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ABsTRACT. We study fractional variants of the quasi-norms introduced
by Brezis, Van Schaftingen, and Yung in the study of the Sobolev space
WP, The resulting spaces are identified as a special class of real interpo-
lation spaces of Sobolev-Slobodeckit spaces. We establish the equivalence
between Fourier analytic definitions and definitions via difference opera-
tors acting on measurable functions. We prove various new results on
embeddings and non-embeddings, and give applications to harmonic and
caloric extensions. For suitable wavelet bases we obtain a characteriza-
tion of the approximation spaces for best n-term approximation from a
wavelet basis via smoothness conditions on the function; this extends a
classical result by DeVore, Jawerth and Popov.

1. INTRODUCTION AND STATEMENTS OF RESULTS

For d > 1, b € R and a locally integrable function f € L%OC(Rd) consider
the difference quotient

(1.1) Dyf(z,y) = w, (z,y) € R? x RY = R%,

Haim Brezis and two of the authors [8] discovered that for f € C2°(R9) and
1 < p < o0, the Marcinkiewicz quasi-norm [D1 4/, f] Lpoo(R24) 1S comparable
to the Gagliardo-seminorm ||V f{| ,»(ray (see also [46], [10] for related results).
Using this equivalence, they considered in [9] certain borderline Gagliardo-
Nirenberg interpolation inequalities that fail, and proved substitutes such
as [Dyaspflimeemaay S HleL;S(Rd)HVfHSLl(Rd) for s=1/pand 1 < p < oo,
raising the natural question of what can be said about the class of functions
for which [Dyyq/pf]p.co(reay is finite for 0 < s < 1. This class was also
considered in the papers by Poliakovsky [48] who asked about a more specific
relation to Besov spaces, and in the work by Dominguez and Milman [23]
who considered abstract versions of [§]. As a special case of our main results
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we show that the above fractional variant arises as a real interpolation space
of a family of homogeneous Sobolev-Slobodeckil spaces W*P. Henceforth,
for 0 < s < 1and 1 < p < oo, the space WP consists of all equivalent
classes of measurable, finite a.e. functions f (modulo equality a.e. and
additive constants) for which Dy, 4/, f € LP(R?*), with semi-norm || f||yisp =

|Dstaspfll Lr(R24); this space can be naturally identified the diagonal Besov

space B;p (see e.g. the case r = p in Theorem E below). We will show that

for pg,p1 € (1,00) such that pg < p < p; and 0 < s+ % - ]% < 1 the norm
d

. grd_d cgyd_d
on the interpolation space [WHP po PO Wete e 1]

the quasi-norm ||D

0,00 18 equivalent with
s-l—%fHLPvOO(Rm)'

The class of functions for which || D4/, f || 1p.00 24y is finite was labelled
BSY; in [23]. Here we shall denote it by B;(d, 00) as it will arise as a member
of a natural and more general scale of spaces BZ(*y, r). We begin by giving a
Fourier analytic definition of the spaces B;('y, r), which extends the classical

definition of the homogeneous Besov space Bg’p; in fact B;(V, r) all coincide

with B;’p when r = p (regardless of the value of 7). We have learned in the
final stage of preparation of this paper that V.L. Krepkogorskii had already
introduced the inhomogeneous variants of these classes in a little noticed
paper [36] in 1994 and proved that they occur as interpolation spaces for
Sobolev and other spaces; see Remark and the comments before Theorem

.13 below.

Variants of Besov-Sobolev spaces. We let ¢ € C°(RY) be a radial
function with

(1.2a) supp(p) C {€:3/4 < [¢] < T/4},

(1.2b) p(€) =1 for 7/8 < [§] <9/8,

(1.2¢) Z@(Q_kg) =1 for all £ #0.
kEZ

It is easy to check that the three requirements can be achieved. For a
tempered distribution f we define the frequency localizations L f via the
Fourier transform by
Lif(&) = (275 6) F(£)-

We recall the definition of the diagonal homogeneous Besov spaces B;’p.
Consider the space S (R?) of Schwartz functions whose Fourier transforms
vanish to infinite order at 0; this space carries the natural Fréchet topology
inherited from the space of Schwartz functions. We let S (R?) denote
the dual space; it can be identified with the space of tempered distributions
modulo polynomials. The space B;’p is defined as the subspace of f € S’_(R%)

for which y
p
sy, = (3 [ 12 Lurta)f aa)

kEZ
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is finite.

We will now define various Lorentz versions of these spaces where a Lorentz
norm is taken on the space R% x Z. Recall that if (2, 1) is a measure space
and 0 < p,r < oo, the Lorentz space LP" (2, ) is defined as the space of
measurable functions g on 2 for which

o0 dA\1/r
s = (1 [ Nt € 2 gl > A7)

is finite. For r = 0o we set [g] zr.0 (0 ) = SuPxs Au({lg] > ANY/P. The space
LP" is normable when 1 < p < oo, 1 < r < 00, and for simplicity we will
only consider these parameter ranges. The precise expression for the norm is
not important for this paper; a suitable choice (|33]) is

> sy gy AT\ /P
lallne = ([ 10707 <F)

where g**(t) = ¢t g g*(s)ds and g* denotes the nonincreasing rearrangement
of g.

Definition 1.1. Let v € R.
(i) For a measurable subset E of RY x 7 let 1 be the indicator function
of E and

py(E) = 22_'“7/ 1g(z, k) d.

ke R?
(ii) For b € R define PPf : R? x Z — C by

PPf(x, k) = 2" L, f(x).

(iti) For s e R, 1 < p < oo, 1 <r < oo, let Bf)('y,r) be the space of

f e Séo(]Rd) such that the function PS+%f belongs to the Lorentz space
LPT(R® X Z; piy) and let

(1.3) 1 #0853y = 1P Fll

Unravelling the definition, with meas A denoting the Lebesgue measure of
ACR? if 1 <r < oo we get the following equivalence

(7« /OOO A [ZQ‘kaeas{x € Rd : |ka($)| > )‘Q_k(ﬁ_%)}}

kEZ

r/p(i\)\> 1/r

whereas
(1.5)

k(s
Hf||gzs7(%oo) ~ it;}g)\[ZTk”’meas{x eR?: |Lpf(z)] > A2~ +p)}]
keZ

1/p



4 0. DOMINGUEZ A.SEEGER B. STREET J. VAN SCHAFTINGEN P.-L. YUNG

It is easy to check that we always have S, (R%) C B;('y,r). Note that a
simple Fubini-type argument gives

(1.6) B;('y,p) = B;p, for all v € R.

In contrast, for 7 # p the spaces BIS,(% r) depend on 7 (see Theorem (ii)
below).

Remark 1.2 (Inhomogeneous versions). We may also consider inhomogeneous
versions of the above spaces. Define

(1.7) Ly = Ly, for k> 0, Lo ::Id—ZLk.

k>0
For E C RY x Ny let [iy(E) = Y 32,27 [ 1g(z, k) dz. Define I1°f(z, k) =
2kY . f () for k =0,1,2,... We may then define By (7, 7) to be the space of
all tempered distributions f € &'(R?) such that

(1.8) 1F 5031 = TP £l o o i)

is finite. These spaces have already been defined by Krepkogorskii [36], who
used the notation BL5E. The space B;(v,7) corresponds to BLy, " in the
notation of [36].

Characterizations via difference operators. In order to explore the
relation to the characterization of Sobolev spaces via weak-type quasinorms
for difference operators used in [8, [10] we seek equivalent definitions of the
spaces B’;(% ) to spaces defined via difference operators, at least for s > 0.
Let

Apf(z) = f(z + h) = (),
and define for M > 2 inductively AhM = AhAhM ~1. These operations extend

to tempered distributions. We define a measure v, on Lebesgue measurable
subsets of R? x (R4 \ {0}) by

VW(E)://demdth.

Also define, for any f € LL _(RY) and h # 0,
Ay f (@)
i
We say that g is a tempered function if g € L}OC(Rd) and if there exists an
N < oo such that

(1.9) /]Rd lg(2)|(1 + |2) ™ dz < co.

The space of tempered functions will be denoted by T; the Fréchet topology
on 7T is defined by the seminorms .

Let Pas—1 denote the set of polynomials of degree less than M. We wish to
characterize B;('y, r) in terms of the operators Qs which annihilate Pps_.

QM,bf(xv h’) =
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As Bf,('y, r) C 8., every element f € B;(’y, r) is actually an equivalent class
[f] of tempered distributions modulo all polynomials. Using the following
theorem, if 0 < s < M and M € N, we determine, for each f € B;('y,r),
a subset of [f], so that all elements of this subset differ by a polynomial
in Ppr—1. Each element of this subset will be called a representative of f
modulo Pys_1. This is often useful in practice, because then it makes sense
to define, for example, any derivative of f of order > M, and to define the
convolution of f with any Schwartz function that has M vanishing moments.
For the classical Besov and Triebel-Lizorkin spaces (in particular B;p) this
is already addressed in Bourdaud’s theory of realized spaces [7], in fact for
B;,(fy, p) = B;p an essential part of the theorem is subsumed in [7].

Theorem 1.3. Let 0 <s< M, 1 <p<oo,1<r<ooandyeR. There
exist positive constants C1, Ca so that the following holds.

(i) Let f € B;(’y,r). Then there exists a tempered function f, such that

(1.10) (18) = | Solao(e)da for all 6 € S
and

(111) 1Qates2 Follznruny < Cull sy

The a.e. equivalent class of the function fo is unique modulo Pyr—1;
we refer to the function fo as a representative of f modulo Ppr_1.
(ii) Suppose f:R? — C is a measurable function satisfying

Quroraf € LV ().

Then f is a tempered function, and under the natural identification
in S, we have f € By(vy,r) with

||f||g§(%,«) < C2||QM,S+%f||Lp’T(V»Y)‘

Theorem will be proved in where a more abstract equivalent
statement is also given (Theorem [3.2).

Remark 1.4. We point out that in previous works on homogeneous Besov
spaces there is the a priori assumption f € LllOC for the bound by difference
operators. One way in which our result differs is that we show this assumption
is superfluous: the function f in Theorem is a priori only assumed to

be measurable and we show that it is locally integrable.

Embeddings and non-embeddings. We establish various embedding
relations which sharpen previous results. We relate our classes to standard
homogeneous Besov and Triebel-Lizorkin spaces and their Lorentz-space
counterparts Bg [LP"] and F; [LP7]. These are defined as the subspaces of
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f € S'(R?) for which

(1.12) I gon = (2L 1)
keZ
(1.13) TP H( > 2 .

are finite, respectively. The 1nhomogene0us analogues By[LP"], FJ[LP"] are
defined analogously using the frequency localizations fi, & > 0 in .

For the standard Besov and Triebel-Lizorkin spaces one works with the
underlying L metric, i.e. they are recovered by setting r = p and we have
Bs7 = BS[LP] and Fs = Fs [LP]. For embedding relations among them one
may consult [52] (however some care is needed since the results in [52] are
formulated for the inhomogeneous versions By [LP"], F7[LP"]).

Theorem 1.5. The following statements hold for all s € R, p € [1, 00).
(i) For all v € R,

By(y.r) = BY[LP"), p<r< oo,
B;f[Lp’r] — B;(y,r), 1<r<p.
(ii) Let v # 0. Then,
F;,ﬂf—>35(’y, r), p<r<oo,

82(77 )%Fgra 1<r<p.

This will be proved in §4 The statements can be extended by combin-
ing them with the three trivial embeddings for ¢1 < g2, 71 < rg, namely
Bs(’y,rl) — Bs(fy,rg) Bs [LPT1] — BS L[LP"?] and Fs [LPT1] — FS [LPT2].
Part (ii) of the theorem is an improvement and generahzatlon over Theo-
rem 1.3 in [30] which (in conjunction with our Theorem yields that
F;Q — B;(d, oo) for 0 < s < 1. Part (ii) also covers the embedding
C’; — BSY; = Bf,(d, o0) for the homogeneous Calderén-Campanato (or
DeVore-Sharpley) spaces in [19)], [II] which was obtained in [23, Theorem
4.1] for 0 < s < 1; indeed from [5I] we know that C’S = 'S o for 0 < s < 1.
For every p € (1,00) Theorem [1.5| also recovers the known embeddings
F;T < BS[LP"] if p < 7, and Bﬁ[Lp "l — Fgf,r if r < p; ¢f [52 Theorem
1.2(iv), Theorem 1.1(iv)].

In view of the case r = oo of the embedding in part (ii) of Theorem
it is natural to ask whether in the embedding FS — BS('y, ) the

Trlebel Lizorkin space F > oo Can be replaced by the larger Besov space B; .
this was implicitly suggested in [48]. Part (i) of the following theorem implies

a negative answer, and in fact a stronger result.
Theorem 1.6. Let s € R, 1 < p <r < oo. Then the following hold.
(i) For all v € R,
By \ By(y,00) # 0.



SPACES OF BESOV-SOBOLEV TYPE 7
(i) For all B,y € R with 8 # 7,
By(8,7) \ By (v, 00) # 0.

This will be proved in §5 along with corresponding versions for the
inhomogeneous spaces.

Since B;(y, p) = Bzip for all v € R (see ([1.6])) it is clear that the assumption
r > p is necessary in Theorem We also address the case v = 0 in part
(ii) of Theorem the following result shows that the condition v # 0 is
necessary for those statements.

Theorem 1.7. Let s € R and 1 < p < 0o. For the case v = 0 the following
hold.
(i) For allr > p

ES .\ B5(0,00) # 0.
(ii) For all T <p
B30, 1)\ F5,. # 0.

Remark 1.8. By part (ii) of Theorem [1.6| we know that for 0 < s < M and
v1 # 2 the seminorms ||QM,s+w/pf||Lp,oc(l,%), 1 = 1,2 are not equivalent
on the space of Schwartz functions. This is in striking contrast with the
limiting result for Dy, by Brezis and three of the authors [I0], where it is
shown that for 1 < p < co, and all v # 0 the semi-norms || Dy fllLr.oo (1)
are equivalent with the Gagliardo semi-norm ||V f||,. Moreover, for p =1
one has | fll 5y & D14~ fllpro(,) provided that v € R\ [-1,0] (and this
additional assumption is necessary). These equivalences hold under the
a-priori assumption that f is locally integrable.

An embedding result involving BV. Denote by V*° = V°°(R%) the quotient
space of L* by additive constants, with norm

= inf ||f — ¢/|co.
£l = inf |1f =l

Denote by [-,]g, the real interpolation spaces for the Peetre Ky, method
[4, Section 3.1]. The following embedding result involves a real interpolation
space between BV and V. It will be used below to study solutions of
harmonic and caloric functions on Ri'H.

Theorem 1.9. Let v € R\ [-1,0] and 1 < p < oco. Then
[V, BV]1, <= By/P(y,00).
p?

The case v = d of Theorem has its roots in [9, Theorem 1.4]. Its
full generality is based on an estimate in [I0]. It complements interpolation
results in [I5, Theorem 1.4], and extends an embedding theorem by Greco
and Schiattarella [28] for functions of bounded variation on the unit circle.
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Harmonic and caloric functions in the upper half space. We now formulate
some consequences of the embedding in Theorem The original motivation
of the space B;/ 2(1, o0), defined in terms of difference operators, came from
the study of harmonic extension of functions of bounded variation in [2§]
(see also an earlier result by Iwaniec-Martin-Sbordone [34] for circle home-
omorphisms). For a function such that [pq|f(2)[(1 4 |z])79"' dz < oo, the
harmonic extension to the upper half space R‘f’l through the Poisson kernel
is given by

w2

_re :
Pt == [ W

In order to state our result let
(1.14) KO f(x,t) = t1OVPSf(, 1)
where VP denotes the (x,t)-gradient, for ¢ > 0, i.e.

VPf(x,t) _Ies) /Rd ((d+ Dtz —y), |z —y|* — dt?)

— f(x)) dy.
s a0 - f@)a

This last expression makes sense for f € V°° 4+ BV. Define the measure Ay
on Lebesgue measurable sets of Riﬂ by

(1.15) A (E) = //E dm%.

Corollary 1.10. Let 1 <p < oo, vy € R\ [-1,0]. Then
L Vo, BV]1, = DP(\,)
18 bounded. In particular
VP [V, B'V}%J — L**°(dzdt)
s bounded.

Remark 1.11. When d = 1 we have BV (R) < V°°(R) and thus we recover the
upper half plane analogue of Theorem 4.2 of [2§], saying that VP f € LQ’W(Ri)

for f € BV(R).

Another corollary is about solutions u(z,t) = Uf(x,t) = '™ f(z) of the
initial value problem for the heat equation in the upper half space,

ou
(1.16) T Au, ul= = f.
For b € R, t > 0, define H* = (H},..., 34, ) by

1, 0
b 1y ,
Hif(z,t) =tz O—%Uf(x,t), j=1,....d

30
Hgrf(,8) = 7= Uf (x,1).
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Corolla;i};ll.lz Let B € R\ [3,0], and 1 < p < c0. Then
(i) H 2 :[V® BV]1 | — LP(\g) is bounded.
p?
(ii) Let u= U f solve the problem (1.16)) fort > 0. Then

. B
felV= BV, = P Ague LR dzdt),

ot
felV=BV]y, = Veue PR, ded).

When d =1 we obtain a caloric analogue of the result in [28], for boundary
values in BV (R).

Corollary 1.13. Let f € BV(R) and let u solve the initial value problem
Qu — 4 y(z,0) = f(x). Then 2% € L3>(R2) and 3 € L¥*(R2).

Remark 1.14. Tt would be mterestlng to upgrade the results of Theorem

and/or the corollaries to other interpolation spaces of V°° and BV. A

related question in dimension d = 1 is whether such inequalities can be

proved for functions in the Wiener spaces VP of bounded p-variation. Note

that V' = BV and that for 1 < p < co we have [V, V1], » C VP, see [5].
5

If VP*° denotes the space of f for which the numbers (f, a) of a-jumps
satisfy sup,-qaM(f,a)'/? < oo then, by [43], VP C VP> = Voo,V ) oo
See also [13] for a related result on the K-functional for the couple (V>°, V1),

Interpolation. We review the problem of interpolation of Besov spaces.
Recall the definition of the homogeneous Besov space By, = B;(LP) as

the subspace of f € S’ (R?) for which HfHBS = Xrez 2% Ly fI|18)1/9 is

finite. Regarding real interpolation, the case “For fixed p and varying s is
well known. Suppose sg,s1 € R with sg # s;. If 1 < p,7 < oo, one has

[4, Theorem 6.4.5(1)] [B30,, B3t lo, = By, if s = (1 — 60)so + 0s1, 0 € (0,1);

see also [2]. For the case py # p1 the spaces B;,(’y, r) arise as interpolation
spaces for the Ky ,-method. The following theorem and corollary were already
known to Krepkogorskil [36] who considered the inhomogeneous variants. For
an extension to the quasi-Banach range see [37]. For a description of the
interpolation spaces via wavelet coefficients see also the recent work by Besoy,
Haroske, and Triebel [6].

Theorem 1.15. Let 1 < pg,p1,7 < 00, pg # p1, S0,51 € R. Let

So — S1
(1.17) Y= 1>

po M
let0< 0 <1 and

1 _ 1 1

(1.18) (L15) = (1= 0)(&, 0) + 0(L, 1),
Then
(1.19) [BS2 bos Bat i Jow = Bi(y,7),

with equivalence of (quasi-)norms. O
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Corollary 1.16. Let 1 < po,p1 < 00, po # p1, S0,51 € R, 1 < qo,q1,70,71 <
1.

oo and 1 < r < oo. Suppose that (1.17) and (1.18)) hold with 0 < 6 <
Then

(1.20a) [B;;S (v,70), B;i (7, Tl)]&,r = ny(% r).
Moreover, if sg # s1,
(1.20b) [F50 o  Eot o = By(,7).

Note that for s € NU {0} and 1 < p < oo, the space F;ﬁ is identified with
the Sobolev space W*P. Thus, if sg, s; are non-negative integers, sg # 51,
and 1 < pg,p1 < oo with pg # p1, then for 0 < 8 <1 and 1 < r < oo we get
in particular

[Wsopo Jirsup], | = B;(% r)

where (%, s) and ~y are given by (1.18) and (1.17]).

For completeness we shall sketch in §§] the standard proofs based on the
Fourier analytic definition which are very much analogous to [36]. More
interestingly, for M = 1 and sg,s; € (0,1), an alternative approach to
the interpolation result will be given in based directly on the
characterization via first order differences.

Nonlinear wavelet approximation. Our results can be obtained to prove
new results on best approximation via n terms in a wavelet basis, relating it
to suitable regularity properties of the given function.

To fix ideas we first recall basic notation in wavelet theory. Let u € N,
¢ € C*(R) be a univariate scaling function associated with the univariate
wavelet 1) € C*(R). Let ¢° := ¢ and ¢! := ¢. If E denote the set of the
24 — 1 non-zero vertices of [0,1]%, given e = (e, ...,eq) € E, we define the
d-variate wavelets 1¢(x) = [[%, % (x;). As in [40] we assume certain decay
and nonvanishing moment conditions on the ¢, namely

(1.21a) sup (1 + |z))M | D¢ (z)| < oo, la| <, ecE,
zeRY
and
(1.21b) / zY¢(x)dx =0, la| < u, ec E,
R4

for u, M satisfying
(1.21c) u>|s|, M>d+u.
If one works with LP-based Besov spaces and allows the parameter range
to be p > 0, then one needs to require u > max{ﬁ —d—s,s}, M >
max{ 7min<c{ll,p} ,d+u}.

Let, for j € Z and m € Z7,

(1.22) VS (@) 1= 25 (2w — m).
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We assume that the system
(1.23) U={yS,,: jE€EL meL’ ec E}

forms an orthonormal basis in L?(RY), see e.g. [16] for an introduction to
wavelet theory.

Let 1 < g < co. Consider now the best n-term approzimation of f € LI(RY),
with respect to ¥, measured in the LI(R?) norm; i.e.,

an(f)q:inf{Hf— S b L #(A) < n, c,,ec}.

Yy EACY

La(R4)

Let @ > 0 and 0 < 7 < oco. The related approzimation space A¥(L9, V) is
defined as the set of functions f € LI(R?) for which

(Z;io:l [”Oégn(f)q]rrll)i ifr<oo

1 f1l a0 (£, 9y =
sup,, n%on(f)q if r =00

is finite.

It is well known that A%(L9(R%), ¥) can be characterized in terms of a
certain interpolation space between L9(R?) and Besov spaces. Specifically,
let 1 <g<oo,0<r<oo,and 0 < s < o. Then

. . S 1 1 o
(1.24) ALY, W) = (L9, BS Jo,  if 0= —and - = R
see DeVore’s survey [17, (7.41)] and also [47, page 223| for related results on
spline approximation with d = 1. We specialize (|1.20b|) with sg = 0, pg = g,

go=2,q1 =p1 =u, S =0, hence v = —% = —d. We thus see that for
1 ~Fo

0, u as in (1.24)) the space [LY, Biu]a,r coincides with B;,(—d, r) if % = % +3
Combining this with ([1.24)), we have verified
Theorem 1.17. Let 1 < g< o0, 0< s <d(l— %), and let % = %—k 5. Then,

for1 <r < oo,
s/d oL
AL, W) = By(—d, 7).

Forr=p, 0<s<d(l— %) We recover A;/d(Lq, U) = B;”p for % = % + 3,
which is a result proved by DeVore, Jawerth and Popov [18]. Together
with our characterization in Theorem [1.3| we achieve a new interpretation
via difference operators of some results in [17, 20} 29| [35] where the spaces
A (L4, W) are characterized in terms of wavelet coefficients.

For » = oo the spaces .Aiéd(Lq, U) are of special interest in applications,
see for example [32] 14, BI]. In the statistics literature these spaces are
sometimes referred to as ‘weak-Besov spaces’ (see [3, [50] and the references
within). In view of Theorem these weak-Besov spaces coincide with
8]‘3(—d, o0), with s = d(1/p — 1/q), i.e. p = diqsq. Putting o = s/d and
combining Theorem and Theorem we obtain
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Corollary 1.18. Letl <g<oo,0<a<1— %. Then, for M > ad,

supn®o,(f)q ~ sup A /meas x: \h|g|A,]yf( )| > )\}) dn )

n>1 A>0 |h|2d
Remark. There are suitable extensions of the definitions of this paper, and
many of the results, to certain parameter ranges in the quasi-Banach setting
(that is, to the cases r < 1 and p < 1); we intend to pursue these elsewhere. In
particular it is interesting to extend Theorem to values of s > d(1—1/q)
and r > 0; this requires consideration of the spaces B;’(—d, r) in the range
p <1

Notation. We denote by L4(E) the Lebesgue measure of a Lebesgue mea-
surable set in R?, and also write meas E for £¢(E) when the dimension is
clear from the context. A measurable function f : ]Rd —> C will always be
assumed to be defined almost everywhere. We use f =[fly v dy

as definition of the Fourier transform. For a functlon m on Rd we define
m(D) to be the convolution operator with Fourier multiplier m, i.e. it is

given by m(D)f(&) = m({’)f(f) We let C2° be the space of compactly
supported C*°-functions, § be the space of Schwartz functions, and Sy; be
the subspace of S consisting of those Schwartz functions whose moments
up to order M — 1 vanish. Also let Soo = (e Sm- We denote by S’ the
space of tempered distributions and by S, S, the dual spaces of Sy and
Soo, respectively. We let, for k € Z, L, = ¢(27%D) and Lj, = 3(27%D) be
operators in frequency localizing Littlewood-Paley decompositions, satisfying
szk = L. The functions ¢, ¢ are radial and the relevant properties are
defined in and , respectively. For a set E with positive measure,
the slashed integral fE f is used to denote the average of f over E.

Structure of the paper. In §2| we prove a rudimentary form of the characteri-
zation in Theorem just for Sy functions. The full proof of Theorem
will be given in §3] The embedding results in Theorem are proved in
Various counterexamples establishing Theorem are discussed in In
we give the proof of Theorem [I.9) and in §7] the proof of Corollaries and
[[.12] In §§ we include a proof of Theorem based only on the Fourier
analytic definition of B;’,('y, r). A different proof of the interpolation result,
just for parameters s; € (0,1) and based on a retraction argument using first
order differences is given in §9]
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2. NORM EQUIVALENCES FOR S,,-FUNCTIONS

Before giving the full proof of Theorem [I.3 we give a proof of the norm
equivalence for functions in the class Soo(RY). Note that for f € Soo(R?) we
have f = 3", ., Li.f with convergence in the topology of S(RY).

Proposition 2.1. Let M e N, 1 < p < oo, 1 <1 <00, v €R and
0<s< M. For f € Soo(RY),

(2.1) P50y ~ 19811/ 50
Let ¢ € C°(RY) be such that
(2.2)  supp (p) C{{:1/2 < |¢] <2} and ¢(&) =1 for 3/4 < [¢] < T7/4.

This implies ¢ = ¢. Let Ly = @(27%D) so that Ly = LiLy = LiLy.
To bound || Qs s4y/pfllLrr(v,) in terms of Hf”zgs (7.r)> We use the following
s (7,

lemma.
Lemma 2.2. Let M e N, 1 <p<oo,1<r < oo, b,vGsz’thO<b—% <
M. Then the operator

My x
o) = 3 S0 (o) € R« (R (o)
keZ

defines a bounded linear map from LP" (1) to LV (vy).

Proof. By real interpolation it suffices to consider the case r = p. From the
elementary inequality

IAN Li|| e < minf1, (2%|R[)M},

we obtain
IAY Lig (s k)| oaa) P dh \ 1/
”Tw””(w)fg(/[% (2[n])e ] |n]d= ,y)
kol ¥ dh\V/
S ([ [Sominget a0, @m0y gt b)) )
keZ
o (0 [ ming2t) ¢, @My ) )
JEZ k€eZ

and the desired conclusion follows since if a, 5 > 0 then the convolution on
Z with the sequence {min{27% 2k61}, 7 € ¢1(Z) is bounded on (P(Z). O
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To apply the lemma note that under the hypotheses of Proposition we
have

(2.3) fla) =" 27" L P f(ay k)

keZ

with the convergence in Ss(R?) (in particular pointwise for every x € R%).
Hence for every (z,h) € R? x (R?\ {0}) we have

A f(z)

+l
P R

Lemma with b := s+ % (which satisfies 0 < b — % < M) and g = PS+%f
yields the inequality

@4 IS

s+
b3 SIPP fllper(uy)

Lp’r(l’v)
and thus the following corollary.

Corollary 2.3. Let M e N, 1 <p< oo, 1 <r<oo,7yeERand 0 <s< M.
Then for f € Sao(R?)

j2tsny

For the converse inequality we like to consider an operator acting on
F(x,h) = |h|7°PAM f, for b = s + ~/p, and then we are faced with the task
of “dividing out" the difference operator. To achieve this we work with the
partition of unity of the annulus {£ € R? : 1/2 < [¢] < 2}. Alternative
Fourier arguments can be found e.g. in [45, 5.2.1].

Let ¢ < (10M)~!. We use a finite partition {x.}"_, of unity on the
support of ¢, so that y, € C is supported on the ball B(u,,s). Let
wy, = T B and then we have, for £ € supp (xx) and |w — wg| <e,

< .
LP’T(V»Y) ~ ||f||B;(fy’r)

|(£,w> - §| < |<£7w_wn>| + |<£_Umwn>| + |<umwl€> - %| <2e+2+0.

We may then write

N .
(2.5) PO =Y ma() [ e -1V an
k=1
where

(2.5b) mal€) = () xx(6)

ﬁh_wdge(ei(g,h) _ 1)Mdh'

Since the denominator is bounded away from 0 on the support of x, we get
|0%m,.(€)| < Oy for all multiindices «, and thus the L' norms of the Fourier
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inverse transforms of the m, are finite. We then get

dh

N
(2.6) Lif = Zmn(Q_jD) Aijyf 9—jd-

|h—2=dw,|<e2-3
Lemma 2.4. Let m be the Fourier transform of a bounded Borel measure,
with L' — L' multiplier norm ||m||ar,. Let w € R? such that 1/2 < |w| < 2
and € € (0,%) Forby€cR, 1 <p<oo,1<r<oo, and F € LP"(RY x
Rd\{o}) V7 deﬁne mwaF by

(27) ViweF (k) = Vit o F
—k k b dh
=m(27"D) %R E (s 1) 5 =g
|h—2Fw|<e2—F
Then anibwe maps LP" (vy) to LP"(uy) and we have
(28) H mwsFHLp”’(,uq) < C”mHMlnFHLPW(VW)

where C' only depends on p, r, b, .
Proof. Since (F,m) + V%

m,w,e
|lm||ar, = 1. Again by real interpolation it suffices to prove the theorem for

p=r,1<p<oco. Since |m(27*D)||zr_rr <1 for 1 < p < oo we obtain

B 1/p
I mweF”LP(“W) S (22 kv”/h—z—kwﬁsz—k(2k|h|)bF(‘7 2- de )

/
ZQ kv”/z k1< |h| <okt (A |h|dH >1 p

F is bilinear we may normalize and assume that

keZ
dh \1/p
S( L remiag=)" = 1Pl
which completes the proof of the lemma. O

To apply the lemma it is beneficial to express PPf(-, k) = 2*°L,.f as

AMf(a:) dh
2.9a Pb x, k) My (2 / ok p\o =h L
(2.9a) f( Z ‘h_Q_kwdSEQ_k( |hl) WP 2k

and thus we get

Z AN f(z)
b : _ =h
(29b) P f M W &.F, Wlth F($, h) = W
Now, setting b = s + v/p, Lemma yields

Corollary 2.5. Let M e N, 1 < p < o0, 1 <r < o0, 5,7 € R. For
I € Soo(RY),

7y S 198103 Flineon,
Proposition 2] is just the combination of Corollaries [2.3] and
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3. NORM EQUIVALENCES FOR ALL MEASURABLE FUNCTIONS

We give the proof of Theorem We begin by rephrasing it in a more
abstract way which allows us to keep in mind the distinction between equiva-
lence classes modulo all polynomials and modulo polynomials of degree < M.
Let M denote the space of (Lebesgue almost everywhere equivalence classes
of) measurable functions on R? and let Py, denote the space of (almost
everywhere equivalence classes of) functions which are almost everywhere
equal to a polynomial of degree at most M. Let My; := M/Py;—1 and let
M — My denote the projection map. Since the operators Qps oy~ /p
annihilate polynomials of degree < M —1 we can make the following definition.

Definition 3.1. For M € N, s e R, 1 <p < oo, and 1 <r < oo, we define
an extended nomﬂ on My by

170 sy = 1Q0ss42 fllLor o)

and let Barsp(7,7) be the subspace of My for which |[mar flles,, , (v,
finite.

Recall that 7 C M denotes the space of (Lebesgue almost everywhere
equivalence classes of) tempered functions on R?, and let Tas = T /Par—1.
mar: M — My restricts to a map was: T — Ty We let ¢y denote the
natural map Tp; — S’ (R?) which assigns to 7p(f) (with f € 7)) the linear
functional vpr(mar(f)) : ¢+ [ga f(x)d(x) dz. We rephrase Theorem in

the following, equivalent, form:

Theorem 3.2. Fix M e N, M > 1. For0<s< M, pe (1,00), r € [1,00],
v € R, we have

(i) SBM,é’,p(%?") C Tu;

(ii) 8;,(7, r) =t (Brrsp(y,7));
(iii) The map

tlgy, oy P BMsp(v,7) = By(v,7)

18 an isomorphism of normed vector spaces; i.e., it is a bounded,
bijective linear map with bounded inverse.

The rest of this section is devoted to the proof of Theorem [3.2] In what
follows we denote, for M € N, by Sy/(RY) the closed subspace of S(R?)
which consists of all f € S(R?) with [ p(z)f(x)dx = 0 for all polynomials of
degree < M — 1. Then clearly Soo = (37en Sm (and So = Z in the notation
of [56]). We denote by S}, the dual space of Sys. To prove the theorem,
we introduce two maps: B;(’y, r) <> Barsp(7y,7), which will turn out to be
inverses to each other. We begin with the map 815,(7, r) = Barsp(y,r). The
following proposition is similar to results of Bourdaud [7] and Moussai [44]

LA priori, || - ll% 5 .., (v,r) is merely an extended semi-norm. Lemma@ below shows
that ||7TMf||%Af,S,p('YvT) =0&auf=0.
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for the so-called realized Besov spaces, and, in fact, could be deduced from
their results by interpolation arguments.

Proposition 3.3. Fixr M e N, M > 1. For0<s< M, 1 <p<oo, v€ER,
and 1 <r < oo, there is a bounded linear map

EM : B;(’Y,T) — %M,s,p(’}/a T)

such that EM(B;(%T)) C Ty and tpg is a left inverse to Epy; t.e., tapr€ag is
the identity map By(vy,r) — By(v,7).

~ We need a lemma about the Littlewood-Paley decomposition for f €
By (v, 00) C S' (R, for p € (1,00). Note that L, f is a convolution of an
element of S’ (R?) and an element of So(R?), and thus a C*°-function.
By the definition of B(v,00), Ly f € LP>°(R%) with H2kSkaHLp,oo(Rd) S
11l 35 (,00) uniformly in & € Z.

o\l

By Young’s convolution inequality
1Lkl pe 0 = O(254/)

and from Ly Ly = Lj, we obtain | Ly f|ee < 284/P|| Ly f|| Leee. We use this to

~

establish convergence of the Littlewood-Paley decomposition in Sy, under
the additional condition M > s — d/p.

Lemma 3.4. Let M be a nonnegative integer, 1 < p < oo, N € N. Then the
following holds.
(i) For f € By(vy,00) and ¢ € Sn,

(d_g . . .
(Lif, )] < Crnrg?’& ™ min{2 7N, 2| g, -

(it) Let M > s —d/p, and f € Bz(’y,r). Then Y ez Ljf converges in Sy;.
Proof. Since i € S we get szle < Cnyp279N for j > 0. Using the M — 1

vanishing moment conditions we get || L;|; < 29 for j < 0.
We have

(Ljf o) = KLy Ly f, L) | < 1 LgLj flloo [l Ljeb |2
< 25 ||L; f|| oo min{2 N 29M)
od . . .
S Ul ey 27~ mind2 79V, 291}
where the implicit constants depend on M, N, 1. Choosing N large enough we

see that > .o [(L; f,¥)| < oo. Moreover .o [(L;f, )| < ocoif M > s—d/p

and thus 3>, L; f converges in S);. O
Proof of Proposition[3.5 We first define the map

Tar : Tar — Sy (RY)
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as taking myu (with u € T') to the distribution Zpsmpru defined by
Ty d) = [ s
Rd

and observe that Zj; is injective. Also let f € UTG[LOO}B;(% r) = B;('y, 00).

By Lemma (3.4 3", . Tarmar Ly f converges in S}, (R?) to some U € S, (R9).
We claim U € Zy;(7ar). To see this, decompose

U = Unigh + Uiow = »_ IummLif + Y IumaLif,
k>0 k<0
where the above sums converge in S}, (R?). Since f € B;(q/, 00), we have

|Lgf|lree < 27%%, and since s > 0 we see that Y, Lxf converges in
LP>°(RY) and

Unigh = 3 _ Zumm Lif = Tumae [ Y Lief] € Tna(Tar)-
k>0 k>0

Since Uy € Sh;(R?), we can use the Hahn-Banach Theorem to establish the
existence of an extension Ut € §'(RY) such that

(USE ) = (Uiow, V), Vo € Sur(RY).

In particular, by the definition of Uy, we see that the Fourier transform of
Ut is supported in {|¢] < 2}. Schwartz’s Paley-Wiener Theorem implies

low

there exists G € T with (UZ,¢) = [pa Go, for all ¢ € S(RY). It follows

low

that Ujgw = Ul'“;’éﬂsM = Iy G € Iy (Tar). This completes the proof that
Ue€Zy(Tu).
We now can define € f; because by injectivity of Zp; we have

for a unique Epsf € Tar. The map Epy 0 f — Eprf is then clearly linear. Also
U}Sm(Rd) = f and therefore tpEpf = IMng‘SOQ(Rd) = U‘Sm(Rd) = f; that
is, tpr€ s is the identity.

We still need to establish the estimate

(31) H((:‘MfH%]M,s,p('YvT) g HfHB;("/J‘)’

this is done using the arguments in §2| Define g(z, k) := Qk(er%)EMka(x) S0
tha’_c [ =2 rez IM2_k(S+%)zkg(-, k) with convergence in S},. By definition
of By(v,r) we have g € LP"(u). For all h and a.e. ,

AME\ f(x)
WT% = Ts+%9($7h)

where T, 7 is as in Lemma Then we get (3.1)) from Lemma O
p

We turn to the map By s p(v,7) = B;('y, T).
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Proposition 3.5. For M e N, s € R, p € (1,00), r € [1,00], v € R, there
s an injective bounded linear map

HM : %M,S,p(77 T) - B;(P%T)
such that

<3'2) 3M‘%M,s,p(%7”)ﬂ7§w - LMLBM,S,;D(’YW)HT]M.

The main difficulty we must contend with in Proposition 3.5|is that elements
of Barsp(7y,7) are a priori only equivalence classes of measurable functions
(not necessarily locally integrable), and so we cannot directly use any tools
from distribution theory to study them. The following lemma appears to be
well-known but we include a proof since we have not been able to locate a
precise reference.

Lemma 3.6. Let M > 1, and f : RY — C be measurable with AM f(z) =0
for L24-almost every (h,z) € R??. Then there is a polynomial P of degree at
most M — 1 such that f(x) = P(x) almost everywhere.

Before proving the lemma we recall some basic facts from the theory of
functional equations [39] which are needed in the proof. First, we need a
formula about iterated differences, attributed to Kemperman in [39, Theorem
15.1.2], see also Djokovi¢ [22] for related results. Namely, for all dimensions
d, for all N e N, if o, ..., o) are vectors in R then

Ay By f(@) = Y, (FDTTNAR fz+ (),
(e1,-.,en)E{0, 1}V
(3.3) N N
where h(e) = — ijlejv(j), h(e) = Zejv(j).
i=1 '

Jj=1

Next we recall that a £%measurable function f : R¢ — C is called almost
polynomial of order M — 1 if AM f(z) = 0 for £L2L-a.e. (z,h) € R?L Tt is a
result of Ger [27], which we use in its form presented in [39, Theorem 17.7.2],
that there exists a measurable function P: R? — C such that f(x) = P(z) for
L-a.e. x and P is a function satisfying AM P(z) = 0, for all (h,z) € RYxR%
such functions are called “polynomial functions” in [27], [39)].

We also use a result by Ciesielski [12] (see also [39, Theorem 15.5.2]) which
states that if a measurable function g : R — C satisfies AMg(x) > 0 for
all z € R and all h € R then g is continuous; by an argument using weak
derivatives this implies that a polynomial function of order M — 1 on the real
line is actually a polynomial of degree at most M — 1. In proving Lemma
we could have used a d-dimensional version of this fact which could be derived
from an abstract result by Kuczma [38, Theorem 3]. However we prefer to
give a more direct argument based on induction on d.

Proof of Lemma[3.6. For d = 1 Lemma [3.6] is an immediate consequence
of the above mentioned theorems by Ciesielski and Ger. Let d > 2 and
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as induction hypothesis, assume Lemma |3.6]in dimension d — 1. We split
variables as x = (2/, z4).

Let f : R4 — C be almost polynomial of order M — 1. By Ger’s theorem
there is a measurable function g : R¢ — C such that f = g £%a.e. and g is
a polynomial function of order M — 1. We therefore get AY ,9(x) = 0 for
all z € R? and all s € R. Thus, for all 2’ € R4! we get from Ciesielski’s
theorem that the function ¢ — g(a2/,t) is a polynomial of degree at most

M — 1, i.e. we have
M-1

(2, 2q) Z a;(x
7=0
for all 2/ € R?"1 and every x4 € R. Since aj(z') = j! (dxd)Jg(m’,:vd)bd:o
the coefficients a; can be realized as a pointwise limit of L4~ 1_measurable
functions, and thus each a; is L%~ '-measurable. Since AMg(z) = 0 for all
(x, h) we also have by (3.3)) that A% OfAsedg( x) =0, for all z € RY, u € RI!
and s € R. Letting s — 0 (and using that x4 — g(2/, z4) is polynomial) this
implies that for k =0,..., M,

M—1
0= (. )(6% ac , ) g cjkxd ,
j=k

with ¢, = Hle(j — 4 4 1). This in turn implies AM ~*a;(2') = 0 for
k=0,...,M, and all u € R%!. Thus, by the induction hypothesis ag(z') is
almost everywhere equal to a polynomial of degree at most M — k — 1, and
we deduce that ¢ and thus f is £%a.e. equal to a polynomial of degree at
most M — 1. [l

Lemma 3.7. Fix v € R, p € (1,00), r € [1,00]. Then, if K,L € N are
sufficiently large, we have

/ |F (2, h)|min{[R|*, A 7F Y1 + |27 dz dh S I F ]l o o),

for all F € LP"(vy).

Proof. By interpolation it suffices to show this for » = p (possibly, after
increasing K'). The desired bound follows if we can show K1, L € N sufficiently
large, that

min{|2|*, B 7R} (1 + |2)) " € I (1),
where p' = p%l. This however is elementary. O

Before we define the operator Jjs from Proposition we introduce some
auxiliary operators. Let j € Z, m € C°(R?\ {0}), w € R?\ {0}, and
e > 0 be such that Bd(w,e) C {€:1/2 < |£] < 2}. For ¢ € Soo(R?), define
T et (, ) Dy

(34)  [Dhwe?] " (€h) = 29m(~279 () Lpaa-swa-se)(h),
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where A denotes the Fourier transform in the x — £ variable.

Lemma 3.8. Let Q C Soo(RY) be a bounded set. Then for all K, L € N and
a € N9, there exists Ck,La,0 = 0, which may depend on the fized j,m,w and
€, such that

05T, (@, )] < Ci 102 W min{ |1, A5 11+ Ja])~F
for all ¢ € Q.

Proof. Equivalently, we wish to show that the set
{ masc{ B[, [A7K2VI7, ,, 0 (k) 2 h € BT\ {0}, € 2}
is bounded in S(R?). Since IV, w.c1h(z, h) = 0 unless || ~ 277, it suffices to
show that
{290V, (o h) 4 € Q. h € R\ {0}

is bounded in S(R?). Taking the Fourier transform, this follows if we show
that

{2917 m (—279 ) (€) = v € Q)

is bounded in S(R?). Using that supp {m(277-)} C {|¢| ~ 27}, for m €
CS°(RT\ {0}), and Q C S»(R?) is a bounded set, this follows, completing
the proof. O

For b€ R, p € (1,00), 7 € [1,00], v € R, F € LP" (1), and ¥ € Sxo(R?),
set

352)  OkeF.w) = [[ BPFG@ )T (e ) dedh

(3.5b) (UY, e Fotp) = (UL, F,ap).

JEZL
Lemma 3.9. For F' € L”"(v,), the sums and integrals in (3.5 converge
absolutely and ([B.5b) defines UY, ,, .F € SL,(R?).

Proof. By Lemmas and [3.7] we have for any K, L € N sufficiently large,

S [ W@ )]

JEZ
Sica 320 ] 1B Gl min b 1)1+ L) o
JEZ
S 27Nl o) S IF Lo
JEZ

This shows the absolute convergence and defines UTbnMEF in the algebraic
dual of Sx(RY).
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To see that U, , .F € 84 (RY), let ¢y, € Soo(R?) be such that ¢y, — ¢

in Soo(R?). In particular, {1; : k& € N} is a bounded set in S, (R?) and
therefore by Lemma [3.8]

AL [0 ek (2, )| S 27 min{ ), |0 7FF (1 + [2) 7,

with implicit constant independent of k. Combining this with Lemma
the dominated convergence theorem shows <U7I;L’w7€F, ) — (Ub . 1/1),
completing the proof.

Lemma 3.10. For b,y € R, p € (1,00), r € [1, 0],
Ut L (vy) — B;’f”/p(’y, T)

m,w,e

s a bounded linear transformation.

Proof. This is an application of Lemma From the definitions ([3.4) and
B5a) we get
LyUbI

WP =2 [ @R Dm@ D)D) 5
|h—2—Tw|<e2~J

and thus Lka;;{w,s = 0 when |k — j| > 2. Then with Vf{@,g as in (2.7)), we
get for n = —1,0,1,

(3.6) LyUphinp = 2= (b 24 B with i, = (2" )m

m,w,e
and
— bk
PUb ,F( k) =2"LUp, ,  F = Z 2 ”bvmnjjs .
n=-—1

Hence

b
100 Fll g, < 3 IV, P e

n=-—1

1
Sb,'y Z Hvr%n,w,sFHLPﬂ’“(uq,)

n=-—1

and since by Lemma [2.4 we have ||[V2 e Ellzer(uy) S I1F || Lo (,) the proof
is complete. U

The following lemma has a dual version of formula (2.6) and an extension
to tempered functions.

Lemma 3.11. Let 1) € Soo(R?). Then

N
(3.7) 3 / AMTI (e h)dh = L(a).
k=1
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Moreover, for f € T and 1 € Soo(RY),
N -

38) % / AMf(e)T, 0 (e, h) dhde = / F(ay(e) de.
k=1 jEZ

Proof. We first check , which, after taking the Fourier transform, is

equivalent with
B9 3 [ ] R dh= e TR,
k=1
Using and we have
N
> [ (e ) VEg, 0] ) an
k=1

N
=Yoo | (HER) — 1) Mo, (~279)(E) an
—1 [h—2"Jw,|<2"Je
= (2779 (&) = (277 (8),
here we used that ¢ is radial. This establishes (3.9) and thus (3.7)).
We now prove (3.8). In the argument that follows all integrals and sums

converge absolutely by Lemmas and Using (3.7) we have

N
» / A F(@)T, o, b(x,h) dhda

k=1 jEZ
N

= f(x) Ay I‘zn,;,w,ﬁ,ed}(xa h) dhdz
DN ECIE

= f(@) Ligp(z) dz = | f(z)(z)dz,
> [ @i = |

where the final equality uses f € 7 and that ) jez L2 = 1, with convergence
in Soo(R?), since ¥ € Soo (RY). O

We are prepared to define Jy. For f € M with maf € By s p(y,7) we
set

N .
(3.100) (e $).0) = Y03 [ AV S 00 b do

k=1 j€Z
N
AM
(3.10b) = (U, . Fbo ) with Fy(2,h) = h’hfb(w)
k=1

where by Lemma the sums and integrals in (3.10a) converge absolutely.
Note that the definition of J;; depends on M, but not on s,~,p,r, and that
(3.10b)) holds for all b € R. We shall later use this formula with b = s+ ~/p.
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When f € T, Lemma shows that (Jas(warf), ) is the standard pairing
of f € T with a Schwartz function in Sy, i.e.

(3.11) <3M TI'Mf /f dx, VfeT.

We need to show that Jas is injective on By (v, 7). For this, we will
need the following auxiliary lemma.

Lemma 3.12. Let p € (1,00), r € [1,00|, and v € R. Suppose that F €
LP"(vy) and n € C(RT\ {0}) are such that

z— Qx /F:ch

is almost everywhere equal to a polynomial. Then Q(x) = 0 almost everywhere.

Proof. Let ¢ € C°(R%) be nonnegative and J ¢ =1. We claim that, for all
G e L7 (i),

(3.12) lim // G(z,h)n(h)¢(z —a)dhdr =0

|a| =00
Observe that (3.12) follows by standard estimates whenever G € L4(v,)
for any ¢ € (1,00). It then also holds for G € LP"(v,) since LP"(v,) C
LPr(vy) + LP2(vy), with p1 < p < pa.

By (3.12) we have

0= laﬁiﬁ}llm’//F(:c,h)n(h) (x —a) dhda: aﬁgn@‘/@ (x —a)dz

and the last expression is equal to |c| if Q(z) = ¢ almost everywhere, and
equal to oo if @) is almost everywhere equal to a nonconstant polynomial. We
conclude that Q(x) = 0 almost everywhere. O

Lemma 3.13. For M € N, s,y € R, p € (1,00), and r € [1,00], dasr is
injective on Bprsp(y, 7).

Proof. Suppose f € M is such that mprf € Bassp(v,7) and Jymy f =0 as
an element of S/ (R?). We wish to show f(z) = P(z), almost everywhere,
for some polynomial P(x) of degree < M — 1. In this proof, all sums and
integrals converge absolutely by Lemmas [3.7] and [3.8|

Take ¢ € Soo(R?) and n € C(R?\ {0}). Then,

/ n(h)AMy(x) dh' € Sao(R?).
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Thus, we have, using (3.10a) and the definition of the translation invariant
operator I, . (see (3.4)),

= (umut, [ () M v ')

_ZZ///AMf n(h') AM TS bz, k) do dhdb

w=1jez
_ J% // AM n(h')ﬁ:1 / AMTI  p(a,h) dhdz AR
_J%//A (W) AW’ Lob() de

where the last equality uses (3.7)). It follows from Lemma [3.7] E 7| and the fact
that n € C°(R4\ {0}) that [ AM f(-)n(h')dh € T. Since ¢ € Sw(R?), we
have oy Ly = 1 with convergence in S (R%). Thus,

O_Z/A N i Ly () da

(3.13) JeL

//A n(h) ' (z) dz

for arbitrary ¢ € Sy (R?%) and we can conclude that

/A n(h)ydh' = Q(z), a.e.

for some polynomial ). By Lemma [3.12] it follows that @ = 0, hence
/ A n(h')dh' =0, a.e.

Since € C§°(R? \ {0}) was arbitrary, this implies AM f(x) = 0 for almost
every (z,h) € R, Lemma shows f(z) = P(x), almost everywhere, for
some polynomial P(z) of degree < M — 1, completing the proof. ([

Proof of Proposition[3.5 It follows immediately from the definitions that
A]\/I
{ maf = (2 h) o L))
%Mvsap(77 r) - LP’T(V’Y)

is bounded. Lemma shows that Ufnt,vu/,i)yg P (vy) — Bf)(’y,r) is
bounded. Composing these maps and using (3.10bf) shows that

I Barsp(y,r) — Bf;(%?")

is bounded. Jjs is injective by Lemma Finally, (3.2) follows from
(3.11)). O
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Proof of Theorem conclusion. By Proposition [3.3]
EM(B;(’)’, 7’)) - TM N %M,s,p<77 7’),

and so by (3.2, 5M‘£M(B;(7,r)) = LM‘SM(B;(%T)). By Proposition 'LM is a
left inverse to €7, and we conclude Jr€ s is the identity map on Bf,(’y, T).

In particular, HM'TMO%M ) T N DBarsp(y,7) = Bg('y, 7) is surjective.

Proposition [3.5 shows das : Bassp(7,7) — Bfo(’y, r) is injective. We conclude

(3.14) Tr N Bursp(v,7) = Barsp(,7),

establishing part . (1)| of the theorem, and moreover that 3 M cBarsp(y,7) =
ISE(% r) is bijective with two-sided inverse €ps. From and (3.2) we see
that

Inm - %M,S,p(ya 7") - B;(’Yar)
agrees with ¢pr on all of Bz s ,(7y,7). Thus,
LM“BMYSYP(%T) : %MuS,P(’% T) - B;(/Va ’l“)
is a bounded bijective map with bounded inverse €j;. This establishes parts
and of the theorem, completing the proof. O
4. EMBEDDINGS

The proof of the embeddings in Theorem [T.5]is reduced to inequalities for
the operator T, defined on functions F : R? x Z — C by

(4.1) TuF(x,j) = 2" Fy(x),
with the parameters a = +v/p.

Lemma 4.1. The following hold for all vy e R, 1 < p < o0.
(i) For p <r < oo,

1T pGller Loy S NGl (-
(i) For 1 <r <p
H ’y/pFHLpT (1y) ~ HFHET Lp:T)

Proof. Part (i) follows from the definitions of Lorentz spaces via the distribu-
tion function. We use a change of variable with subsequent interchange of
sum and integral to write

vp AN 1T
1T, Gller (1) < Z/ N [measfz - 277316, )] > 0] 7S

- (/ Brz [2_hmea8{:v |G(x,5)| > 5}]7‘/10 dﬂ)

0 j
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and since r > p we estimate an 07/P_norm by an ¢ -norm and see that the
last displayed expression is dominated by

([ o [X et 6l =] )"

0

* g dB
= ([ A 16> 8] ) S 1l

For part (i) we use that (LP"(u,))* = LY (1), ([33]) and (¢ (LP7))* =
¢ (LP'"). Observe that for 1 <7 < p

‘/Z vt 237’—‘2/ (z,5)27 7 G(a, j) dx
5 HFHW(LPW)HTf'y/p’GHzr 'y S < HF”W Lp.m) HGHLP’ ™ (1)

where we have used part (i) for the exponents p’ < /. The proof is completed
by taking the supremum over all G with ||GHLP/7T/ (1) <1. O

Lemma 4.2. Let 1 < p < oo, v # 0.
(i) For p <r < oo,
| Ty ol 2oy S IE [ e ery-
(ii) For 1 <r <p,
1T /pGllLrery S NGllLer ()

Proof. The argument for part (i) has been used in proofs for endpoint multi-
plier theorems, our proof is essential the one from |41 Lemma 2.4| (see also
[41] for further references).

Let 0 <0 <1and1/r = (1-6)/p. We use the complex interpolation
formulas

[LP(67), LP(€2)]g = LP(£7),  [LP(pa), L% (i )lo = L2 (1)

These imply that it suffices to prove the assertion for r = p and r = co. For
r=p we have | T, /, Fl 1) = [1F | Lo (er)-
For r = oo the conclusion T, /, : LP(£>°) — LP**°(u) follows from

o (@, 5) - |7/pF(:C,j)\>)\}:/Rd Y e
279y ()| >

. S p
R4 - Rd AP

2-37/2 <\~ Lsup, |Fy ()|

here we used v # 0.



28 O. DOMINGUEZ A.SEEGER B. STREET J. VAN SCHAFTINGEN P.-L. YUNG

For part (i) we use that (LP"(u,))* = L' (i), see [33] and (LP(£7))* =
LP (™). Observe that for F e LP' (")

/22 ”/pG dx—/ZG Ty F(x,j)2° I dx

SN e o) ITo o Fll gty S NG 1l ot o

where we have used part (i). Now part (ii) follows by taking the sup over all
F with ||FHLP’(ET/) S 1. |

Proof of Theorem [1.5] Apply Lemma and Lemma with F(z,j) =
295L; f(x) and G(z,j) = 2 V) L;f(a N O

5. NON-EMBEDDINGS

We prove Theorem [1.6] Proposition covers part (i) and (ii) of the
theorem, in the range v > —d, and Proposition covers the same parts
for the range v < —d. Proposition covers part (iii) of Theorem [L.6] We
begin with some definitions to build the examples.

Ifv>—dand k > 0, or if v < —d and k < 0, define

N, (k) = [2K@+)].

Let {n;;} be a double indexed set in Z, with 1 < i < 91,(k), which is
separated in the sense that for every k

i # iy = Nk — sl > 210

Let n € & such that

(5.1a) In(x)] ~ 1 for |z| < 1.

(510) supp (7) € {€ e BY: 2 < e < 0
and let

(5.2) migi() = (28(x — niger)).
By we have

(5.3a) ik = Lknik

and

(5.3b) Lenigp = 0if £ # k.

Define for k € Z

(54) Frale) = 274 Z M
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Proposition 5.1. Let f., 1 be as in . Let s € R. Assume v > —d, and
defind]

2N
(5.5) Eyn(z)= Y 27" k(@)
k=N+1
(1) Then 1 <p <r < oo

(5.6) 1855 00y = 1 EN 33,000 2 NY/P

(7,00) ™
(5.7) 15 N g 5.y = 15N By (8:r) S NV for B £,
(5.8) 15wl s, = 15wl Bg, SNV

(1) pr < oo then Fy = 3 027 /pF o belongs to and to

ﬂr>p 5(8,7), but not to Bs(’y, 00).

Also Fy belongs to (-, By, and to (\r>p By(B,7), but not to By(y,00).
B#Y

r>p PT

Proof. Let r > p. We begin with the upper bound for the B;(ﬂ ,T) quasi-norm
of F, v for § # . Let

N, (k
p
By prx()) = {x ceRe: ] 3 ni’k(a:)‘ > Apzkﬁ—@}.
=1

Note that from (5.3a]) we get

oo - 2N )
o = ([ 52 s ] ")
0 “k=N+1

In what follows we will use, for M > d + ||, the estimate
(5.9) (@) < Car(1+ )™

Split 7; 5 = V; 1 + €; 1, Where
ik = NikL{jz—n, per| <25} €ik = Nik — Vik-

M)

d_op(d_
Note for later reference |le; |, S 275 9%, and therefore

N, (k)

(5.10) H Z Eik

’ < gk(d+7)g- k§o2k(5—M)

2The definitions in (5.5), (5.14) depend on s but we do not include the subscript s to
keep the notation as simple as possible.
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Let
(1) My (k) » N
B0 = {eert: | S o) > (Jr2ko-)
i=1
My (k)
2 p A B
E’(Y,ﬁ)g,k()\) - {1‘ € R ’ gi,k(l')‘ > (§>p2k(’7 /3)}
=1
Then
(5.11) L 6k(N) C EL 5 (N UES, (V).

Finally set, for i = 1,...,0M,(k),
1, A _
E{DO) = {w e RY: [9i(a) P > (5240},
Observe that for fixed k the sets supp (1¥; ) are disjoint and therefore the
sets Eg%,k;()‘) are the disjoint union of the sets E&,g,)k()‘)v i=1,...,9,(k).
Now from (5.9 we get
(1,) . , _k( 2°Cly i
L pr(A) € {”3 He = niger] <2 (/\pzk(v—ﬁ)> }
and therefore we get for the Lebesgue measure
(1) ka(_ 2PCh \
meas E’y,ﬂ,k()\> S cd‘ﬁy(k)Q (W)
Hence, using the definition of 91, (k)
N2 Mmeas B () < cq(2Cyy) i (AP2E0=9)) 1305
Using (5.9) we also see that for k=N +1,...,2N

(1)
L sk

Hence we get, for v > § and r < oo,

</0<>° [ > w2 meas Eif%,m}”@)w <I4+1I

A
N+1<k<2N
)\ZJQ’C(’Y—ﬁ)SQC’ﬁ/I

(A) = 0 for (A\/2)P2F0=F) > oCP

where
Car(2-2N(=8)1/p _ a r/p dA\ /7
_ pok(y=B)\1—1317 —_—
(| [T auprrony b))
N+1<k<2N
20 (Z—N(v—ﬁ))l/p . r 1/r
n=(f > Gutrtoya]
Cpr (272N O=M)1/p N+1<k<2N 4

)\pgk(vfﬁ)gyﬂc%
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We estimate

Chr (272N (v=8)1/p , .
I< (/ M ()\p22N(v—ﬂ))(1—%p ;@)1/ <1
0

A ~Y

20 (2= N(v=8))1/p N

I < (/ M( : Q)l/ < Nl/r
~ Car(272N(v=8))1/p A ~

< N7 provided that 8 < 7.

~

and it follows that HFN:’Y”B;(B,T)

The calculation for v < [ is very similar, except the integration is over
X € [0, Cpr(21F2NB=7)1/P] and the corresponding integrals for the parts T
and IT are extended from 0 to Cj(2NP=)1/P and from Cy(2NB-1)1/p
to Cpr(21H2NB=)1/P respectively. Again the first term gives an O(1)
contribution and the second one an O(N'/") contribution. Summarizing we
get

(5.12) (/Ooo [N ;m NP2 kB eas E§%7k()\)}r/pd7)\>1/r < N7
<k<

A similar (and easier) calculation shows that one has the corresponding bound
when r = oo as long as 8 # . We now estimate the error term; we show in
fact the stronger inequality

(5.13) (/OOO [N ;ZN AP2 %P meas Eg%k()\)r/p(i\)\) v <o N
<k<

for » > p. We discretize the integral in A, use the embedding ¢ < ¢ then
the change of variables ¢ = A25(7=5)/P and then the formula for the LP-norm
via the distribution function to estimate the left hand side of (5.13) by

* o 2 dA\\1/p
fj( Z /0 AP2 kﬁmeasE,(%%’k()\)T)

N<k<2N
do\1/p
< ( 25 ePmeas{z : & > —)
< Z /0 oPm {x | ' k()] U} .
N<k<2N i=1
My (k)
_ p\ 1/p B
5( S o2 ka Z gi,ka) <9V
N<k<2N i=1

here we used (5.10) with M large. This finishes the proof of || nllgs(, ) <
P k)

N7 and since the Fourier transform of F, y is supported where |¢| > 1
we may replace B, (3,r) with B;(v,7). Thus (5.7) is now proved, and this
inequality also yields || F|| . (8.r) S L

p\F
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We now give the proof of (5.8). The proof is similar to the above but
simpler. We use (5.3al) to write

2N

/T
1Bl = (S Ialy) =0+ 10

k=N+1

where

( H2 ky/p Z Iin )1/7‘
s (5 S el)”

Using the disjointness of support property of the ¥; 1, we have

My (k)
12777 " Oipllp~ 1, N <k<2N
i=1
and hence I; ~ N'/7 (with the obvious modification if r = o0). For II; we

use ([5.10) for sufficiently large M and see that |II;] < 27, and (5.8) follows.
We also have || I, | 5. < 1.
p,T

~

We conclude by proving the lower bound (5.6). We have for A < 1

Y
1By 2 Do N2 meas{e: | 37 mae)| > A 2 18 - 113
N<k<2N =1

where
N, (k)

I = NP Z 2_k7meas{ ‘ Z Vi p(x > 2)\}

N<k<2N

ID = \P Z 2_k7meas{x: | i eik(a)| > )\}.
i=1

N<k<2N

By the support properties of the 9; ;, and by ({5.1a) we have for sufficiently

small \
€N, (k)

meas{ ‘ Z Vi k(z > 2)\} 2 ‘ﬁv(k‘)z—kd ~ 2kv

and hence I, > NP, By and Chebyshev’s inequality
Ny (k)

ms oy 2| Z Eik
=1

N<k<2N

<2N

‘ p

and combining the two estimates we get for sufficiently large N the desired

lower bound ||F%NHB;(%<>O) > NP
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Finally
Ny (k) 1/p
| Fy HBSWOO supA(Z Z 2~ k'ymeas{& f/p‘ Z | > A})
£>1 20 < <20+ =1
N, (k) 1/p
> supEQ_Z/psupa( Z 2_k7meas{} Z ni,k’ > O'})
>1 >0 . 041 —
20 <k<2t+ i=1
> sup £27P5 (297 =
>1
for sufficiently small o9 < 1, and we see that F, ¢ BZ(’y, 00). O

The counterpart of Proposition [5.1]in the range v < —d is as follows.

Proposition 5.2. Let f, 1 be as in (5.4). Let s € R. Assume v < —d and
define

(5.14a) Fon@) = > 27Ff (@)
—2N<k<—-N

and

(5.14b) Gyv(z) = 22VGIE (23N 2).

(i) Then for 1 <p <r < oo,

1
HG’YvNHB;(’Y7OO) = HF'%N”B;(’Y,OO) z N /p7

1Go B350 = 1 Fyv gy 5.y = NY7s - for B4,
1G5, = 1 Fynly =~ NV

1) If p < oo, then F' = 2= /pF ¢ belongs to and to
£>1 )2 r>p PT
r>p p( ,7) but not to B;(fy, 00).
B#Y

) If p < oo, then G, = 027tPG_ 50 belongs to B2 . and to
Y >1 v,2 r>p T p,T
r>p By(B,7) but not to B,(y,00).
BF#

Sketch of proof. The proof of the bounds for F, y is exactly analogous to
the corresponding arguments in Proposition [5.1} Observe that the param-
eter k now varies between —2N and —N and since 7 < —d we now have
M, (k) = |28+ | = |2lklld+71] > 1. Also notice that the Fourier transform
of G n is supported on large frequencies and therefore the homogeneous and
inhomogeneous Besov type norms for G y coincide.

To pass from estimates for F, y to estimates for G, n we just use the
dilation formulas

n 7_8 ”f(2n )HBS 'yr) ”fHBS 'yr
"INy, = 1], .
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The following two lemmas show that the assumption v # 0 in part (ii)
of Theorem cannot be removed. A combination of these lemmas gives a

proof of Theorem [I.7]
Lemma 5.3. Let s € R, and 1 < p < co. There exists f € (.o, F*, which

. r>p T pT
does not belong to B;(0,00).
Proof. Let 1, be a Schwartz function such that n.(z) > 1 for |z| < 1 and 7,
is supported in {¢ : |¢| < 27°}. For k > 2 let
o iQkLEl log k
fila) = nola)e 28]
and f(z) =Y,.027" fr(z). Then Ly f = 27" f; and thus

(S 2 i) (erk N

k>2
S Ino(@)| (S k777 log k) /"sc@,v«)mo(m)r

k>2

with C(p,r) < oo for r > p. Hence f € ngr for all r > p.
For A < 1 we have

Mio{(z, k)« [P f(x, k)| > A}/P

> )\( Z meas{z : |z| < 1/4})1/p

k>2
E=1/Plog k>A

> c/\< Z 1) e > clog At

2<k<c(182 2 )p
so that f does not belong to BIS,(O, 00). O

Lemma 5.4. Let s € R and 1 < p < co. There exists g € 5’;(0, 1) which

does not belong to Ur<p i

Proof. As in the proof of Lemma [5.3]let 7, be a Schwartz function such that
no(z) > 1 for |z| < 1 and 7, is supported in {& : |¢] <275}, For k > 2 let
1o ()22
kl/Pllog k]2
and g(x) = Y4252 " gi(z). Then Lyg =27**g; and thus
1/r 1/r
> 2“"|Lkg<x>|’") (X ln@I)
2<k<2N 2<k<2N

> no(@)|( Y. kP log k7)Y = Clpr) NP (log N) 2 ne(a)]
N<k<2N

gr(T) =
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with C(p,r) > 0 and 1 — 5 > 0 for 7 < p. Integrating its p-th power over

{z :|z| <1/2} and letting N — oo we see that f ¢ inr for all r < p.
Now let,

Epm = {(z,k) : 21 < |z < 25, 2™ <k < 2™}, for (¢,m) € N?,
Eom = {(z,k) : |z| <1, 2™ 1 <k < 2™}, form e N.
Then fio(FEy,) = 2™ and
lgr(z)| Sn 9~ M/Pyy 29— LN if (x,k) € Egm,
for any (¢,m) € (NU{0}) x N. Therefore
s P e B ]lE,_,ym(:c,k)
[PPg(x, k)| = ge(x)| SN ngzlz AN=d/p) 2W~

Choosing N > d/p we see that P*g € LPY(11p) and since g(¢) = 0 for [¢] <1
we obtain g € B,(0,1). O

6. PROOF OF THEOREM

We use a result in [I0], namely for v € R\ [-1,0]

(6.1) [Q1,1+'yf]le°°(V«,) S HfHB'V(Rd)'

Since Q1 (1am)pf I < |01 | (2 Fllve)P 1, we have

1-1 1
HfHB}o/p('Y,OO) >~ [QLHT’Yf]LILOO(V,Y) 5 HfHVoop [Ql,l—‘r’)/f]zl,oo(y’y)?

which combined with (6.1]) gives

1—-1 1
(6.2 171370 00y S 172 15125,

for every y € R\ [-1,0] and 1 < p < oc.
We can interpret inequality (6.2) as an imbedding result for the real
; 1

interpolation space [V, BV]g 1 with 6 = 5 and get

(63) ”f”le,/p('y,oo) S ||f”[V°°,B'V]%,1‘

Indeed if, for f € VN BV, we set J(f,t) = max{|| fllve,t|[f|l gy} we have

1-1 1 .
| A2 1£112, < ¢ 7J(f,0) for all . Hence if f € VN BV and f =Y, f,
where f, € V*° N BV (with the sum converging in V> + BV), then we
get from ©2) | lguin, ) S S0 ollgying, o) < S0 27T (£,2%) and by

taking the inf over all such decompositions and applying the equivalence of
the Ky and Jp; methods of interpolation (|4, Theorem 3.3.1]) we obtain

[63). O
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Remark. Concerning Remark by the reiteration theorem ([4, Theorem
3.5.3]) we have [[V>,BV] 1 ,,[V>®,BV]1 ], =[V> BV]: _, provided
Po’ 1’ ) .p’
that 1 < pg < p < p1 < o0 and 113 = 1p;00 + p%. Hence [VOO,BV]%@O embeds
only into [Bll,épo (7, 00), Bl/pl (7,00)]g,00 (a weaker conclusion than embedding
into B;/p(fy, 00)).
7. HARMONIC AND CALORIC EXTENSIONS

In what follows let ¥ be a sufficiently well behaved integrable function
with f?l)(w) dz = 0, specifically we will take 1 as one of w(l), w(2,j)7 w(3)7
¢(4,j) where
Yy = lgle™ Py (€) = igeH
Vi) (&) = —[€Pe T, P (€) = ige
or we could also take ¢ = 95y = 85[ ~dg(s71)]|s=1 for any ¢ € S(R?). Let

Yy = t~%p(t71.). Classical results on characterizations of Besov spaces ([53],
[53, Chapter V.5, Proposition 7’|, [57) Chapter 1.8]) yield the inequality

(7.2) // TPy x f(x )ypdx—<HfHng

forfeWS’p,1§p<ooand()<s<1.‘
With 1, ¢ as above, define, for f € B,(v,7) with 0 < s <1,
K0 f(w,t) =t 4 * fo(x)

where f, is any representative of f modulo constants. Recall from (1.15]) that
d\, (z,t) =771 dt da.

(7.1)

Proposition 7.1. Let 0 < s <1, 1 < p,r < o0 and v € R. The operator
5 .

K**% is bounded from Bi(v,r) to LPT(Ay).

Proof. We take (so,po), (s1,p1) and 6 such that (1.17) and (1.18]) holds, and

0<sp<1,0<s1 <l 1<py<ooandl<p; <oo. Recalls+ 7T =s;+ 1T,

and observe that for f € B;j,pl

//R2 |ICS+pf (x,t)[Pi dzdt = // £8P gy % fo( )|pldx7

where f, € W®"Pi is a representative of f modulo constants. It follows
from that K°*# is bounded from B;f,pi to LPi(\y). The conclusion
then follows by interpolation, in view of Theorem and of the classical
characterization of Lorentz spaces as interpolation spaces. [l

Corollary 7.2. Let 1 <p < oo, vy € R\ [-1,0]. Then

1+l

Ko [V, BV]1, — L))
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18 bounded.

Proof. Combine Proposition for s = 1/p with Theorem O

7.1. Harmonic extensions: Proof of Corollary . From [54, Lemma 1.17]
we recall that ’J/D!\)"(E, t) = e_t|f‘f(£) and therefore we are led to use the function
Yy and P,y for v =1,...,d in , for formulas for t%?f and t%?f,
respectively. We let K°f(x,t) = t'=0VPf(x,t) and apply Corollary [7.2] to
obtain

a+1 <
17 Fllzreerg) S M e vy, |
L

and the proof of the first inequality in Corollary [I.10]is complete. For the
proof of the second 1nequahty choose v = 1 and p = 2, which is the unique

choice of p,~ where K ’ becomes VP and A, becomes Lebesgue measure
on RIH, O

7.2. Caloric extensions: Proof of C’omllary . Note that raar [(7}(5, r2)]

equals 2’Tf‘2€_|TE|2f(§) and taking 1) = 1)(3) in the definition of Kb = lCd_H,
we get

p O e,
21 f(ar) = 1 U flar?)] = 267 U S, 8)| = 2000 ().

We apply Corollary [7.2] with v = 23 and observe that

2841 1 26+1
Aos({(a,r) Iy Ly fla, )l > a}) = SAs({(a, 1) : 3,2 f(a, 1) > a}).
2641 .
For 23 ¢ [~1,0] the operator K » maps [V, BV];/,; to LP*°()\g5), and
28+1

hence U'fdﬂ maps [V, B'V]l/p,l to LP>(Ag).

For j = 1,...,d we argue similar, taking ¢ = ¢(4j in the definition
of Kb = ICb We then have /be(x r) =rl=b ‘9 Uf(a: r?) and again apply
Corollary - 7.2| with v =28. Now for j =1,... ,d,

(@,0)] =3 (@),

b e = 0
Kjf(xvr)_tz 8%_7 ) P

2841 ,
and again we see that 3, * maps [V, BV]y/,1 to LP*°(\g). This finishes

the proof of part (i) of the corollary. For part (ii) we need dA\g = dzdt

so that we put 8 = 1. We then apply part (i), for the operator 8—U with

p = 3/2 (so that 252—;1 = 1), and for the operators 67U with p =3 (so that
J

26+1 _ 1
o = 2)- O
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8. INTERPOLATION: PROOF OF THEOREM [L.15]

We use the standard retraction-coretraction argument (see [4), §6.4]). Recall
that if X = (Xo,X1) and Y = (Y, Y1) are couples of compatible normed
spaces then P : X — Y is a morphism of couples if P is a linear operator
mapping Xg + X1 to Yy + Y1, such that P : X, — Y, is a bounded linear
operator for v =0 and v = 1.

If P: X -Y,R:Y — X are be morphisms of couples such that
RoP:X — X = Id, the identity operator on X then X is called a retract

of Y; R is a retraction and P is a co-retraction.

/\

X4 X

Lemma 8.1. [4] Let X = (Xo,X1), Y = (Yy,Y1) be a couples of compatible
normed spaces such that X is a retract of Y with co-retraction P : X —Y
and retraction R then

[(Xo, X1lor ={f €eXo+X1:Pf Yo, Y1or}
and we have the equivalence of norms, ||f||[X0,X1]9T ~ HPf||[y0’yl]9’r.

Lemma 8.2. Suppose 1 < pg < p1 < 00, and v,b € R. Then there are
bounded morphisms of couples

. b— ’Y
P (Bpy zggaBm p) = (Lpo(/fw) LP* (1))

~

. b—
Ry« (L (), L' (py)) — (Bpmgg ) Bphpl )

Proof. The definitions of P?, Ry will be independent of pg, p; and thus one
can reduce to checking the boundedness of

b2
(8.1) P’: Bpp" = LP(uy)
X
P

b
(8.2) Ry : LP(puy) — Bpp
for 1 <p < 0.

Recall L, = ¢(27%D), L, = P(2 kD) with ¢ as in (I.2) and @ as in

(2.2)), satisfying Ly = LyL; = LLj. Let PP be as in Definition (1.1). For
F € LP"(p,) define Fy(x) = F(z,k) and RyF(z) = > 70 27" Ly Fy(z).

Note that P? : Bb (LN LP (1) is an isometric embedding, for 1 < p < oc;
moreover Ry, P? is the 1dent1ty on Bpp . It remain to show that R;, maps

LP(41y) boundedly to Bp7p . Indeed we have Lkzkﬂ- =0 for [j| > 2 and thus

1
MLy RyF () =28 Y " 2L Ly ()
j=—1
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and, defining T;F(x, k) = LkEHijH(az) for j = —1,0,1, we see that

b—
P
BLU’P

1

vn S S Tl
j=—1

and the boundedness of R}, follows from

~ B 1/q
175 ey = (2 Ik s Fos02747)
keZ

_ . 1/q )
S (D IRl ) T S P gy 5= -1,0,1. O
keZ

Proof of Theorem conclusion. Our choice of 7 allows us to define

b::50+l:sl+l.

Po P
We apply Lemma ﬂ with X, = Bz;%p”, Y, = LP"(uy), v = 0,1 and
P =P’ R =R, as in Lemma We then use the standard interpolation
formula [LP0, LP')g, = LP" for (1 —0)/po + 6/p1 = 1/p, see [], and the
definition B;('y, r) via the operator P. O

Proof of Corollary[1.16. (1.20al) follows from Theorem by the reiteration
theorem for the real method. (1.20b)) for general qg,q; follows since for
1 <r; <ooand vy #0 given by (1.17) we have by part (ii) of Theorem

Byi(y,1) = F5iy s Fgi s ES sy Bri(,00). O

Remark. Asekritova and Kruglyak [2] obtained real interpolation results
for triples of the Besov spaces (B, , B;i,przs)g,pz)@,r’ with Z?:o 0; =1 (or
more generally (¢ + 1)-tuples of such spaces with ¢ > 2). Under the crucial
additional assumption that the three points points (p%, si), 1 =0,1,2 do not
lte on a line the interpolation spaces is identified with the Besov-Lorentz
space Bi(LP") where ( %, s) = Z?:o 91-([%, ;). The result for triples does not
seem to have an implication on the interpolation of couples of Besov spaces
(see also [1]).

Remark. One could also use more directly results on real interpolation of
weighted spaces, namely the identification of [LP0(wyg), LP' (w1 )]g,q in work by
Freitag [26] and by Lizorkin [42].

9. INTERPOLATING BESOV SPACES THROUGH DIFFERENCES

In this section we provide a direct proof of (1.19)) in the case M = 1,
which is directly based on the characterization using first differences. Suppose

0<3<171<p<0071S?”SOO,fOI"po<p<plsothatsi::s+’y(%—i)
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satisfy 0 < s; < 1 for i = 0,1, and € € (0, 1) such that 110;00 + p% = %. We will

prove that for all functions f : R¢ — C in TWso-po 4 Ji/supr
(9'1) HQLer%fHLPW(uW) ~ HfH[WSOmO’WSl’pl}e’T

The alternative proof goes by a retraction argument based on differences.
One uses Lemma [8:T] once the following proposition is established.

Proposition 9.1. Let b € R with 0 < b —~/p < 1. There is a bounded
operator Ay : LP(vy) — WP such that Ap Qi is the identity on WP,

That is, we have the following retract diagram

LP (v,

)
LN
Wb—%,p id . Wb—%,p
The proof of the proposition is inspired by the metric characterization of
sums W#oPo 4 J¥/751:P1 due to Rodiac and the fourth named author [49].

Fix y € Rand 1 < p < co. Fix ¢ € C*(R?) with [ ¢ = 1 and support
inside Bj/5(0) and let

Y(y) = —¢(y)d — (y, Vo(y))-

Integration by parts shows that [¢(y)dy = 0. For t > 0 define ¢¢(y) =
tidgb(%) and 4 (y) = tidd)(%); one verifies that for all ¢ > 0

(92 Yily) = £ 61(1).
In what follows we set
(9.3) Ve(z,y) = de(2)Pe(y).

Suppose that F' € LP(v,) is compactly supported in R? x (R4 \ {0}). We
then define

1/6 dt
04) b = [ [ [ Fabtoe -y - b - ) dndy
e Rd JRd t

Since ¥ is supported in By /5(0) x By /(0) it is clear that for € > 0 and for F
with the above support property the integral in converges absolutely,
and defines Ay F' as a smooth function. Under the additional restriction
0< b—% < 1 the following result extends A . to all of LP(v,) and establishes
the existence of the limit A, = lim._,g A . in the strong operator topology.

Lemma 9.2. Let b € R with 0 < b — % < 1. Then the following holds.
(i) For e > 0, the maps Ap . extend to bounded operators

Ape s IP(vy) = WP,

with operator norm uniformly bounded in €.
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(i) The operators Ab,g converge to a bounded operator
Ay LP(1y) = WP,
in the sense that lim._,o ||ApF — AbF||Wb_%,p =0 for all F € LP(v,).
Proof. Let F' € LP(v,) and assume in addition that assume that F' € LP(v)
is compactly supported in R? x (R%\ {0}). Set
Ap pOi(u,v) = 9 (u+ h,v + h) — 9 (u,v).
Then

1/6 dt
AnAp.F(z) = / //RM Fly, 2P Bpdale —y — 2,0 — ) dedy
£

and we estimate

|AR Ay F(z)| < I(z,h) + II(z,h) + I11(x, h)

where
dt
I(x,h) / // 2P| Appdi(z —y —z,m—y)|dzdy7
h
Al dt
I(z,h) / // 2P0 (x+h—y—2z,24+h— y)|dzdy—
2] dt
I1I(z,h) / // )2 \19t(:n—y—z,x—y)]dzdy7.
Setting
1 ol ibp 1/p
(9.5) Bt = (5 [F(y, 2)/7 2" dz=dy)
Rd J|z|<t

we estimate, using Minkowski’s inequality,

||
I(:,h) S/ H Yy, 2)||z dzdyH dt
| I In| t20 J gt h—y <2t \z|<t‘ (v 2)l=1" Lr(dax)

h 1/
/ | ’H( / / |F(y, z)]p\z\bpdzdy> pH dt
h\ |z+h—y|<2t J|2|<t Lr(dz)
> |h|
< —J )

Similarly we get

1Al 1
ILI( M)llp + (LI h) S/O TJp(t) dt.

We then have, uniformly in ¢ € (0,1),
[l o-20 = Q1AL F | o (1)

<(f o [T har e [ )
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which we estimate (using Hardy’s inequalities) by

[ () dr  Nb ([T [T A dr D
(/0 (/T t2 dt) 1+(b—%—1)p) +(/0 (/0 t dt) rl-‘r(b—;)p)
1
= () \P d v < T\, At \7»
< p P P p P
~ (/0 ( t2 ) t L= —l)p) +</0 ( t ) t AH0-Dp
o dt
~ e
- </0 To(t) t1+(b—;)p>
1
= Fa Pl [ Y qaay) o p
S Rd’ (y,2)|P|z| " W zdy | = | F|ow,)-

This establishes part (i) of the lemma, first for F' compactly supported in
R? x (R?\ {0}) and then, by a density argument, for general F' € LP(v,). The
above argument also shows that || A, F' — Ab@FH 1, > 0aser,ea =0

Sl R

and thus A . F' converges in W 2 to a limit Ab,OF, moreover A; defines a
bounded operator LP(v,) — Wb, m

The proof of Proposition is now completed by the following lemma.
Lemma 9.3. Let b € R with 0 < b — % < 1. Then AyQipf = f, for all
fewter

Proof. Note that Q; ;: Wh P LP(vy) is an isometry. As Ay : LP(v,) —
WP s bounded, by Lemma , and since C°(R?) is dense in Wb=1/PP,
it suffices to prove 4,91 ,f = f, for all f € C°(RY).

By m ) and m we get for each z € RY

ApeQ1pf(z) = ApcQ1of ()
1/e p
/ /Rd /Rd (y+h) -y ))Qst(x_y_h)a[(ﬁt(l'—y)] dhdydt

/1/5 /Rd /Rd y))éi(x — z) t[¢t($—y)]dzdydt
:0_/61/6/Rd/Rd Rdf(y)ﬁbt(x—Z)C;lt[gbt(m—y)]dzdydt

where we used [pq $[d¢(z — y)]dy = & [o. de(z — y) dy = 0 to integrate the
term involving f(z). We may now integrate in z and ¢ in the last display,
using that [ ¢; = 1 to obtain for f € C°(R?)

A1 f(a /f (6e(z — ) — duyele —9)) dy.

Letting ¢ — 0 we obtain 4,Q;,f = f for f € C(RY). O
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