charac-
terization of all radial multipliers of FL?(R%), provided that the dimen-
sion d is sufficiently large. The method also yields new L7 space-time
regularity results for solutions of the wave equation in high dimensions.

INTRODUCTION

In this paper we study convolution operators with radial kernels acting on
functions defined in R%. These can also be described as Fourier multiplier
transformations 7T;,, defined by

Tmf = mf,
with radial m. The main question we will be interested in is when the
operator T, is bounded on LP (]Rd), 1 < p < 00. By duality, the boundedness
of T}, on LP is equivalent to its boundedness on L? where 1—1) + L =1, so we

P
may restrict ourselves to the range 1 < p < 2.

A simple characterization of convolution operators bounded on LP (whe-
ther radial or not) is known only in two cases: p = 1 and p = 2; namely,
boundedness on L' holds if and only if the convolution kernel is a finite
Borel measure and boundedness on L? holds if and only if the multiplier is
an essentially bounded function (see [14]). It is currently widely believed
that for 1 < p < 2, a full characterization of all FLP multipliers in reason-
able terms is impossible. For the class of radial multipliers we deal with in
this paper, numerous sufficient conditions for boundedness on LP have been
obtained in the literature. Many of them are in some or another sense close
to being necessary (cf. [3], [1], [16], [2], [31], [19], and references in those
papers) but no nice necessary and sufficient conditions have been known.
However, recently, Garrigés and the third author [10] obtained a perhaps
surprising characterization of the radial multiplier transformations that are
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bounded on the invariant subspace L , of radial L? functions in the range
l<p< % (which is optimal for their result). This raised the question
whether the necessary and sufficient conditions in [10] actually give a char-
acterization of the radial multiplier transformations bounded on the entire
space LP(R?). The main result of the present paper is to show that this
is indeed the case if the dimension is sufficiently large, namely if d > 22

2—p>
1<p<2

1. STATEMENT OF RESULTS

Theorem 1.1. Letd >4, 1 <p < pgq:= %, and let m be radial. Fix an

arbitrary Schwartz function n that is not identically 0. Then

- d/ .
(1.1) 1Tl = sup t9P Tl )]]], -

The finiteness of the right hand side is, obviously, necessary for the LP
boundedness, and the main result here is that it is also sufficient. The
constants implicit in this characterization depend (of course) on the choice of
7. The condition in (1.1) is equivalent to sup; [|[F~[m(t-)7]||, < co. If one
chooses 7 to be radial and such that 77 is compactly supported away from the
origin, then one recovers one of the characterizations for L? , boundedness in
[10]. Consequently, in the given range L? boundedness is equivalent to L
boundedness. We refer the reader to [10] for other equivalent formulations.

One special situation is worth mentioning here. Namely, if m is compactly
supported away from the origin and 1 < p < pg, then the convolution
operator is bounded on LP(R?) if and only if the (radial) convolution kernel
m belongs to LP(R?).

We have no reason to believe that the range for p in Theorem 1.1 is even
close to the optimal one. It is conceivable that the characterization holds
in low dimensions or even in the optimal range p < %, but proving that
will certainly require new ideas. We also emphasize that the theorem gives
no improvements for the Bochner-Riesz multiplier problem that is by now
understood in the range p < %, d > 2 (see [3], [16]). Our result just goes
in a different direction: it applies to all, however irregular, radial kernels
and it is to be expected that, using some additional structural or regularity
conditions, one may get some better range of p for each particular case.
Nevertheless, our technique does yield some improvements upon the existing
results in the so-called local smoothing problem for the wave equation in high
dimensions. This concerns inequalities of the form

S 1/q
(12) (f1e==sigar) ™ < 1.
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for ¢ > 2; here I is a compact interval and L% (R?) denotes the usual Sobolev
(or potential) space where ¢ is the Lebesgue exponent and « is the number
of derivatives. Sharp L?-Sobolev inequalities for fixed time were obtained
by Miyachi [17] and Peral [22]; they showed that the operator e™V=A maps
L%(Rd) into LI(R?) provided that 8 > (d — 1)[1/2 —1/q|, 1 < ¢ < 0. In
[25] Sogge raised the question whether the averaged inequality (1.2) could
hold with a gain of almost 1/¢ derivatives compared to the fixed time esti-
mate, i.e., with a > a(q) = d(1/2 — 1/q) — 1/2, in the best possible range
g > 2d/(d — 1) for such an estimate. This conjecture is at the top of a
tree of other conjectures in harmonic analysis (including the cone multi-
plier, Bochner-Riesz, Fourier-restriction and Kakeya conjectures) and the
relation between the different questions is discussed, for example, in [27].
The current techniques seem to be insufficient to settle this problem, as well
as many of its consequences, in the full range of ¢’s. Some evidence for
the smoothing conjecture can be found in [19] where the analogous question
for the Lia d(Lgph) scale of spaces is settled. For the LY spaces even partial
results proved to be rather hard and the first result was obtained by Wolff
[31]; he established, in a deep and fundamental paper, the validity of Sogge’s
conjecture in two dimensions for the range ¢ > 74. Versions of this result
for the higher dimensional cases were obtained by Laba and Wolff [15] and
further improvements on the range of ¢’s are in [9], [11]; it is now known
that Wolff’s main ¢9(L9) — L7 inequality for plate decompositions of cone
multipliers, which implies (1.2) for a > a(q), holds with ¢ > 20 if d = 2 and

q>2+4 5530 if d > 3 (cf. [11]).

We improve the current results on the smoothing problem in two ways.
First, we widen the range in dimensions d > 5. Secondly we strengthen
Sogge’s conjecture to obtain an endpoint result in (1.2) in dimensions d > 4.

Theorem 1.2. Suppose d > 4 and q¢ > qq = 2 + d;i?)‘ Then there is a
constant Cy q such that for all L > 0,

L

(1.3) oz ) e Rl < Cqalla — L2y

holds for a = a(q) =d(1/2 —1/q) — 1/2.

We remark that this result can be strengthened further by using suitable
Triebel-Lizorkin spaces, see §10. A similar phenomenon occurs for solutions
of Schrodinger type equations, see [23].

A downside of our method is, of course, that it currently does not yield
LP results in two and three dimensions. However, when it does apply, it
is somewhat simpler than the induction on scales methods introduced by
Wolff. We also remark that we do not improve on the current range of the
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above-mentioned Wolff inequality for plate decompositions, which has other
applications and is interesting in its own right.

Structure of the paper. In §2 we explain the basic idea of the paper, which
is that weak orthogonality properties may be combined with support size
estimates to prove satisfactory LP bounds. Here we also state a basic in-
terpolation lemma which is related to the Marcinkiewicz theorem and will
be used throughout the paper. The main section is §3 where we outline the
proof of a discretized version of Theorem 1.1 for a fixed scale. A crucial
L? estimate needed for this proof is done in §4. The characterization of LP
boundedness for radial multipliers that are compactly supported away from
the origin is proved in §5. In §6 we give an important refinement of the ear-
lier estimates, which is crucial for putting scales together. This is completed
in §7 where the relevant atomic decomposition techniques are introduced
and applied. The proof of Theorem 1.1 is concluded in §8. In §9 we state an
extension to HP spaces, p < 1, which holds for dimensions d > 2; moreover
we obtain Lorentz space bounds (including weak type (p,p) inequalities).
The last section §10 contains the proof of (a somewhat strengthened version
of) Theorem 1.2.

Notation. For two quantities A and B, we shall write A < B if A < CB for
some positive constant C, depending on the dimension and possibly other
parameters apparent from the context, for instance Lebesgue exponents.
We write A < Bif A < B and B < A. The cardinality of a finite set £ is
denoted by #&. The d-dimensional Lebesgue measure of a set E C R? will
be denoted by meas(FE) or by |E|.

Remark. This paper is a descendant of the unpublished manuscript [20] with
the same title in which Theorems 1.1 and 1.2 were proved in dimensions
d > 5 for slightly smaller ranges of p and ¢q. The approach in the present
paper simplifies the one in [20] and was inspired in part by an idea in [13].
The authors would like to thank Gustavo Garrigés and Keith Rogers for
their comments on various preliminary versions of [20].

2. L? BOUNDS VERSUS SUPPORT: A SIMPLE MODEL CASE

Since we do not know how to exploit cancellations in LP directly, we
use the strategy of controlling the L? norm and the size of the support
simultaneously to get our LP bounds. We start with describing a simple
model case for which we have some limited orthogonality, but not enough
to prove a favorable L? bound.
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Lemma 2.1. Suppose we are given a finite number of complez-valued L?-
functions {f.} indexed by z € Z such that each function f. is supported in
a cube Q. of sidelength 1. Suppose also that the family {f.} satisfies

(2.1) [(for ) < (U412 = 2') 77,

for some 8 € (0,d). Then forp < 2d 6’

(2:2) | or] = (Sar)™.

The implicit constant in (2.2) depends on d, 5 and p. Note that (2.2) is
trivial for p < 1. We remark that if (2.1) were assumed for some 3 > d,
then inequality (2.2) would also be true for p = 2 and thereby for 1 < p < 2
by interpolation. The assumption (2.1) for § < d is too weak to yield the
¢?> — L? bound. Instead we have to use some improved support properties
when several of the cubes @), overlap.

Proof of Lemma 2.1. We shall first prove a weaker (so-called restricted strong
type) inequality that includes the endpoint; namely for 1 <p < 5 d 5,

(2.3 | >k,

We may assume that sup, |a.| = 1. Let z, € R? be the center of the
cube @, of sidelength 1 supporting f,. Split R? into nonoverlapping cubes
J of sidelength 1, put £, = {z € E : z, € J}, and define u, = #FE,
so that #E = > ;u,. We have to bound the L” norm of ZJ s Where

FJ = ZzGEJ a’ZfZ'

S (#E)YP Suplazl

Now observe that at each point € R, at most 3¢ of the functions F'  can
be non-zero simultaneously. Therefore

P od
IS5 <3 m.
J P J

Now, according to our weak orthogonality assumption about the functions

f», we have
151 <> > a+lz=2)

zEE z EEJ

Z Z (1+|z—z’|)_ﬁ§u3_ .

ZGE /IZ z’\<\/_u1/d

al®
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The measure of the support of F is at most 24 and therefore, by Holder’s
inequality, [|[F|l, S [|F}|l2. Hence

IS5 (el < (St
J 7 ;

and if (2 — g)% < 1, then the last expression is bounded by (3 uJ)l/p <
(#E)YP. This yields (2.3).

The improved bound (2.2) can be deduced by using interpolation theorems
for Lorentz spaces (see [26], ch. V). Consider the operator on sequences
a = {a;},cpa, given by Tla] = > a.f.. Then (2.3) states that T maps
the Lorentz space 7! to LP, for p < 2d/(2d — ) and, by interpolation, one
deduces the inequality (2.2) in the open range p < 2d/(2d — f3) O

We wish to give a direct proof of the last interpolation result based on
a dyadic interpolation lemma, which will be frequently used in this paper.
For closely related considerations see also the expository note [29] by Tao.

Lemma 2.2. Let 0 < py < p1 < oo. Let {F}}jcz be a sequence of mea-
surable functions on a measure space {2, u}, and let {s;} be a sequence of
nonnegative numbers. Assume that, for all j, the inequality

(2.4) || Fj|[Pr < 27P MPvs;

holds for v =0 and v = 1. Then for all p € (po,p1), there is a constant
C = C(po,p1,p) such that

(2.5) H ZFjHZ <crmr . 2ivs,
j j

There is an analogous statement for the case py = 0 where the assumption
(2.4) for v = 0 is replaced with meas({x : Fj(x) # 0}) < s;, and the
conclusion (2.5) holds for 0 < p < p1.

To see how this is used to derive (2.2) from (2.3), we consider the sets
of indices E; = {z € Z% : 2771 < |a,| < 2/} and define F; = ZzeEj afs.
Then ||F]||1£p < 2/P4E; for all p € (0,2d/(2d — )] by (2.3). Thus Lemma

2.2 immediately yields |, a. £} = |5, Byl S X, 294E; S ¥, Ja.lp
for all p < 2d/(2d — ).

Proof of Lemma 2.2. First, replacing F; by M ~!F};, we can reduce the state-
ment to the case M = 1. Now, for n € Z, denote by L}, the set where
2H < |Fy| < 244 and put Fj, = X, Fj. Then Fj = 35, 5 Fj,. Ob-
serve that if b; is any numerical sequence]éuch that for every j, the absolute
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value of b; either is 0 or belongs to [27,2771), then 122, 0;F < 525 1b5/P.
Applying this observation to 27" %" j Fjn, we see that for fixed n and =,

S Ea@)| 5 (1B @)
J J
and therefore
DI
J
By Chebyshev’s inequality,

meas ({z : [Fj| > 271"}) < min{2770", 277"},

p ] '
» 5 Z Hqug 5 Z2O+n)pmeas({a: : ‘F]‘ > 2j+n}).
J j

Thus,

Y . 1/p
H2;5h1p52 mm(g;y%a

where o = min{p; — p,p — po}. We sum in n to get the statement of the
lemma for the case py > 0. The case pg = 0 is very similar and is left to the
reader. U

3. THE MAIN INEQUALITY

In this section we shall prove the main inequality of this paper, which
turns out to be the key estimate for the case when our multiplier has compact
support away from the origin; this application is discussed at the end of the
section.

In what follows, we denote by o, the surface measure on the (d — 1)-
dimensional sphere of radius r centered at the origin. We shall denote by v,
a fixed radial C'*° function that is compactly supported in a ball of radius
1/10 centered at the origin, and whose Fourier transform 1, vanishes to high
order (say, 20d) at the origin. We set 1) = 1) * 1)s.

Consider a 1-separated set ) of points in R% and a 1-separated set R of
radii > 1. Also set

Ri = RN 28, 2FF1), k> 0.
For y € Y and r € R, define
(3.1) Fy,=o0rx¢(-—y).

Proposition 3.1. Let € be a finite subset of Y xR and let & = EN(Y X Ry).
Let ¢ : € — C be a function satisfying |c(y,r)| < 1 for all (y,r) € E. Then,
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2d—2
for p <pa= <

(3.2) H > clyr)Eyy

(y,r)e€

P
< 2k(d—1) #gk7
here the implicit constant depends only on p, d and 1.

Proposition 3.1 implies stronger estimates, namely,

2d—2
d+17

(3.3) H Z y(y,r)Fy,rp,ﬁ( Z |’7(y77~)|p7,d_1)1/p'

(y,r)EYXR (y,r)EYXR

Corollary 3.2. For Fy, as in (3.1) and p < pg =

Also,
(3.4) H /]Rd /100 h(y,r)Fy, drdpr /]Rd/ (y,r)|Pr?tdr dy) l/p.

Proof. Denote by &7, j € Z, the set of all (y,7) € Y x R for which 2/~ <
lv(y,m)| < 27. By Propos1t10n 3. 1 we see that || 32, yeei v(y,7) Fy b is
dominated by Cp27P D ()i T L for all p < py, and (3 3) follows by the
dyadic interpolation Lemma 2.2.

To prove (3.4), we write y = z 4+ w, where z € Z%, w € Q, := [0,1)% and
r=n-+7 wheren € N, 0 < 7 < 1. Then, by Minkowski’s inequality, the
left hand side of (3.4) is dominated by

// HZth—l—w N+ T)Fofwntr dwdT
Q0>< [0 1 Zd n=1
1/
5// (Z Z|h(z+w,n+7')|p(n—|—7')d_1) ® dw dr.
QOX[Ovl) z€Zdn=1
Now (3.4) follows by Hélder’s inequality. O

If h has a tensor product structure, namely, h(y,r) = g(y)3(r), then the
expression [[ h(y,r)F,,dr can be interpreted as a convolution of a radial
kernel with g. In §5 we shall see how this model case implies the version of
our theorem for radial multipliers that are compactly supported away from
the origin.

We shall present the proof of Proposition 3.1 (leaving one part to the next
section).
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Estimates for scalar products. We aim at a good L? estimate for
> cyrFy, and make use of some (albeit weak) orthogonality property of
the summands. This property is expressed by

Lemma 3.3. For any choice of r,7’ > 1 and y,y’ € R?

(7’7’ )d21

A+ly—y|+r—r)=

(3.5) (Fyr, Fy)| S

Proof. Note that o,.=7"1o1(r!-) in the sense of measures and that 7, (&)=
r=151(r). Next, 51(€) = Ba(|€]) where By(s) = cas™@"2/2.J4_9 j5(s) (and
J. denotes the usual Bessel functions). Thus |By(s )| < (14 |s))~@=D/2 (see

[26], ch. IV). Now ¢ is radial and we can write (¢) = a(|¢|) where a is
rapidly decaying and vanishes to high order at the origin. By Plancherel’s
theorem, the scalar product (Fy,, F,/,/) is equal to a constant times

[r@am@idere 9

=) [ Balr) B o) Bally = o' \p)la(p) P dp
The decay properties of By and the behavior of a imply that
(7‘7")%
(I+ly—y)=

which gives the claimed bound for the range |r — /| < C(1+ |y — ¢/|). But
if |r —7'| > 14|y — /|, then F,, and F,,s have disjoint supports. Thus in
this case (F),,, Fy,7) = 0. The lemma is proved. 0

‘<Fyr7F’ ’>

Remark 3.4. Taking into account the oscillation of the Bessel functions, one
can obtain the improved bound

(Fyrs Fyo)| < On(r) T (Lt ly — /') T Y (1 frtr’ £y —y/|])”
i

We shall not use it in our proof.

The exponent (d —1)/2 in the denominator in (3.5) is too small to use
orthogonality in a straightforward way; this is analogous to the weak ortho-
gonality assumption in Lemma 2.1. However if we impose a suitable density
assumption on the sets &£, then we can prove a satisfactory L? bound. To
quantify this, we give a definition.

Definition 3.5. Fix R > 1 and u > 1. Let £ be a finite 1-separated subset
of R? x [R,2R). We say that & is of density type (u, R) if

#(BNE) < udiam(B)
for any ball B ¢ R4 of diameter < R.
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If we drop the restriction on the diameter then for any ball B and any set
& of density type (u, R),
diam(B)

7 >dudiam(B).

(3.6) #(BNE) < cd<1 +

This is immediate from the definition.

We shall prove in section §4 the following L? inequality based on Lemma
3.3.

Lemma 3.6. Let u > 1, and, for each k > 0, let & C Y X Ry be a set of
density type (u,2F). Assume that |c(y,v)| <1 for (y,r) € Y x R. Then

CEIN DS SRS
k

(y7r)egk

2 2 _
zgudlbgz+m%;ﬁW”#&,

Density decompositions of sets. Assume that £ C Y x R is a finite
l-separated set. Let & = £N (Y x Ry) (i.e., only radii in [2%,2F+1) are
involved). We consider v € U = {2",v = 0,1,2,...} and decompose the
sets &, into subsets of density type (u,2").

Let é’\k(u) be the set of all points (y,r) € & that are contained in some
ball B of radius rad(B) < 2F such that

(3.8) #(E N B) > urad(B).
Also set R R
Er(u) = E(u)\ ] &),
u el

Finally set £(u) = U, Ex(u).
Lemma 3.7. The sets £(u) have the following properties.

(1) € = Uners E() = Uy Uiso €k (1) and the unions are disjoint.

(ii) If B is any ball of radius < 2% containing at least v rad(B) points of
&L, then

BN& C E(u) = U Ex(u).
uiglxl

(iii) There are finitely many disjoint balls By, ..., By (depending on u
and k), of radii < 2* such that

(3.9) > rad(B;) < uT#E,
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and
R N
(3.10) Ex(u) C | J B,
=1

where B} denotes the ball with rad(B}) = 5rad(B;) and the same center as
B;.

(iv) Ex(u) is a set of density type (u,2F).

Proof. In order to prove (i), it suffices to observe that gk(20) = & and
Ek(u) = @ when u is sufficiently large. (ii) follows immediately from the
definition of the sets & (u) and & (u).

To prove (iii), cover the set & (u) by a finite number of balls satisfying
(3.8). We apply the Vitali covering lemma to this family of balls and select
disjoint balls B;, i = 1,...,N(k,u,&) so that the five times dilated balls
B cover &x(u). This yields (3.10). The inequality (3.9) follows from the
disjointness of the selected balls and condition (3.8).

To prove (iv), let (y,7) € & (u). By definition (y,7) ¢ &:(2u) and thus,
for any ball B of radius rad(B) < 2¥, the number of points in & contained
in B is less than 2urad(B) = udiam(B). Thus & (u) is of density type
(u, 2%). O

We now set

(3.11) Gui = Z c(y,r)Fy, and G, = Z Guk-
(y,r)€Ek (u) k

From the support properties of o, x1 it follows immediately that G, j is sup-

ported in a set of measure < 2k(d_1)#5k(u), hence of measure < 2k(d-D g,

By the properties of E(u) we get the following improved bound.

Lemma 3.8. For all uw € U, the Lebesgue measure of the support of G, is
5 u—le(d—l)#gk'

Proof. We use (3.10). Let (y;,r;) be the center of B}. Then, for every pair
(y,r) contained in B}, the support of ¢(y, 7)o, * (- — y) is contained in the
annulus of width not exceeding 4rad(B])+ 1 built on the sphere centered at
y; of radius r;. Also, note that the estimate for the width of the annulus does
not exceed the estimate for the radius of the sphere it is built upon, so we can
conclude that the volume of this annulus is < 2k(d_1)rad(B; ). Consequently
the measure of the support of G, j, does not exceed Cg2*(@=1) Zfil rad(B}),
and hence, by (3.9), it does not exceed 5C;2F( @1y =148, O
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We now combine the L? bound of Lemma 3.6 and the support bound of
Lemma 3.8 to get an LP bound; for later reference in §6 this is formally
stated as

Lemma 3.9. Suppose d > 4. Let G, be as in (3.11) where the sets E(u)
are defined using the density decomposition of E,. Then, for p < 2,

1
[Gully S w10 log@ T uy (3 240D e)
k

Proof. By Lemma 3.6, |G| < log(2 +w)u?/(@=1 37, 2kd=1) 46, Combin-
ing this with the support bound of Lemma 3.8 we obtain

1—p/2
|G|l < (meas(supp(Ga))) 21 Gl

1-p/2
< <Zmeas(supp(Gu,k))) 1Gullb,
k

which is < u_(l_%)(log@ + u)u%)g >, 2R gy We finally note that

—1+8+25= (pld - %)p, and the lemma is proved. O

The proof of Proposition 3.1 is now complete since for p < py, we can
sum the bounds for |Gy, over u € U.

4. PROOF OF LEMMA 3.6

We are working with sets & C )Y X Ry, which have the property that
every ball of radius p < 2¥ contains < up points in &;. Let

Gk: Z C(yar)Fy,r

(y,r)eé'k

with ||c[loc < 1. Our task is to estimate the L? norm of Y, Gx. We may
break up this sum into ten separate sums, each with the property that k
ranges over a l0-separated set of natural numbers. We shall assume this
separation property in all sums involving a k-summation.

It will be convenient to avoid scalar products of expressions of G, involv-
ing k < log(2+4u). Let N(u) be the smallest integer larger than 10 logs(2+u).
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Split the sum as Zng(u) Gy + Zk>N(u) G}, and then apply the Cauchy-
Schwarz inequality. We thus obtain

sl me ol 3 16+ 3 ol

<N(u) k>N (u

(4.1) Slog2+u)| Y IGHE+2 D [(Gu, G-
k

k/>k>N (u)

We begin with estimating the double sum Zk’>k>N(u)|<Gk'7Gk>|' In this
sum we have various scalar products of F,, with Fy r where r < R275.
Let us fix the pair (Y, R) and examine the sum of the absolute values of
such scalar products when (y,r) runs over & with 28 < R/4. The scalar
product (F,,, Fy,r) can be different from 0 only if y lies in the annulus of
width 28! 4+ 2 built upon the sphere of radius R centered at Y. Moreover
2F < p < 281 The set of all pairs (y,r) € Y x R satisfying these conditions
can be covered by < R?¥127kd=1) balls (in R41) of radius 2%. Each such
ball can contain only u2F*! pairs (y,r) € & by our assumption on . For
each such (y,7), the scalar product (F ., Fyg) is O(2¥@=1/2) by Lemma
3.3. Consequently, for fixed (Y, R),

> [(Fyr, Fyp)| S RT127HE712 08

(yvr)egk
and therefore (as N(u) = 10logy(2 + u))
> > [(Fyr Frg)| SR Y 27MEDR 98 < RO
k:2NW) <2k <R/4 (y,r)EEK k>N (u)

here we used that d > 3 and summed a decaying geometric progression
whose maximal term corresponds to k = N(u)+10. Since (d—1)/2 > 1, we
see that the geometric decay cancels the large factor u in the last displayed
formula. It remains to sum these estimates over pairs (Y, R) to get the
bound >y pyee RI=1 < S, 2Rd=Dg for the sum of scalar products in
(4.1).

Now that we have dealt with the interaction of incomparable radii, we can
concentrate on estimating ||Gy||3 for each k separately. It is convenient to
arrange the radii in intervals of length u® for some a > 0 and then apply the
estimates of Lemma 3.3 to scalar products arising from different intervals;
we shall see later that the choice of a = 2/(d — 1) is optimal.

Let Ij,, = [2F + (u — 1)u®, 2% + pu®) for p=1,2,..., and let &, be the
set of all (y,r) € Y x I, that belong to &. Set

Gk,u = Z C(y, T)Fy,r-

(y7r)€6k,u
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We need to estimate the L2 norm of > u G- By splitting the p sum into
ten different sums we may assume that p ranges over a 10-separated set and

bound )
HZGkvu‘LrSZHGkvMH;"'Q Z ‘<Gk7u”Gk,u>|'
B % W >p+10

Again, we shall first estimate the sum of the various scalar products, using
the assumption that the sets & are of density type (u, 2k). We claim that

(4.2) Z {(Grps Grp)| S ulme Dt okd-Dug,
w>p+10

To see this, we pick again some pair (Y, R) € &, and examine how it
interacts with pairs in &, , where p < p'—10. Note that if (y, r) is such a pair
for which the scalar product is non-zero, then we must have |y — Y| < 2k+3
and, since |r — R| < 281, we conclude that |(y,r) — (Y, R)| < 28+* in RI+L,
Moreover, |r — R| > u® and thus the sum of the scalar products in which
the pair (Y, R) participates is

S 2K > |(y,7) = (Y, R)[7- 172,
(y,r)€E:
u“S'(yvr)_(YvR)|S2k+5

Now we use the assumption that & is of density type (u,2*) (¢f. (3.6)) and
estimate the displayed sum by

C,2kd=1) Z (u25)2_é% < 2k(d—1)u1—ad?3;
Qézua
here we have used again that d > 3. We sum over all (Y, R) € &, and then

over all y/. Then the left hand side of (4.2) is < ul=a%5 gk(d-1) > HEh s
and (4.2) follows.

We now estimate the L? norm of each G, Foreachr € Ry, = I, ,NR,
let
Gk‘,,u,r = Z C(y, T)Fyﬂ"
y:(y,r)E€EK
The conclusion of Lemma 3.3 is now too weak to give satisfactory results;

instead we apply the Cauchy-Schwarz inequality with respect to r and use
that the cardinality of Ry , is < u®. Thus
2 2
1GR3 S u D (1G5
TERk,H
Now Gy ., is the convolution of Zy:(y,r)e&c,u c(y,r)o (- — y) with oy * 1s.
By the standard decay estimate for the Fourier transform of the surface
measure on the unit sphere, we have

6,(6)] < rT (1 +rje) T
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and, since QZO vanishes to high order at the origin, we also have, for r > 1,
(4.3) 15 Do [|oe < r@-1/2,

Since Y is 1-separated and the support of v is contained in a ball of radius
1/2, we conclude that

|Grpurll3 STy € Vi (y,7) € Ep}
and thus
S NGkalE Su* D> Y N1Gkuell3 S ut2bD e
17

14 TER}C’“
Combining this bound with (4.2) yields

IG5 < (u? + ul™e ) 28D gy

The two terms balance if a = 2/(d — 1) and with this choice the previous
bound becomes ,

1Gx|l3 S wa-12b@-Dpg,.
Finally, we use this to estimate the first term in (4.1) and combine the result-
ing bound with the earlier bound for the mixed terms in (4.1) to complete
the proof of the lemma. O

5. APPLICATION TO COMPACTLY SUPPORTED MULTIPLIERS

Now let m be a radial Fourier multiplier supported in {1/2 < [{| < 2}
and let K = F~1[m]. Since K is radial, we can also write K = (| - |) for
some k. We shall prove the estimate

(5.1) K fllp S Kl fllp, 1 <p < pa

Let 1, be a radial Schwartz function whose Fourier transform is supported
in {1/4 < [¢] < 4} and such that 77,(¢§) = 1 on the support of m. Let 1,
be a radial C™ function with compact support in {|z| < 107!} with the
property that Je and all its derivatives up to order 20d vanish at the origin
but () > 0 on {1/4 < || < 4} . This is easy to achieve (take a radial
function xy € CS° such that X(0) = 1, then define ¢, = AYA[x(\.)] for a
sufficiently large \; here A denotes the Laplacian in R?).

Let n = f_l[ﬁo(&,)_z]. Then K x f = 1), * K %1, * g where g = nx f and
clearly ||gll, < [ f]lp- We split K = Ko+ Ko where Ky = KX{|:c|<1}' Since
|Koll1 < ||K||, the operator of convolution with Ky is clearly bounded on

all LP, 1 < p < oo, with operator norm O(||K]|,). Therefore it suffices to
show that the LP norm of 1), * Koo * 15 * g is controlled by C|| K|,/ gll,- We

set ¥ = 1, * Y, and observe that

(5.2) x Koo g = /1 h /R oy y) Rr)gly)dy dr
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By Corollary 3.2,

o Kow gl < ([ InIprttar) " ( [lawlray) "

This establishes (5.1).

6. A VARIANT OF COROLLARY 3.2 INVOLVING LARGE RADII

The following estimate for convolution operators with radial kernels will
be used in conjunction with atomic decompositions to extend the one scale
situation of §5 to the general case. We consider radial kernels with cancella-
tion that are supported in {|z| > 2¢}. The crucial feature is an exponential
gain in ¢, which will be useful when putting different scales together. For
v € Z, let WY be the tiling of R? with dyadic cubes of sidelength 2¥, i.e.,
the set of cubes of the form

(2127, (21 + 1)2Y) X -+ X [242", (za + 1)2Y), 2= (z1,...,2q) € Z%.

Proposition 6.1. Let 1 < p < pg and € < (d — 1)(% - i). Let ¢ > 0. Let

K be a radial convolution kernel supported in {x : |x| > 2¢}. For s € Z, let
Ky = 20K (25), by = 25%)(2%-). Then

1/
6.1)  [loss Korgl, SUKI2 (Y0 meas(W) lgxy 1% ) -
Wewt—s

The constant implicit in (6.1) depends on e.

We prove a variant of Corollary 3.2, which involves only radii » > 2¢ and
corresponds to the case s = 0 of the proposition. Let F,, be as in (3.1).

L), Then, for ¢ >0,

Lemma 6.2. Let 1 <p<pg and e < (d — 1)(% -

(6.2) H/Rd /; h(y,r)Fy,rdrdy(]p

—leotd/p > p d—1 1/p
<272 ( Z sup |h(y, r)[Pr dr) .
r=2¢ Wewe yew

Proof. We shall base the proof on the arguments in §3 and first prove a
discretized version. Let ), R be l-separated subsets of R? and [1,00) re-
spectively. Inequality (6.2) follows from the following discretized version by
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the averaging argument employed in the proof of Corollary 3.2.

©3) | Y vwnm.
(y,r)EYXR
r>2¢

- _\r
S (3N sup g r)prtt)
rER Wt yeYNW

For j € Z, r € R, let W(j,r) be the set of all W € W* for which 27 <
supgep [v(x, )| < 2771 For each y € Y, let W (y) be the unique cube in W*
that contains y, and for each j € Z, let & (j) be the set of all (y,7) € Y X Ry,
with the property that W(y) € Wf(j, r). Apply the density decomposition
of Lemma 3.7 to the sets £;(j) and write & (j) = >,y Ex(j,v) as in that
lemma. Lemma 3.9 applied to the set Ug>¢ E(j, u) yields

(6.4) H Z v(y, T)Fy,r < w9Poip Z Z T‘d_l,

(y,r)e k>t (y,r)€&k (j,u)
Uk>eEx (J,u)

for 6 < % - pid‘ Now we use that &£ (j,u) is of density type (u,2F). Since

k > ¢, this implies that for every u € U, every j, every W € W¢, and every
r € [2F, 28T, the slice E(j,u, W,r) == {y € YNW : (y,7) € &.(,u)}
contains O(u2¢) points. Also, since ) is 1-separated, the cardinality of each
slice is < 2. Therefore the right hand side of (6.4) is controlled by

23 3 L S (o, Wr)

k>t reRy Wewt

SPPC(Lu) Y Y W),

k>0 reRy
with C(£,u) := u~% min{u2’, 2°¢}. By interpolation (Lemma 2.2),

(DD DEOROI I

J (yr)EUk> ek (j,u)

< C(t,u) 22”2 > W)

k>0 reRy

C(l,u) Z Zrd 1sup]’yy, r)[P.

WewtreR

We sum geometric progressions to get > C(,u)t/r < 2-told=1)old/p,
Hence, with ¢ = (d — 1)4,

DD RRALY

J o (yr) reR Wewt
Uk>l£k( )

This proves (6.3). O

< 2—661727»61 1 Z meas(W) sup [y(y, )|’

yeWw
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Proof of Proposition 6.1. By scaling we may assume s = 0. As in §5, we
write

Y * Koo *g—/ﬂ / Yxor(-—y)K(r)gy) dy dr.
K/

Apply Lemma 6.2 with h(y,r) = k(r)g(y) and notice that the right hand

side of (6.2) is equal to

([ e ) (5 meast9l 1)

wewt

7. ATOMIC DECOMPOSITIONS AND THE PROOF OF THEOREM 1.1

The purpose of this chapter is to prove Theorem 1.1 for one particular
Schwartz function n whose Fourier transform is compactly supported away
from the origin (for the extension to more general 7 see §8). We follow the
presentation in §3.1 and introduce a radial Schwartz function 7, such that
7o is supported in {£ : 1/2 < |{| < 2} and satisfies

(7.1) Y 27 =
SEZL
for all £ # 0. Let ¢, be a C* function compactly supported in {z : |z| <

1/10} such that ¢, does not vanish in {£ : 1/4 < |¢| < 4} and does vanish
to order 10d at the origin. Let 1) = ¥, * 1, and

(7.2) n=F'[0:/0).
We shall use this particular 7 in the assumption of our theorem; in other

words, we shall assume that sup,sq || Tm[t¥?n(t-)]|l, < B, < co. For s € Z,
let

Hy = F ' i()m(2°)).
By our assumption,

(7.3) sup [ Hsllp < Bp.
SEZL

Now let K, = 254 H(28-), 1, = 259)(28-) = 25%(1ho %105 )(2°-), ms = 2°9n(28-).
By (7.1) and our definitions, we have the decomposition

Tmfzz¢s*ws*Ks*fs

where

(7'4) fs:'r/s*f-
We may assume that f is a Schwartz function whose Fourier transform is

compactly supported away from the origin; this class is dense in LP(R?),
1 < p < oco. For those functions, the sum in s is finite.
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We shall work with atomic decompositions constructed from Peetre’s max-
imal square function (cf. [21], [30] and [24]) using ideas from work by Chang
and Fefferman [4]. The nontangential version of Peetre’s expression is

s = (X sw Iferl) "

5 lyl<10d-2—s

Then the LP norm of Sf is controlled by || f]|, if 1 < p < oo, and by the
Hardy space (quasi-)norm | f||g» if p < 1. These statements follow, for
example, from the Fefferman-Stein inequalities for the vector-valued Hardy-
Littlewood maximal operator ([6]).

Put Uy = 94 x1s. The proof of the LP boundedness of T}, reduces to the
inequality

(7.5) H S0 K+

, N Bp”Spra 1 <p<pg;

here we now assume that the sum in s is over a finite set of integers. In what
follows, we will make several decompositions of the Schwartz functions fs
(involving even rough cutoffs) and the a priori convergence of various sums
can be justified by using the rapid decay of the functions.

The cancellation of the functions 5 is crucial for the estimation of the
left hand side in (7.5) and various similar expressions. A simple tool is the
inequality

(7.6) 1> s b

<o(Ximp)" 1sr<a,

with a constant C' depending only on ¢. This is immediate from Plancherel’s
theorem for 7 = 2, trivial for 7 = 1 and true by interpolation for 1 < 7 < 2.
Inequality (7.6) is not enough to put the estimates for the various scales
together, and in addition we have to use an “atomic decomposition” of each
fs, which we now describe.

For fixed s, we tile R? by the dyadic cubes of sidelength 27%; and we shall
write L(Q) = —s to indicate that the sidelength of a dyadic cube is 27%. For
each integer j, we introduce the set Q; = {z : Sf(z) > 2/}. Let Q: be the
set of all dyadic cubes for which L(Q) = —s and which have the property
that |Q N Q| > |Q|/2 but |Q N Q1] < |Q|/2. We also set

Q) = {a: My, (z) > 100~4}

where M is the Hardy-Littlewood maximal operator. Q; is an open set
containing Q; and [Q}] < [€2;|. We work with a Whitney decomposition W;
of 7 into dyadic cubes W. Specifically, W; is the set of all dyadic cubes
W such that the 20-fold dilate of W is contained in Q; and W is maximal
with respect to this property. We note that each @ € Qj- is contained in a
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unique W € W;. This is verified by showing that the 20-fold dilate Q* of
@ belongs to Q7. Indeed, |Q* N Q;|/|Q*| > 2074Q N Q;]/|Q| > 40~%; hence
Q* C Q; We shall also need that the quadruple dilates W* of W, W € W;,
have bounded overlap (uniformly in j).

We now define some building blocks that are analogous to the usual atoms;
however they are not normalized, and, since we are mainly interested in LP
bounds for p > 1, we do not insist on cancellation. For each W € W, set

st Z stQ’
QeQ;
QCW

note that only terms with L(W) + s > 0 occur. We also need to consider
“cumulative atoms”, as any dyadic cube W can be a Whitney cube for

several Q; We set
Asw= > Acwy

JWew;
Note that
Yoo Aw=) Y Aawy
Weu;Ww; j Wew;

The following observations about atomic decomposition are standard (see
e.g. [4]), but included here for completeness.

Lemma 7.1. For each j € Z, the following inequalities hold.
(i)
Z ZHAS W]” S 22]111‘335( i)

wew; s

(ii) There is a constant Cq such that for every assignment W +— s(W)
defined on W;, and every 0 < p < 2,

Z meas(W)[| Ag), w5 < Cy2P meas(€);).
wew;

Proof. Using the definitions of the atoms, part (i) follows from the inequality

S 3 I3 S 2% meas(€)).
Xo

s QEQ;

To see this, observe that meas(Q\ 2;+1) > meas(Q)/2 for each @ € Qj, and
we also have @ C Q7. We use this together with Fubini’s theorem and see
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that the left hand side of (i) is bounded by
Do > meas(Q)foxgli <D D 2meas(Q\ Q1) [1foxg %

s QeQs s QeQs

< 2/ {Z sup \fs(x+y)‘2]dx < 2'22(j+1)meas(Q;)7
L\ - fyl< V2

which is < 2% meas(€2;).
Part (ii) of the lemma follows since

[Aswilleo S sup |foxg| < sup  [Sf(x)| <27
QeQ; 2€Q\Qy41
QCcw

and Yy ey, W] < 193] S 19 0

To establish (7.5) we need to verify the inequality

@ XX Y ek A S BISS
sj (>0 Wew; P
L(W)=—s+(

For each integer ¢ in this sum, we split the convolution operator K, into
short range and long range pieces, KEI} and Kigz. To define them, we first

look at the rescaled kernels Hg and set HEI}(:L") = H,(x) if |z| < 2¢ and
H(z) = 0 if |2| > 2°. Also HE\(z) = Hy(z) — H. Now set K% =
254 [51 (29.) and Kigg = QSdngZ(QS-). Finally, we split the sum in (7.7) into
two parts, replacing K, by K;I} and Kfz, respectively.

Now consider W with L(W) = —s + ¢ and note that the short range
convolution 1) * sz * Asw; is supported in the quadruple dilate W* of W;
thus for fixed j, all these terms are supported in Q;" We prove the short
range inequality

78 XX Y weekh A S BISII
5, (>0  WeW; T
L(W)=—s+¢

for p < 2d/(d+ 1), 7 < 2. The choice T = p is, of course, permitted for the
p-range of Theorem 1.1. To prove (7.8), it suffices to show that for fixed j,
and for 7 <2, p < 2d/(d+ 1),

(7.9) H S0 w K AS,WJHT < B727 meas(Q)).

s (>0 Wew,
L(W)=—s+¢£
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Indeed, by Lemma 2.2, inequality (7.9) implies that the left hand side of
(7.8) is controlled for 7 < 2 by By >, 2"meas(;) < B, ||[Sf]|7-

Inequality (7.9) for 7 < 2 follows from (7.9) for 7 = 2 by Hoélder’s in-
equality. Here we use that the relevant expressions are supported in 27 and
Q7] < 82]. To prove (7.9) for 7 = 2, we use a standard estimate for the
Fourier transform of radial kernels K = fooo k(r)ordr, namely,

~~ o0 _ 1/p 2d
(T10) Rl < Gl = o [Pt p< 25

Indeed using Bessel functions as in the proof of Lemma 3.3, one can use
Hoélder’s inequality to estimate

el =< /ow A(r)r*= By(rlé])dr
S (/OO ’H(T)\Prd—ldr)l/p(/m Td_l(l"‘r\f!)_%p/dr)l/p/,
’ 0

It is easy to see that the last L” norm is O(|¢|~%?"), provided that p <

~

2d/(d + 1). The bound (7.10) follows since 1 is a Schwartz function that
vanishes to high order at 0.

We return to (7.9) for 7 = 2. As U, % Kj}} * Agw,; is supported in W*
and the W* have bounded overlap, we can dominate the left hand side of
the inequality by

2
H Z Zws*ws*K:}lL(W)+S*As,W,j"2
WEWJ- s
2
IO DITETRY o e N
(7.11) Wew; s )
S D0 D s * Ky es * Aswisll;
WEWJ- s

Ssup [0 KS 15 D > [ Aswyll3-
S Wew; s

Here we used the L? case of (7.6). Now, by (7.10), the Fourier transform of
Y *Kz}}j has L*> norm < ||H§B/Hp S 1Hsllp < Bp. Thus, by Lemma 7.1, (i),
the last displayed quantity is < B§22j |€2;]. This finishes the proof of (7.9).

We now turn to the long range estimate, that is,

12) XX X verns K s A SBISTL

57 (>0  Wew;
L(W)=—s+¢£
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We use the j-sum to combine the atoms into the cumulative atoms A, w,
take out the ¢-sum by Minkowski’s inequality, and use (7.6). Thus the left
hand side of (7.12) is dominated by a constant times

(7.13) Z(Zg:(ws*Kﬁ* S WH )1/”

>0 W:L(W)=—s+£

Now HHEZHP < ||Hs|lp < Bp and therefore Proposition 6.1 implies that, for
fixed /,

(7.14) ‘

1
boeKE xS A
’ p

W:L(W)=—s+¢
1/
S 2—£€Bp< Z meaS(W) ||As,WHgo) ’
W:L(W)=—s+¢

for p < pg, with some € = e(p) > 0. Note that for fixed s, W, the functions
Agw,; live on disjoint sets (since the dyadic cubes of sidelength 27¢ are
disjoint and each is in exactly one family Q;) Thus, clearly,

1Asw % S D I1As w1
J
It follows that the expression (7.13) is

/
<sz2_k<z > meas(W) [ A ) Wa”Lw(W))lp

Jj Wew;
<B, ZQ‘ZE(Zmeas 2]‘7’) v S BpllSfllp

by part (ii) of Lemma 7.1. This yields (7.12). Finally, (7.7) follows from
(7.8) and (7.12). This concludes the proof of the LP boundedness of T,
under the assumption (7.3). O

8. CONCLUSION OF THE PROOF

We still have to prove (1.1) for an arbitrary choice of n. To this end, we
fix the radial multiplier m and consider the family © of all C'*° functions ¢
compactly supported away from the origin such that the condition

(8.1) H}"_l[gom(t-)]Hp < o0

holds. Note that if ¢ € O, then ¢(\-) € © for every A > 0, moreover
@o R € O for every rotation R of R? (here we use the fact that m is radial).
Also if x is any compactly supported C*° function, then yp € O, simply
because x is an FLP multiplier. Finally if @1, @2 € ©, then ¢ + @2 € O.
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Now assume that there exists at least one not identically zero function
©o € ©. Let V be a non-empty open subset of R*! such that |p,| > 0 on
V. Let ¢ be any other C'"*° function compactly supported away from the
origin. For every ¢ € R?\ {0}, one can find a rotation R¢ and a number
A¢ > 0 such that A\¢R¢§ € V oor, equivalently, § € Aglelv. Then the open

sets Aglelv, & € supp ¢, form a cover of supp . Choose a finite subcover
/\glegle, j=1,...,n, and put

¢= Z (IDO(ASjRSj')(IDO()\ijSj.) .

j=1
Note that ( € ©® and { > 0 on U?:l )\glegj v > supp @ . Hence, the function

x defined as ¢/¢ on suppp and 0 on R? \ supp ¢ is a C™ function with
compact support, so ¢ = x( € O.

Proof of Theorem 1.1, concluded. Let g be an arbitrary Schwartz function,
then the condition sup,-g || T [t%Pg(t-)]||, < oo is clearly necessary for LP
boundedness. Conversely, suppose that this condition is satisfied; it is equiv-
alent to sup, || F~[m(t)g]ll, < co. We may pick xy € C* with compact
support in R?\ {0} so that xg is not identically 0. Since x is a Fourier
multiplier, we see that xyg € ©. By the above considerations we also have
7 € © where 7 is as in (7.2). But for this 7, the characterization is already
proved and the LP boundedness of T;, follows. O

9. VARIANTS AND EXTENSIONS

Hardy space estimates. We now give an extension of Theorem 1.1 to the
range p < 1. We prove, in dimensions d > 2, a full characterization of the
convolution operators with radial kernels mapping the Hardy space H? to
LP.

Theorem 9.1. Suppose d > 2 and 0 < p < 1. Let m be radial and let n be
a Schwartz function whose Fourier transform is compactly supported away
from the origin and is not identically 0. Then

= su%) td/pHTm[n(t-)]H

Tl = =

Remarks. (i) The HP — LP boundedness is equivalent to H? — HP bound-
edness, by Theorem 3.4 in [18].

(ii) The proof is substantially simpler than the LP result for p > 1; in
particular, the crucial orthogonality Lemma 3.3 plays no role, and is replaced
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by the L multiplier bound (4.3). This allows to include dimensions two
and three.

Sketch of proof of Theorem 9.1. We first note the chain of inequalities

N 1/p
|l < IHIL < Y sup [H(z+y)[ < (D sup |H(z+y)P)
ZGZd y€[071]d ZEZd y€[071]d

since p < 1. Now note that if H is supported in {|¢| < 2}, then the last
expression is O (|| K||,), by a Plancherel-Pélya type estimate (¢f. [30], §1.3.3).

Now the proof of the short range estimate (7.8) for 7 < 1 is rather similar

to the argument in §7. Note that Uy *KE%*A&WJ- is supported in W* C Q;
Thus we can bound the left hand side of (7.8), for 7 < 1, by

™ 1/7
—r sh
<Z|Qj|1 /2H Z ZZ\IIS*K&Z*A&WJ 2) .
J WGWJ' S 4
By (7.11) and Lemma 7.1(i), this is dominated by

S -7 1 T 1/T
sup |33l (3 197> (2¥101)7)
v ,7

which is < sup, ||Hs|lp||Sf]l-. Of course, we may choose T = p.

We prove the analogue of the long range estimate (7.12). As p < 1,
we can apply the triangle inequality for the p-th power of the LP-(quasi)-
norm for the sums in s, ¢, j and W. After rescaling to the case s = 0,
matters are reduced to the estimation of the convolution with a radial kernel
[ so0 k(r)op * g dr where (| - |) is the Fourier transform of a function
supported in {1/2 < |¢] < 2}. The relevant estimate is then

(9.1) H / K(r)oy x 1o * Ao w drH
2! S
() 1/
S2 ([ n(prttar) W Ao
2¢
where [W| = 2. Now let £}, = sup,,<,<p;1 |5(r)|. We shall establish

(9.2) H /r>2f K(r)o, * 1o * AO’W’ij

S2EWQ mn Pt P IW VP Aol

n>1
and (9.1) will follow by the Plancherel-Pélya type estimate

% _ _ 1/p
it s, ([ nrpet-tar) ™.

n>1
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We now prove (9.2), with e(p) = (d — 1)(
hand side is dominated by

(g{ H /n"“ K(r)o, * o * Ao w dTHZ) 1/p

As n > 2%, the term o, * 1) * Asw,j, for n <r < n+1, is supported in an
annulus with width ¢2¢ and inner and outer radii comparable to n, hence of
measure < nd-12¢. By (4 3),

— %) Since p < 1, the left

sup(/ )5 (€)dho (& dr‘<|mn|nd /2,

n+1

We use Hélder’s inequality and estimate || [ (r)oy * o * Agw,; drl, by

dln l_% n+1 " '
(n®72%)% k(r)oy « o * Ao w,;dr ,
n

< kin' 262
Kpyn P 2°p HAO,WJ’HQ.

But || Aow 2 < 2°9?||Ao.w ]|, and therefore the last displayed expression
is controlled by

d—1 d—1 1
m;nﬂ“T*E’quwuw

w =1 —0(d—1)(1-1
SKin'7 2 2D|W 17| Aowjlloo-

Finally, we remark that the arguments in §8 carry over to the HP case,
p <1 (]

Lorentz space estimates. Weak type (p,p) (i.e., LP — LP**°) estimates
for convolutions with radial kernels, in particular for Bochner-Riesz means,
have been considered in [28] and the references therein. We shall indicate
here how to prove LP — LP** estimates by combining our previous arguments
with interpolation by the real method (the general Marcinkiewicz theorem).
We will use the following simple fact about Lorentz spaces.

Lemma 9.2. Let (X1, 1), (X, u2) be o-finite measure spaces, and let p =
11X o be the product measure on Xy X Xo. Then, for1 < p < oo, p < v < 00,
and any p-measurable function G,

1/p
(9.3) |G| o (2 x Ao ) < Cpﬂ/(/HG(xlv’)H]ip»lf(é\?z,m)dﬂl) :

Proof. Let p < v < oo. By Fubini’s theorem, the Lorentz space norm
|’G”LP,V(X1><X2) is controlled by

(/OOO ™! [/X pa({ws € Xy ¢ |Gy, 22)| > a)) dm]”/”da) v
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By Minkowski’s inequality, this is bounded by

</Xl (/OOO o Hug({we € Xy ¢ |G (1, 22)| > a})]y/pda)p/udm)yp’

which is comparable to the right hand side of (9.3). The case v = oo is
similar. O

We state a result only for multipliers that are compactly supported away
from the origin.

Theorem 9.3. Letd24,1<p<pd:2dT_12,p§u§oo, and let m be

radial and supported in {€ :1/2 < || < 2}. Then
(9-4) [T = mlipp.

LP— [PV
(9.5) = [|mll, -

1Toall, e

Proof. The lower bound for the operator norm in (9.4) follows in the usual
way, by testing on suitable Schwartz functions. By Colzani’s theorem ([5])
for convolution operators, the P — LP operator norm is controlled by the
LPY — [P operator norm and this implies the lower bound for (9.5).

For the upper bounds, we apply real interpolation to the second inequality
in Corollary 3.2 and obtain

(9.6) H/Rd /OOO h(y,r)F, drdy(

Now let K = m. We argue as in §5. Split K = Ky + K. Then
IKoll1 < || Kol ev and therefore || Kox fl e S || K ||zev || f||zpv. To estimate
the main term K * f = 1) % Ko * g we express it as in (5.2) and then apply
(9.6). Using Lemma 9.2 we can estimate ||t % Ko * g|| e by either

Lo (RY) S.z ”hHLP’V(Rd x[1,00);dy rd=1dr)-

||"{HLP’V(R+,rd*1dr)HgHLP(]Rd) = CHKHLW(Rd)||9HLP(Rd)a
or by

H”HLP(RJF,M*MT)||9HLPvV(Rd) = CHKHLP(Rd)||9HLP’V(Rd)'
O

Remark: One can also obtain P — LP¥ estimates for multipliers that are
not necessarily compactly supported. However the proper generalization
of the LPY — LP* bound in (9.5) presents some difficulties at the current
stage. We hope to consider these and related matters later.
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10. THE REGULARITY RESULT FOR THE WAVE EQUATION

In this section we shall prove Theorem 1.2. We first note that by a
standard scaling argument, it suffices to prove the inequality

2 ) /
(10.1) ( / oS 2 de) " <1 - A

Indeed, let us first show how (1.3) follows assuming (10.1) (here ¢ < 00).
We may assume by symmetry that in (1.3) we integrate over [0, L]. We then

write
[e'e) n+1
(L‘l /L ”eit\/—_Angdt) Z ( /2 t Heitmf”gdt>1/q

0 n=1

_ c- -n/q ? iL27"sv/=A g Va _ -n/q
_22 ( . lle quds) —22 (*)
n=1 n=1

where
2
o = /1 . [V =2 fr ) (L7 12" 2) | "dac ds)l/q and frn(y) = f(L27"y).

We change variables in x, apply (10.1), and then change variables again to
see that

()n S (L27YY(I = A2 frllg = (T — 272" L2A)2 £,
Now we have for a > 0, n > 0,
(I — 272" L2A)*2 fllg < Coll(I — L2A)*2 £l

where C' does not depend on L and n; for 1 < ¢ < oo, this follows, for
example, from the Mikhlin-Hérmander multiplier theorem. Thus (%), is
bounded by the right hand side of (1.3) uniformly in n > 1, and, for ¢ < oo,
the sum >.°%  27"/9(x),, is essentially dominated by the same quantity.

We shall actually obtain an improvement of (10.1), which is formulated
using dyadic decompositions. Let 7, be as in (7.1). Define P; by ]gk\f =
(To(27%¢))2f for k > 0 and Py = I — > k>1 Pr- We have chosen k as our
index for the dyadic frequency pieces instead of s, firstly to distinguish it
from the homogeneous expression (s € Z) used earlier and, secondly, to
match it with the notation in §3; the term for large frequencies ~ 2* will
correspond, after an appropriate rescaling, to the situation of Corollary 3.2
when the radii are taken in [2¥, 2F+1].

Theorem 10.1. Suppose d > 4, 2;%32 < qg< oo, and a = d(% — %) — %
Then

(10.2) / HZ|p ethﬂH ) ( 3" ok fH)

k>0 k>0
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The slightly weaker inequality for Sobolev spaces follows if we replace the
¢* norm in k on the left hand side of (10.2) and the £¢ norm on the right
hand side (with ¢ > 2) by the ¢? norms. Inequality (10.2) can be restated
using Triebel-Lizorkin spaces, namely,

2 1/q
( /1 |2 g dt) " S Ul -

It will be convenient to dispose of the terms corresponding to k = 0, 1. Let
X, be a radial C°(R?) function such that Xo(§) = 1for [§] < Tand x,(§) =0
for [£] > 3/2. One easily checks that x,(&§/ M)e'lél is the Fourier transform of
an L' function for any A (with L' norm growing in A for A — oc). Indeed,
the contribution of the multiplier near the origin is handled by considering
mu(§) = (x(27¢) — X0(2“+1§))(ei|§| — 1). One bounds the derivatives of
m(277€) for k > 0 to see that the L' norm of F~1[m,] is O(27%).

Next, we describe a further reduction to an inequality involving spherical
means (cf. (10.9), (10.7) below). This can be done in various ways. One way
is to apply the method of stationary phase in conjunction with multiplier
theorems. We will give a more direct approach based on the principle that
every radial function can be written as an average of spherical measures. As
before, we let o, denote the surface measure on the sphere of radius p.

Let 9 be a C*°-function on the real line supported in (1/8,8) such that
¥(s) =1 on (1/4,4). For k > 1, define the convolution kernel K} by

Kx(€) = e'flo(27¥|¢]).

Lemma 10.2. Let d > 2. Then, for k> 1,

2
(10.3) K, = 2k(d=1)/2 / wi(p)o,dp + Ej
1/2
where
2
(10.4) sup/ |w(p)|dp < oo,
E J1/2

and, for any M,

(10.5) |Ex|ly < Cara2™ M.

Proof. We use polar coordinates for the Fourier integral defining Kj and
then write an integral over the sphere S%! in terms of integrals over d — 2
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dimensional spheres perpendicular to z. We get

(2m) Ky (2) / 9(27F ¢ eléletem g
= 2k(d=1) / 9(27Fs) (2™ s)d_leis/ eis‘wﬁ’e)da(ﬁ) ds
0 Sdfl
1
:cd_22k(d_1)/ HO(2H (1 + 7)) (1 — 72)F dr,
-1

where ¢4_s is the surface measure of the unit sphere S92 and

= / I(s)si et ds.
0

From the above formula it is clear that (10.3) holds with

Clearly © € S(R).

1
wn(p) = ca-a(2m) 2T [ FOEH L+ o) (- 1) T ar
—1

and Ek( ) 2 2 wk(|$|)[ X[1/272}(|$|)]'

Let v > —1 be fixed and let © be any Schwartz function on R whose
Fourier transform is supported in (1/8,8). We prove that for > 1, p > 0,

1
(10.6) /_1 O(B(1+ 7p))(1 — 72)7dr < CB1(1+ BJ1 — p|) N

for any N > 1. Here C' > 0 depends on ©,~, N but not on 3 or p. Clearly,
the L1((0,00)) norm of the right hand side of (10.6) is O(3772). Thus
(10.6) applied with v = 453 and 3 = 2* yields the bounds (10.4) and (10.5).

The bound (10.6) is straighforward; one examines separately the three
cases 0 < p < %, 1/2<p <1, and p > 1. We may assume that N > 1.

Let Cy = sup,ep |©(2)](142|z|)N T2, Then, for 0 < p < 3, the integral
can be estimated by

1
Co / (1—72)dr (1+ )" N2
-1
which is better than the claimed bound.
If1/2 < p < 1, we split the integral over [—1, 1] as fEl + fol. For the latter,

we may argue as in the previous case and bound it by the last displayed
expression. For the integral over [—1,0], we make the change of variable
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7= —1+t,set C1 = sup,cp |0(x)|(1+ |z[)+7*2 and bound | fEl ---dr| by

1 —
01/0 (1+ﬁ(1t—(2) +t;pt)N+’Y+2d Co(Bp) "1+ B(L = p))

where Cy = Cy max{1,27} [(°¢7(1 +¢)~ V=724t

Finally we consider the last case, p > 1. Here we use the fact that
the Fourier transform of © is supported in (1/8,8) and thus © extends to
an entire function satisfying |©(x + iy)| < Ce™¥/® for y > 0. Now set
g4(z) = (1 — %) so that g, is analytic in the upper half plane and g, (z) is
nonnegative for x € [—1,1]. By Cauchy’s theorem and limiting arguments,
the integral over the real line of ©g, vanishes and therefore

‘/@ x)gy(x dm—‘/R\ - (z)dz|.

The latter integral is bounded by
= (12— 17 /°° (2 + )]
dr =
C3/1 [+ Blrp - D2 7= T Bl — 1)+ Bat
where C3 = 2sup,cg |O(x)|(1 + |z)NT27F3. One separately considers the

cases v > 0 and —1 < v < 0. It is not hard to see that in both cases the
last displayed expression can be estimated by

dt

C3max{l1, 47}/ Y14 B(p— 1)+ ppt) N 24t

which in turn is equal to

Ca(Bp) 7 (1 + Blp — 1)~
with 04 = 03 maX{l 47 }fo Wdt U

We continue with the proof of (10.2). Let Kj; = t~1K (t~1) with K}, as
in the lemma and observe that

Pule™ =2 = PulKpy = f], 1/2<t<2.

We first dispose of the error terms Ej. Let Ej; = t=4E,(t~1). Then for
any fixed t € [1, 2]

| S 1Bk Bl <327 1Bl
k>0

k>0
which, by Hoélder’s inequality, is controlled by the right hand side of (10.2).

Now define

2
(10.7) ,uk,t:/ wi(p)opedp,
1/2
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with wy satisfying (10.4). In view of Lemma 10.2, it suffices to prove that,
for ¢ > qq4, the estimate
(10.8)

(122 e [ ) ™ (St =-)
k=2 -

holds for all {f;}22, with f, supported in Ay, = {€ 271 < g < 21
Here 1)y, are suitably chosen so that vy, = 2F4)(2F.), ¥ = 1o * o, Yo is
supported in {|z| < 107!} with 10d vanishing moments (see the discussion
leading to (7.2)). In addition we assume that ¢ (€) # 0 for 1/2 < |¢] < 4. To
see how (10.8) implies (10.2) we choose fj, = ok(d=1)/2[, f with m(g) =

~ ~

n2(27F6)[W(27%€)71 f(€) and use that (/1 is the Fourier transform of a
Schwartz function for every ¢ that is smooth and compactly supported in

{€:1/3< ¢l <3}

It suffices to prove (10.8) for families { fx} for which all but finitely many
of the fi are zero, with constant independent of the number of summands.
By duality the desired bound then follows from

(10.9) (22’“5” | /1 " it # B % g1 al)"”

2 1/
S(/l H5111p|9k("t)|uidt) " p<ma

for all {gx}72,, with the property that the (spatial) Fourier transform of
gk (-, t) is supported in Ay.

To prove (10.9), we need the following inequality for fixed k& (which will
be a straightforward consequence of Lemma 6.2). Let W% denote the set
of dyadic cubes of sidelength 2¢7%.

Proposition 10.3. Let 1 < p < pg and ¢ < (d — 1)(
0< <k,

% _ é) Then, for
2
(10.10) ‘LA‘@%pkuht*gQ’ﬂ(ﬁHp

) 2 1/p
Szt (S [ suplawpar)
Wewt—k 1 yeWw
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Proof. We first prove the inequality

(10.11) H /12 bn * 05 % g(- ) dth

) 2 1/p
Szt a (S [ suplapar)
Wewt—k 1 yew

We apply a rescaling and averaging argument to deduce it from Lemma 6.2.
Define Hy; by Hy (&) = 1(€)51(25¢€). The expression on the left hand side
of (10.11) can be written as

2 2
H/ deHkﬂf(Zk-)*g(-,t)td_ldtH :2—’“/?”/ Hk,t*g(r’f.,t)td‘ldtH
1 p 1 p
2k+1
S T LR
2k p

By Lemma 6.2, the last expression is

2k+1

1/p
szt ([0S W sup 2 gy 2 et )
P wewe  VEW

which is dominated by a constant times

2 1
2_&;( S 27 EDIW ] sup |g(y, t) !pdt> ’
L wewe—r vew

, 2 1/p
< gteg—kd/p < > Wl sup Ig(y,t)lpdt> :
Wewt—k Loew

It remains to show how (10.11) implies the assertion of the proposition.
Since [ |wg(p)|dp is uniformly bounded it suffices, by averaging, to show the
uniform bound

(10.12) H /12 Dp x 0 % (-, 1) dt”p

) 2 1/p 1
Soo (S Wi [Cswlgwopa) ", j<p<e
Wewt-—k 1 yew

This is a consequence of (10.11) by scaling. For the details, assume p € (1, 2].
After a change of variables we have to estimate the LP norm of

</p2 " /22p) [ 01 % g(-, p~ )] (”“’)%'
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We apply (10.11) with the function g(-,p‘lt)X[pﬂ (t) to bound the first
integral. The second integral is equal to

2 p[¢ * 095 * g(- §)}(x)d/s—g p[q[) *0g*x g(2- §)}(E)d/s
o )i k 2s ¥ g\ 7, _/01 k+1 s*gles s, 9

and, after conjugation with a dilation operator, we may apply (10.11) (with
Yy replaced by 9y41). Note that replacing W= with W*=*~1 on the right
hand side of (10.12) yields an equivalent norm. The argument for p € [1/2,1)
is similar. O

We now use the arguments of §7 based on “atomic” decompositions for
the functions g (-, ), for any fived t € [1,2]. We work with the ¢*° variant
of Peetre’s operator, namely,

MG(z,t) =sup sup |gi(x +y,t),
k>0 [y|<10d-2-F

where it will always be understood that G = {gx}3>, and gx(-,t) has spec-
trum in the annulus Ag. Then, with this specification, Peetre’s inequality
says that

(1013) HMG('vt)HLP(Rd) 5 H Sl]ip |gk('7t)| HLP(Rd)7 0< p < 00.

For each t € [1,2], let
Q;(t) = {x € R*: MG(x,t) > 27}.

Let Q;(t) be the set of all dyadic cubes which are contained in ;(¢) but
not in ;41 (t).

For each dyadic cube of sidelength less than 1 we define an expanded cube
W(Q,1) as follows. We first let j(Q) be the unique j such that Q € Q;(t). If
the unique dyadic cube of sidelength 1 containing () is contained in ;) (),
then we let W(Q,t) be this cube. If not then we let W (Q,t) be the maximal
dyadic cube that contains @ and that is contained in Q;(g)(t).

We let Q;? (t) be the family of cubes in Q;(t) which are of sidelength 2k,
Notice that if Q has sidelength 27 then the sidelength of W(Q,t) is 2¢~F
for some nonnegative integer ¢ < k. As before we denote by W F the
collection of dyadic cubes of sidelength 2/=%. We also let W;(t) be the set
of dyadic cubes contained in €;(¢) which are either of sidelength 1, or of
sidelength less than 1 and maximal in €2;(¢). Notice that the cubes in W;(t)
have disjoint interiors. With these notations we note that if ) € Q;? (t) and

W (Q,t) has sidelength 2=% then W (Q,t) is a cube in W;(t) N W*F.
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For each £ =0, ..., k, define

Appj(m,t) = Z gr(z, t)XQ(l’) .
QeQ}(t)
W(Q,t)ewt—*

We can now decompose
96 =D Ants:
>0 jEL

Using this decomposition and Minkowski’s inequality, we estimate the left
hand side of (10.9) by

Z ( 2}; olkdp/p’

>0

2

p\1/p
P = x> Agei (1) dtH )
1 J p
and, by Proposition 10.3, the term corresponding to a fixed £ is

§2_é€<z Z meas(VV)/1 sup‘ZAM] Y, )‘ dt) p

k Wew!—k yew
1/
(10.14) §2_é€<z Z meas(W)/ supZ‘AMJ (y, )‘ dt) g
k. Wewt-k 1 yew

where for the last estimate we have used that for each fixed k, ¢, t the
functions y — Ay ;(y,t), j € Z, live on (essentially) disjoint sets.

To estimate (10.14) we set, for W € W;(t),

Al‘;[fj('vt) = Z gk(xﬂt)XQ(‘T)
QeQk(t)
W(Q.H)=W
so that Ay ; = ZWGW‘*R AE/J By the definitions of M and ; we have
||A,‘;Vj(,t)||€O < 20+VP for any W € W;(t). Therefore we get, for any fixed

9

Z Z meas( HAM,J( )Xw”go

k. Wewt-k

_ Z Z meas(W) - HAZV](J)”I;O

k- Wewt=knw;(t)

AR Z meas( 2(j+1)pmeas(ﬂj(t)).
Wew;(t)
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The expression (10.14) is now < 27% (%), where

“(SfX T meshifaus o )

k. Wewt-k

(/ Z2ﬂpmeas (1))t s (/ IMG( )|t o

We sum in ¢ and use (10.13) to conclude the proof of (10.9). O
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