CHARACTERIZATIONS OF HANKEL MULTIPLIERS

GUSTAVO GARRIGOS AND ANDREAS SEEGER

ABSTRACT. We give characterizations of radial Fourier multipliers as
acting on radial LP functions, 1 < p < 2d/(d + 1), in terms of Lebesgue
space norms for Fourier localized pieces of the convolution kernel. This
is a special case of corresponding results for general Hankel multipliers.
Besides LP — LY bounds we also characterize weak type inequalities and
intermediate inequalities involving Lorentz spaces. Applications include
results on interpolation of multiplier spaces.

1. INTRODUCTION

The purpose of this paper is to study convolution operators with radial
kernels acting on radial L? functions in R?. We are interested in the bound-
edness properties of such operators on Lfa 4 the space of radial LP functions.
It turns out (perhaps surprisingly) that for a large range of p one can actually
prove a characterization in terms of the convolution kernel. Moreover we also
obtain characterizations for the weak type (p, p) inequality, or, more gener-
ally, results involving the interpolating Lorentz spaces L% for p < o < oo.
Here L denotes the subspace of radial functions of the Lorentz space
LP7(R%). Recall that we have the strict inclusion LP®1 C LP°2 for oy < 03.
The space LP7 is the usual weak type p space, and of course LPH = LP .

Let K € &'(R?) be a radial convolution kernel, and denote by 7y the
convolution operator f +— Txf = K % f. We shall always assume that
the Fourier transform K is locally square integrable which is a trivially
necessary condition for LP boundedness (and also for LP — L7 boundedness
with ¢ < 2). Now consider the scaled kernels

K, =t{K@{t ).

Note that estimates for Ty imply appropriately scaled estimates for 7k,,
t > 0. Let ® be any radial Schwartz function whose Fourier transform is
compactly supported in R?\ {0}. By using dilation invariance and testing
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the convolution with K; on ®, we get a trivial necessary condition for Lfil —
LP? boundedness of 7x, namely that

(1.1) sup || P * K¢l ppo < 00.
t>0

Our main result is that (1.1) for a single nontrivial radial ® is also sufficient
for the convolution to map Lrad to LP7,

Theorem 1.1. Let K be a radial convolution kernel so that K is locally
square integrable and let Tk be the associated convolution operator. Suppose
d>1,1<p< d+1’ and p < 0 < 0o. Then the following statements are
equwalent.

(a) There is a radial Schwartz-function ® (not identically zero) for which
condition (1.1) is satisfied.

(b) T maps LP;5(R?) boundedly to LP:(R%).

(¢) Tx maps LY. (RY) boundedly to LY (RY).

As a consequence one can show that if in addition K is compactly sup-
ported away from the origin then the LP boundedness of 7k is equivalent
with K € L? . Cf. §10 for this and somewhat stronger results for bound-
edness on Lorentz spaces. We remark that the condition p < 2d/(d + 1) is
necessary since for p > 2d/(d + 1) there are radial LP kernels whose Fourier
transforms are unbounded and compactly supported in R? \ {0}, ¢f. the

comment following Corollary 1.5 below.

It is convenient to formulate these characterizations for more general
Fourier-Bessel (or Hankel) transforms of functions in RT. As it is well known
([31], ch. 1IV) the Fourier transform of radial functions can be expressed in
terms of integral transforms on functions defined on R™, which is equipped
with the measure 7%~ 1dr. To be specific we deﬁne the Fourier transform of
a Schwartz function g in R? by G(¢) = Fralg] = [ g(y)e "€ dz. We recall
that if g is radial, g(x) = f(]z|) then its Fourier transform is radial and is
given by
(1.2) 9(&) = 2m)*Baf(p), I = p,
where By denotes a Fourier-Bessel transform acting on functions on the half

line. This transform can be defined for all real parameters d > 1, and it is
given by

(1.3) Baf(p / f(s)By(sp)s?tds
where
(1.4) Ba(p) = p~ % Jaz(p)
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and J, denotes the standard Bessel function. This definition is closely re-
lated with the classical (or nonmodified) Hankel transform given by

Hof@) = | " () (4)dy;

indeed By = M _a—1Ha—2Ma—1 where the multiplication operator M, is

defined by M. f(r) 2:: 7"31“"(7“).2 The operator B, is just the modified Han-
kel transform H, = H™? used in most papers on the subject, with the
reparametrization H;md = Bay 2. We prefer our notation only because of
the connection with radial Fourier multipliers when d is an integer. For d =1
one recovers the cosine transform. If d > 1 is an integer then the function
By in (1.4) represents (up to a constant) the Fourier transform of the surface
measure on the unit sphere in R%. For general d > 1 the functions By are
eigenfunctions with respect to the second order Bessel differential operator
L=-D?— d;plD; here D = d/dp.

In what follows let
(1.5) dug = r¢1dr

and let LP(14) be the Lebesgue space of measurable functions f with

1Nl e (ug) = (/O !f(r)lprd‘ldr) " < .

We continue to use the notation || f||, for the standard LP norm on R (with
respect to Lebesgue measure). Let S(R;.) be the space of even C*° functions
on R for which all derivatives decrease rapidly; then By is an isomorphism
of S(Ry), an isometry of L?(R,,pg), and By = Bgl. Clearly the space
S(R4) is dense in LP(ugq). Moreover if d > 1, f € LP(uq), and 1 < p <
2d/(d + 1) the Fourier Bessel transform of f is well defined due to the
standard bounds J, (1) = O(r®) for  — 0 and Jo(r) = O(r~/?) for r — oo
([31]). Consequently the operator T, with

(1.6) T f(r) = Ba[mBaf](r)

is well defined for f € S. We remark that L'(ug) is a commutative Ba-
nach algebra with respect to a certain convolution structure [17], and the
operators (1.6) can then be regarded as generalized convolutions. However
in this paper we shall not need to make use of the precise definition of the
convolution structure.

We now formulate necessary and sufficient characterizations for LP — L4
boundedness for T}, as well as extensions to Lorentz space inequalities. Our
main characterization is in terms of size properties of the one-dimensional
Fourier transform of localizations of m.
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Theorem 1.2. Let m € L2 ([0,00)), let ¢ be a C™ function compactly

supported in Ry (not identically zero). Suppose 1 < d < oo, 1 < p < d+1’
p<qg<2andp <o < oo Then the following statements are equivalent.

(i) Tpn, maps LP*(uq) boundedly to L9 (ug), for w = min{o, q}.
(ii) Ty, maps LP(ug) boundedly to L9 (11g).

(iii)

(35—
(1.7) stlig t HBd om(t- HLM (ug) < OO
(iv) With ki(x ) = _1[¢m( t-)](x), the condition
_d-1
(1.8) P £ H L] ktHLq)U((lJr\de*ldx) <0
holds.

Condition (1.8) is simpler when ¢ = o, and in this case we see that T),, is
bounded from LP(ug4) to L9(pg) (and in fact from LP9(pug) to L9(pg)) if and
only if

(1.9) sup t =3 (/ | ke ()| (1 + |z|) (4~ )dx) < 00;
t>0

here again 1 < p < d+1 and now p < ¢ < 2 (for the case ¢ = 2 see §8).

Theorem 1.1 is an immediate consequence of Theorem 1.2. If K =
Fralm(| - )] and g(z) = f(|z[) then Txg(x) = Tpnf(|z]), by (1.2), and
R
the condition (1.7) is equivalent with

(1.10) suIO) td(l/pfl/q)HfRle[(b(] -m(t| < 0.
t>

)] Hanv(Rd)

Alternatively, after rescaling, one can express this condition using the ho-
mogeneous Besov type space B_;/,y o (L?7). Namely if K is radial with K
locally square integrable then, with ®; :== F~1[¢(¢t| - |)],

17l ey g ey = W5, a0y
(1.11) = sup =Dy K
t>0

Note that the expression on the right hand side becomes a norm only after
considering the quotient of the space of distributions modulo polynomials;
however the (necessary) assumption that K is locally square integrable ex-
cludes polynomials (and even nonzero constants). As a special case (using
the more familiar notation when ¢ = o) the operator 7x maps boundedly

I7,4(RY) — L%, (RY) if and only if K € L}, and K € B, .
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We remark that no characterizations for p # 1 seem to have been observed
before; however almost sharp results on compactly supported multipliers on
Lfad(Lgph) spaces on R?, are in [22], in the sense that the exponent (d—1)(1—
p/2) in (1.9) is replaced by (d — 1)(1 — p/2) +e. Arai [1] proved a similar
result with e-loss for global Hankel multipliers, essentially by combining
arguments in [22] and [26]. We also note that the necessity of the condition
(1.7) is trivial, and the necessity of conditions related to (1.8) is known from
[16], [25], and [1]; ¢f. also §4 for an elementary proof of the implication
(#i1) = (iv) in Theorem 1.2.

We state two consequences of the above characterizations; for simplicity
we only consider LP spaces. It is convenient to define Dﬁfl’q as the space
of all locally square integrable functions m on R, for which T}, extends to
a bounded operator from LP(ug) to L9(ug), and the norm is given by the
operator norm of T,.

A first consequence of Theorem 1.2 is that local multiplier conditions
imply global ones, namely for nontrivial ¢ € C2°(R) one has the following

Corollary 1.3. Ford>1,1<p< ﬁdl,
(1.12) Imllnge = sup [6m () o

It is well known that the analogue of this corollary for d = 1 and even
classes of continuous Fourier multipliers in M? on the real line is false, see
examples by Littman, McCarthy and Riviere [21] and by Stein and Zygmund
[32].

Another failing analogy to MP(R) concerns the subject of interpolation.
As a straightforward consequence of the characterization we obtain an in-
terpolation result with respect to the second complex interpolation method
[-,-], introduced by Calderén (see [4], and [2], p.88). In contrast, an exten-
sion of a result of Zafran ([36]), states that the space MP(R), 1 < p < 2, is
not an interpolation space for any pair (MP°, MP1) with py < p < p1, see
Appendix §A.

Corollary 1.4. Suppose 1 < d; < 00, 1 < p; < df—iil, pi < qi <2, fori=

07 1} moreover that (1/]9, 1/q7 d) = (1 - 19)(1/])0, 1/(]0, dO) =+ 19(1/]91’ 1/(]17 dl)
with 0 <9 < 1. Then

(1.13) [szg,%’ fmﬁim]ﬁ _ ims’q.

This result follows from interpolation of certain Fourier-localized versions
of weighted LP spaces (which are defined by (1.8)), see Lemma 2.5 below.
For a related result on real interpolation see §10.
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Finally by standard arguments using Holder’s inequality and Plancherel’s
theorem condition (1.8) implies the known sufficient criteria of Hormander
type ([14]), which are formulated using localized L2-Sobolev spaces; these
were termed S(2,«) in [7] and WBV,, (with o > 1/2) in [15]. The fol-
lowing endpoint bounds in terms of localized versions of Besov spaces seem
to be new; it is an optimal estimate within the class of L?-smoothness as-
sumptions. Recall HgHBqu ~ (> r, Qk“quﬁHqLQ(Ik))l/q where Zy = [—1,1] and

T = {€€R:2P71 < €] < 2F}, for k> 1.

Corollary 1.5. F0r1<d<oo,1<p<%,p§q§2,

di-1) 11
(1.14) [m|gpea S sup t50 " ||gm(t)||pz ., a=d(-— ).
d >0 a4 q 2

Here, and in what follows, the notation < indicates that in the inequality
an unspecified constant is involved which may depend on d, p,q. Since the
space B% Jo.p contains unbounded functions for p > 1 the corollary does not
extend to the endpoint p = g = 2d/(d + 1).

This paper. In §2 we gather various facts on Bessel-functions, Littlewood-
Paley inequalities, interpolation and elementary convolution inequalities on
weighted spaces, needed later in the paper. In §3 we derive some pointwise
bounds for the kernels of multiplier transformations, assuming that the mul-
tipliers are compactly supported in (1/2,2). In §4 we prove the necessity of
the conditions, namely the implications (i) = (ii) = (iii) = (iv) of
Theorem 1.2. The proof of the main implication (iv) = (i) is contained
in sections 5-9. In §5 we discuss the basic decomposition into Hardy type
and singular integral operators. The crucial estimate for the main Hardy-
type operator is proved in §6, and §7 contains estimates for better behaved
operators (in particular singular integrals) for which we do not need the
full strength of assumption (1.8). In §8 we give the straightforward proof
of the LP — L? bounds and then conclude in §9 the proof of the impli-
cation (iv) = (i) by an interpolation. In §10 we give the short proofs
of the Corollaries and briefly discuss a further result on real interpolation
and an improved version of our results for multipliers which are compactly
supported away from the origin. Some open problems are mentioned in §11.
An appendix (§A) is included with the above mentioned non-interpolation
results for Fourier multipliers.

2. PRELIMINARIES

Asymptotics for Bessel functions. In order to relate the Hankel trans-
forms of multipliers to the one-dimensional Fourier transform we need to
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use standard asymptotics for Bessel functions (see [10], 7.13.1(3)), namely
for |z| > 1,

Ba(z) = Z Cy,d COS(T — %W)m_%—?

M
+ ZEM[ sin(z — %W)x_Ql’_dT + 2 MEy 4(2)
v=0

with cp g = (2/ 7r)1/ 2 and the derivatives of E M,q are bounded. Thus one may
also write down expansions for the derivatives and, after writing the cosine
and sine terms as combinations of exponentials and applying the previous
formula with M replaced by M + k one also gets, , for |z| > 1,

M
. . d—1
21)  BP@) =D (¢ ge + g g e + M Eypa(e)
v=0
where c(jfo 4= (277)_1/2@9‘%7T and the Ej x4 have bounded derivatives:

(2.2) B ) e (@) < C(M, k, ky, d).

Littlewood-Paley inequalities. Let n € C*(R4) with compact support
away from 0. Let L;f = Bg[n(277-)Bqf]. Then for 1 < p < oo there are the
inequalities

(2.3 [ 12as2) . < ol

J€Zq
(2.4) H jEZZLjfj‘ oy S (> |fj‘2>1/2‘ o’

indeed (2.3) and (2.4) are dual to each other with C}, = Cy, 1/p+1/p" = 1.
By the real (Lions-Peetre) interpolation method the spaces LP(ug) can be
replaced by LP?(ug), for any o.

For the proof of (2.3), (2.4) we note that the operators
fred ELf
J

are bounded on LP(ug4), 1 < p < oo, with operator norm independently of
the choice of signs +. This follows for example by (a non-sharp version of)
the Hormander type multiplier criterion for modified Hankel transforms in
Gasper and Trebels [14]; for the case of integer d one could simply use stan-
dard results in R? specialized to radial functions ([29]). Now the inequalities
(2.3), (2.4) follow by the usual averaging argument using Rademacher func-
tions (see [29], ch. IV, §5.2), and a duality argument.
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Remarks on Lorentz spaces. We assume that (2 is a measure space with
given o-algebra and underlying measure . We refer to a thorough discussion
of Lorentz spaces to [31]. There the definition of L% is given in terms of
rearrangements of f and it is shown that this definition is equivalent to a
norm when 1 < ¢ < 00, 1 < 0 < co. Instead of the rearrangement function
one can also use the distribution function and it is easy to check (on simple
functions) that an equivalent quasi-norm on L%7 is given by

(2:5) [fllae ~ ( > 2 u({reQ:|f()] > 24})]0/[1)1/0

f=—00

(with the natural £*° analogue for ¢ = 00). For the manipulation of vector-
valued functions we shall need the following inequality.

Lemma 2.1. Let 1 < ¢ < r, 1 < 0 < oo and let {F;} be a sequence of
measumble functions on Q. Then

W isr)"]

w 1/w .
LWSC(%U,T)(;HF}-HLW) ,  w=min{o,q}.

Proof. Consider measurable functions H on €2 x Z. We first claim that for
l<g<r,1<o<

en (e
J

For the case ¢ = o this follows by applying the imbedding ¢4 — ¢" and then
Fubini’s theorem (interchanging a sum and an integral). For arbitrary o it
follows by applying the real method of interpolation. Now we apply (2.5)
to the right hand side of (2.7) and estimate for o > ¢

it ineioney 5 (3227 (St bt > 21))")"" <

(Z (ZQZ"M({:U D H(x, )] > QE})U/(]Y/J) e S (Z HH HL‘1‘7>

J L

Lo S < c(q,0,7)|H||Lao(@x2)

here we have used Minkowski’s inequality for the sequence space ¢7/9. If
o < q we use instead the imbedding ¢7/9 C ¢! and estimate | H|| La.o (xz) bY

(S Sttt >20)™) " ~ (S lf-)
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Elementary inequalities for weighted norms. To handle expressions
such as (1.8) we need some elementary inequalities on convolutions and
dilations.

Lemma 2.2. Let a > 0, and v > a+ 1. Suppose that g, { are Lebesgque
measurable on R and ¢ satisfies

(2.8) IC(@)] < Cr(1 + [z])7
Then for ¢ > q > 1

29) ([loxc@ina+jahenar) ™ s [la@p+leear) "

Also
(2.10)

1
/]g (tz)| (1+]az\)“qu) /i < t™Y4max{1,t7%} /|g 1+|x!)aqd:c) /q.

Proof. For ¢ = ¢1 the left hand side of (2.9) is dominated by

Jas ([ lote - i+ jopeads) “ay
< [ ey ( [la@p+lelar) "

where we have used 1+ |z| < (1 + | — y|)(1 + |y|). The integral is finite
since v > a + 1.

The analogue of (2.9) for g1 = oo is also valid; we estimate (assuming
momentarily ¢ > 1)

g C(@)[(L+[z])* S
</ o — p) (1 + |z y|)“|qdy>l/q(/ (1+ |y))7 (1 + |9f|)aq dy)l/q/

(1+ [z —yl)m

where the first term is the desired expression on the right hand side of (2.9)
and the second term is < ([(1 4 |y) @7 dy)/9 | hence finite. A similar
argument holds for ¢ = 1. We have now proved the asserted bound for
g1 = oo and q; = g and the intermediate cases follow by interpolation.

Inequality (2.10) follows from (1 + |x|/t) < max{t~!,1}(1 + |z|) and a

change of variable. O

We shall need the following Lorentz space variant of Lemma 2.2 which
will be used repeatedly.
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Lemma 2.3. Let 1 < g < 00, 1 <0 < 00, and let dvg, = (1 + |x|)%dx (as
a measure on R). Suppose that ¢ satisfies (2.8) for some v >1— 3+ a/q.
Then

e e Sl
and
(2.12) H%‘ Loy e maX{l’t_a/q}H (1 +gy- \)ﬂ‘ IZEION

Proof. Define Mgf := (1+|z])? f(z) and let S; f(x) = (* f. Then the asser-
tion is equivalent with the claim that M_gS:Mp is bounded on L% (v,).
Since 1 < ¢ < oo and restriction on v also involves a strict inequality the
general Lorentz space estimate follows from the case ¢ = o by real interpo-
lation. The L4(v,) boundedness of M_gS: Mg is in turn equivalent to the
inequality (2.9) for the choice ¢ = ¢1 and aqg = o — Bq. We may apply (2.9)
since v >a+1=1— 4+ a/q. The proof of (2.12) is similar. O

Independence of the localizing function. Let a > 0, b e R, 1 <p < 2.
Let ¢ be a smooth function supported on a compact subinterval of (0, c0),
and assume that ¢ is not identically zero. It will be convenient to denote by
LF(p, a,b) the space of all m which are square integrable over every compact
subinterval of (0, 00) and satisfy the condition

213t / Z [ om(e))(@) (1 + |7 < A

for some finite A. Here LF refers to localization and to the Fourier transform.

We use Lemma 2.2 and Lemma 2.3 to prove that the choice of the cutoff
function ¢ in (2.13) and (1.8) does not matter. Moreover we wish, for
suitable ¢, use discrete conditions where the sup is taken over dyadic ¢. To
formulate these choose ¢ € 030(5, 2) with the property that

(2.14) d P28y =1, s>0.
JEZ

Lemma 2.4. Let 1 < g<o0,1 <0 < 0.

(i) Suppose

| Iﬂgl[cbm(t-)]‘
(L4117

holds for some ¢ € C°(R™) which is not identically zero. Let n € C°(R™T).

Then the expression analogous to (2.13), but with ¢ replaced by n, is bounded
by CA, where C does not depend on m.

(2.15) sup t°
t>0

<A< o
L99 (va)
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(ii) With ¢ € C°(1,2) satisfying (2.14) the left hand side of (2.15) is
bounded by

, —1 97,
(2.16) Csup QJbHM‘ ,
J ( L3:9 (vq,)

L4 ]-])f

Proof. We begin by observing that fooo QZ)Q(TS)d?T = ¢ > 0 independent of s.
Hence n(s)m(ts) = ¢t [;° ¢*(Ts)nm(ts)T1dr and since if s is taken from
a compact subset of (0,00) the integral reduces to an integral over [e,c71]
for some ¢ € (0,1). Thus

1/e -
Fin(s)m(ts)] = / By x (ks ()

e T

where &, = FL¢(7)n] and ky = F~{pm(t)]. Now the assertion (i) follows
immediately from (2.11) and (2.12). (ii) is proved similarly; the details are
left to the reader. g

Interpolation. Interpolation results for the spaces LF(p, a, b) are analogous
to those for localized potential spaces in [7], [5], with a very similar proof;
therefore we only give a sketch. We denote by [-,-]g, [-,-]” the complex
interpolation methods of Calderdn (see [4], and also ch. 4 in [2]).

Lemma 2.5. Let ag,a1 > 0, bg,b1 € R and 1 < pg,p1, < 2. Suppose that
(a,b,p~H) = (1~ ﬁ)(ao,bo,pal) + ﬂ(al,bl,pfl) and 0 < ¥ < 1. Then

(2.17) [LF(po, ao, bo), L (p1, a1,b1)]” = LF(p, a,b)

Sketch of proof. Let |K||1pa) = ([ o [K(#)[P(1 + |t|)%Pdt)/P and denote
by £;°(L(p,a)) be the space of sequences of L(p,a) functions {G;};ez for
which sup; 27°|G} || 1(p.a) < 00. Weighted LP spaces can be interpolated by
the complex method (see [2], ch. 5) and we have

L(p,a) = [L(po, ao), L(p1, a1)]s-
By a result of Calderén ([4], §13.6)
(2.18) (G (L(p, ) = [€55 (L(po, a0)), L35 (L(p1, a1))]”

and one has to show that LF(p,a,b) is a retract of £;°(L(p,a)); i.e. there
are bounded linear operators

2A: LF(p,a,b) — £°(L(p,a)),
B : £;°(L(p,a)) — LF(p,a,b),
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so that 9B o 2 is the identity on LF(p, a,b). These maps are given by

(2.19) [2m], = F~om(2)],
(2.20) BG =D p(27F)G27F).
keZ

2 is bounded by definition of the LF(p, a,b) norm and the boundedness of
B is straightforward; one uses Lemma 2.2. Also 9 o 2 is the identity on
LF(a,b,p), by (2.14). This shows (2.17), the details are left to the reader. [

Remark. The analogues of these theorems for localized potential spaces are
proved by Connett and Schwartz in [7], see also [5]. In [7] it is also noted that
the analogue of (2.17) fails for the [-, -]y method (and their argument applies
here as well). In addition, if LF,(p, a, b) denotes the closed subspace of func-
tions for which the expressions 27°(| 5 ' [pm(27+)] | e ((1+42)pdz) tend to O as
|7] — oo, then one also has [LFo(po,ao,bo),LFo(pl,al,bl)]ﬂ = LF,(p,a,b).
This is analogous to a result in [7] on localized potential spaces.

3. KERNEL ESTIMATES

Assume that the multiplier m has compact support in [%, 2]. Here we give
pointwise estimates for the kernel of multiplier transformations involving
two Bessel transforms B,, B, of possibly different orders; however the main
interesting case is of course a = b = d. We can write for a,b > 0

(31) mef /Kab ’l” S b 1f( )
where the kernel is given by
B2 Kaslrs) = Kaslml(r:) = [ m(o)Balor) Blps)dp.

Proposition 3.1. Leta>1,b>1, N > 1 and let m € L? be supported in

[%,2]. Then for 3,v=0,1,2,...

10707 Kapm](r, s)] <

v [ |Fm)(Er £ s — )
On e Z L ) F 1 fs) 1+!u\) du.

Proof. We begin with a preliminary observation, which we shall use several
times, namely the inequality

(1 + Ju ™
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this is (similar to the statement in Lemma 2.2) a consequence of the triangle
inequality and a translation in the integral.

Let x be a C*° function so that x(s) = 1 for s € (1/2,2) and x is supported
in (1/4,4). If r,s <1 then the function

p = x(p)p* T BO (or) B (ps)

is smooth and has a rapidly decaying Fourier transform, with bounds uni-

form in r,s < 1. Denote the Fourier transform by u — A(r,s,u). We

may apply Plancherel’s theorem for the inner product and estimate (with
|

k= Fg [ml)

K(u
(3.5) 829YK[m](r,s)| = ‘/ A, s,u du‘ <C’N1”3,Y/% u

Clearly this term is bounded by a suitable constant times any of the terms
on the right hand side of (3.3), as long as |r|, |s| < 1.

Next we consider the case s < 1, r > 1/2 and use the asymptotic expan-
sion (2.1) for By(pr) and its derivatives. We assume that the parameter M
is chosen large, in order to use (3.4), in fact we require M > 2N + (a+b)/2.

This yields

Cualr) =33

+ v=0

+ r_M/m(P)WM,ﬁ,v,a,b(r, 5,p)dp

v / m(p)e Py 5 4 o5, p)dp

where
a1l igi._
N 5.0(5:0) = ¢ g X(p)p"T TV B (sp),
WM 5Ty 8 p) = p~ MHBEHTN B o (r 5,p) BY (sp)

The terms in the sum can be realized as convolutions of x with rapidly
a—1
decaying functions, multiplied with = 2 ~”. These terms are bounded by

o [ InlFEr—w)
()™

and since |s| < 1 this also implies the bound by the sum of terms on the right
hand side of (3.3). For the error term we argue as above, using Plancherel’s
theorem to estimate

B o - K
r M‘/’{(U)WM,,B,%a,b(T,S,u)du‘ <r M+N/ﬁdu

and the desired estimate follows from using (3.4), recall M > 2N +(a—1)/2.

r
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The estimations for the case r < 1 and s 2 1 are similar, the roles of r
and s are reversed.

Finally, to handle the case r,s > 1/2 we use the asymptotic expansion
(2.1) for both B,(ps) and By(pr), again with large M. We then write

00 Kaslrs) = [~ mlp)ot B ) B ()
0

as

(3.6)

S5 e T T [l e vt

v £+

YD s s / m(p)p T M By 0 (ps)e P dp
v =+

b=l ,M _
DD s T M/m<p T M By a(pr)e P dp
o *

T (rs)™M / m(p)p 2N B o) Bag o (ps)dp.

The first (double) sum in (3.6) is clearly bounded by the right hand side
of (3.3). The second, third and fourth terms are bounded, by the previous
arguments by a constant times

K (Fr +u)| |K(Fs + u)|

a—1 b—1
roz s S e, sz o NTM [T gy,
(1+ Jup™ (1+ Jup™

and (rs)N ™M [ |k(u)|(1+ |u])~V du, respectively. However by using inequal-
ity (3.4) and the condition M > 2N + (a + b)/2 these terms are seen to be
also bounded by the right hand side of (3.3). O

Proposition 3.1 is mainly interesting as an estimate for general multipliers.
However for the proof of necessary conditions we record a straightforward
consequence for smooth multipliers, in the special case where a =1, b = d.

Corollary 3.2. Let d > 1 and let x € C™ be supported in [1/4,4]. Then
for any M >0
|f(s)ls"!

—ds
(L4 |r — s)M(1 +5)F

IBi[xBaf1()] < Cus /0 h

Proof. We use the estimate of Proposition 3.1 in conjunction with a simple
convolution inequality which is based on the rapid decay of F~1[x]. ]
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4. THE IMPLICATIONS (i) = (ii) = (iii) = (iv) OF THEOREM 1.2

Proof of (i) == (ii). This follows from LP!(ug) C LP7(ug), for o > 1,
with continuous imbedding. O

Proof of (ii) = (iii). We use the dilation formula

(4.1) Balg(t™)](r) = t*Balg](tr).

If $ € C°(R,) then the function f; := By¢ belongs to LP'*(14) for all p and
has positive norm. Now set f; = t~“1=1/P)B,[¢(t1)]; then the LP'(uy)
norm of f; is independent of t. Let ||m|| denote the LP!(ug) — L9 (uq)
operator norm of T,,. We may estimate

Lf1llzer uay llmell = [ fell Lot uay [l = 1 BalmBafilll Lo (1)

= ¢~ VP Bylp(t ™ )m]|| o () = t7P7YD| [ By[m(t-)g] HLq,a(M)

which proves the implication. (I

Proof of (mz) (iv). Let uey(t, p) the even extension of ¢(p)m(tp) to R.
Let hy := Fp [uev(t, )]. We claim that it suffices to show

(42) H(l + ‘ ’ D_%htHLq,a(V) 5 HBd[(bm(t')]HLq,U(deq < 27

where dv(z) = (1 + |z|)% 1 dz. Indeed if (4.2) holds let ¢ € S(R) so that
is supported in (1/4,4) and ((p) = 1 on [1/2,2]. Then k; = { *x h; and an
application of (2.11) shows that we can replace h; by k; in (4.2).

We proceed to show (4.2). Since By is the cosine transform and since B3
is the identity (4.2) follows from the inequality

_d-1
(43) H(l + ()) 2 Bl [XBdg]HLq,o'((l_;’_T)dfldr) rg Hg”Lq’O_(/Ld)7 q S 27

applied to g = Bg[¢m(t-)]. Here the function x is assumed to be smooth and
supported in (1/4,4) and equal to one on the support of ¢. This inequality is
related to and could be derived from the more sophisticated transplantation
theorem of Stempak [33] on the composition of nonmodified Hankel trans-
forms, but (4.3) has an easy direct proof: We first note that (4.3) follows
by real interpolation from the LY inequalities, i.e. the case ¢ = 0. Thus it
suffices to show

(4.4) |81 [XBdg]HLq((1+r)<d—1)<1—q/z>dr) S gl za(uy)-

This in turn follows easily from Corollary 3.2 and an estimate of Hardy
type. Indeed changing variables s = r+w and an application of Minkowski’s
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inequality yields

H31 [XBdg] "Lq((1+r)<d71)(1fq/2)dr)
0o o9 d—1
< [T e ([T enenome WO EORC LW TR, )y,
= (1+ |7 +u]) T
We use the estimate (14+7)% < (14|r+u|)*(1+|u|)® for a = (d—1)(1—q/2).
Thus the last displayed term is seen to be bounded by

oo o0 1/
c / (1+ fu) =N -D0-072 / 70+ )Gy tar)

—Uu

—00

which for large N is S || f|| a(u,)- This shows (4.4) and finishes the proof of
the implication (i1i) = (iv). O

5. SUFFICIENCY: THE BASIC DECOMPOSITION

In this section we begin the proof of the main implication (iv) = (i) of
Theorem 1.2. Let ¢ € C°(1,2) as in (2.14). Let r;(r) = Fg '[pm(27-)], let

[

(5.1) Aj(0.0) = |1+ D7 5| o)
with dv = (1 + |z|)?*dz, and
(5.2) A= Alp,q,0) = sup 2’570 45(g, 0).
J
Define
(5.3) Kj = K[em(27-)]
(cf. (3.2)) and
(5.4) T f(r) = / 2K (297,27 5) f(5)s9 L ds.

Define Littlewood-Paley cutoffs L;, Zj by BalL;fl(p) = ©(277p)Baf (p)
and Bd[zjf](p) =n(277p)Byf(p) where n is supported in (1/4,4) and equal
to 1 on the support of . Then By[mByf] = _; LjTijf. We apply (the
Lorentz space analogues of) the Littlewood-Paley inequalities (2.3), (2.4)
(one with the Lj, the other one with the E]) Using also Lemma 2.4 (which

justifies the use of the specific cutoff function ¢ in (2.14)) we see that The-
orem 1.2 follows from the inequalities for vector-valued functions {f;};ez,

65 (3 i g2) " ZApa0)|(X 52)")

L37 (pq LPw(pg)
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For a further decomposition we introduce the notation

xn(r) = X[2n 2n+1]

and decompose a.e. into three parts

(5.6) ijZZXn( o+ D> o+ > Tj[mewj])'

ne’ m<j+n—5 j+n—5<m m>j+n+5
<j+n+5

The first term will contribute to a Hardy type (or Hilbert integral type)
operator whose estimate needs the full strength of the assumption. The sec-
ond term will contribute to a singular integral operator, for vector-valued
functions, whose estimation however will not require the full strength of
our assumption. We consider the third term as an “error” term which con-
tributes again to a better behaved Hardy type operator.

We let
(5.7) Himf=" > xaT'[m—jfl;
n>m—j+5
(5.8) Sj,n,if = XnTj [Xn-i—if]v
(5.9) Ejmf= Y XxaT'[Xmf].
n<m—j—>
By (5.6)

5
T/ = Z Hjﬂn"‘z Z Sjni + Z Ejm.

meZ n€eZi=—>5 meZ

We now state the main estimates regarding these three terms. The im-

plicit constants may depend on the parameters p,q,o0,¢,d. For the main
term we have

Proposition 5.1. FormeZ,1<p<g¢g<2,1<0<

(5.10) || Hjm Sl Loe ()

< min{2 "G99 9™ 397G =D A4 (g, 0)|1 ]| oo (1a)-

Note that in the range of interest, 1 < p < dQ—fl, these estimates can be

summed in m.

The estimation of the remaining two terms (5.8), (5.9) does not need
the full strength of our assumptions. To formulate the appropriate weaker
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hypotheses let, for e >0, 1 <u < 2

(5.11)
- u ue 1/u
Bj(u,¢e) = (/ |k (x)[“(1+ |x]) dx) 7
(5.12)
B(e,p,q) = sup 9Jd(1/p=1/9) g (u(p, q),€), where 1 %4— % 1
yD,q) = . q),¢), W _ |
’ ’ u(p, q) Z-1

Proposition 5.2. Lete >0, 1 <p<g< 2,1 <0 <00, and let 0

0(p.q) = (1~ 1)/(L—}). FormeZ,

(5.13) || Ejumf Lo (u)
< B(e(1 - 0),p, q) min{27 0= om@=0=Dy) g,

Ha)*

The square-function estimates associated to {Sjn,i}jez can be seen as
estimates for vector-valued singular integrals under the assumption B(e) <
oo, for small £ > 0.

Proposition 5.3. ForneZ, -5<i<5, 1 <p<2,

(5.14) H (; ys.’n’img) 1/2’ Loy S BEP: q)H ( ; \fj!2) 1/2‘

LP7 (pg)

To see that the conditions of Propositions 5.2 and 5.3 are less restrictive
than the condition (1.8) we note

Lemma 5.4. Suppose p < ﬁdl, p<q<2 and % = %. Then there

is e =¢e(p,q) > 0 so that Bj(u,e) S Aj(q,0), for all 0 < 0.

Proof. We begin by observing that (1 + |z|)~® belongs to the Lorentz space
LPY(v) if and only if ap > d. Now write

u _ 1/u
Byuse) = ([ L oy ot
(14 [z))* =
with dv(z) = (1 + |z|)?~!. Note that by assumption the L9/%(v) norm of
|1+ |2])~“@=1D/2 is bounded by A;(g,¢)". Thus it suffices to check that
for sufficiently small ¢ the function
Vg(x) _ (1 + |x’)5u+%u+lfd
belongs to L(4/*)"! (). This holds under the condition (d — 1)(1 — u/2) >
d(1 — u/q). Since u=! = I B RN straightforward computation shows

2p—1-1
that the condition is equivalent to an inequality which is independent of

q € [p,2), namely just p < 2d/(d + 1). O
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For later use let us also observe that B(e) = B(e, p,p) is independent of
p, namely

(5.15) B(e) = sup |55l L1 (14|))2da)
J

Moreover we have
(516) Bj(gvul) 5 Bj(57u)7 up > U;

this follows from the fact that the Fourier transform of x; is compactly
supported and therefore can be written as a convolution with a Schwartz-
function; we then apply Lemma 2.2. Next if 1/p — 1/q = 1/p1 — 1/q1 and
p <p1 <q <2 then u(p,q) < u(p1,q1) and from (5.16) we see that

(517) B(€7p17QI) SB(€7p7Q)7

Vice versa if ¢ > 0, and p < ¢ < 2 there is a pair (ps«(€),q«(g)) with
1/px —1/g« = 1/p —1/q, and p, > p, ¢« < 2 so that

(5.18) B(e/2,p,q) < B(e,p,q), < pa(e).

D=
Q| =
[ =
|
2] =
=

The latter inclusion follows by Hélder’s inequality and will be useful for
some interpolations.

Proof of Theorem 1.2, given Propositions 5.1, 5.2, 5.3. We need to
estimate the square-function on the left hand side of (5.5) with 77 replaced

by one of the terms > Hjm, >, 7 S S, and 3 Ej.

Observe that H;p f;j = Hjm[fiXm—j] and we bound

(TS i) gy = SN Mant )

w 1/w .
<SS (S HEmltixm liuegn) - @ =minfg0}
m J

L27 (pq)

Here we have used Minkowski’s inequality for the m-summation, followed

by Lemma 2.1. Let §(p) = min{d/p’,d(1/p — 1/2) — 1/2} then 6(p) > 0 for

1 <p< f—fl and by Proposition 5.1 the last expression in the displayed
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formula is bounded by C' A(p, q,0) times

w 1/w
3 2—"”‘5(1’)(2 Hijm—jHLp»oo(ud))
J

meZ

w 1w
< Z o~ Im|3(p) ( Z Hijm—jHLp’w(Ud))
J

meZ

<y 2imew H sup Iijm—jl‘
meZ J

S H Suplfjl‘
J

Lr< (pq)
L (p1a) S H(Zj: |fj|2)1/2‘

Here, in order to bound the second expression, we have used (2.5), and
the assumption that w > p, together with the disjointness of the intervals
[2m=J, 2m=+1) This completes the proof of the LP(£2, ug) — L9° (02, pg)
bound for {> ", Hjmf;j}jez. The terms {>, Ej;mf;}jez are estimated sim-
ilarly, given Proposition 5.2 and Lemma 5.4.

L (uq)

Concerning the terms S; ,, ;, let us consider the LP — L% estimates. We
recall Sjn.ifj = XnSjn,ilfiXn+i] and use Proposition 5.3, for fixed i, and
n. In view of the cutoffs xn(7), xn+i(s), =5 < i < 5 the uniform Lebesgue
space estimate of Proposition 5.3 also gives an LP(u,) estimate for the sum,

(SIS st ) ], < Coonena](S1R)"]

La(ug) —
Wesumini € {—5,...,5} and by Lemma 5.4 we obtain the desired LP — L4
estimate for the singular integral part in the range 1 < p < 2d/(d +1). By
real interpolation this extends to the LP? — L%7 estimates.

LP(uq)

6. PROOF OF PROPOSITION 5.1
Let I, = [27,2"F1] and R, = [2",00). We estimate

H Z XnTj [me—j] ‘

n>m—j+5

< woses [ 2D s (015 s

LT (ug)

LT (pq)

00 =2 m [ GGl

Lo (pq)

by changes of variables in s and r.
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We now use the kernel estimate of Proposition 3.1 and set

6.2) 0= | '“J+,u,“

We apply Minkowski’s inequality (i.e. the continuous form of the triangle

inequality in the Lorentz space L%? which is a Banach space) and see that

the expression (6.1) is controlled by
d—1

p s Wj(+ - +5)
2 ]d/q/ f278)|————= Z HXRersjiﬂ‘
Im <1+3) 2 (i,j:) (1"‘) 2

It is now crucial that in the inner norm the functions are restricted to the
set where r > 2m15 while s < 2™t We may therefore change variables and
use the bound (1 + |[r — s|) > ¢(1 + 7) in this range, so that

Wj(:t : :tS) ‘ Wj
d—1
(1+-) = (1+]-)F
where dv = (1 + |z|)9"!dz. By Lemma 2.3 the term on the right hand side

d—1 . .
)Tz HLW(V)’ which is A;(q,0).

ds.
L2 (pg)

1
s < 2mtl

?

L1 (v)

%

HXRm+5 La U ,LLd

is also controlled by ||x;(1+]-

Thus we see that the expression (6.1) is bounded by

C’2jd(1/p_1/‘1)Aj(q, 0)/ 27IUP| F(27T5)|(1 + 5) @ 1/250" 1 g,
It remains to bound the s-integral. It is easy to check that the restriction
of Q(s) = (1 + s5)~(4=1/2 to the interval I,, belongs to L*(I,,, i1g) and
satisfies the bounds
- 2—m(d(1/p=1/2)=1/2)  if 1 > (),
HXmQHLP"l(M) ~ | gmd/p’ if m <0,

and thus, by duality

d—1

—jd/ s S —jd/ -5
/Im2 NI g ds < el 2712t

< min{2_m(d(1/p_1/2)_l/2), 2md/p/}HfHLP’°°(ud)'
This finishes the proof. (I

7. MORE LP ESTIMATES

In this section we consider the case p = g of Propositions 5.2 and 5.3; the
general case will be handled in §9. The results of this section together with
the previous section complete the proof of Theorem 1.2 in the case p = ¢. In
what follows we may also assume p = ¢ since the LP° boundedness results
follow by interpolation and replacing € with /2.
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Proof of Proposition 5.2, p = ¢ = 0. We begin with the estimate (6.1)
which is still valid but continue differently since now n + j < m — 5, thus
r < s. Let I, = [2m71 2m+2]. Set hy, j(s) = 2794/P f(2 Js)s » . Then the
right hand side of (6.1) is estimated by

(£r £5)| hy (d=1)/p' 1/
Z Z / W (£r j)’ j(s)s _ ds‘pTd 1 T) P
’I’L<’I’)’L ] 5 n+] Im 1+S) 2 (1"’7‘)7
om—3 gm(d— DG d-1 1/
S Z / ‘/ ’1 [Xmbyp,jl(y £ 1) dy’ : dr) ’
(+, " 1+y =R (I+7r)=P?

If m > 0 this is dominated by

DI [ s+ 1= ( [ bomhnalw £ rpar) "y

S 27wl e e peay L Xm—3 | 2o (ua) -

If m < 0 we may instead estimate 27(d=Dp/p'pd=1 < om(d=1)p. thig yields
the bound

2Dk 11 f Xomes | £ (1)
instead. This finishes the proof. O

Proof of Proposition 5.3, p = ¢ = 0. We use standard arguments for sin-
gular integrals for /?-valued kernels and functions. First, by orthogonality,

H(Z ISj,n,z‘fj\Q)l/Q‘ e = H(Z \Tj[fjxn_z]f)m‘
J J
< sup ;1| (D 152)
J

To prove the LP(p4) bounds for 1 < p < 2 it suffices, by the Marcinkiewicz
interpolation theorem, to prove the weak type (1, 1) inequality

) lfrs (St >0} s m (i)

here B = B(e) as in (5.15).

L2(pa)

L2(ng)

Ll (p )'

Set hj(s) = £;(5)(27™s) Ixpn4i(s), so that |h;| and | f;| are of comparable
size on I,4;. For fixed A > 0 we make a Calderén-Zygmund decomposition
of the £2 valued function {h;}, at height A\/B (see [29]). We thus decompose
hj = g; +bj where [|G]| o2y < A/ B, 1G]l 21 (2,a5) + 10l L1 (e2,5) S 10l 2102 a5)
Furthermore b; = ) b;, so that b;, is supported in a dyadic subinterval
Jy of Iy, with center s, and length 2Lv The interiors of the intervals
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J,, are disjoint, and we have |.J,|™* ny b, (s)|,2ds < \/B and Yl <
BAY|Al| 11 g2 45)- Finally [ bj,ds = 0 for all j, v.

Note that Sj,if; = Sjnifj + ., Sj7n,igj,y where g;(s) = g;(s)(2"/s)?"1
and b, (s) = bj,(s)(2"/s)?7L. We estimate

pa({r € Ingi : [{Sjmigi (e > /20 S A2B2dll22 2,
(7.2) SATBdll L 2 S MBI fll e

M)

For each interval J, let J, denote the interval with same center and tenfold
length. Also let 2 = U, J;; then
(7.3)

1a(€) S 2N 1L S BAT2M Rl i sy S BATM Al -

It remains to estimate

/
(7.4) ,ud({r eI\ Q: (Z i [ 3 650 \2)1 2 A/2})
J v
< 1 o . 2\1/2 d—1
SA /In\ﬂ (; ’Swm[; ijy] > rdr
(75) 5 A712n(d*1) Z Z / ‘Sj7n7ibj7y(7q) |d7’
PRl AP

Note that

Sinibju(r) = gn(d—1) /2jdle(2jr, 2j8)bj,,,(s)ds

To estimate the integral in (7.5) we distinguish the cases j > —L,, j < —L,,.
Note that L, <n+5 as J, C I4,.

If j > —L, (> —n —5) we use the kernel estimate of Proposition 3.1 and
obtain, with the notation W; in (6.2) and r, s ~ 2"

9jdon(d—1) . ,
|Sj,n,ibj,u(7‘)| N Z (1 Py )%(1 ey )% /Wj(ﬂ:QJr + ZJs)fbj,y(Sﬂds
+,+ r S

< Z/2jo(:|:2jr:|:2js)|bj,,,(s)]ds
+,+
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and if r ¢ J then |r — s| ~ |r — 5,| > 25, Consequently

| ASmibulars [ wilade [ u(o)ds
In\Jx |z >29+ Lo

(7.6) S 27U BE) 1w 11 ey

If j < —L, we use the cancellation of the b;, to write

|S)m.ibj(T) n(d=1) ‘/236[ (207,27 5) — /Cj(2jr,2js,,)]bj7,,(s)ds‘

< on(d—1)9j+Ly / /2jd|35/Cj(2jT, 2j(8,, +o(s— 51/)))| ‘bj7,/(8)|d8.
o=0

We now argue as before, but use Proposition 3.1 to estimate 9;K; and we
obtain for j < —L,,

/ ‘S]m il |dr
I\ J:

20 (277 4+ 27a)
j+Lyon(d—1) E /‘ J
/‘b s)lds 2 2 &= st p/ 1 + 20+n)(d-1) dr

)

/\b s)|ds 27 Y sup/2JW +277 + 2 a)dr

(£4)
(7.7) S B0 bjo £ as)

We can sum the terms (7.6) and (7.7) in j and obtain

Z/] \J* |S"n,ibj71,(’r’)‘d1"
j n\Jy

e) > min{2/ v 27Ut p,
j

HLl(ds) S B(E)HEVHLI(ﬁ,ds)'

Now we sum in v and get the required L!(j4) bound off Q. The expression
(7.5) is thus dominated by

&) 22"Vl o

<A IB(e ZU 127D < A1 B(£)27E@=D [ |h(s)|p2ds
I,

S )\_IB(e)/ h(s)|2s?'ds
In
This bounds the expression (7.4) by CB(€)A_1”ﬂ’L1(527Md). Combining this

bound with (7.2) and (7.3) yields the desired weak type (1,1) bound (7.1).
O



CHARACTERIZATIONS OF HANKEL MULTIPLIERS 25

8. LP — L? ESTIMATES

In this section we prove some sharp LP — L? bounds for Hankel multi-
pliers.

Theorem 8.1. Let d > 1.

(i) Suppose 1 < p < d+1 Then m € 93?2’2 if and only if

N|=

(8.1) sup t G-

2t 1/2
d )/ m 2dp < 0.
sy (t m(p)| p)

(ii) Let pg = %. Then the operator T : f v+ Bg[mByf] maps the Lorentz

space LPY(ug) to L?(uq) if and only if (8.1) holds for p = py.

Remark. 1t is easy to see that the condition (8.1) is equivalent to
1_1
(8:2) sup 0072 [ gm(t:) [} < o0
t>0

for some nontrivial, smooth ¢ with compact support in (0, c0).

Proof of Theorem 8.1. We first prove (i). The necessity of the condition has
already been established in §4. For the proof of the sufficiency let T be as
n (5.4). We then show the estimate

(8.3) 177 f 1| 2y S A0 2Nl

where A;(p,2) = 2945 =3) lom(27-)||2. Note that by Plancherel’s theorem
and the argument of Lemma 2.4 the condition sup; A; i(p,2) < oo is equiva-
lent with (8.1) (and also with (8.2)). Now,

HijHm(,M) = (/ [/2jdle(2j7’, 2js)f(s)sd’1ds}2rd*1dr)1/2
- Q—jd/Z(/ [/ch(r, S)f(2—j8)8d_1ds}2rd_1dr)1/2
S22 7 Z / F(2” ]8 ——= 1_|_s) a1 (/OOO ‘wrrd_ldrym

(2,%) (I4r) 2

where for the last bound we used Minkowski’s inequality and the kernel
estimate from Proposition 3.1. The last expression is controlled by
d 1

(84) 2 Jd/2|n]u2/|f (@79s)— s
=
d—1

» . L\ U/p s e
<2 ]d/QHHjH2</!f(2 s)[Ps 1d8> (/W d;l’ds)
s) 2
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and the second integral in the last line is finite for p < 2%4. Changing

; 3 d+1"
variables we obtain

1T 1l 2y S 27927252 1] o -

We now use orthogonality and Littlewood-Paley theory, writing L;f =
Ba[x(277-)Baf] and T7 = LyT7L; to get

4 1/2
1T 2oy < (S ITI L 12
J

. 1/2
< sup 21 i (3 LS )
J k
and the argument is concluded by observing that for 1 < p < 2

) (2 1LeF ) < o> 12e7P) ) < Coll oty

The proof of (ii) is largely analogous. We may assume that f is the
characteristic function of a measurable set . The differercll(_:elz is the estimate
(8.4). We now observe that the function wy(s) = (1+s)” 2 belongs to the
space LPa™(114) and by the duality between LP4! and LPa> we use instead

d—1
| b9t s ol
which is < [27%4(E)]"/?. The subsequent Littlewood-Paley argument is the
same; we use f = yp in (8.5). O

Sharpness. The restricted strong type (pg,2)-estimate is sharp, as the
Lorentz space LP4! cannot be replaced by LP4* for s > 1. To see this
let mn(p) = VNX1,14cn-1] SO that the condition (8.1) is satisfied uniformly

in N. Let fn(s) = s_(dH)/Qe_isX[LN](s). Then one computes that

LN | s () S (log N)Y*

and using the asymptotic expansion (2.1) one computes that

N ds
Bufw(p) =c [ 00 1 o)

1

for p near 1 (observe that the corresponding integral with phase —(p + 1)s
is bounded near p = 1, by an integration by parts). Thus |Byfn(p)| 2 log N
for [p — 1] < eN~! (if ¢ is sufficiently small). Consequently

|1BalmnBafn]llr2(ug) = ImnBafnllz Z log N

which implies the assertion.
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Analogue for radial Fourier multipliers. We also note that an analogue of
Theorem (8.1) holds for radial Fourier multipliers acting on general LP(R?)
functions, namely there is the “folk” result

Observation 8.2. Suppose that 1 < p < Q(dd:;). Then the operator f —

Fm( - ])]?] extends to a bounded operator from LP(R?) to L*(R%) if and
only if (8.1) holds.

Proof. The necessity has been observed in §4. If m; is supported in {{ : ¢ <
|€] < 2t} then it follows by a well known argument of Fefferman [11] from
the Stein-Tomas restriction theorem ([30], ch.IX-2) that

1/2

~ 2t N

Hf_l[mtﬂ . Df]”2 S (/t ’mt(r)‘Q/Sd_l ’f(T{l)‘QdJ(gl)Td_ldT>
2t 1 o o .

S (/t ”mt(r)\QH%df(?)”?yrd—ldr)2 = Hpr(/t \mt(r)’2r2(5_§)ﬁ)z.

r

For global multipliers the result follows now by Littlewood-Paley theory
exactly as in the proof of Theorem 8.1. O

We note that the restriction p < 2((5;?) for the result on general LP

functions is optimal as follows from the usual Knapp counterexamples for
the restriction theorem.

9. CONCLUSION OF THE PROOF

In order to finish the proof of Theorem 1.2 it just remains to establish
the LP(ugq) — L%(ug) estimates in Propositions 5.2 and 5.3 for p < ¢ < 2.
The appropriate LP7(u4) — L%7(ug) follow then by the real interpolation
method, if we take into account the inclusion (5.18).

The interpolations follow results on bilinear interpolation with the com-
plex methods (i.e. in disguise versions of Stein’s interpolation theorem for
analytic families), see Theorems 4.4.1 and 4.4.2 in [2]. Using the first (and
more elementary) of these results we interpolate the inequalities

I Ejm f 1| 1o gy S mind27™, 2D k| 211wy o) | I o ()
I Ejmfllr2(uay S 27" YP7 YD k5 2 1l 2o ()
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where the first bound has been already been established in §7 and the second
is immediate from (8.3). Similarly for the singular integrals we interpolate

(S sinsts?) o, (1)
H(Zwsjmf] ) 1L2M)<sup2ﬂ 5 g H(Zm N

where again the first inequality has been proved in §7 and the second follows
from (8.3) and Minkowski’s inequality. In order to obtain the interpolated
LP(ug) — L9(pg) statements we use Lemma 2.5, and Theorem 4.4.2 in
[2] (which involves the [-,-]” functor on one of the entries). The proof is
complete. O

S SUP ||’fJ||L1( (1+|z|)edz)

9

LP(pq)

LP(pa)’

We remark that for the interpolation of the singular operators one could
have also based the proof on the more elementary Theorem 4.4.1 in [2] which
only involves the [-, -]y method; one then has to use the fact that the space
of LP(ug) functions f for which By f has compact support in (0, c0) is dense
in LP(pq), see [34]. Thus one can reduce matters to uniform estimates for
compactly supported multipliers and apply the interpolation result on the
spaces LF,(p,a,b) mentioned in the remark following Lemma 2.5.

10. MISCELLANEA

Proof of Corollary 1.5. The L((1+4]|r])(@D1=9/2)gr) norm of a function
K is dominated using Hoélder’s inequality by

(ZHHHLQ(I Dl ) (ZHHHLZ(I /a3 )1/(1'

This is applied to kK = F~![¢m(¢-)] and the result follows from the definition
of the Besov space. O

Proof of Corollary 1.4. This is an immediate consequence of theorem 1.2

and the interpolation formula of Lemma 2.5, with varying a, b (we set a; =
(di —1)(1/qi — 1/2) and b; = 1/p; — 1/¢; for i = 0, 1). O

Real interpolation. We can also prove some interpolation results using
the real method, in view of the nature of our conditions these are limited to
the Ky o method with a number of restrictions (see [2] for general references
about real interpolation).
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Define Dﬁfl’q’g as the space of all locally square integrable functions m on
R4 for which T}, extends to a bounded operator from LP(ug) to L97 (ug);
the norm is given by the operator norm of 7;,. Thus smgq = S)JTZ’q’q.

Theorem 1.1 is used to prove that for fixed d the weak type multiplier
spaces MEP 1 < p < 2d/(d + 1), are stable under real interpolation, with

d,00’
respect to the Ky o, method.
Corollary 10.1. Suppose 1 < d < o0, 1 < p; < %, pi < qi <2, for
1= 0,1, moreover py # p1, pal — qal :pfl — qfl. Then

(10'1) [m«tso,qo,ao’mshql,m]ﬂ’w _ mfl,q,oo’
for (1/p,1/q) = (1 = 9)(1/po, 1/q0) + I(1/p1,1/q1) with 0 < 9 < 1.

Proof of Corollary 10.1. We first observe that for a compatible pair of Ba-
nach spaces Ay, A1 we have the formula

(10.2) [€5°(Ao), 57 (A1)]9,00 = 45" ([Ao, Atly,00)

This follows quickly from the definition of the Ky ., method (and inter-
changing two suprema).

We now set w(r) = (14 [r))~@D/2 du(r) = (1 + |r))*!, and let
L%? (w,dv) be the space of functions f for which fw belongs to Lorentz
space L?7(dv) (and the norm is given by || fw|| 4. () Where we work with
a suitable norm on the Lorentz space). The standard interpolation for-
mulas for Lorentz spaces apply and by (10.2) we have for gy # ¢1 and
1/g= (1 =9)/q+9/q,

(6591070 (w, dv)), (2 (L7 (w, d) ] e = 65 (L7 (w, ).

Now let LF? (w, dv) be the space of all m which are square integrable over
every compact subinterval of (0,00) and satisfy the condition

§1>110) tb“fﬂgl[fﬁm(t')]HLq,a(w,du) < co.

Then the arguments in the proof of Lemma 2.5 show that the maps 2, B
defined in (2.19), (2.20) can be used to show that LF{?(w,dv) is a retract
of £;°(L%° (w,dv)). One deduces quickly that for go # ¢1

[LEZ7 (w, dv), LE"" (w, dv)]g,00 = LEL> (w, dv)

and the asserted result follows from Theorem 1.2 if we apply the last formula
to the spaces ME7 with fixed d and fixed b=1/p —1/q. O

Remarks on compactly supported multipliers. The proofs show that
for multipliers which are compactly supported away from the origin the
result of Theorem 1.2 can be sharpened.
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Theorem 10.2. Let m € L*(R.) be compactly supported in (0,00). Suppose
1 <d< oo, 1<p<%,p§q<2and1§a§oo. Then the following
statements are equivalent.

(i) T, maps L7 (ugq) boundedly to L7 (ug).
(ii) Ty, maps LP(pg) boundedly to L9 (j1g).

(i) | Ba[m] || oo (ug) < 00

(i) |(1+]- D_%}—ﬂgl[m]HLq,c((1+\x|)dfldx) < 0.

A similar statement can be formulated for the analogue of Theorem 1.1
(again for m supported in (1/2,2)). In particular for the case o0 = oo we
see that then the restricted weak type (p, p) inequality, the weak type (p, p)
inequality and the stronger L% — L% bound are all equivalent in the
range 1 < p < dz—fl. We note that for the case of Bochner-Riesz multipli-
ers such endpoint Lféff bounds had been obtained by Colzani, Travaglini
and Vignati [9], extending earlier weak type endpoint bounds by Chanillo
and Muckenhoupt [6]. The result for Bochner-Riesz means follows from the
above theorem (after separately dealing with the irrelevant part of the mul-
tiplier near 0). This phenomenon has no analogue for Fourier multipliers on
R? since LP* — LP** bhoundedness for translation invariant operators on
R? already implies LP — LP boundedness ([8], [28]).

The proof of Theorem 10.2 is essentially the same as the proof of The-
orem 1.2, but more elementary since only a finite number of dyadic scales
on the multiplier side are involved hence no Littlewood-Paley theory and
singular integral estimates are needed. The difference (and improvement) in
condition (i), and the extended range of o come from Proposition 5.1 which
involves only one dyadic scale and the space LP**°(u4) on the right hand side
of (5.10).

11. OPEN PROBLEMS

11.1. Radial Fourier multipliers. Let K be a radial convolution kernel on
R%, d > 2.

Question: Is there a p > 1 for which the condition (1.1) (with o = p) implies
that the convolution operator f +— K * f is bounded on LP(R?)?

The local version of this is open as well:
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Question: Suppose that K is radial and K is compactly supported in R\ {0}.
Is there a p > 1 for which the condition K € LP(RY) implies that the
convolution operator f +— K # f is bounded on LP(R)?

It is known (c¢f. [22]) that under a slightly weaker condition than (1.1),
namely the finiteness of sup,~ [|® * K¢||ro((1+4|)c) for some ¢ > 0 implies
LP boundedness for certain p > 1. The condition on p is that for the dual
exponent p’ the local smoothing problem for the wave equation in R4*t! can
be solved up to endpoint estimates. Wolff [35] proved such estimates for
d = 2 and large p'; for corresponding results in higher dimensions see [20],
and for the currently known ranges of Wolff’s inequality see [13].

It is likely that in order to prove or come closer to a characterization
one needs to prove an endpoint version of Wolff’s inequality. The currently
known method of proof (by induction on scales) fails to give such sharp
bounds.

11.2. Localized Besov conditions. Short of a characterization one can ask
whether for some p > 1 the LP condition of Corollary 1.5

supllgm(t)lp < oo

t>0 d(5—3)p
implies that m(|-|) is a multiplier of FLP(RY). Again the analogous question
for m supported in (1/2,2) is also open. A result which comes close is
in [27]. There a scale of spaces Rh s is introduced with Bgl C Rbs C

BE, for 1 < s < pand Lp(Rd) boundedness is proved under the condition

_ 2(d+1)
sup;s ||em(t )||R§<1/p71/2>,p < oo, for 1 <p< =75~

11.3. Localized multiplier conditions. Does the analogue of Corollary 1.3
hold for radial Fourier multipliers, acting on general functions in LP(R%),
some p > 17

11.4. Hankel multipliers in the complementary range. No nontrivial charac-
terization just in terms of the convolution kernel seems to be known (and
2d

perhaps may not be expected) for the range T S<p<2

APPENDIX A. ON ZAFRAN’S RESULT

Recall that for a compatible couple of Banach spaces (Ag, A1) a space
X C Ap+ A4, is called an interpolation space for (Ag, A;) if there ia constant
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C so that for every T : Ay + A1 — Ag + A1 which is bounded on Ay and
bounded on A; we have

(A’l) HT”X—>X < Cmax {”THA0—>A07 HTHA1—>A1}'

Zafran [36] showed that the space MP(R) is not an interpolation space for
the pair M'(R) (the Fourier transforms of bounded Borel measures) and
M>(R) = L*°(R). His arguments in conjunction with Bourgain’s theorem
on A(p) sets can be extended to show

Proposition A.1. Let 1 < py < p < p1 < 2. Then MP(R) is not an
interpolation space between MPO(R) and MP*(R).

We start quoting a standard result on random Fourier series due to Salem
and Zygmund ([24], ch. IV); it can be proved from the distribution inequal-
ity for Rademacher expansions and Bernstein’s inequality for trigonometric
polynomials. Let r; be the sequence of Rademacher functions and define

R .
= Z akemerk(t)
k=1

Then there is a constant C' so that for all integers R > 2, and for 1 < p < oo
1
(A.2) (/ sup |Fr(t,0) ]”dt) < Cy/plog R( Z|ak| )12,
0

By the standard averaging argument the log R term may be dropped if the
supremum in 6 is replaced by an L” norm.

The proof of Proposition A.1 relies on a deep result by Bourgain [3]
(proved earlier by Rudin [23] for p’ an even integer).

Bourgain’s theorem. Let 1 <p <2, p' =p/(p—1). There is a constant
C)p with the following property. For each integer N > 2 there exists a set

Sn of cardinality N which consists of integers in [O,Np//2] so that

wy ([ we @) <o (i)
k

keSn
In what follows we shall always fix p and the associated family of sets Sy
for which (A.3) holds. A consequence of (A.3) is that

(A4) erZsN (- = B[, ) < CP) s

1/2

where 7 is the Fejér multiplier

_ -l kst
n(€) = {07 €< 1.
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To see (A.4) we first note that (A.3) implies that the sequence {bxx sy (k) }rez
defines a multiplier in M} /(Z), and by duality a multiplier in M2(Z), with
norms bounded by C||b||s<. By Holder’s inequality (using the compactness
of T) it also follows that this sequence belongs to M,(Z), since p < 2. Now
Jodeit’s extension result [19] (see also [12]) for multipliers in MP(Z) says

(A.5) 1> mwn(- )y S H{matlymgy, 1<p<a<oo
k

Inequality (A.4) follows.

A third ingredient will be a sequence of multipliers Ay which belong to
all MY classes and satisfy the lower and upper bounds

(A.6) |hn | arar) & Ni“%, for1<g<2

There are many examples of such families, we choose

h () = x(&)eNEP

where x is a smooth function supported in (1/2,2) which is equal to one
on [3/4,5/4]. To see that (A.6) holds true we examine the kernel Ky =
F~1[hy]. By stationary phase arguments we see that |Ky(z)| < N~Y2 for
N/4 < & < 4N and |Ky(z)| > ¢N~Y2 for 3N/2 < & < 5N/2; moreover
by integration by parts |Ky(z)| < Crz=" for + > 4N and |Ky(z)| <
CpLN~L for < N/4. This shows that ||Ky| e > ¢N/91/2 and since hy
has compact support this implies the lower bound in (A.6). The kernel
calculation also implies the upper bound for ¢ = 1 and interpolation with
the trivial L? bound yields (A.6).

Proof of Proposition A.1. Let N be a large integer, R > N and let Sy be
a set in [0, R] so that (A.4) holds for ¢ = p’ (by Bourgain’s theorem we may
choose R ~ NP'/2). Essentially following Zafran we then consider the rank
one operators Ly : M? — MY defined by

1
Ly(m) =vn(m)hy, where vy(m) = N Z pk/m(f)n(f — k)dg.
keSn
Here we assume that pp € {1, —1} are chosen so that
N—l Z pkeik‘x
keSn
this can be achieved by (A.2).

(A.7) sup < CN~'2log R;

T

We shall show that
(A.8)
LN llara—pra < Cmin{NV412 NTIVARYS flog R, 1< g <2
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moreover if p is as in (A.4) then

(A.9) LN |[ap—pge > NY/P71/2,

We first show that the validity of (A.8) and (A.9) implies the asser-
tion of the Proposition. Namely if MP(R) were an interpolation space of
(MPo(R), MP*(R)), with pg < p < p1, then

(AlO) HLNHMP_>MP S CmaX{HLN”Mpo_)Mpo, ”LNHMP1_>MP1}.

We use the first bound in (A.8) for ¢ = p; and the second one for g = py.
Thus by (A.10) and (A.9)

NYP=1/2 < cmax{R"P0/log RN~1/Po N1/P1=1/2}

By Bourgain’s theorem we may choose N large and R ~ N?'/2. Since p < p1,
the last displayed inequality implies 1/p — 1/2 < (% — 1)/pj which solving
for p is equivalent to p < pg, a contradiction.

Proof of (A.8). We set wy := N~} D keSy prFL[n(- — k)]. Since the Fejér
kernel F~1[n] belongs to L' N L> we observe that (A.7) [|F~[n]|Lr < 0o
(A.11) lwonllzr@) S rN~Y2logR, 1<r < .

In view of (A.6) the inequality (A.8) follows from
(A12)  Jon(m)| < min{l, N"Y2RYY/log R} |m||apre, 1< q<2.

The first bound in (A.12) is obvious since |vy(m)| < ||m|/c. The second
follows from Plancherel’s theorem. To see this let (r(§) = (o(§/R) where (o
is compactly supported with the property that (o(§) = 1 for |{] < 2. Then
by (A.11)

[on (m)| = / F meg)(@)wy (z)dz
< lwnllg 177 fmCrlllg < lwnllglmllae | F ¢RIl
and the second bound in (A.12) follows if we observe that || F~1[(g]|l, =
O(RY). Thus (A.8) is proved.

Proof of (A.9). Here we use (A.4) (which was a consequence of the crucial
A(p') estimate for the set Sy). We apply Ly to &y and obtain

LN @n)llner_ 1@n1[3]1 B[l ae
[y lpves [eglpves

| Lyl ap—nae > 2 lhn] e

where we have used that [|Oy]|3 ~ N~! and N||&n|ame < 1, by (A.4). Thus

(A.9) follows from (A.6). O
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