SHARP LP-BOUNDS FOR THE WAVE EQUATION ON
GROUPS OF HEISENBERG TYPE

DETLEF MULLER AND ANDREAS SEEGER

ABSTRACT. Consider the wave equation associated with the Kohn Lapla-
cian on groups of Heisenberg type. We construct parametrices using
oscillatory integral representations and use them to prove sharp LP and
Hardy space regularity results.

INTRODUCTION

Given a second order differential operator L on a suitable manifold we
consider the Cauchy problem for the associated wave equation

(1) (02 + L)u =0, U‘TZO = f, aTu|T:0 =g.

This paper is a contribution to the problem of LP bounds of the solutions at
fixed time 7, in terms of LP Sobolev norms of the initial data f and g. This
problem is well understood if L is the standard Laplacian —A (i.e. defined as
a positive operator) in R? (Miyachi [18], Peral [28]), or the Laplace-Beltrami
operator on a compact manifold ([30]) of dimension d. In this case (1) is
a strictly hyperbolic problem and reduces to estimates for Fourier integral
operators associates to a local canonical graph. The known sharp regularity
results in this case say that if y(p) = (d — 1)[1/p — 1/2| and the initial data

f and g belong to the LP-Sobolev spaces Lz(p) and Lf/(p)_l, resp., then the

solution u(-,7) at fixed time 7 (say 7 = £1) belongs to LP.

In the absence of strict hyperbolicity, the classical Fourier integral opera-
tor techniques do not seem available anymore and it is not even clear how to
efficiently construct parametrices for the solutions; consequently the LP regu-
larity problem is largely open. However some considerable progress has been
made for the specific case of an invariant operator on the Heisenberg group
H.,,, which is often considered as a model case for more general situations. Re-
call that coordinates on H, are given by (z,u), with z = x+iy € C™, u € R,
and the group law is given by (z,u) (', u') = (2+2',u+v'—4 Im (2-2’). A ba-
sis of left invariant vector fields is given by X; = a%j — %] %, Y, = aiyj + %8%’
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and we consider the Kohn Laplacian

m

— 2 2
L=-) (X;+Y}).

j=1
This operator is perhaps the simplest example of a nonelliptic sum of squares
operator in the sense of Hérmander [10]. In view of the Heisenberg group
structure it is natural to analyze the corresponding wave group using tools
from noncommutative Fourier analysis. The operator L is essentially selfad-
joint on C§°(G) (this follows from the methods used in [27]) and the solution
of (1) can be expressed using the spectral theorem in terms of functional
calculus; it is given by

sin(7v/L)

u(-,7) = cos(tVL) f + Tg.

We are then aiming to prove estimates of the form
J J_
(2) luC D)y S N +72L)2 fllp + 71 +72L)2 gl

involving versions of LP-Sobolev spaces defined by the subelliptic operator
L. Alternatively, one can consider equivalent uniform LP — LP bounds for
operators a(T\/f)eiiT‘E where a is a standard (constant coefficient) symbol
of order —v. Note that it suffices to prove those bounds for times 7 = 41,
after a scaling using the automorphic dilations (z,u) — (rz,7%u), r > 0.

A first study about the solutions to (1) has been undertaken by Nachman
[26] who showed that the wave operator on H,, has a fundamental solution
whose singularities lie on the cone I' formed by the characteristics through
the origin. He showed that the singularity set I' has a far more complicated
structure for H,, than the corresponding cone in the Euclidean case. The
fundamental solution is given by a series involving Laguerre polynomials and
Nachman was able to examine the asymptotic behavior as one approaches
a generic singular point on I'. However his method does not seem to yield
uniform estimates in a neighborhood of the singular set which are crucial
for obtaining LP-Sobolev estimates for solutions to (1).

In [25] the first author and E. Stein were able to derive nearly sharp L'
estimates (and by interpolation also L? estimates, leaving open the interest-
ing endpoint bounds). Their approach relied on explicit calculations using
Gelfand transforms for the algebra of radial L' functions on the Heisenberg
group, and the geometry of the singular support remained hidden in this
approach. Later, Greiner, Holcman and Kannai [7] used contour integrals
and an explicit formula for the heat kernel on the Heisenberg group to derive
an integral formula for the fundamental solution of the wave equation on
H™ which exhibits the singularities of the wave kernel. We shall follow a
somewhat different approach, which allows us to link the geometrical pic-
ture to a decomposition of the joint spectrum of L and the operator U of
differentiation in the central direction (see also Strichartz [33]); this linkage
is crucial to prove optimal LP regularity estimates.
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In order to derive parametrices we will use a subordination argument
based on stationary phase calculations to write the wave operator as an inte-
gral involving Schrédinger operators for which explicit formulas are available
([6], [12]). This will yield some type of oscillatory integral representation
of the kernels, as in the theory of Fourier integral operators which will be
amenable to proving LP estimates. Unlike in the classical theory of Fourier
integral operators ([11]) our phase functions are not smooth everywhere and
have substantial singularities; this leads to considerable complications. Fi-
nally, an important point in our proof is the identification of a suitable Hardy
space for the problem, so that LP bounds can be proved by interpolation
of L? and Hardy space estimates. We then obtain the following sharp L?”
regularity result which is a direct analogue of the result by Peral [28] and
Miyachi [18] on the wave equation in the Euclidean setting.

Theorem. Letd =2m+1,1 < p < oo, and v > (d — 1)[1/p — 1/2|.
Then the operators (I + 72L)~"/? exp(xitV/L) extend to bounded operators
on LP(H™). The solutions u to the initial value problem (1) satisfy the
Sobolev type inequalities (2).

Throughout the paper we shall in fact consider the more general situation
of groups of Heisenberg type, introduced by Kaplan [13]. These include
groups with center of dimension > 1. The extension of the above result for
the wave operator to groups of Heisenberg type and further results will be
formulated in the next section.

1. THE RESULTS FOR GROUPS OF HEISENBERG TYPE

1.1. Groups of Heisenberg type. Let dy, dy be positive integers, with dy even,
and consider a Lie algebra g of Heisenberg type, where g = g1 & go, with
dimg; = d; and dim go = do, and

lg,0] C g2 C3(9) ,

3(g) being the center of g. Now g is endowed with an inner product (, ) such
that g1 and go or orthogonal subspaces and, and if we define for 1 € g3\ {0}
the symplectic form w, on g; by

3) wu(V.W) = (V. W])

then there is a unique skew-symmetric linear endomorphism .J,, of g1 such
that

(4) w“(V, W) = <JH(V)’ W)

(here, we also used the natural identification of g5 with go via the inner
product). Then on a Lie algebra of Heisenberg type

2 2
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for every p € g5. As the corresponding connected, simply connected Lie
group G we then choose the linear manifold g, endowed with the Baker-
Campbell-Hausdorff product

1
(Vi,Uh) - (Va,Uz) == (Vi + Vo, U1 + U + §[V1, Val).

As usual, we identify X € g with the corresponding left-invariant vector
field on G given by the Lie-derivative

Xf(g) =2

7/ (9 exp(tX))le=o,
where exp : g — G denotes the exponential mapping, which agrees with the
identity mapping in our case.

Let us next fix an orthonormal basis Xi,..., Xy of gi, as well as an
orthonormal basis Uy, ..., Uy, of go. We may then identify g = g1 + g2 and
G with R4 x R% by means of the basis Xi,. .. , Xa,, Ur,...,Ug, of g. Then
our inner product on g will agree with the canonical Euclidean product
veow = Z;-h;{dz vjw; on R4+% and J, will be identified with a skew-
symmetric d; x d; matrix. We shall also identify the dual spaces of g; and
g2 with R% and R, respectively, by means of this inner product. Moreover,
the Lebesgue measure dz du on R%19 is a bi-invariant Haar measure on G.
By

(6) d:=dy +do
we denote the topological dimension of G. The group law on G is then given
by
1 -
(7) (v,u) - (2',u)) = (x+ 2", u+u + §<Ja;, z'))

where (Jz,2') denotes the vector in R% with components (Jy,z, 2').
Let

dy

o 2

(8) L:=— E Xj
Jj=1

denote the sub-Laplacian corresponding to the basis X7,..., Xg, of g1.

In the special case ds = 1 we may assume that J, = puJ, u € R, where

0 1, /2 >
9 J = !
®) ( _[d1/2 0

and Iy, /o is the identity matrix on R%/2 In this case G is the Heisenberg
group Hy, /2, discussed in the introduction.

Finally, some dilation structures and the corresponding metrics will play
an important role in our proofs; we shall work with both isotropic and
nonisotropic dilations. First, the natural dilations on the Heisenberg type
groups are the automorphic dilations

(10) Op(z,u) == (rx,r2u), r >0,
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on (G. We work with the Koranyi norm
I(,u) ko = (|2[* + [4ul*)"/*

which is a homogeneous norm with respect to the dilations §,. Moreover, if
we denote the corresponding balls by

Qr(z,u) :={(y,v) € G: H(y,v)_l (z,u)||ko <1}y (x,u) € G, >0,

then the volume |Q,(x,u)| is given by

|Qr (2, u)| = |Q1(0,0) rP+2%2.
Recall that dy + 2ds = d 4 do is the homogeneous dimension of G.

We will also have to work with a variant of the ‘Euclidean’ balls, i.e.
'isotropic balls” skewed by the Heisenberg translation, denoted by Q. g(x, ).

Qr.e(z,u) :={(y,v) € G: ](y,v)_l(a:,u)]E <r},

(11) 1, -
={(y,v) €G: |z —y| +]u—v+§(Jx,y>\ <r};

here

(@, )| =[] + |u]
is comparable with the standard Euclidean norm (|z|? + |u|?)'/2. Observe
that the balls Q,(z,u) and Q, g(z,u) are the left-translates by (z,u) of the
corresponding balls centered at the origin.

1.2. The main results. We consider symbols a of class S77, i.e. satisfying
the estimates

d7 .
(12) ‘(ds)ja(s)‘ < (L4 sh™
for all j =0,1,2,.... Our main boundedness result is

Theorem 1.1. Let 1 < p < oo, ¥(p) := (d — 1)|1/p —1/2| and a € S—P).
Then for —oo < T < 00, the operators a(T\/f)eiT‘E extend to bounded
operators on LP(G).

The solutions u to the initial value problem (1) satisfy the Sobolev type
inequalities (2), for v > ~v(p).

Our proof also gives sharp L' estimates for operators with symbols sup-
ported in dyadic intervals.

Theorem 1.2. Let x € C° supported in (1/2,2) and let X > 1. Then the
operators X()\_IT\/E)eiiT‘E extend to bounded operators on LY(G), with
operator norms O(A%).

In view of the invariance under automorphic dilations it suffices to prove
these results for 7 = +1, and by symmetry considerations, we only need to
consider 7 = 1.

An interesting question posed in [25] concerns the validity of an appro-
priate result in the limiting case p = 1 (such as a Hardy space bound).
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Here the situation is more complicated than in the Euclidean case because
of the interplay of isotropic and nonisotropic dilations. The usual Hardy
spaces H'(G) are defined using the nonisotropic automorphic dilations (10)
together with the Koranyi balls. This geometry is not appropriate for our
problem; instead the estimates for our kernels require a Hardy space that
is defined using isotropic dilations (just as in the Euclidean case) and yet
is compatible with the Heisenberg group structure. On the other hand we
shall use a dyadic decomposition of the spectrum of L which corresponds to
a Littlewood-Paley decomposition using nonisotropic dilations.

This space hi, (G) is a variant of the isotropic local or (nonhomogeneous)
Hardy space in the Euclidean setting. To define it we first introduce the
appropriate notion of atoms. For 0 < r < 1 we define a (P,r) atom as a
function b supported in the isotropic Heisenberg ball Q,. (P) with radius
centered at P (cf. (11)), such that [|blls < r~%2 and [b=0if r <1/2. A
function f belongs to hi (G) if f =3 ¢,b, where b, is a (P,, ") atom for

some point P, and some radius 7, < 1, and the sequence {c¢,} is absolutely
convergent. The norm on hl_(G) is given by

1S0
inf Z ey |
14

where the infimum is taken over representations of f as a sum f =) c¢,b,
where the b, are atoms. It is easy to see that hl (G) is a closed subspace
of L'(G). The spaces LP(G), 1 < p < 2, are complex interpolation spaces
for the couple (hi (G),L*(G)) (see §10) and by an analytic interpolation
argument Theorem 1.1 can be deduced from an L? estimate and the following
hilso — L' result.

Theorem 1.3. Let a € S~z . Then the operators a(\/f)eiiﬁ map the
isotropic Hardy space hi (G) boundedly to L'(G).

180

The norm in the Hardy space hl (G) is not invariant under the automor-
phic dilations (10). It is not currently known whether there is a suitable
Hardy space result which can be used for interpolation and works for all

(L(7’\/E)e"'”/Z with bounds uniform in 7.

1.3. Spectral multipliers. If m is a bounded spectral multiplier, then clearly
the operator m(L) is bounded on L?*(G). An important question is then
under which additional conditions on the spectral multiplier m the operator
m(L) extends from L2 N LP(M) to an LP-bounded operator, for a given
p#2

Fix a non-trivial cut-off function xy € C§°(R) supported in the interval
[1,2]; it is convenient to assume that >, ., x(2¥s) = 1 for all s > 0. Let
L2(R) denote the classical Sobolev-space of order . Hulanicki and Stein
(see Theorem 6.25 in [5]), proved analogs of the classical Mikhlin-Hérmander
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multiplier theorem on stratified groups, namely the inequality

(13) (L) lo—rr < Cpasup [xm(t)llz

for sufficiently large o. By the work of M. Christ [2], and also Mauceri-Meda
[16], the inequality (13) holds true for a > (d+dz)/2, in fact they established
a more general result for all stratified groups. Observe that, in comparison
to the classical case G = R?, the homogeneous dimension d + do takes over
the role of the Euclidean dimension d. However, for the special case of the
Heisenberg groups it was shown by E.M. Stein and the first author [24] that
(13) holds for the larger range o > d/2. This result, as well as an extension
to Heisenberg type groups has been proved independently by Hebisch [9],
and Martini [15] showed that Hebisch’s argument can be used to prove a
similar result on Métivier groups. Here we use our estimate on the wave
equation to prove, only for Heisenberg type groups, a result that covers a
larger class of multipliers:

Theorem 1.4. Let G be a group of Heisenberg type, with topological dimen-
sion d. Let m € L>®(R), let x € C§° be as above, let

Ap = Sup/ ‘]:Hgl[xm(t')](sﬂs%ds
>0 J|s|>R

and assume
© dR

(14) oo +/ 2, B .
9 R

Then the operator m(v/L) is of weak type (1,1) and bounded on LP(G),
1<p<oo.

Remarks. (i) Let H'(G) be the standard Hardy space defined using the
automorphic dilations (10). Our proof shows that under condition (14),
m(v/'L) maps H'(G) to LY(G).

(ii) Note that by an application of the Cauchy-Schwarz inequality and
Plancherel’s theorem that the condition

sup me(t-)HL% < 00, for some > d/2
t>0

implies Ar S, R2P for R > 2 and thus Theorem 1.4 covers and extends
the above mentioned multiplier results in [24], [9].

(iii) More refined results for fixed p > 1 could be deduced by interpolation,
but such results would likely not be sharp.

2. SOME NOTATION

2.1. Smooth cutoff functions. We denote by (y an even C°° function sup-
ported in (—1,1) and assume that (4(s) = 1 for |s| < 9/16. Let (i(s) =
Co(s/2) — (o(s) so that (7 is supported in (—2,—1/2) U (1/2,2). If we set
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¢j(s) = (1(2'77s) then ¢; is supported in (—27,—2772) U (2972,27) and we
have 1 =32, (;(s) for all s € R.

Let mg be a C*° function supported in (—%’T, %’r) which has the property
that no(s) = 1 for |s| < 3T and satisfies ", ., mo(t — k) = 1 for all t € R.
For 1 =1,2,... let m(s) = n(2=1s) — no(2!s) so that no(s) = > 52, m(s) for

s # 0.

2.2. Inequalities. We use the notation A < B to indicate A < CB for some
constant C. We sometimes use the notation A <, B to emphasize that the
implicit constant depends on the parameter k. We use A ~ B if A < B and
B < A.

2.3. Other notation. We use the definition

76y = Fre) = / Fy)e 2w gy

for the Fourier transform in Euclidean space RY.
The convolution on G is given by

frgla,u) = / P 0)g(e —you— v+ 2Je,y)) dy do.

3. BACKGROUND ON GROUPS OF HEISENBERG TYPE AND THE
SCHRODINGER GROUP

For more on the material reviewed here see, e.g., [4], [20] and [22].

3.1. The Fourier transform on a group of Heisenberg type. Let us first briefly
recall some facts about the unitary representation theory of a Heisenberg
type group G. In many contexts, it is useful to establish analogues of the
Bargmann-Fock representations of the Heisenberg group for such groups [14]
(compare also [29],[3]). For our purposes, it will be more convenient to work
with Schrédinger type representations. It is well-known that these can be
reduced to the case of the Heisenberg group Hg, ;, whose product is given
by (2,t) - (2/,¥) = (2 + 2/,t +t' + 2w(z,2')), where w denotes the canonical
symplectic form w(z,w) := (Jz,w), with J is as in (9). For the convenience
of the reader, we shall outline this reduction to the Heisenberg group.

Let us split coordinates z = (z,y) € R%/2  RN/2 iy R and consider
the associated natural basis of left-invariant vector fields of the Lie algebra
of Hd1/27

- . . d
Xj =0y — %y]@t, Yj =0y, + %:Ejﬁt, j=1,..., 71, and T := 0y .
For 7 € R\ {0}, the Schrédinger representation p. of Hg, o acts on the
Hilbert space L?(R%/2) as follows:

[pr (2, 1)B)(€) 1= TTHVERTIDp (g 7)€ LXRM).
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This is an irreducible, unitary representation, and every irreducible unitary
representation of Hy, /o which acts non-trivially on the center is in fact uni-
tarily equivalent to exactly one of these, by the Stone-von Neumann theorem
(a good reference for these and related results is for instance [4]; see also
[20]).

Next, if 7 is any unitary representation, say, of a Heisenberg type group
G, we denote by

7(f) = /G fo)m(g)dg, fe L'(QG),

the associated representation of the group algebra L'(G). For f € L'(G) and
p € gi = R%_ it will also be useful to define the partial Fourier transform
f* of f along the center by

(15) ff(x) = Fof(x,pn) = flz,w)e 2 e dy (e RY).
Rd2
Going back to the Heisenberg group (where g5 = R), if f € S(Hd1/2)7
then it is well-known and easily seen that

pr(f) = f77(2)pr(2,0) dz
R%1

defines a trace class operator on Lz(Rdl/ 2), and its trace is given by

(16) tr(pr(f)) = |r|~0/2 /Rf(O,O,t)EW” dt = |r|~"/2 f77(0,0),

for every 7 € R\ 0.

From these facts, one derives the Plancherel formula for our Heisenberg
type group G. Given u € g = R%, p # 0, consider the matrix Jy, asin (4).
By (5) we have J? = —I if |u| = 1, and J, has only eigenvalues %i. Since it
is orthogonal there exists an orthonormal basis

Xyt s X a Yr, oY g
ILL72 /’1’72

of g1 = R% which is symplectic with respect to the form Wy, 1e., wy is
represented by the standard symplectic matrix J in (9) with respect to this
basis.

This means that, for every u € R \ {0}, there is an orthogonal matrix
R, = R‘Tkz‘ € O(d1,R) such that

(17) Ju = |N|Ru=]tRu-
Condition (17) is in fact equivalent to G being of Heisenberg type.

Now consider the subalgebra L! ,(G) of L'(G), consisting of all ‘radial’
functions f(x,u) in the sense that they depend only on |z| and u. As
for Heisenberg groups ([4],[20]), this algebra is commutative for arbitrary
Heisenberg type groups ([29]), i.e.,

(18) frg=gxf forevery f,ge L. 4(G).
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This can indeed be reduced to the corresponding result on Heisenberg groups
by applying the partial Fourier transform in the central variables.

The following lemma is easy to check and establishes a useful link between
representations of G and those of Hy, /5.

Lemma 3.1. The mapping oy, : G — Hy, /2, given by

au(z,u) == ('Ryz, ﬁ), (z,u) € RY x R%,

is an epimorphism of Lie groups. In particular, G/ker o, is isomorphic to
Hy, /2, where ker ), = wt is the orthogonal complement of p in the center
R% of G.

Given u € R% \ {0}, we can now define an irreducible unitary represen-
tation 7, of G on L?(R™) by putting

ﬂ-ﬂ = pw‘ e} Oéu.
Observe that then 7, (0,u) = e?miu T In fact, any irreducible representation
of G with central character e?™#* factors through the kernel of o, and hence,

by the Stone-von Neumann theorem, must be equivalent to 7.
One then computes that, for f € S(G),

mu(f) = - FTHM(Ruz)p)(2,0) dz,

so that the trace formula (16) yields the analogous trace formula

trm(f) = [l =% F7(0)

on G. The Fourier inversion formula in R then leads to
dy
0.0 = [ wn()ll dn
neR92\{0}

When applied to d,-1 * f, we arrive at the Fourier inversion formula
d
9 f@= [ eme) )t g€
peR2\{0}

Applying this to f* % f at g = 0, where f*(g) := f(g~!), we obtain the
Plancherel formula

d
(20) 1113 =/ I (F)i7zs el = i,
peR™M\{0}

where ||T|| s = (tr (T*T))'/? denotes the Hilbert-Schmidt norm.
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3.2. The Sub-Laplacian and the group Fourier transform. Let us next con-
sider the group Fourier transform of our sub-Laplacian L on G.

We first observe that do, (X) = 'R, X for every X € g1 = R | if we view,
for the time being, elements of the Lie algebra as tangential vectors at the
identity element. Moreover, by (17), we see that

tRuXuylv R tRuXu,dl/% tRuYu,lv S tRuYu,d1/2

forms a symplectic basis with respect to the canonical symplectic form w on
R, We may thus assume without loss of generality that this basis agrees
with our basis Xi,..., Xy, /2, Y1,..., Yy, 2 of R% , so that

doy (X, ) = X5, doy (V) =Y, j=1,...,d1/2.

By our construction of the representation 7, we thus obtain for the derived
representation dm, of g that

21)  dmu(Xuy) = dp(X;), dru(Yuy) =dp(Y;), j=1,...,d1/2.

Let us define the sub-Laplacians L, on G' and L on Hy, /2 by

d1/2 d1/2
Ly==) (Xp;+Y2), L=-3 (XJ+Y}),
=1 =1

where from now on we consider elements of the Lie algebra again as left-
invariant differential operators. Then, by (21),

dmu(Ly) = dpy(L).

Moreover, since the basis X, 1,..., X, 4,72, Y1, -+, Y, 4, /2 and our original
basis X1, ..., Xg, of g1 are both orthonormal bases, it is easy to verify that
the distributions Léy and L,dy agree. Since Af = f * (Ady) for every left-
invariant differential operator A, we thus have L = L, hence

(22) drm, (L) = dpy(L).

But, it follows immediately from our definition of Schrodinger representation
pr that dp;(X;) = O¢, and dp,(Y;) = 2mitE;, so that dpj, (L) = —A¢ +
(27|p])?|€|? is a rescaled Hermite operator (cf. also [4]), and an orthonormal
basis of L?(R%/2) is given by the tensor products

hliﬁ = hljlfl\ ®...®h\#\

aq, /2
where 1} (z) == (2r|u|)Y/* by (27 |p])/?2), and

&
hk(iﬂ)zck(—l)keﬁﬂwe i

dy /2
ozGNl/,

denotes the L2-normalized Hermite function of order k on R. Consequently,

(23) dm, (D)R = mm% FolaDhl, o e N2,
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It is also easy to see that
(24) dr,(U;) =2mipil, j=1,...,ds.

Now, the operators L, —iUy, ..., —iU4, form a set of pairwise strongly com-
muting self-adjoint operators, with joint core S(G), so that they admit a
joint spectral resolution, and we can thus give meaning to expressions like
o(L, —iUy, ..., —iUg,) for each continuous function ¢ defined on the corre-
sponding joint spectrum. For simplicity of notation we write

U= (—ilh,...,—iUg,).

If ¢ is bounded, then (L, U) is a bounded, left invariant operator on L?(G),
so that it is a convolution operator

(L U)f =[x Ky [ e8(G),

with a convolution kernel K, € §’(G) which will also be denoted by ¢(L, U)é.
Moreover, if ¢ € S(R x R%®), then ¢(L,U)é € S(G) (cf [23]). Since func-
tional calculus is compatible with unitary representation theory, we obtain
in this case from (23), (24) that

(5) (L U = (2l (G + 2la), 2m)

(this identity in combination with the Fourier inversion formula could in
fact be taken as the definition of ¢(L,U)d). In particular, the Plancherel
theorem implies then that the operator norm on L?*(G) is given by

d
(26) (LUl = sup{le(lul (G +20), 0] : € R, g € N},
Finally, observe that
(27) K = o(L*, 2mp)d;

this follows for instance by applying the unitary representation induced from
the character e2™*“ on the center of G to K.
We shall in fact only work with functions of L and |U|, defined by

d
T (o (L, U = o (2|l (G + 2lal), 2l ) Bl

Observe that if ¢ depends only on the second variable, then ¢(|U]) is just
the radial convolution operator acting only in the central variables, given by

(28)  Fas [(IU) f)(, 1) = (27| o)) Fa f (2, )~ for all p € (R)*.
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3.3. Partial Fourier transforms and twisted convolution. For p € g3, one
defines the p—twisted convolution of two suitable functions (or distributions)
@ and v on g; = R% by
(o )(e) = [ ol = pitp)e ™ dy
1

where w,, is as in (3). Then, with f#* as in (15),

(f*xg)" = "= g",
where f % g denotes the convolution product of the two functions f,g €
L'(G). Accordingly, the vector fields X ; are transformed into the p-twisted
first order differential operators X]‘-‘ such that (X;f)* = X]’-L f*, and the
sub-Laplacian is transformed into the u-twisted Laplacian L¥, i.e.,

d1

(LfF=Lrfr == (XF)?

j=1
say for f € S(G). A computation shows that explicitly
(29) X =0y +imwu (-, X;).

3.4. The Schrédinger group {e®*"}. Tt will be important for us that the

Schrédinger operators et t € R, generated by L* can be computed ex-
plicitly.

Proposition 3.2. (i) For f € S(G),

(30) M =, 20,

where v € S'(RN) is a tempered distribution.
(ii) For all t such that sin(2nt|u|) # O the distribution ~yi' is given by

- |:u| & /2 —15 | p| cot(2m x|?
(31) () =2 d1/2<m) o1l cot (2t ]2

(iii) For all t such that cos(2mt|u|) # O the Fourier transform of ~i' is
given by

— B 1 i 2™ tan(2mt|p|)|€)?
(32) /7#(5 - (COS(27Tt|ﬂ|))d1/2 e lul .

Indeed, for p # 0, let us consider the symplectic vector space V := g1,
endowed with the symplectic form o := ‘—bwu. Notice first that, because

of (5), the volume form ¢"@/2) jie., the d;/2-fold exterior product of o
with itself, can be identified with Lebesgue measure on R%. As in [19], we
then associate to the pair (V, o) the Heisenberg group Hy/, with underlying
manifold V' x R and endowed with the product
1
(v,u)(V,u) = (v + v, u+u + 50(1}, v')).
It is then common to denote for 7 € R the 7-twisted convolution by X, in
place of %, (compare §5 in [19]). The p-twisted convolution associated to
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the group G will then agree with the |u|-twisted convolution x|, defined on
the symplectic vector space (V, o). Moreover, if we identify the X; € V also
with left-invariant vector fields on Hy, then (29) shows that

XV = 0, + inlulo(-, X))
agrees with the corresponding |u|-twisted differential operators X ]|-“ | defined
in [19].

Accordingly, our u-twisted Laplacian L* will agree with the |u|-twisted
Laplacian

di
L\S{L\ _ ﬁﬁ] _ Z(X]\_u\)2

j=1
associated to the symmetric matrix A := —I in [19]. Here,
1 1
iz |1l

C( )nsequently,
; 7 el
N
eth ethS )

From Theorem 5.5 in [19] we therefore obtain that for f € L?(V)

it -
exp(ngf')f = f X|N| F‘tf;‘s” t> 07
where, FL"Z‘S is a tempered distribution whose Fourier transform is given by
E(é) _ 1 e—%a({,tan(%ﬂ'tb’)ﬁ)
N2

det(cos 2mitS)

whenever det(cos(27itS) # 0. Since S? = —1I because of (5), one sees that
sin(2mitS) = isin(2nt)S, cos(2mitS) = cos(2nt)I.

Note also that o(&,n) = (S&,n). We thus see that (30) and (32) hold true,

and the formula (31) follows by Fourier inversion (¢f. Lemma 1.1 in [21]).
4. AN APPROXIMATE SUBORDINATION FORMULA

We shall use Proposition 3.2 and the following subordination formula to
obtain manageable expressions for the wave operators.

Proposition 4.1. Let x; € C™ so that x1(s) =1 for s € [1/4,4]. Let g
be a C* function supported in (1/2,2). Then there are C™ functions ay
and py, depending linearly on g, with ay supported in [1/16,4], and py be
supported in [1/4,4], so that for all K =2,3,..., N1,No >0, and all A > 1

K
K-1
(33)  sup 921032 ax(s)| < cFOA™ D |[gWlo, N1+ Ny < 5
s v=0
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K
(34) sup |8£V18f\\72p>\(3)| < (K, N2))\N1+1—KZ 19 ooy N1 < K —2.
5 v=0

and the formula
(39 g0 VDT —aW VA [ eBa(s) e ds + (L)

holds. For any N € N, the functions AN py are uniformly bounded in the
topology of the Schwartz-space, and the operators pyx(A"2L) are bounded on
LP(G), 1 < p < oo, with operator norm O(A™N).

For explicit formulas of ay and p) see Lemma 4.3 below. The proposition
is essentially an application of the method of stationary phase where we keep
track on how a), p) depend on g. We shall need an auxiliary lemma.

Lemma 4.2. Let K € N and g € CK(R). Let (1 € C®(R) be supported
in (1/2,2) U (—=2,—-1/2) and A > 1 and £ > 0. Then, for all nonnegative
integers M,

(36) (/ C1L(AY2274y)ihv? dy(

K
< O 2 (20A712) TN @A) 199 o
7=0

Moreover, for 0 < m < %,

60 |(55)" s ay] < ciam ES A g0
=0

Proof. By induction on K we prove the following assertion labeled

(Ag): If g € CX then

() [ PG a2 ) dy
K ‘ -
:A_KZ/Q(J)(y)Cj,K,M,A(y)eZAy dy
Jj=0

where (; s is supported on {y : |y| € [267TA=Y2 2H1A1/2]} and, for
0 < j < K, satisfies the differential inequalities

(39) [ araw)] < CGL K, M, ) (27 A2 2M o= tRR =) AR5/

Clearly this assertion implies (36).

We set (ooma(y) = v MG (AY/227%y) and the claim (Ag) is immediate
for K = 0. It remains to show that the implication (Ax) = (Ax+1),
holds for all K > 0.
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Assume (Ag) for some K >0 and let g € CK*1. We let 0 < j < K and
examine the jth term in the sum in (38). Integration by parts yields

/ 9V )Gk ()™ dy
(G+1) ,
o g (y) , ) i G, mA(Y) iAy?
= 2/ [72% Greaaly) + 97 W) <72y1\ )}e dy .
The sum A—K Zf:o fg(j)(y)Cj,KJ\/[,A(y)e"Ay2 dy can now be rewritten as

K+1
AR / 9" W)k 14 (y)e™ dy
v=0

where

d (CO,K,M,A(?J)> ,

= 71—
Co,k+1,MA(Y) dy

2y
. d s
Corcrrana®) = i (B2AW) | o tadW) -y o, < i,
dy 2y 2y
Cr, kM A (Y
Ck+1,K+1,MA(Y) = 17() )

2y

On the support of the cutoff functions we have |y| > 2(=1A=1/2 and the
asserted differential inequalities for the functions ¢, k1 a,A can be verified
using the Leibniz rule. This finishes the proof of the implication (Ax) =
(Ag+1) and thus the proof of (36).

We now prove (37). Let (p be an even C'*° function supported in (—1,1)
and assume that (y(s) =1 for |s| < 1/2. Let (1(s) = (o(s/2) — {o(s) so that
(1 is supported in [—2, —1/2]U[1/2,2], as in the statement of (36). We split
the left hand side of (37) as Y ;o Iy, where

fom = / (iy*)"g(y) G (N227 ) dy,  for £> 0

and I p, is defined similarly with Co(A'/2y) in place of ¢1(A'/2274y). Clearly
[To.m| S A7 |g]loe and by (36)

K
_ o i _142m+j .
Tt S 27 RT3 DA= 5 g0 o

j=0
Since 7 < K we can sum in £ if m < % and the assertion (37) follows. O

Lemma 4.3. Let K € N and let g € CK(R) be supported in (1/2,2), and let
X1 € CX(R) so that x1(z) =1 on (1/4,4). Also let ¢ be a C(R) function
supported in [1/9,3] with the property that <(s) =1 on [1/8,2]. Then

() g(VBENE = xi(@)[VA / é1tiax(s) € ds + ()]
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where ay is supported in [1—16,4], and

(41) ax(s) = 7 VAs(s) /(y + )9y + 3)e” M dy
and
(42) FI©) = (1 = «(52) Flg(V)e*V () -

Let px = x1px- Then the estimates (33) and (34) hold for all A > 1.
Proof. Let Uy be the Fourier transform of x — g(y/x)e?V?, i.e.

(43) \I’)\(g) = /g(\/g)ew\\/ie—%riﬁm dr = /289(8)ei()\s—27r§s2) ds

Observe that g(y/x) = 0 for = ¢ (1/4,4), thus g(y/x) = x1(x)g(y/x). By

the Fourier inversion formula we have

9(Va)e™T = xi (@) (vr (@) + pa(@))

where

oa() = / (2R () > d
Aale) = / (1= (26w (6) > de

so that p) is as in (42).

We first consider py and verify that the inequalities (34) hold. On the
support of 1 — ¢(27§/\) we have either [2m&| < \/8 or |27&| > 2A. Clearly,
on the support of g we have [95(As — 2m€s?)| > A\/2 if [2m€] < A\/8 and
|0s(As — 2m€s?)| > [2m€]/2 if |27€| > 2. Integration by parts in (43) yields

|01 03" [(1 = <(2m&/N))WA(E)]] < Oyt xllgllene (14 1€] + IA)TF

Thus, if Ny < K — 2,
(&) P =] / (2m)™1 (1 = (276 /) W (€)e* 8 dg

dx
(14 J¢ghM
< Ony kllgllox /(1+|§|+I>\|)

This yields (34) for Ny = 0, and the same argument applies to the A-
derivatives.
It remains to represent the function A~

(45) g(s) = 2sg(s) .
By a change of variable we may write

(44)

76 < O, kllgllex AT

/2y as the integral in (40). Let

ix2

(46) 1O =5 [ G+ 2o dy.
We compute from (44), (46),

vy(z) = )\/g(s)eiz?s+i)‘sx)\_1/2a>\(8)ds



18 DETLEF MULLER AND ANDREAS SEEGER

where
ax(s) = (2m) "W As(s) / Gy + L) ay,

i.e. ay is asin (41). In order to show the estimate (33) observe
271—8;\\[2 ()\—1/2@)\(8)) = §($) /g(y + %)(_Z‘Sy2)Nze—i)\sy2dy

and then by the Leibniz rule oM aﬁv 2[\"1/2a,(s)] is a linear combination of
terms of the form

(47) (d%)N3 [§(S)SN2]/y2N2()\y2)N5 (d%)m G0y + L)] e dy

where and N3 + N4+ N5 = Nj. By estimate (37) in Lemma 4.2 we see that
the term (47) is bounded (uniformly in s € [1/9, 3]) by a constant times

Nyl ~
AT G EC + 3] o,

provided that No + N5 < (K — N4 — 1)/2. This condition is satisfied if
Ni + Ny < (K —1)/2 and under this condition we get

1
sup |00 9 A 2ax ()] S ATV gl

Now (33) is a straightforward consequence. O

Proof of Proposition 4.1. The identity (35) is an immediate consequence of
the spectral resolution L = f]w xdE,, Lemma 4.3 (applied with x/X in place
of z) and Fubini’s theorem. Note that in view of the symbol estimates (34)
any Schwartz norm of py(A72-) is O(A™Y) for every N € N. The statement
on the operator norms of py(A~2L) follows then from the known multiplier
theorems (such as the original one by Hulanicki and Stein, see [12], [5]). O

Thus in order to get manageable formulas for our wave operators it will
be important to get explicit formulas for the Schrodinger group €%, s € R.

5. BASIC DECOMPOSITIONS OF THE WAVE OPERATOR AND STATEMENTS
OF REFINED RESULTS

We consider operators a(v/L)e'™VE where a € S@=1/2 (satisfying (12)
with v = %) We split off the part of the symbol supported near 0. Let
Xo € C(R) be supported in [—1,1]; then we observe that the operator
xo(V/'L) exp(iv/L) extends to a bounded operator on LP(G), for 1 < p < oo.
To see this we decompose xo(v/7)e'V™ = xo(v/T)+ 300y an(7), T > 0, where

an(7) = xo(VT)(EYT = 1)(G(2"'7) = (o(2"7))
where (p is as in §2.1. Clearly xo(v/-) € C§°. Thus by Hulanicki’s theo-
rem [12] the convolution kernel of xo(v/L) is a Schwartz function and hence
xo(V/L) is bounded on L'(G). Moreover the functions 2"/2a,(27") be-
long to a bounded set of Schwartz functions supported in [—2,2]. By di-
lation invariance and again Hulanicki’s theorem the convolution kernels of
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2"/20,(27"L) are Schwartz functions and form a bounded subset of the
Schwartz space S(G). Thus, by rescaling, the operator «a, (L) is bounded
on L'(G) with operator norm O(27"/2). We may sum in n and obtain the
desired bounds for xo(1/7)e'VT.

The above also implies that for any A the operator x(A™'\/L) exp(iv/L) is
bounded on L' (with a polynomial and nonoptimal growth in A). Thus, in
what follows it suffices to consider symbols a € S~(4=1/2 with the property
that a(s) = 0 in a neighborhood of 0. Then

(48) a(VL)eVE = 3 0705 g, (V2 H D)V,
j>C
where the g; form a family of smooth functions supported in (1/2,2) and
bounded in the C§° topology. In many calculations below when j is fixed
we shall also use the parameter \ for 27.
Let x1 be a smooth function such that

(49a) supp(x1) € (2710, 210)
(49b) x1(s) =1 for s € (279,29).

By Proposition 4.1 and Lemma 4.3 we may thus write

(500 a(VD)eVF = myeg(L) + Y 2795 1 (27¥ Lymy (L),
§>100

where the “negligible” operator mpegi(L) is a convolution with a Schwartz
kernel,

(51) ma(p) = \/X/ei/\/(47)a,\(7)ei7p/)‘d7, with A = 27,

and the a) form a family of smooth functions supported in (1/16,4), bounded
in the C§° topology.

We shall use the formulas (31), which give explicit expressions for the
partial Fourier transform in the central variables of the Schwartz kernel of
el In undoing this partial Fourier transform, it will be useful to recall from
§3 that if p; denotes the spectral parameter for L then the joint spectrum
of the operators L and |U]| is contained in the closure of

(52) {(p1,p2):p22>0, p1 = (%1 + 2q)p2 for some nonnegative integer ¢} .

As the phase in (31) exhibits periodic singularities it natural to introduce
an equally spaced decomposition in the central Fourier variable (i.e., in the
spectrum of the operator |U|). Let g be a C* function such that

(53a) supp(no) C (=5, 3F),
(53b) no(s) =1 for s € (—%”, 3%),
(53c) > molt —km) =1fort € R.

keZ
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We decompose

(54) x1(A2L)ymy (L le A2L)TY,
where
(55) T)’f — \1/2 /eiA/(‘lT)a)\(T)??o(%‘U’ _ kﬂ-)eiTL/)\dT,

The description (52) of the joint spectrum of L and |U| gives a restriction
on the summation in k. Namely the operator 7o($|U| — km)x1(A72L) is
identically zero unless there exist positive p; and pe with p; > pad; /2 such
that ’\5 < p1 < 5A? and (k7 — —) < p2 < (km+ 5”) for some T € (16,4)
A necessary condition for these two conditions to hold simultaneously is of
course 3 4 (ke — gw) < 5A? and since d; > 2 and A > 1 we see that the sum
in (54) extends only over k with

(56) 0<k <8\

We now derive formulas for the convolution kernels of T )]f , which we de-
note by K ;f The identity (31) first gives formulas for the partial Fourier
transforms Fpa, K ;f Applying the Fourier inversion formula we get

D
61 Khew) = N2 [ [ armmeul - k) x
Rd2 JR

/2 .
( . |1l ) V2 il Flulcot(2alulr /) g p2wilum) gy,
2sin(27|p|T /)

We note that the term || cot(27t|u|) in (57) is singular for 2¢|u| € Z\ {0}
and therefore we shall treat the operator T )? separately from T’ )]f for k > 0.
We shall see that 77, and the operators zj x(27% L)Tzoj can be handled

using known results about Fourier integral operator, while the operators Tzkj
need a more careful treatment due to the singularities of the phase function.
We shall see that the decomposition into the operators 7. 2’3 encodes useful
information on the singularities of the wave kernels.

In §7, §8 we shall prove the following L' estimates

Theorem 5.1. (i) For A > 210
(58) TR zrospr S ATV
(ii) For A >20 k=1,2,...,

(59) ‘ (d-1)/2

Note that d; > 2 and thus the estimates (59) can be summed in k. Hence
Theorem 1.2 is an immediate consequence of Theorem 5.1.
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Dyadic decompositions. For the Hardy space bounds we shall need to com-
bine the dyadic pieces in j and also refine the dyadic decomposition in (50).
Define

(60) Vj = 2_j(d_1)/2X1(2_2jL)T20j
(61) W, = 27900 2 (07 L) g (1) — T2)

In section §6 we shall use standard estimates on Fourier integral operators
to prove

Theorem 5.2. The operator V = 3. 109 V; extends to a bounded operator
from hilso to L.
We further decompose the pieces W; in (61) and let
Wjo = (277U W;
(62) j ( i ’I_nl) j
Win =GR UNW;;

here again (p, (1 as in §2.1, i.e. (o supported in (—1,1), {3 supported in
+(1/2,2) so that ¢o+ >, ¢1(2'77-) = 1.

By the description (52) of the joint spectrum of L and |U| and the support
property (49a) we also have

x1(27¥ L) (2797"U|) = 0 when 22110 < 97+n=1
i.e when j <n — 11 and thus
(63) Wjn=0whenn>j+11.
Observe from (52), as in the discussion following (55) that, for k =
1,2,...,

. 1 . .
G027 p2)mo( 52 — k) = 0 for 7 € (35, 4), p2 2 0, i 2 < (k= §)m2//4,

and
-

1
2jp2—k7r) =0 forT e (1—6,4), p2 >0,

(277 pa)mo(
if 274+ < 99 (b — 2)x /4 or 16+ 27 (k + Z)m < 2971
Thus we have for k=1,2,...,
C(27|U)TE = 0 when k > 2,
G2 UNTE = 0 when k ¢ [2775, 272

Let
(64) jn:{g}, n=0,

{k:2n 8 <k<2"2} n>1.
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Then by (54) we have my; (L) — Ty, = Y32, T and therefore we get

(65a) Wi = 27702 27 L) (277|U)) Y Ty
keJdo
(65b) Wi = 27902 275 D) (277 0)) D TS
kE€Tn

Observe that Theorem 5.1 implies
(60 [Winllprpr S 27md=1/2

uniformly in j.
Define for n =0,1,2,...

(67) Wa= > Wjn
§>100

Theorem 1.3 will then be a consequence of Theorem 5.2 and

Theorem 5.3. The operators ¥V and W, are bounded from hilso to L*; more-
over

(63) Wallys, 0 S

~

(14 n)2~"dr=1)/2
The proofs will be given in §6 and §9.
6. FOURIER INTEGRAL ESTIMATES

In this section we shall reduce the proof of the estimates for T )? and V in
Theorems 5.1 and 5.3 to standard bounds for Fourier integral operators in
[30] or [1].

We will prove a preliminary lemma that allows us to add or suppress
x1(A72L) from the definition of T7.

Lemma 6.1. For A > 219 we have
1T — xa A2 L) T | S OnAY
for any N.

Proof. The operator TY — x1(A™2L)TY can be written as by(|L|,|U|) where

ba(p1, p2) = A2 (1 — x1(A2pp)) A2 /CLA(T)ew(T’m”\)UO(Tﬂz/)\)dT

with

A TpP1
A= —+ —.
(10(7—7 P1, ) AT + A
Only the values of p; < A?227? and p; > 29A? are relevant. Now
0 A
Y _ i P1

ar 412 )
and (0/07)"p = c, At~ "1 for n > 2. Note that for p; > 29X? we have
Il | > pr/XA — (162/4)\ > prA~1(1 —27925) > py/(2)). Similarly for p; <
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279)2 we have |, | > \/16 —16-279X > 275\, Use integrations by parts to
conclude that
M2 [by (A, \)]
(Op1)™ (Op2)"2
and in view of the compact support of by(A\2p1, Ap2) the assertion can be

deduced from a result in [23] (or alternatively from Hulanicki’s result [12]
and a Fourier expansion in p2). O

(p1,02)| < Cry g NATN

The convolution kernel for Tf. It is given by

K8y = M2 [ [ cday(smerlul$) x
Rd2 JR

|lu| d1/2 _i|m|21|p|cot(27r|p|s/)\) 27Ti<u“u>
(28in(27‘r|'u|s//\)) € 2 dse dp.

We introduce frequency variables # = (w, o) on the cone

(69) Is={0=(w,0) eRZ xR : |w| < (7 -8, o>0},
Set
A
W= 0=

Note that o ~ X for s € supp(ay). We note that we will consider the case
d = m/4 in view of the support of 1y but any choice of § € (0,7/4) is
permissible with some constants below depending on 9.

If we set
(70) g(T) :=TcotT,
the above integral becomes
(71) K\ (z,u) = // V@) gy (4, o) dw do
with

U(z,u,w,0) = 0(1 — \x!zg(]w\/a)) + (du,w)
and

||

/2 U, dy dy/2

Br(w,0) =4 1<—) N2 2%(%)%(%)(%) -

T 2sin()

The () are symbols of order % uniformly in A, and supported in I". The
same applies to > ;1 Bor-

We will need formulas for the derivatives of W with respect to the fre-
quency variables 6 = (w, 0):

ov wi g ]

= 4u; — ]a:\2—2 ‘E)‘U

ov

5y = Ll leh = g (2h)
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Now g is analytic for |7| < 27 and we have

sin(27) — 27
(739) () = S0 22T
sin® 7
2(TcosT —sinT)
73b (1) =
(73b) g(r) sin® 7

Observe that
g(r) <0and ¢"(r) <0 for 0 <7 <.
Moreover as 7 — 0,
g(t) =1—-72/3+0(th)
and hence ¢’(0) = 0 and ¢”(0) = —2/3. The even expression

g(r) — g (r) =1+ /0 (g (s))ds

will frequently occur; from the above we get
(74) 9(r) =74/(r) 2 1, for 0 < |r| <
lg(7) — 74’ ()] <10, for 0 < || < 3m/4.

Lemma 6.2. We have

d d
(1) EAwuw) AT N (@ 4 ul) N, Jal? 4 4ful > 2.
and
(76) K@, u)| S A2 N (1 4 Jul) N, af? < 1/20.

Proof. If |z| > /2 we may integrate by parts with respect to o (using (74)),
and obtain

BRG] Sy AT Vel ™Y, el 2 V2.
If [u| < 10]z|? this also yields (75). Since max| <34 |¢'(T)| < 37/2 we have
|Vo¥| > 4|u| — (37/2)|z|*> and hence |V, ¥| > |u| when |u| > 10]z|?. Thus
integration by parts in w yields
d d
S G,w)] S A" Nl 2 10[af

This proves (75).
Since |¢/(7)| < 3n for |7| < 37w/2 we have |V, ¥| > 2Ju] if |z|? < 2|u|/37
and |¥,| > 1/2 if |2|* < 1/20. Integrations by parts imply (76).

Fourier integral operators. Let p < 1072, Let y € C°(R? x R?) so that
[yl + vl = p,
X(z,u,y,v) =0 for ¢ |z —y| < 1/20,
o —yl* +[u—v| > 4.
Let
A (z,y,u,v,w,0) = x(,u,y,0)B\ (W, 0),
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let as before g(7) = 7 cot 7, and let
q>(x7 u,y, v, W, 0) = \Il(x —Y,u—v+ %<j$7 y>7w7 J)

(77) ) &2
=o(1— |z —ylg(|w|/0)) + Z(4u2 — dv; — 22T Jy)w; -
i=1
Let §» be the Fourier integral operator with Schwartz kernel

(78) Kx(z,u,y,v // @y, 000 b (w, 0)dw do.

Given Lemma 6.2 it suffices to prove the inequalities

(79) I3l <A
and
—k(d—1)/2 .
(80) H ]§C2 @( <o

To this end we apply results in [30] on Fourier integral operators associated
with canonical graphs and now check the required hypotheses.

Analysis of the phase function ®. We compute the first derivatives:

d2
D, = —20(xj — yj)g(‘%‘) -2 Zwie;Jiy
b, = 4dw; )
By, = —|z — yPg (L) + du; — dv; — 227 Ty
By = (1 - |z — ylPg()) + |z — y* g’ (1)

For the second derivatives we have, with ¢;, denoting the Kronecker delta
and J¥ = 2721 w;J;

DCpiy = 209(' |)5jk - Ze}J“ek ,
(I)xjvl = 07

Dy = —2(25 — yj)g (%) —2ejJiy,

o = 2(z; — yj) (— g() + g/ (i)

and
q>“iyk =0, q>uivl =0, q>uiwl = 46, 5 q)uicr =0.
Moreover
Doy = 2 — yo)g (L) &4 — 227 ey
<I>wivl — _45il
Do = —|o =y (o' (5 2T 1+ () )
oo = | — y> % g" (1)



26 DETLEF MULLER AND ANDREAS SEEGER

and ol _ Ll Lol

Doy, = 2(zk — yi) (9(5) — '2d' ()

Oy =0

Pou = o~y g ()

2

oo = o —y" g ()
The required L? boundedness properties follow if we can show that associ-
ated canonical relation is locally the graph of a canonical transformation;
this follows from the invertibility of the matrix

(I)xy ¢"E’U ¢"Ew ¢£E0'

P P P iJ
81 uy uv uw uo ,
(81) Dy Buy Dpy Doy
see [11]. This matrix is given by
209la, —2J¥ 0 (w3 2(z—y)(rg —9)
0 0 414, 0
(*)31 —4lg, (%)33 (*)34 ’

202 -y)T(g—7¢) 0  (¥az —lz—ylPo" 29"

where 7 = %, g.9',¢" are evaluated at 7 = %, and x — y is considered a

dy x 1 matrix, (%)13 is a di X do-matrix, (x)s1 is a do X di-matrix, ()33 is a
dy X do-matrix, ()34 is a dy X 1-matrix, and ()43 = (x)],.
The determinant D of the displayed matrix is equal to
20q9ly, —2J% 2(x —y)(tg — g)>
82 D = 16% det ! 7 :
(82 <2(fc 9 g—7d) —lo—yPoTir?"
To compute this we use the formula

I 0\ (A —=b\ (I —a\ _ A —Aa—b
a™ 1) \bT ~ 0 1) \d"A+b0 —aTAa—2aTb+~) "

If A is invertible we can choose a = —A~1'b. Since bTSb = 0 for the skew
symmetric matrix S = (A~!1)T — A~ this choice of a yields the matrix

A 0 (A 0
BTADTA+ BT —bT(A)Th—20TA b4y ) ~ (s ~+bTA 1D

and hence

(83) det <;ﬁ _,Yb> = (y+ bTA71b) det(A).

Lemma 6.3. Let c,A € R, > + A% # 0. Let S be a skew symmetric dy x d -
matriz satisfying S? = —A2I. Then cl + S is invertible with

_ c I 1
T2+ AY 2+ A2

(cI+8)7! S,

dy
2

and det(cl 4+ S) = (¢ + A?)
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Proof. (cI+ S)(cI +8)* = (cI +S)(cI —S) =1 -S*=(2+A%)I. O
In our situation (82) we have A = ¢l 4+ S, with

c=20g(),
S =-2J%,

moreover,
A = 2w,

7=l —yPo (127",
b=2(x—y)(o(5) — g (7).
In particular, if we recall that 7 = |w|/o, we see that

— (20)% (ﬁ)dl.

to|,_.

det A = ((209(7) + (2])?)
Moreover,

v+ bTAD

Wl ke ol _ ol ko 209(%)
=l = (= T U+ alotsh = By () e )

x —y|? T
- (g 20) - g (P BD),

From (73a), we get

o) —7d(r) = (=)

sinT
and in combination with (73b) this implies after a calculation that
|z — yl”

2(—,T )2.
g SIN T

Thus we see from (83) that the determinant of the matrix (81) is given by
|

YHUTA =

(84) D:2d1+4d2+10_d1_1< = >d1+2‘
sin %
This shows that D > 0 for [ ¢ € [0,7), and D ~ 0¥~ for M cl0.7—d)

ag
for every sufficiently small é > 0. In particular, the matrix (81) is invertible

for 4 € (0,7 — 4],

We now write
Sxf(z /KA z,y)f

where K is given by our oscillatory integral representation (78). In that
formula we have dy + 1 frequency variables ds + 1, and thus, given any o € R
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the operator convolution with ), ~ Fox 2~k i a Fourier integral operator

of order
di —1 d— (d2 + 1)
g T =
With these observations we can now apply the boundedness result of [30]

and deduce that

d—1
IBafll S A= £l

and
|,

for standard h; atoms supported in B,. But atoms associated to balls

centered at the origin are also atoms in our Heisenberg Hardy space hl_.

Thus if we also take into account Lemma 6.2 and use translation invariance
under Heisenberg translations we get

[ S8, <0l
k>0

Remark. We also have
q)ww ®UJO'
@O'UJ @O'O'

Jw| y L |w]® —wewT o]\ wewT o]
= |z _y|2 <_(g/(?) : w3 +9”(?);‘m‘2) % ”(7)
)

w? //(M) w)? //(M

o2 o o3 o

which has maximal rank dy + 1 — 1 = ds. Thus the above result can also be
deduced from Beals [1], via the equivalence of phase functions theorem.

7. THE OPERATORS TY

We now consider the operator 7}, for k > 1, as defined in (55). In view
of the singularities of cot we need a further decomposition in terms of the
distance to the singularities. For [ = 1,2,... let n;(s) = no(2!"1s) — no(2s)
so that

mo(s) = Zm(s) for s # 0.
=1

(85) T)'f’l = \/? /eiﬁax(T)nl(§|U| - k’ﬂ')eiTL/)\dT;

oo
(86) =Y "1
=1
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From the formula (57) for the kernels K ])‘f we get a corresponding formula
k,l
for the kernels K", namely

Kf’l(x,u) = \!/?2 /Rd2 /Reizra,\(T)m(ZﬂM% — km) x

|1 B2 ilaf2 | cot(2nlulr/N) g 2mitu.p)
<2sin(27r|,u|7’/)\)) ¢ dremdn

Now we use polar coordinates in R% and the fact that the Fourier transform
of the surface carried measure on the unit sphere in R% is given by

(27T)d2/23d2(27r|u|), with g, (o) = .

(the standard Bessel function formula, cf. [32], p.154). Thus

Kfvl(x,u) = )\1/2/0 /Rei‘ffax(T)m(QﬂTp/)\—k‘ﬂ) %
P NP izlePacot(empr/a) d2/2 dr1
27)42 2 2 .
<2$in(2ﬂ'7’p/)\)) €’ dr (2) Hdz( wplul) p®? " dp

In this integral we introduce new variables

(57) (6.0 = (52 252),

so that (7, p) = ((4s)~%,2Mts/7) with drdp = A\(27s)~'dsdt. Then we obtain
for k>1

di+1

(83) K}'(x,u) =277 x

/ Ba(s)m(t — k) <$)dl/2td2_lei)‘s¢(t’x)3d2(4s)\t]u\) ds dt
where
(89) Y(t,r) =1—r*tcott
and
(%0) Bals) = 2% 2n g () s

thus Sy is C*° with bounds uniform in A, and ) is also supported in [1/16, 4].
In the next two sections we shall prove the L' estimates

(91) 3 Z// A K (2, w)| da du = O(1)

k<8A 1=0

and Theorem 5.1 and then also Theorem 1.2 will follow by summing the
pieces. Moreover we shall give some refined estimates which will be used in
the proof of Theorem 5.3.
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7.1. An L* bound for the kernels. The expression
d d
(92) Crpg = AT RE1(2E) T
will frequently appear in pointwise estimates, namely as upper bounds for

—1

the integrand in the integral defining )\_dTKf’l. Note that
d—
(93) VT KN oo S 27 €0k

~

the additional factor of 27 occurs since the integration in ¢ is over the union
of two intervals of length ~ 27,

7.2. Formulas for the phase functions. For later reference we gather some
formulas for the t-derivatives of the phase ¥ (¢,7) = 1 — r?t cot t:

(94a) Y(t,r) = 7‘2< —5— — cot t)
sin“ ¢
2t — sin(2¢
(94b) _ 2 (L‘;())
2sin“t
moreover
22 212 t
95 t,r) = sint —tcost) = TsinT dr.
(95) Yuultm) sin® t( ) sin® ¢ /0
Observe that ¢y = 0 when tant = t and t # 0 and thus ¢y (t,r) ~ r? for
0<t< %Tﬂv namely, we use %t <sint <t to get the crude estimate
(96) Tt < hy(tr) < mr?, 0<t< 3T,
It is also straightforward to establish estimates for the higher derivatives:
(97) Opp(t,r) Sr?, |t < 3w /4
and
(98) orvit.) = o )
T)=
R |sin¢|nt1)/’
for all ¢.

7.3. Asymptotics in the main case |u| > (kX)~!. We shall see in the next
section that there are straightforward L' bounds in the region where |u| <
(k +1)"'A~1. We therefore concentrate on the region

{(x,u) : |lu] > C(k+ 1)_1)\_1}

where we have to take into account the oscillation of the terms g, (4sAt|ul).
The standard asymptotics for Bessel functions imply that for

(99) 3,,(0) = e lwi(jo]) + elma(lol), o] =2,

where @y, wy € S~(2~1/2 are supported in R\ [-1, 1].
Thus we may split, for |u| > (k+ 1)7tA7L

(100) AT KR @, u) = AR (2, 0) + BE (2, u)
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where, with €, j; defined in (92),
(101) A5 (@, u) = € p / / (s, )W)t o 4 stlul) de s,
and
(102) B];’l(x,u) =\ // m,m(s,t)ei)‘s(w(t’|m|)+4t|“‘)w2(4)\st\u])dtds;

here, as before ¥(t,r) = 1 — r?tcot t and, with 8 as in (90),

(1032) mals,t) = Ba(shm(0) ()" et
(103b) (s 1) = Ba(s)mu(t — k) (L5 Y72 ¢ eyt

2l sint
Note that [|[ON N1y rilleo < Cry N, 22, Moreover if

(104) iy = (k7 — 2_l%, kr — 27! 3;] [km 427 13” ke 427 o)

then

(105) Mki(s,t) #0 = t € Jyy.

. .. . kil -
The main contribution in our estimates comes from the kernels A y while

the kernels B];’l are negligible terms with rather small L' norm. The latter
will follow from the support properties of 7 »; and the observation that

Oy((t, x|) + 4tlul) # 0, (x,u) # (0,0);

cf. (94b). As a consequence only the kernels A];’l will exhibit the singularities
of the kernel away from the origin.

7.4. The phase functions and the singular support. We introduce polar co-
ordinates in R% and R% (scaled by a factor of 4 in the latter) and set

r=|z|, v =4|ul.
We define for all v € R,
(106) o(t,r,v) = Y(t,r) —tv = 1 —rtcott — tv, .
Then from (94b) and (94a)

b (t,7,0) = 12 (M) _

2sin? ¢
107
(107) B r2t 1 o(t,rv)
 sin?t ¢ t '

Moreover ¢y = 1y, and we will use the formulas (95) and (98) for the
derivatives of ¢;.

If we set

(108)
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1/k

1(k+1)

1/(k+1/2)

F1eure 1. {n(r(t),v(t)) : t > 0}

then we have

v r2 ()2
(109&) qbt(t,T‘,U) = (t) 7‘2 v = _<'U — ’U(t) - U(t) (t) ) )

r2(t) r(t)?
00b) oty = " )
)7 ()2 (6,7,
Thus
(110) o(t,r,v) = ¢u(t,ryv) =0 <= (r,v) = (r(t),v(t)).

Only the points (r,v) for which there exists a ¢ satisfying (110) may con-
tribute to the singular support I' of eiﬁéo. One recognizes the result by
Nachman [26] who showed for the Heisenberg group that the singular sup-
port of the convolution kernel of ¢/VZ consists of those (x,u) for which there
is a t > 0 with (|z],4|u]) = (r(t), v(t)).

The figure pictures the singular support, including the contribution near
|u| = 0 and |z| near 1. However we have taken care of the corresponding
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estimates in §6, and thus we are only interested in the above formulas for
t > 3m/8.

For later reference we gather some formulas and estimates for the deriva-
tives of r(t) and v(t). For the vector of first derivatives we get, for t ¢ 7Z,

(111) <r’(t)> _ sint —tcost <—sign((sint)/t)>

V' (t) 12 2t~ !cost
with 7/(t) = O(t) and v/'(t) — 2 = O(t) as t — 0. Hence, for t ¢ 7Z,
u(t) . 2cost
(112) i —sign((sint)/t) = 2r(t) cot t.

Clearly all derivatives of ¢ and v extend to functions continuous at ¢ = 0.
Further computation yields for positive ¢t ¢ 7Z, v > 1,

int v+1 v
(113a) sign(%) r®(t) = Z an t"sint + Z byt " cost
n=1 n=1
and
v+1 v
(113b) v (t) =yt 4 Z Cnpt ™" sin 2t 4 Z dpyt™" 1 cos2t;
n=1 n=1

here ay,, = ¢, = 0 if n — v is even, and b,, = d,, = 0if n — v is odd;
moreover v, = (—1)"(v — 1)!, and ay, = (~1)"/? for v = 2,4,.... For
the coefficients in the first derivatives formula we get b1 = 1, as1 = —1,
di1 = —1, and cp1 = 1. For the second derivatives, we have the coefficients
a2 = —1, b2 = —2,a32 =2, c12=2,dyo =4, c32 = —3. Consequently,
for the second derivatives we get the estimates

(114) " (@) <t Y sint| + (14672, |0 (¢)] S 72| sin2t] + (141) 73,

Also, [r ()| <, (1 +1)71, and [0 (2)] <, (1 +1)72 for all ¢ > 0.

8. L' ESTIMATES

In this section we prove the essential L' bounds needed for the proof of
Theorem 1.2. We may assume that A is large.

In what follows we frequently need to perform repeated integrations by
parts in the presence of oscillatory terms with nonlinear phase functions and
we start with a standard calculus lemma which will be used several times.

8.1. Two preliminary lemmata. Let n € Cg°(R™) and let & € C™ so that
V@ # 0 in the support of 7. Then, after repeated integration by parts,

(115) / A Wn(y) dy = (i/ )N / AW LN (y) dy
where the operator L is defined by

(116) La=div(=—
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In order to analyze the behavior of £V we shall need a lemma. We use
multiindex notation, i.e. for 8 = (8',...,8") € (NU {0})" we write 9° =

gl 9B _ N\ gi .
Oy, -+ 0y, and let |B| = >"" | " be the order of the multiindex.

Lemma 8.1. Let £ be as in (116). Then LNa is a linear combination of
C(N,n) terms of the form
*alll_, 0% ®
|V<I>|4N

where 2N < j < 4N — 1 and «, B, ...,5; are multiindices in (N U {0})"
with 1< |6,] < |Busal, satisfying

(1) 0<la| <N,

(2) 1By =1forv=1,...,2N,

(3) lal+32_1 By = 4N,

(4) >Xi=i(By| = 1) =N —|al.

Proof. Use induction on N. We omit the straightforward details. O

Remark: In dimension n =1 we see that LNa is a linear combination of

C(N,1) terms of the form
ale) H oB)

Na ng’
(@) 1L @)
where J is a set of integers f € {2,...,N + 1} with the property that
Zﬁej(ﬁ —1) =N —«. IfJ is the empty set then we interpret the product
as 1.

In what follows we shall often use the following

Lemma 8.2. Let A>0,p>0,n>1 and N > "TH Then

Ia (Lt Ao~ o {A—p— Ap =1,

oo A=)V T A ifAp<1.

We omit the proof. Lemma 8.2 will usually be applied after using inte-
gration by parts with respect to the s-variable, with the parameters n = do
and A = A\k.

8.2. Estimates for |u| < (k+1)"*A~1. We begin by proving an L' bound
for the part of the kernels Kf’l for which the terms Hd2(48/\t|u|) have no

significant oscillation, i.e. for the region where |u| < C(A\k)™! (or |u] < A1
if k = 0).

Lemma 8.3. Let A\>1,k>1,1>1. Then

(117) // ’)\_%Kiﬁl(xyu)‘dx du 5 (2”{3)_1)\1_%.
S Ok) 1
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Proof. First we integrate the pointwise bound (93) over the region where
lz| < (Ae2))~1/2, Ju| < (Ak)~! and obtain

_d—1
//I<C()\k2l)1/2 |)\ 2 K§7l($,u)|dﬂf du

[ul<C(Xk)~!
d1+do

<27y o AR2H T B2 ()T = (2k) I T

If || > C(Ak2))~1/2 then from (94b), (98) we get that |1y (t, |z])| = 22 k|x|?
on the support of 7;(t — k), moreover (9/9t)™p(t, |z|) = O(|x|2k21+D).
The nth t-derivative of n;(t — km)d d2(4s)\t]u\) is O(2!™). Thus an integration
by parts gives

AT K (2,0)] < On27 € (A2 af?) N
for |z| > (Ak2)~12 and |u| < (Ak)~!. The bound O((2lk‘)_1/\1_%) follows
by integration by parts. O

8.3. Estimates for |u| > (k+1)"*A~!. We now proceed to give L' estimates
for the kernels A];’l and Blj’l for k > 1, in the region where |u| > (kX)~1.

8.3.1. An estimate for small x. As a first application we prove L' estimates
for || < (2\k)~Y2 k> 1.
Lemma 8.4. Let C > 1. Then

di—1

(118) // 1AV (2, )] + |BY (2, u)]] dodu <, (2'k)7IA" 2
(@,u)

|x|§0(2w§)*1/2
Proof. Integration by parts with respect to s yields
Kl k.l
(119) [AY (z,u)| + |By (z, u)|

Cokl
<N dog—1
£ (1+ Mkful)

7
We first integrate in u. Notice that by Lemma 8.2 we have for fixed ¢ and
fixed r < (2'\k)~1/2

/ (14 M| & [4u] — [2]? cot ¢+ 1)V,
lt—kr|<2!

_do—1

/°° (1+ Mev)™ 2 pd2—t dy+1
0

do SN2 k%
(14 Ak| £ o] = 72 cott + ¢t )N v

We integrate in z over a set of measure < (2/kX)~91/2 and then in t (over

an interval of length ~ 27!) and (118) follows. O
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8.3.2. L'-bounds for B];’l.
Lemma 8.5. For A>1,0< k <8\,

dy—

(120) 1BEY|, < (2'k)~A "

~

Proof. The bound for the region with |z| < (2'Ak)~/2 (for which there is

no significant oscillation in the ¢ integral) is proved in Lemma 8.4.
Consider the region where |z| ~ 2™ (2! \k)~1/2. We perform N; integration

by parts in ¢ followed by N, integrations by parts with respect to s. Denote

by L; the operator defined by L;g = 8&%). Then

BY (w,u) = € g (i/ N

// Nt o) +4t]ul) (I — 02)N2 [s™ N1 LN (s, t) w2 (4Ast|ul) }]
(L4 N2(t, [z]) + 4t[u][2) N2

dtds

From (94b),
10, (W (t, |z|) + 4t|ul)| = 22 k|| + 4|u| > 22mHATL

Moreover, for v > 2, % = O(22"*+W)\~1) and v differentiations of the
amplitude produce factors of 2. Thus we obtain the bound

k)l Ea Lk _
1By (z,u)| £ =T 2 L

(14 4Xklu|) ™=

/ (14 XE[[E — o f? cot £ + 4Ju] )22 dt.
[t—km| <21

From Lemma 8.2 (with n = da, A = Ak, p < k™! max{1,2?m\"1})

_dg-1

* (1 + Akv) 5 pda—1
121 d
(121) /v:o (1+)\k|v—]g;\2(;ott+t—1|)N v

_d2+1
Sa%

da

—1
T}
We integrate in ¢ over an interval of length O(27!) and in « over the annulus
{x:|z| ~ 2™(2'\k)~1/2}. This gives

k2 max{1, (22m)\_1)

(122) / o 1Bl dzd
|22 (2! Nk)~1/2
om dy do+1
< 2—2mN 2_l <—) ok l)\_Tk‘_dz max{l (22m)\_1)
~ V2 w ’

231

< (2k) "I T 27N =) a1, (22m AT

do—1

>}

do—1

>}

and choosing N sufficiently large the lemma follows by summation in m. [
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8.3.3. L'-bounds for A];’l, 2k > 10°\.
Lemma 8.6. For k < 8\, 2! > 10°\/k,

dj—1

(123) AV, < @%) Az

Proof. We use Lemma 8.4 to obtain the appropriate L' bound in the region
{(z,u) : |z| < Co(2'Nk)~/2}. Next, consider the region where

(124) 2 (2NE)TH? < x| < 27 (20Ak) T2

for large m. This region is then split into two subregions, one where 4|u| =
v < 107222m+ ) =1 and the complementary region.

For the region with small v we proceed as in Lemma 8.5. From for-
mula (94b) we have [tf;| > kr?2% /20 and hence [t;| > 227 =5\~ Thus
if v < 107222\~ then |¢y] ~ k2%r? ~ 22H\~1. Moreover /¢ =
O(2?™+TW\~1) for v > 2. Therefore, if we perform integration by parts in t
several times, followed by integrations by parts on s, we obtain the bound

k,l Calk _
AV (7, u)] S 27 x

(14 Mkfu|) 2
/ (1+)J<:Ha;\2 cott —t ! —4]uH)_th.
lt—krr|<2-1

In the present range |z|?|cott| ~ 22™(\k)~! and t~! ~ k~! and thus we
see from Lemma 8.2 that inequality (121) in the proof of Lemma 8.5 holds.
From this we proceed as in (122) to bound

k,l
‘x‘z2"”(21)\k)71/2 |A)\ (x7 u)|d$du

4lu|<107222mHI N1
< (2)IAT T2 mEN =) iy (22m A1 S
dq —
For large N1 we can sum in m and obtain the bound C(2'k)~t\~ e

Next assume that v > 22 \~1/100 (and still keep (124)). Then

da

(125) tv + 12t cot t — 1| > k|v| for t € supp(nax) -

Indeed, we have tv > 22m2lk‘/\_1/100 > 10% and

22m+l
r’t|cot t| < 222 (2INk) T e[sin(3r2 7)) Tt < 22N < m251022‘l
where we used (124) and sin o > 2a/7 for 0 < o < 7/2. By our assumptions
20 > 10°A\/k > 10* and thus the right hand side of the display is < v/10.
Now (125) is immediate by the triangle inequality.
We use (125) to get from an Np-fold integration by parts in s

dy—1

AR (2, )] S 2718k (Mew) N1~
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Then

k,l
//wz2m(2l>\k)l/2 |A)\ ($,U)|dud$
4|u|>107222mFI 1

_ om dg—1 o22mH\ N8
S, S

7w o0 (55

dog—1 dog—1
S )\1—7—72—“]\/1— 22 )k 22 —N12m(d1+d2+1—2N1) )

For N; large we may sum in m to finish the proof. O

8.3.4. Estimates for A];’l, ol < A/k. In the early approaches to prove LP
boundedness for Fourier integral operators the oscillatory integral were an-
alyzed using the method of stationary phase ([28], [18], [1]). This creates
some difficulties in our case at points where ¢, ¢; and ¢s vanish simultane-
ously, namely at positive t satisfying tant = t. To avoid this difficulty we
use a decomposition in the spirit of [30].

In what follows we assume k < 8\ and 2! < Co\/k for large Cj chosen
independently of X, k,l. The choice Cy = 10'° is suitable. We decompose

the interval Jj ; into smaller subintervals of length E\/% (which is S 2=t in
the range under consideration), here ¢ < 1071% (to be chosen sufficiently
small but independent of A, k,1).

This decomposition is motivated by the following considerations: accord-
ing to (130), A¢(t,r,v) contains the term —\(r — r(t))%tcott depending
entirely on 7 and t. For ¢ € Ji, this is of size Ak2'|r — 7(¢)|?, hence of
order O(1) if |r — r(t)| < (Ak2))~Y/2. Moreover, on a subinterval I of Ji,
on which r(t) varies by at most a small fraction of the same size, the term
—A(r —r(t))*tcot t is still O(1) and contributes to no oscillation in the in-
tegration with respect to s. Since |r'(t)| ~ 1/k by (111), this suggests to
choose intervals I of length < k(Ak2))~1/2 = Vk2-I\-1. Similarly, the first
term of A\¢(t,7,v) in (130) is of size Ak|w(¢,r,v)| and does not contribute to
any oscillation in the integration with respect to s if |w(t,r,v)| < (k)7L
These considerations also motivate our later definitions of the set Py and
the sets Pp,,m > 1, cf. (133).

As before we denote by 79 a C§°(R) function so that >, no(t—7mn) =1
and supp(ng) C (—m, 7). Define, for b € TeVk2-IN\-1Z,

(126) Mketb(8:) = maia(s,t)mo (e~ %(f —b)).

Then we may split

k.l Kl
(127) Ay = Z A)\,b
bETN k1
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where 7;‘7k7l C mev E2-I\"17ZN Jk,l (Cf.(104)), #’T)\Jﬁl = 0(6_1\/ /\Z_Ik‘_l),

and
(128) AV (z,u) =

Calk // x(s)n,\k,l,b(t)e“s(l_|x|2tCOtt_t‘4“‘)w1()\st\4u\)dtds.

We now give some formulas relating the phase ¢(t,7,v) = 1 —r2tcot t —tv
to the geometry of the curve (r(t),v(t)) (¢f.(108)). By (110) and (112),

o(t,r,v) _ o(t,ryv) — o(t,r(t),v(t))

t t
= (r(t)?> = r¥) cott + v(t) — v

=o(t) —v— (r—r(t)2r(t)cott — (r — r(t))? cot t

and, setting

=v—v _v® r—r
(129 wit, ) = v = olt) = S = r(0),
we get
(130) (b(t,tr, V) _ —w(t,r,v) — (r —7r(t))*cot t.
Moreover,
T,V 72
Ge(t,r,v) = ¢(t’t ) + Sin2tt — %
(131) = ALt ) - rtt)

We shall need estimates describing how w(t,r,v) changes in ¢. Use (130)
and the expansion

w(t,r,v) —w(b,r,v) = — [v(t) —v(b) —

T 2= v + [ - S0 - o)

From (114) we get || + k|v"| < 27k~ + k=2 on Ji, thus the first term
in the displayed formula is < (27'&~2 + k~3)|t — b|2. Differentiating in
(112) we also get (v'/r") = O(27'k + k~2) on Ji,, and see that the second
term in the display is < (27'&~ + k=2)|t — b||r — 7(b)| and the third is
<27+ HE72(t — b)2. Hence

(132)  |w(t,r,0) — wb,ro)| < (270 + kY|t — b|(’tk—zb! LI —l:(b)!> '
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We now turn to the estimation of Ai’é with £ > 1 and b € Ty ;. Let, for
b>1/2,1=1,2,...,and m=0,1,2,...,
(133)  Pp = Pm(A L ks b) == {(r,v) € (0,00) x (0,00) :
v (AR)TY e — ()] < 27(R2) T2 fw(b,rv)| < 227 (M)
and let
(134)
Qm = Qm()\glyk; b) = {(‘T7u) : (‘.Z",Zl’u‘) € 7)0}7 lf m = .07
{(z,u) : (Jz|,4|u]) € Pm \ Pm-1} if m > 0.
For later reference we note that in view 2! < \/k, |t —b| < /<& and the

,\21
upper bound |r/(t)] < 2t™! we have r(t) — r(b) = O(—=), and, by (132),

VEN2!
(135) lw(t,r,v) —w(b,r,v)| < €2m()\k‘)_1, (r,v) € Pp.

Moreover it is easy to check that, still for |t — b| < €4/ )\21,
(136) |(r —7(t))? cot t — (r — r(b))? cot b| < e22™(Ak) L.
Proposition 8.7. Assume that 1 < k <8\, 1 =1,2,..., and 2" < Co\/k

(and let ¢ in the definition (126) be < Cy11071%). Let b > 1 and b € T k-
Then

(137) // AV (@, u)| dodu < (2lk)~* 2;k
Qo(A,L,k;b)

(138) // |A)\ b(:E u)|drdu < 2_7”]\[(211<;)_dlz+1 2lTk
Qum (A1, k3b)

Proof. Note that, for fixed k > 1,1 > 1, b€ Ty 1,

(139) (r,v) € Ppy = r < 2™(2'%k) "and v < 22"k,

This is immediate in view of 2'k <\, r(b) ~ (2'k)~!, v(b) ~ k~! and thus
rS @RI 2™ ) < 2m@lk) !
v S KT 422 < 22t

Also recall that v = 4|u| > (A\k)™! for (x,u) € Qm(\, 1, k;b).
A crude size estimate yields

Indeed, the left hand side is < e li €y k1L where

//r ()| <27 (2 AR) 1/2(/\kv)

|w(b,r,v)|<22™ (k)1

(140)
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do—1
is S 2 (2) M T A (25E) T in view of (129) and (140). This yields
(141). In regard to its dependence on m this bound is nonoptimal and will

be used for 2™ < C(e).

We now derive an improved L! bound for the region €,, when m is large.
For (r,v) € Py, \ Pm—1 we distinguish two cases I, IT depending on the size
of |¢(b,r,v)| and define for m > 0, and fixed k,, b,

RL = {(r,v) € P \ Prm1: |p(b,7,0)| > 27100 — (b))%},
R;;{ ={(r,v) € Pm \ Pm—1: |0(b,r,v)| < 2l_100(r —r()?}.

We also have the corresponding decomposition 2, = QI + QI where QI
and Q! consist of those (z,u) with (|z|,4|u|) € REL, and (|z|,4|u|) € R,
respectively.

Case I: |¢(b,7,v)| > 217100k (r — r(b))2. We shall show that

(142) lp(t,r,0)| = e2?™A7L, for (rv) e RL, |t —b| <ey/ % .

with ¢ > 0if 0 < ¢ < 10719 is chosen sufficiently small. Given (142) we
can use an Na-fold integration by parts in s to obtain a gain of 272™2 gyer
the above straightforward size estimate (141), which leads to

k,l m — _di+1

It remains to show (142). We distinguish between two subcases. First
if |1 —7(b)| > 2™ 5(A\k2))~1/2 then by the Case I assumption we have
|p(b, 7, v)| > 217100E22m=10(\E2l)=1 = 22m=110N\~1"and by (130), (135) and
(136) we also get (142) provided that ¢ < 27290,

For the second subcase we have |r—r(b)| < 2™~ %(A\k2!)~1/2. Since (r,v) ¢
Ppn_1 this implies that |[w(b,r,v)| > 22"~2(\k)~!, and since the quantity
b(r — r(b))?| cot b is bounded by 2+4b(r — (b))% < 2277 6(b/k)A"" we also
get |p(b,r,v)| > 22m=3)\~1 by (130). Now by (130), (135) and (136) we also
get |p(t,r,v)| > 22m=4\~1 if ¢ is sufficiently small. Thus (142) is verified
and (143) is proved.

Case II: |¢(b,r,v)| < 2710k (r — 7(b))%2. We show

(144) |y (t, 7, v)| > 2™ 2023212 (0 () )N1/2
if (r,0) € RE |t —b] <ey/22.

and this will enable us to get a gain when integrating by parts in ¢t. To prove
(144) we first establish

(145) Ir —r(b)] > 2 OAE2) Y2 for (r,v) € RIL.

Note that if |w(b,r,v)| < 22"=3(\k)~! then |r — r(b)] > 2™ 1 (\k2H)~1/2
since RI an_l. Thus to verify (145) we may assume |w(b,r,v)| >
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22m=3(\k)~!. In this case we get from (130), (r,v) € P,, and the Case II
assumption

(r = r(0)* cot b = fw(b,r,v)| = b7 6(b,1,0))|

> 22m_3(Ak7)_1 —b_1k2l_10022m(/\k:21)_1 > 22m—4()\k)—1
and hence (r — r(b))22!7* > 22m=4(\k)~! which implies (145). In order to
prove (144) we use (131) and (145) to estimate

6006,70)] 2 o r(B)lr = r(B)] 275 (r = (5

~ sin?b b
r—rb r—+r(b 2k r—+r(b))|lr —r(b
Zr HOl () 2 ) 5 CrO )

m—10

> 2k (r 4 (b)) == 2 27 R (e (D) A

A/ -
which yields (144) for ¢t = b. We need to show the lower bound for |t — b| <
e\/k/(2'X). By (95) we have |y (t',r,v)| < 72623+ for [t —b| < /55 and

thus
e (t,7,0) — du(b, 7, v)| < 200223 ke [ S < 2mTI0QB2RL2NT2 (1 4 (b))

if ¢ < 27199 The second inequality in the last display is easy to check.
If » < 2r(b) then use r < (2'k)™' ~ r + r(b) and if » > 2r(b) then use
r—r(b) = r+r(b) = r. In both cases the asserted inequality holds for small
e and thus (144) holds for |t — b] < ey/k/(2!)\). We note that under the
condition (145) the range r < 2r(b) corresponds to 2™ < \/A(2lk)~1 and
the range r > 2r(b) corresponds to 2™ > \/\(2/k)~1.

We now estimate the L' norm over the reglon where (r,v) € R Let £,
be the differential operator defined by Li;g = at( ). By N integration by
parts in ¢t we get (with |z| = r, 4|u| = v)

k,l _ ;Niy\—N
A)\7b(x,u) = "t IQ:)\JM X

// ei)‘sd’(t"””"‘l'“‘)s_]vlﬁivl [ k16(8, t)1 (Astv)] dt ds .

To estimate the integrand use the lower bound on |¢|, (144). Moreover
we have the upper bounds (98) for the higher derivatives of ¢ (and then
¢) which give 97'¢ = O(21**tDbr?) for n > 2. Each differentiation of the
cutoff function produces a factor of (A2'k~1)!/2. By the one-dimensional
version of Lemma 8.1 described in the subsequent remark the expression
AN (Abp)(d2=D/2| £ [ k,16(8, t)1 (Astv)]| can be estimated by a sum of
C(Ny7) terms of the form

(146)

M (A2!/k)~/? 1 Ql(F+1) foy-2
(2m23l/2k‘1/2(r + r(b)))\—l/z)a - (2m23l/2k‘1/2(7‘ + T(b))/\_1/2)6
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where o € {0,..., N1}, T is a set of integers 5 € {2,...,N; + 1} with
the property that 3 5.5(8 —1) = N1 — . If J is the empty set then
we interpret the product as 1. We observe that for (r,v) € R we have
lr — r(b)| = 2™ (Ak2)~Y/2. Thus if 2™ < \/A(2'k)~T we have r < (2/k)~!
and 7 + 7(b) =~ (2'k)~! while for 2™ > \/A(2'k)~! we have r ~ r — r(b) ~
r+r(b) = 2m (k2D 12,

A short computation which uses these observations shows that in the case
2™ < \/A(2'k)~1 the terms (146) are < 27" [ ¢, [27mB (2l /X)P/271]. In
the case 2™ > \/A(2'k)~! the terms (146) are dominated by a constant
times (A\2~{k—1)a/20-2ma [ses 2-7(#=1) In either case the terms (146) are
< 27mV1 (since o + > ey B = Ni). This means that we gain a factor of
27N over the size estimate (141). Consequently,

di+1 1
(147) //QH |A)\b z,u)| de du < 2m(dtde =N (ol py==— %

m

The assertion of the proposition follows then from (143) and (147). 0

8.4. L' estimates for Tf and Wj,.

Proof of (59). Let us recall that & < 8\. If we sum the bounds in Proposi-
tion 8.7 in b € Ty, i, ; we get

+1

JAE N S @R, 2 S

We also have

(148) 12775 KE - AR < (2

for the part of Kg;l where |u| < 1/kA this follows from Lemma 8.3, and for
the remaining part from Lemma 8.5. Combining these two estimates, we
find that

(149) 2 e s @0, 2 g2
Moreover, by Lemma 8.5 and Lemma 8.6, we have
(150) 1277 K5 S (2 2l > 1062—;
Altogether this leads to

1+

(151) 29D T L S (2) 7

and (59) follows if we sum in /. O
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8.5. An estimate away from the singular support. For later use in the proof
of Theorem 1.4 we need the following observation.

Proposition 8.8. Let A > 1, K\ be the convolution kernel for the operator
X()\_I\/E)eiﬁ, where x € S(R), and let R > 10. Then, for every N € N,

/ | Ky (z,u)|dzdu < Cn(AR)™N .
max{|z|,Jul}>R

Moreover, the constants Cn depend only on N and a suitable Schwartz norm
of x.

Proof. This estimate is implicit in our arguments above, but it is easier
to establish it as a direct consequence of the finite propagation speed of
solutions to the wave equation [17]. Indeed, write

X()\_l\/f)ei‘/Z = x(A\'WL) cos VL + idx(\ VL) Sll\l/\l_fz,
with x(s) = sx(s), and denote by ¢, and P the convolution kernels for the
operators x(A™'v/L) and cos VL, respectively. Then P is a compactly sup-
ported distribution (of finite order). Indeed, P is supported in the unit ball
with respect to the optimal control distance associated to the Hérmander
system of vector fields X, ..., Xy, , which is contained in the Euclidean ball
of radius 10. Moreover, by homogeneity, ¢y (z,u) = X122 oAz, \2u), with
a fixed Schwartz function ¢. Note also that by Hulanicki’s theorem [12], the
mapping taking x to ¢ is continuos in the Schwartz topologies. Since the
convolution kernel K§ for the operator X(A'WL) cos /'L is given by @y * P,
it is then easily seen K§(, u) can be estimated by CxyAM (A|z|+A2|u|) = for
every N € N, with a fixed constant M. A very similar argument applies to
X(A‘lﬁ)%, and thus we obtain the above integral estimate for K. [

9. hl — L' ESTIMATES FOR THE OPERATORS W,

180

In this section we consider the operatots W, = zj W;.,, and prove the

relevant estimate in Theorem 5.3. In the proof we shall use a simple L2
bound which follows from the spectral theorem, namely for jo > 0

(152) H Z Wi < 9—Jjo(d=1)/2

£ 212 ™
Jj=>Jjo

Preliminary considerations. Let p <1 and let f, be an L?-function satisfy-
ing

[ foll2 < p™2,
supp(fp) C Qp.i := {(w,u) - max{|l, [ul} < p},

and we also assume that

(154) / folz,u)dzdu =0, if p < 1/2.

(153)
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In what follows we also need notation for the expanded Euclidean ”ball”

(155) Qp.x = {(, 1) : max{[z], [ul} < Cip},

where C, = 10(1 + d max; || J;|).
We begin with the situation given by (154). By translation invariance
and the definition of Al _ it will suffice to check that

(156) Wafllze < (1 +m)2- =72,

We work with dyadic spectral decompositions for the operators |U| and
VL and need to discuss how they act on the atom fo-
For j > 0, n >0, let H;, be the convolution kernel defined by

x127HL)G U = f o+ Hj.
From (52) we see that
Hj, =0whenn>j+11.

Lemma 9.1. Let p < 1, and [, be as in (153). Then
(1) | fo* Hjnlh S 1 and

(157) [|fp * Hj,nHLl(QE’E'*) SN (2jP)_N-
(ii) If f, satisfies (154) then
(158) 1o * Hjnlli S min{1, 277} .

Proof. By Hulanicki’s theorem [12] the convolution kernel of x1(L) is a
Schwartz function g; on R4+, The convolution kernel of ¢1(|U]) is § ® go
where ¢ is the Dirac measure in R% and gy is a Schwartz function on R%.
Then

(159) Hjm(x’u) — /2j(d1+2d2)gl(2jx7 22jw)2(j+n)dzg2(2j+n(u . w)) dw

< 1 we get from

~

Clearly ||Hj |1 = O(1) uniformly in j,n and since || f,|1
Minkowski’s inequality || f, * Hj |1 S 1.

For the proof of (157) we may thus assume 2/ > 1/p and it suffices to
verify that for every (y,v) € Q, r the Ll(QExp,E) norm of (x,u) —

dw

/ 97 (d1+2dz2) 9(i+n)dz
(1 + 2|z —y| + 225 w)M (1 4 2740y — v — w + L (Jz,y) )M

is bounded by C(27p)~" if Ny > N +d; + 2d,. This is straightforward. For
the proof of (158) we observe that (159) implies

2_j||vszij1 + Z_j_nHquj,nHl = 0(1)-
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Moreover 27"|||z|V,H;»|1 = O(1). By the cancellation condition (154)
fxHjp(z,u)

/fp Y, v (m—y,u—v—i—%(jx,y»—Hj,n(az,u)] dy dv

/fp Y, v /0 Y, VoHjn(x — sy,u—sv+ 2 (Jm )
+ (v + L (Jz, >,VuH(x—sy,u—sv+%(jx,y>)>ds>dydv.
We also use (Jz,y)) = (J(x — sy),y)) and a change of variable to estimate
1% Hiall S 1ol o (192 Hynlls + 19l + el VuH ]
and (158) follows. O
Proof of (156). For n > 0 split

Wi fp = Z Winfp+ Z Winfp+ Z Winfp

j>n—11 j>n—11 210n <24 p
2jp<2710n 2710ng2jpS210n
=T+ I, + II1,,.

The main contribution comes from the middle term and by (66) and the
estimate || f,|1 <1 we immediately get

(160) 1Ll S (1 +n)2 =072,

Let J, be as in (64), so that #(7,) = O(2"). We use the estimate (151) in
conjunction with (158) and estimate

o< S S0 S 29 0RTR v )

2jp<2—10n k€edn, =1
o0
l —
S 2 22 @h
2 p<2-10n ke Ty, 1=1

We turn to the estimation of the term 111, ,. Let T, be a maximal |/gp
separated set of [2"76 2"6] For each 8 € T, ,, let, for large Cy > 1,

(161)  Nap(B) = {(z, ) « [|z] = 7(B)| < V/Cip, |w(B,,4lul)| < C1p}

and
Nn,p: U Nn,p(ﬂ)

BETpn

Observe that meas(N;, ,(8)) S, 27™9174272) 53/2 (by (108) and (112)) and
thus meas(N,,,) Scy p. We separately estimate the quantity 111, , on N, ,
and its complement. First, by the Cauchy-Schwarz inequality and (152)
(with 270 ~ 2107 =)

Mol ) S 22T L pll2 S (2710 0) T 2 ol

—1
1 )‘

pS 2T
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and, since pd/2||fp\|2 <1,
(162) T ol ) S 27207
In the complement of the exceptional set Ay, , we split the term 111, , as
o0
k.l k,l
I, = Z Z Z(Iﬂnm + IV, 5)
27 p>210n ke T, =1

where .
k,l —ja=1 k,l
I[Inpj_2 7z j [(fP*ijn)XQpE*]

IV =275, kl[(fp*Hgn)ch b

and Q, g« is as in (155). From (157) and (151) we 1mmed1ately get ||1
(2 k)~ +1D/2(27 p) =N and thus

DI M IGHITSAE

2i p>210n |=1 k€T,

npj”l Y

It remains to show that

(163) Z o> T nm”mwg,p) < gnldi=1)/2

=1 k€Jn 2i p>210n
Let Fjnp = (fo* Hjn)XQ, p.» 50 that [|[Fj, pl[1 < 1. We shall show that for
k~2"
(164) | Fjnp * Ay lpaae ) Sn (27"p) N2 ()3 ol < 1089i—"
and (163) follows by combining (164) with the estimates (148) and (150).

Proof of (164). We split Ag ZbeTy . 2j p as in (127). For each

b € Ty, we may assign a 3(b) € T, so that |5(b) — b < /ep. Let Tzém
be the set of b € Ty, with 3(b) = 3. Then #’T;M < 27n/2,/2l+ip. In
order to see (164) it thus suffices to show that for 2! < 10827~ |3 —b| < p,
)d1+1

—N12—(l+n 2(n+l—j)/2'

(165)  [|Fjn,p * Agﬁl,b|’L1((Nn,p(ﬁ))B) Sy (2'7"p)
To prove this we verify the following

If (Z,7) € Qpiysr (2.,u) € (N p(B8))F and 227940 < p
then (jz — &, 4lu — T+ L(J2,3)]) & P(2, 1, ks b)
Pm(27,1, k; b) was defined in (133). Indeed the claim implies

k,l
HFj’”P * A bHLl( (Nap(8))C /(x Alul)g |A23 b(ﬂj,u)|d:17 du
Pm (27,1,k;b)

since ||Fjnpll1 = O(1) and (165) follows from Proposition 8.7.

(166)  Claim
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To verify the claim (166) we pick (x,u) ¢ N, ,(f) and distinguish two
cases:

Case 1: ||z| —r(B)| = +/Cip.
Case 2: |w(B, |z|,4|u|)] > Cip and ||z| —r(B)| < +/Cip.
It is clear that the conclusion of the claim holds if we can show that under

the assumption that C; in the definition (161) is chosen sufficiently large
(depending only on J and the dimension d) we have for all (z,u) € Q, £«

(167) Hm —I|— r(b)‘ > vCGip in Case 1,

- 2
(168) |w(b, ]az—f\,él\u—ﬂ—k%(fx,@m > % in Case 2.

The Case 1 assumption implies for (z,u) € Q) g« (and sufficiently large
)
||z = 2| = r(®)] > |lz| = (B)| - [Z| — |r(b) —r(B)

zqﬁﬂ—cw—ow—mrﬂzigf

which is (167).
Now assume that (x,u) satisfies the Case 2 assumption. We then have
for all (z,u) € Q) k.«
+ ‘U)(b, |l‘ - 5|74|u —u + %<j$75>) - w(b7 |$|74|u|)‘

The first term on the right hand side can be estimated using (132) (with
(t,b) replaced by (b,)), and we see that it is < (C' 4 v/C1)p under the
present Case 2 assumption. The second term on the right hand side is equal

to b)
i) (121 = e = 2)

and since the Case 2 assumption implies |x| = O(1) we see that the displayed
expression is O(p). Thus, if Cy in the definition is sufficiently large we obtain
(168). This concludes the proof of the claim (166) and thus the estimate
(164).

We finally consider the case where 1/2 < p < 1, in which condition (154)
is not required. This case can easily be handled by means of Proposition
8.8. To this end, we decompose

a(\/f)ei‘/Z = Z 2_%]'9]'(2_]'\/3)62\/3,

j=10

(qm—4m—a+§U¢fﬂ—

with g;(s) = Q%ja@js)xl(s). The family of functions g; is uniformly
bounded in the Schwartz space. If K; denotes the convolution kernel for
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the operator gj(Z_j \/f)ei\/z, we thus obtain from Proposition 8.8 the uni-
form estimates

/ |Kj(2,u)| dedu < On27N.
max{|x|,[u|}>100
This implies that

/ (a(VD)eV ) @) dadu 5 7] £ 1.
max{|z|,|u|}>200
And, by Hélder’s inequality,

/ (@(VE)eVE £ ) @)dr < [(aVDEVE )l S Ilfolla < 1.
max{|z|,|u|} <200

This concludes the proof of Theorem 5.3. O

10. INTERPOLATION OF HARDY SPACES

By interpolation for analytic families Theorem 1.1 can be deduced from
the Hardy space estimate if we show that LP(G) is an interpolation space
for the couple (hi (G),L*(G)), with respect to Calderén’s complex [+, -]y
method.

Theorem 10.1. For 1 <p <2,
(169) (b (@), L*(@)]y = LP(G), 9 =2—2/p,

15O
with equivalence of norms.

Proof. We deduce (169) from an analogous formula for the Euclidean local
Hardy spaces h}E, more precisely, the vector-valued extension

(170) [0 (hp), 2(L2)]y = (LF), 0 =2-2/p.

Here (P = ¢P(Z4+492). To do this one uses the method of retractions and
coretractions (cf. [34]); (170) follows from the definition of the complex
interpolation method if operators

R: hig, + L* — (' (h) + (*(L?)

St 0 (hp) + (*(L?) — hig, + L?
can be constructed such that

o [hom o) [ ek s,
| L? — (L2 | (L2 — L2
are bounded and
SR=1,

the identity operator on LP or hi

1S0°
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To define R and S let 1 € CP(R%), g € C°(R%) supported in in
(—1,1)% and (—1,1)% respectively and such that for all z € R4, u € R

(171) Y opie+X)=1, > Pu+U)=1

Xezh UeZd2

We define ¢(x,u) = ¢1(z)p2(u) and set

Rf ={Rxuf}xv)eztr xz
where Ry pf(z,u) = o(—z, —u) f(z + X,u+ U + (J X, z));

moreover for H = {Hxu}(x1)ezt xz42 € ¢H(hl) we set

SH(x,u) =

> (X —2,U—u—3(JX, 2))Hxp(x — X,u—U — 1(JX,z))
(X,U)ezZ% x 742

One verifies quickly from (171) that SR is the identity.
We now examine the boundedness properties of R and S. For the hilso —

(Y (h}) of R we consider a (Heisenberg-)(P, p) atom a with P = (zp,up)
and p < 1. Note that o(—x, —u)a(z+ X, u+U + (JX, x)) is then supported
on the set of (x,u) € (—1,1)%%+% guch that

p — X —a + Jup — U —u— (J(X — ap).2) < p2.

Thus Rx y f is not identically zero only when |X — zp| + |U — up| < Cy4
some absolute constant Cy. And, since (J(X —xzp),X — xp) = 0 we also
see that in this case the function

(172) (z,u) = a(z + X,u+ U + L(JX,z))

is supported in a Euclidean ball of radius Cp with center (zp — X, up — U).
Since the cancellation property (if p < 1/2) is not affected by the change of
variable we see that the function (172) is equal to cpb where b is a Euclidean
atom and |cp| < 1. Thus this function is in AL with norm < 1. We also use
that multiplication with ¢(—z, —u) defines an operator which is bounded
on the local Hardy-space h}g. Now it follows quickly that R is bounded as
an operator from hi to El(h}g). Indeed if f =}, a, where a, are (P,,7,)
atoms for suitable r, < 1 and P, then

IRf ey = D [ Bxw ZCVGP,VH%
X, U v

<> Y el <D el

X,Uvi|zp,—X|<Cy4
lup, —U|<Cq

This completes the proof of the kL — ¢*(h}) boundedness of R.

180
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We now show that S maps ¢!(hL) boundedly to hl . We first recall that

1S0°
the operation of multiplication with a smooth bump function maps h}E to

itself (cf. [8]), thus
lo(=)Gx0 g, < ClIGxu

Using the atomic decomposition of h1 functions we can decompose

—)Gxu = E CX,UpOX, Uy

where 3 -y 1, lexuwl S Glleay and the ax y, are Euclidean atoms sup-
ported in a ball

{(w,u) s |z —xp|* + |lu—up|* <12} C [-3,3] %,
with P = P(X,U,v) and r = r(X,U,v). Fix such an atom a = ax . The
function
(173) ax,uy : (x,u) = axyy(e —X,u—U — %(jX,@)
is supported in

{(z,w): (Jo — X —apf + lu—U - $(JX,z) —up)/? <7}

which is contained in the set of (x,u) such that
- 1
(lo — (X +ap))? + Ju—U - 3J(X +zp),2) —up + $(Jrp, X +zp)[*)?

is < (1+2+/dy)r. Here we have used that [(Jzp,z— (X +2p))| < |zp|r and
|zp| < 3v/dy. The inclusion shows that there is an constant independent
of X,U, v so that function ax /C is a Heisenberg atom associated with a
cube centered at (X +zp, U +up + %(jxp,X + zp). This statement holds
at least if » < 1/(4d;). If r is close to one then we can express ax y as a

finite sum of 6¢ atoms supported in cubes of sidelength 1. Thus we see that
the function in (173) has ki norm < 1. This implies the ¢'(hk) — hi

1SO 1SO
boundedness of S, since it follows that

15Glln, < Z Z lexupllaxopln, S Y lexval S Gl )-
X,U,v

Finally the L? — Ez (L2) boundedness of R and the ¢2(L?) — L? bounded-
ness of S are even more straightforward and follow by modifications of the
arguments. U

Proof of Theorem 1.1. By duality we may assume 1 < p < 2. By scaling
and symmetry we may assume 7 = 1. Let a € S—@=D1/P=1/2) " Consider
the analytic family of operators

A, = e Y 27 @G (VIa(VE)e VT
=0
We need to check that A, is bounded on LP for z = (2/p — 1). But for
Re(z) = 0 the operators A, are bounded on L?; and for Re(z) = 1 we
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have shown that A, maps hlso boundedly to L', by Theorem 1.3. We ap-
ply the abstract version of the interpolation theorem for analytic families
in conjunction with Theorem 10.1 and the corresponding standard version
interpolation result for LP spaces; the result is that Ay is bounded on L? for
6 = 2/p — 1. This proves Theorem 1.1. (]

11. PROOF OF THEOREM 1.4

We decompose m = ZkeZ my, where my, is supported in (2k_1, 2k+1) and
where hy, = my(2F.) satisfies

Zsup/ )|T > dr < A.

By the translation invariance and the usual Calderén-Zygmund arguments
(see, e.g., [31]) it suffices to prove that for all p > 0 and for all L' functions
[, supported in the Koranyi-ball Q, := Q,(0,0) and satisfying [ f,dz =0
we have

(174) Z // mi(VI)f,| dz S A + [[m]]oo

Let x1 € C§° be supported in (1/5,5) so that xi(s) = 1 for s € [1/4,4].
Then for each k write

mi(VL) = (27 VL) (V) = / Te(T)x1 (27 FVT)e TVE

By scale invariance and Theorem 1.2, the L' operator norm of the operator
X1(27*VI)e2 " VL is O(1 4 |7])@Y/2 and thus

o0

mmu@wpﬁps/ (|1 + ) Fdr

—00

Also observe that since the convolution kernel of x1(v/L) is a Schwartz kernel
we can use the cancellation and support properties of f, to get, with some
€ >0,

X127 VL) foll < min{1, 2%p)7} | foll1 -
Thus the two preceding displayed inequalities yield

Z\WNMMgwwjrmemwmmm
k:2k p<M >
(175) <. (e +22) (£l

where for the last estimate we use ’71;(7’)‘ < lhklloo S [|mleo when |7] < 2.
We now consider the terms for 28p > M and M large, in the complement
of the expanded Koranyi-ball Q,. = Qc¢, (for suitable large C' > 2). By a
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change of variable and an application of Proposition 8.8,
2=k VL —k ivVL -1 2k

e TIXI(Q \/E)prLl(QE,*) - He“le(T \/Z)fp a

< (2Fpr H™N it 2kp > 7,

HLl(QC

C*‘r*lep)

k k
where f,? /™ is a re-scaling of [, such that ||f§ /T||1 =lfoll S 1.
Hence if M is sufficiently large then for 2¥p > M

Imi (VD) folags.y Sn 16l | / B (7)|(1+ |7)) 7 dr

|T|>2kp

s [ o N+ )
T|<2Fp

and thus
a16) 3 VD gy S et 3 o,
2kp>M k:2kp>M
The theorem follows from (175) and (176). O
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