NECESSARY CONDITIONS
FOR VECTOR-VALUED OPERATOR INEQUALITIES
IN HARMONIC ANALYSIS

MICHAEL CHRIST AND ANDREAS SEEGER

ABSTRACT. Via a random construction we establish necessary conditions for L?(¢?) in-
equalities for certain families of operators arising in harmonic analysis. In particular we
consider dilates of a convolution kernel with compactly supported Fourier transform, vec-
tor maximal functions acting on classes of entire functions of exponential type, and a
characterization of Sobolev spaces by square functions and pointwise moduli of smooth-
ness.

1. INTRODUCTION

For r > 0 let £(r) be the space of all (smooth) distributions on R? whose Fourier
transforms are supported in {& : |{] < r}. Also let &(r) be the space of functions in £(r)
whose Fourier transforms are supported in the annulus {£ : r/2 < || < r}.

Let us first consider a convolution kernel K whose Fourier transform is compactly sup-
ported, say K € £(1). We are concerned with vector valued inequalities involving dilates
of K, of the form

1) (S vtacow ) ™) < Al (Sar) ™)
. k

An immediate necessary, but not sufficient, condition for (1.1) to hold is that K € L? for all
s > p. This is seen by setting all but one f; to 0 and (after possibly a rescaling) convolving

K with a Schwartz function whose Fourier transform is equal to 1 on the support of K. In
the case p > q we get a further necessary condition:
Theorem 1.1. Suppose 0 < q < p < oo and let {r;}72, be a fized sequence of positive
numbers. Suppose that K € E(1) and that (1.1) holds for all choices of fi € E(2ry) with
{/fr} € LP(e7).

Then K € LY and there exists a constant C = C(p,q,d) so that
(1.2) 1Kllq < Clp, g, d)A;
in particular C(p,q,d) does not depend on the choice of the sequence {ry}.

As an application consider the Bochner-Riesz means defined by

S = (1= r7*E*)Lf(©)-
Let K be the convolution kernel for S3. From the well known formula for K ([18]) we

know that K € L7 if and only if A > d(1/¢ — 1/2) — 1/2. Consequently if ¢ < p < 2 then
the operator

{fi} = {S}, fu}
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fails to be bounded on LP(¢7) if A < d(1/q—1/2)—1/2, as well as on the corresponding sub-
space with the restrictions fi € £(2r,). This complements the familiar necessary condition
A > max{d(1/p—1/2) —1/2,0} ([18], [4]), which is known also to be sufficient for certain
p; for some refinements and implications to known multiplier theorems see the remark at
the end of §3 below.

We shall prove Theorem 1.1 by a random construction which will be described in the
next section. This construction applies also to other situations, in particular to maximal
functions which arise in the theory of function spaces. As the most basic such example we
consider a maximal operator acting on functions of exponential type, which was introduced
by Peetre [9], following earlier related research by Fefferman and Stein [6].

For » > 0 and o > 0 set

l9(z +y)|
(1.3) Mo,rg(x) = sup
y (L+7[yl)”
As shown in [9] one has the majorization
(1.4) Morg(z) S [Mur(|gl)]V*, Vo =dfs, ifge&r);

here Myr;, denotes the Hardy-Littlewood maximal operator. Now by the Fefferman-Stein
vector-valued maximal theorem ([5])

o ()] < (S i)
L k

provided that f;, € £(ry) and {r;}}2, is any sequence of positive radii.

It is well known that the condition o > d/p is necessary — again to see this one simply
chooses a fixed Schwartz function for ¢g; and sets g, = 0 for £ > 2. Moreover if rp, = 1 for all
k the inequality clearly fails for all ¢ < p; this is the same example that disproves an LP(¢1)
inequality for the Hardy-Littlewood maximal function [5]. Indeed let n € £(1) NS, let A

be a large positive integer, and let {z(k) I(€2:A1+1)d be an enumeration of all integer lattice
points in the cube @4 of sidelength 2A centered at the origin. Define fi(z) = n(x —z(k)) if
1 <k<(24+1)%and fi(z) = 0 otherwise. Then {frHler sy S AP Also My 1 fr(x) =
(1+ |z —x(k)])~7 and a computation shows that [[{9,1fx}|Lra) 2 AYPlog Aif o =d/q
and > A%P+d/a=7 if 5 < d/q. Thus the condition o > max{g, g} in (1.5) is sharp if r, = 1.

The preceding example does not immediately apply to cases where the sequence of radii
) is sparse (say lacunary), which happens in many of the interesting cases for which (1.5)
is used. Nevertheless we show that the condition o > d/q is necessary for (1.5) to hold:

d d
, O >maxy{—, —,
p {p q}

Theorem 1.2. Let {ry} be any sequence of radii and suppose that 0 < g < p < co. Suppose
o <d/q. Then there is a positive constant c(p,q,o,d) such that for every L € N there are
functions fr, € E,(rg) N LP, for k=1,...,L, so that

L 1/q L 1/q
(1.6) H (Z D, fk|‘1) Hp > ¢(p, g, 0,d) max{L—U+d/Q,1og1/QL}H (Z | fk|‘1) Hp
k=1 k=1

Note that this lower bound holds for functions in &,(ry), not merely in E(ry).

Next we shall state a result on a characterization of Sobolev spaces (or more general
Triebel-Lizorkin spaces) by means of pointwise moduli of continuity. For h € R? let
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Anf(z) = f(z + h) — f(z) and define higher difference operators inductively by A°f = f,
AT f = Ap(AP71f), m > 1. For suitable classes of functions let

(L.7) D5 f(x) = (/01 ~ bt |A?f(x)‘th) v

ti+oq

It is known that if m >0, ¢g=2,and 1 < p < 00 one can characterize Sobolev spaces L
using D77, namely ||| zz = |F 1 +]- 22|, ~ 11 £1l + 1952 f|l, provided that o >
max{d/p,d/2}. This is a special case of a result on Triebel-Lizorkin spaces F&4 ([20], [21]).
We recall that F}, is defined by dyadic frequency decompositions; namely if 8y € £(1) so
that BO is equal to 1 in a neighborhood of the origin, and if 8, = 2k48,(2F.)—2(k—Dd g, (2k—1.)
for £ > 1 then

1f gz, ~ H (izkoqwk . f,q)l/q‘
k=0

thus F), = L5, 1 < p < oo, by the usual Littlewood-Paley inequalities. Now by [20],
§2.5.10 we have for m > 0, 0 < p < 00, 0 < ¢ < o0 and ¢ > max{d/p,d/q}

(1.8) [ fllp + 197 fllo = [l pz, -

Again the condition o > d/p is necessary in (1.8), but it was apparently open whether
for p > q the characterization (1.8) could hold without the additional restriction o > d/q
(¢f. [21]). This was pointed out to the second author by Herbert Koch and Winfried Sickel
at an Oberwolfach meeting some years ago. We show that the restriction o > d/q is indeed
necessary and in the range d/p < o < d/q we quantify the failure of (1.8) in terms of the
support of the Fourier transform.

)
p

Theorem 1.3. Suppose that 0 < o <m and 0 < ¢ < p < co. Forr > 100 let
Ap,go(r) =sup {|D%fllp + Ifllpz, <1,f €Er)}.

Then

(1.9) Apgo(r) = (10gr) ™7 if dfp <o <dfg

and, for o =d/q,

(1.10) Apgdsq(r) = (loglogr)/4  if ¢ < 1.
Moreover,

(1.11) C Y (loglogr)'/ < Apg.d/q(r) < Cloglogr  if 1 <q<p.

In (1.9) the notation a; ~ ay means that there is a positive constant C = C(p, q,d, o, m)
which does not depend on r so that C~'a; < as < Ca;. An application of the Banach-
Steinhaus theorem (c¢f. Theorems 2.5, 2.6 in [12]) shows that for ¢ < d/q there is an
f € FZ,(R?) for which D5, f does not belong to LP(R?) (in fact this holds for a class of
second category in FZ,).

Finally we settle an endpoint question about oscillatory multipliers on the F-spaces.
Consider the operator given by
(112 Tote) = —oo 7O

1.12 = — ,

'bef g) (1+’€’2)b/2f§
for 0 < v < 1. It is well known that T, maps the Besov spaces Bg,q into itself if and
only b/ > d|1/p—1/2|, and by a simple application of Hélder’s inequality the same result
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holds for F} , with the strict inequality b/y > d|1/p—1/2|. f 1 <p<q<p (if p>1), or
p < q < o0, p <1 the endpoint result with b/y = d|1/p — 1/2| holds for the F-spaces (see
[6], and for more general multiplier theorems [1], [15]).

We show that for the endpoint result the restriction on ¢ is necessary.

Theorem 1.4. Let 0 < g<p <2, a€Randlet 0 <y <1, b=~d(1/p—1/2). Then for
r>2

(1.13) sup {[| Ty fllpp, : 1fllpe, <1, f€E(r)} = (logr)l/q_l/p

In §2 we shall give the basic random construction that underlies the proofs of all the
theorems. Theorem 1.1 is proved in §3. Theorem 1.2 will be proved in §4 and a second

deterministic proof of the lacunary case will be given in §5. Theorem 1.3 will be proved in
§6 and Theorem 1.4 in §7.

2. A RANDOM CONSTRUCTION

For each n € {0,1,2,---} let Q(n) be the set of all dyadic cubes of sidelength 27"
in [0,1)%; more specifically all cubes of the form Hle[jﬂ_”, (i +1)27™) where the j;
are integers, 0 < j; < 2", for ¢ = 1,...,d. For any dyadic cube @ let xg denote the
characteristic function of Q.

Let a € (0,1) be a parameter to be specified. Let € be a probability space with probabil-
ity measure p, on which there is a family {6g .} of independent random variables indexed
by the dyadic subcubes of [0, 1], each of which takes the value 1 with probability a and
the value 0 with probability 1 — a. If B C Q we denote by u(B) the probability of B
and the expectation of a function g on  (i.e. a random variable) is given by the integral
E(g) = [o9(w) du(w).

In what follows we fix a sequence {n;}7°, of nonnegative integers. We consider random
functions

(2.1) W@ = ) 0g.a(w)xo(@);
QREQ(ny)

these are supported on [0,1]%. Note that R “(x) € {0,1} for all z. The parameter a will
be mostly fixed (except in §7), and we use the notation hy = b}, 6g = 0¢ 4 if the value
of a is clear.

Lemma 2.1. Suppose p,q € (0,00) and 0 < a < C1L~t. Let 0 > max{d/p,d/q}. Then

(2.2 (I motz) )" < .01
k=1

p

Proof. We first observe that for » > 0 and every x € [0, 1]%,

L L
(2.3) / (Z |hg(x)|q) du=Y" <L> a(1 — a)Emn
Q=1 n=0 "
To see this let z € [0,1)? and observe that for each k, h¥'(z) = 0g(w)xg(z) for a single
Q = Q(k,x) € Q(ng) and thus also h¢(z) = [h¥(x)]?. One has then 2% possible events,
indexed by all subsets S C {1,2,---,L}; the event Q(S,z) that 05 ,)(w) equals 1 for all
k € S and equals 0 for all k£ ¢ S has probability

M(Q(S)x)) — aCard(S)(l _ a)Lfcard(S)j
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by independence. The function (Zé:l hi(x,w))" has value card(S)" at such an event.
Lastly the number of subsets S having cardinality n is (ﬁ) Thus, for every x,

L r T
| (X na) au= /Q o, (@) an

k=1 n= Ocard(S keS

(2.4) = ;} <i) a(1—a)l="n"

which gives (2.3).
We set r = p/q in (2.3) and let ¢ be the smallest positive integer > p/q. Then

L L " d
§ : n L—n,p/ § : n,r ro t
<n>a 1-a) (. n=1 n! i (tdt) e t=La < Clro, C1).

n=0

By (2.3), integration in x and Fubini’s theorem the last inequality implies

(2.5) (] H N aw)" < ooy e

The conclusion of the lemma now follows from (1.5), but we repeat the derivation since
it involves an estimate that will be needed later. Observe that since hj assumes only the
values 1 and 0 and is constant on dyadic cubes of length 27" there is the estimate

(2.6) sup W (x + y)| < 25 (M([Rg)%)*

27kt <yl <okt

for any s < 1. Consequently M, [h¢](x) < Cy (M([hf]s))l/s if o > d/s and the vector
Fefferman-Stein inequality [5] can be applied if p/s > 1, ¢/s > 1. Thus the asserted
maximal inequality follows from (2.5). O

An immediate consequence is

Corollary 2.2. Suppose p,q € (0,00), ¢ > max{d/p,d/q}, LEN and 0 < a < C1L~'.

Let ) be a Schwartz function and ny,(x) = 2™4n(2"x). Denote by F“ the random vector-
valued function defined by F(x) = ni* hy(z) if 1 <k < L, and F¥(z) =0 if k > L.
Then

27) (L1 i) < ClpasCa)

Remark. The quantity (2.4) is bounded by C,La if L™! < a < 1, see a calculation in
Bourgain [3] There is also a corresponding lower bound for » > 1, in fact there is the
identity S2%_ 0( )o"(1 — b)E""n = Lb, 0 < b < 1. To see this observe that the left
hand side is equal to (1 — b)Lt4 (1 + )L when evaluated at ¢ = b/(1 — b). One also has
(Zn 0( ) (1 — b))V > Lb if r > 1; this follows from Hélder’s inequality since

Zn 0 ( )bn( b)L_n =1
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3. PROOF OF THEOREM 1.1

For z € R%, ¢ € Z denote by Q(, z) the family of all cubes of the form z + @, with Q any
dyadic cube of sidelength 27 in R¢. We shall use the important Plancherel-Pélya theorem
for entire functions of exponential type ([11], [20]). It says that there are absolute positive

constants C, m depending only on ¢g € (0,00) and d so that for all ¢, z
(3.1)

(Y ) <2 <o Y @) feee:

QEQ(l+m,z) QENQ(L+m,z)

here z¢ € Q, T € @ and the constants in (3.1) are independent of the specific choices of

zQ, TQ-
An equivalent formulation is
(3.2)
_ 1/q . 1/q
([ sw pwra) <l <o [t i) g e e
|lz—y|<u2—Fk |z—y|<u2—Fk

here C' and u € (0,1) depend only on ¢ and d.
As the statement of Theorem 1.1 is trivial for p < ¢ we shall assume p > ¢ in what
follows. If K € £(1) satisfies condition (1.1) with ¢ < p we shall show that for all N € N

. 1/q
(3.3) </ inf \K(y)|qda;> < C(q,d,u)A.
|z|<2N |z—y|<u

Here we may pass to the limit as N — oo and then, choosing u = u(q, d) sufficiently small,
we may apply the second inequality in (3.2) to deduce the assertion of Theorem 1.1. In
what follows we pick an integer M so that 2= M+d+l <y < 2= M+d+2

In order to show (3.3) we may use (1.1) for functions {fx}£_, indexed by a finite family
of radii; we put L = 2¥% and by a scaling we may assume that

(3.4) e > 2104+10N k=1,...,L.

It will be useful to replace K with a kernel which vanishes for |z| > 2¥*2. Let ¢ be
a C* function with compact support in {x : |z| < 4} which equals 1 for |z| < 2. Let
(v(z) = ¢(27Vz) and let KV = K(y. Clearly (3.3) follows from

(3.5) ( / inf |KN(y)|qd1:>1/ T < O'(q,d,u)A.

|lz—y|<u

We first deduce from (1.1) a vector-valued inequality for the dilates of K. We define
positive integers ny as in the previous section, namely by

(3.6) gk M=d=1 < omi—=M—d
With these specifications on rg, ny we prove

Lemma 3.1. Suppose that ¢ < p and that (1.1) and (3.4) hold. Set KX (z) = réK™ (ryx),
a= L7t =2"Nd qnd define by = hy" as in (2.1). Then

L
3.7 / /KN*h“’“
(3.7) (Z AL L

1
qduda:> < oa
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Proof. By Holder’s inequality and Fubini’s theorem

1
(3.8) Z/[(n /|Kk *hqu,udx //[01 ZyK,QV* )p/qd:pdu) "

Let e, (z) = ¢®2). Then for any compactly supported bounded function g

(3.9) K« g(z) = (2m)~ / € ene (2) Kk * [ge vy (1)dE.

Let n be a Schwartz function in £(2) with the property that 7(§) = 1 for |{| < 1. Let
ne = rin(ry-) and Ky = r¢K(rg-), then

(3.10) Kk*nk:Kk-

Now suppose 1 < ¢ < p. Then (3.9), (3.10), Minkowski’s inequality and the assumption
(1.1) imply for fixed w

H(émﬁv )| < rcTme(é e ie_ndl?) ] e

gA/Iﬁv(f)lu(i’”k*[h%e—’“kﬁ”q)”qupdg
k=1
L w(. q q
< CpAH(kZ:I [SLylp m} )1/ Hp

for any p > 0. We have used that HQ/}\VHl = O(1). We choose p > d/q, take pth powers, and
integrate over w € . By Lemma 2.1 we obtain

(3.11) </9H(k SR « g ) H d,u)l/pSC(p,q,d)A

and (3.7) follows from (3.11) and (3.8) (in the case ¢ > 1).

It remains to prove (3.11) in the case ¢ < 1. Since ¢ has compact support we can
apply the Plancherel-Pélya theorem in L9. Let {QY} denote the collection of dyadic cubes
of sidelength 2=~V (where 2™ ~ u = wu(q) as in (3.2)). For each such cube choose
¢, € QY. Then for fixed w

(i), = (f (35 (f @Rt nionas)) o)
<(/(

and by the imbedding /¢ C ¢! and Minkowski’s inequality (p/q > 1) this is dominated by

(/ (ZL:Z2qu‘E]\V(§V)Kk * [hfefrkgy](a:)‘q)p/qdm) 1/p

k=1 v

< (e [ (31 s Biena ") as)") "

k=1

~

Mh

( Z 27Nd|a(§u)Kk * [hfe_re, ] () ‘) q)p/qdm> 1/p

k=1 v
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By (3.10) and (1.1) the last expression is in turn dominated by

(277 Cn (&)1 / (XL: |+ [ eree, ] q)p/qu)q/ p)l/ ’
v k=

(3.12) <CMA(2 quZ\CN (&) ) H(Z\ |1himy|)) B )1/qH .

p

To eliminate the r-summation we observe that by the Plancherel—Polya theorem
2N S et S 27N [ G = [ G

Thus we may apply Lemma 2.1 (choosing p > d/q) to bound (3.12) and obtain (3.11) in
the case ¢ < 1 as well. O

Proof of Theorem 1.1, conclusion. Let inJrMJrQ(ac) be the unique dyadic cube of
sidelength 2~ +N+M+2 containing = and let VkN’M (z) be the union of all dyadic cubes of
sidelength 27 +N+M+2 whose boundaries have nonempty intersection with the boundary
of QN M 2(z). Then VkN’M(x) C [0,1]% provided that = € [1/4,3/4]¢. Let V,iV’M(x) be the
family of all dyadic cubes in Q(n) which are contained in the closure of VkN’M(aj).

One of the obstacles to be overcome in our proofs is that unwanted cancellations could
conceivably arise between the different terms contributing to expressions such as

Y bow)KY * xo(x).
QEQ(nk)
We will handle this by considering the contributions of events in which all terms but one in

the sum are either small, or have coefficients g (w) = 0. To this end, for each Q) € V,i,v M)
define the event

(3.13) Q(k,2,Q) = {we Q: Og(w) =1 and fg (w) = 0 for all Q" € V"M (2)\ {Q}}
If Q € Q(ng) but Q ¢ V,iV’M(m) then ry|z — y| > rp2 " HNFM+2 > oN+2 for all y € Q
and thus K} * xyg = 0. For fixed 1 <k < L, z € [1/4,3/4]¢,

L1 ngwian= [ |5 K <xo )|

Q eV M(x)
=D
Qev M (x)

= S wQka,Q)|EY # xol)|"

Qevy M (x)

q
S g (W) EY « xq ()| du

Q(k,x,Q) Q’EV,?]’M(I)

0 (N+M+2)dad
+M+2)dgd _
(1)2 3%—1

QU 2,Q)) = a(1 -

with @ = 27N4_ Thus
(3.14) p(Qk, 2, Q) > a2 N
and therefore

w(QUk, 2, Q)| Ky = xq(x)|* > a2~ N2 medd inf KN (g (2 — y)|9.
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We have thus proved that

/ KN« b (2)|%dp > 2N > inf [KN (g — 2))]%
Q QeVNM () 2€rkQ
k

Now the disjoint cubes riz — r,Q cover the ball of radius 272 as @ ranges over the cubes
in V,iv’M (z). The diameter of ry2 — rQ is bounded by vdry2~™ < 2™ < 4 and therefore

(3.15) / |KY + b (2)|9dp > C'MQ_Nd/ inf |KN(2)%dy.

Q ly—2|<u
Now integrate over z € [1/4/3/4]? and sum in k = 1,...,2"9 and the assertion (3.5) follows
from (3.15) and (3.7). O

Remark. Theorem 1.1 can be applied to the case of Bochner-Riesz multipliers mentioned
in the introduction. A refinement of this example is as follows. Let x be supported in
{£:3/4 < |{] < 5/4} and be equal to 1 in a neighborhood of the unit circle and consider
the multiplier

mas(€) = ) x(275E)(1 —272|¢[) flog (1 — 27*(¢)) 1)~

keZ

Then f — F1[mysf] fails to be bounded on the homogeneous Tricbel-Lizorkin space FF?
ifAN<d(1/q—1/2)—1/2,0or A=4d(1/q—1/2) —1/2,§ < 1/q. These examples show that
the restriction p < ¢ < p’ in some multiplier theorems for Triebel-Lizorkin spaces stated
in [13], [15] is needed; moreover, if ¢ < 1 then the condition on ¢ in the analogue of the
Mikhlin-Hérmander multiplier theorem stated on p.75 in [20] is necessary.

4. PROOF OF THEOREM 1.2

We use the random construction of §2. Fix a real valued Schwartz function n so that 7
is supported in {¢ : 1/2 < |¢| < 1} and so that n(z) > 1 for |z| < 2=M+2+d (with some
positive M which is fixed in the proof).

Let 0 < d/q and ¢ < p and let L be large. We may assume that L = 2V¢ for some large
N € N. To show the lower bound (1.6) we may assume that the ri’s, k = 1,..., L are large.
This follows by scaling, namely if d;f(z) := f(tx), and if fi € E,(r) then §.fr € Ey(tr);
moreover 0, 1smg,rt5t = M, ,. Thus the operator norms of {M,,, } and {My 4, } are the
same.

We may assume

otk M < ot l=M e 7 g, >100d + M + N,
for k= 1,..., L. Define ni(z) = rin(rpz) and
(4.1) GO0 =y x B2, = 2N,

with A" as in (2.1). Note that ¢;"* € £,(r;). We omit the superscript a in what follows.
Since p > q we see by Holder’s inequality and Fubini’s theorem that

L 1/qp 1/p L 1/q
(4.2) (/Q)Kglfma,rkg?q) deu) > (;%071]d[2|%a,rkg?|qdudw) :
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Let = € [1/4,3/4]% and let Qfg(x) be the unique dyadic cube of sidelength 27 ++J which
contains x. Let

Mipf(z)= sup  [f(y)l
YEQL()\Q] ' ()
Then
(4.3) Mo, [98](2) > cara sup 2777 M pgid ().

2<j<N
Thus, in view of Corollary 2.2, (4.2) and (4.3) it suffices to show that for o < d/q

(4.4) <§/l

(7
To show (4.4) we let V¥ (x) be the union of all dyadic cubes of sidelength 27 +N+1
whose boundaries have nonempty intersection with the boundary of Qfev (z). Split

M;rgi (x) = I7 (k, x) + LI} (k, x)

. 1/
3}d /3:2 QEHEN ’27]UM],kg(];;u(x)|qd/,de> q 2 crnax{2]\/(70'4»(;[/(1)7 Nl/q}'
4 <J<

where
Eha)= s | > bomtxoly)|
yeQL(@)\QL H(2)  Qea(ny)
Qcv ()
Eke) = s | Y Go@mtxe()]
yeQL(@)\QL ! (2) Qea(ny)

Qc[ﬁ,%ld\vgvm
The terms I1¢(k,x) are error terms; indeed if y € Qi(:c), j < Nandz €[] 3]7\ VN (2)
then |y — z| > ¢27™* and from this it is easy to see that

sup ‘Iff(k,x)] < CumpM, 5, A
2<j<N

for any p > 0. Thus by Lemma 2.1

L
(4.5) (;/1 ;

. 1/
[ s 2z o) duds) " < Cpia ).
[7,7]¢ JQ2<j<N

We show for almost every z € [1/4,3/4)%, 1 < k < L the uniform lower bound

(4.6) / sup |2_j"I§»"(k:, x)|%dp > do~Nd max{QN(d_q”), N}.
Q2<j<N

Clearly (4.4) follows from (4.6) after integrating in = and then summing in k (recall that
L = 2N4); the error term (4.5) changes this lower bound only by a small constant if N is
large.

Next, to prove (4.6) we observe that if @) € Q(ny) and if yq is the center of Q and z € Q
then |yg — z| < Vd27™ < 27MFd+1 1 and since n(w) > 1 for |w| < 27M+4+1 it follows
that

(4.7) M * XQ(Yo) = /Tﬁn(m(ycg — 2))xq(z)dz > r2—md > 27 Md

Now assume @ € Q(ny) is contained in VkN (x). For this @ let Q(k, z, Q) be the event that
0o(w) = 1, but Oy (w) = 0 for all other Q' € Q(ny) contained in V;¥(z). The probability
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of this event is pu(Q(k,z,Q)) = a(l — a)3d2(N+1)d and since a = 279 we get the uniform
lower bound

(4.8) Pk, z,Q)) > a2 N
Moreover, if 2 <1< N and Q C Q' (x) \Qi‘l(:v), Q C V;¥(z) then

/ sup |27 JUI"J(k‘ x)|9dp
Q(k,z,Q) 2<j<N

- / 277 sup - [nexxo(y)|"dp
Qk,2,Q) yeQl (@)\Q\  (x)
> p(Qk, , Q) 27 |my, % xq(yo)|* > 27 NiaT M,

For fixed k, z the events Q(k, z, Q) are disjoint and we can sum over (). Thus

/ sup |27 ]UI‘” k,x)|%dpu > Z / sup |27 J‘TIW(k x)|9dp
Q Q(k,x

2<j<N Q€Q(ny) ,Q) 2<j<N
QcvN ()
2<I<KN  QeQ(ny) 2<I<N

Qe @n\ey (@)
> 327 Ve max{2N(d=0) N

where the constants depend only on d, o and M. This proves (4.6) and (4.4) follows. [

5. DETERMINISTIC EXAMPLES

We return to Theorem 1.2 and give a nonprobabilistic proof for the lower bound in the
case where 7, = 27% k > 0. With small modifications the argument can be made to apply
in the general lacunary case, where infy 7511/, > 1, but we leave this to the reader.

Fix M > 0 sufficiently large and let n € SN &E,(1) be a Schwartz function such that
n(z) > 1if |z;] <27M fori=1,...,d. Let n, = 2~n(2"~.).

We fix N large and set L = 2V¢. For k > N, let Zlgl,N ={0,1,...,28=N —1}9 and for

J=(j1,---Ja) € Z{ 5 we set
Quj = [1277, 127 FHN omh=M] 5y [j 2 kN okt N 4 g=h=M),

Denote by hj ; be the characteristic function of Qg ;, and let hy = Zjeng hyj. Let
fx = hy * mp so that fi € £,(2F).

Proposition 5.1. For 0 < g < p < o0, there is Ny so that for N > Ny

(5.1 H(Z 50) "] < .0,

and, for o <d/q,

2Nd

(5:2) (32 e )| = et M) g2, w1y
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Proof. Tt is easy to see that | fy| < Cs(Mgr[|hi|®])'/*, for s > 0; see the argument for (2.6) in
the proof of Lemma 2.1. Thus it suffices to prove (5.1) with fx replaced by hy. For the proof

we may assume that p > ¢, and in fact p = nq for some integer n (the intermediate cases
2Nd

follow by interpolation). Thus we have to show that the L'([0,1]¢) norm of (Y 7_y hx)"
has an upper bound depending only on n. Since each hj is nonnegative, this follows from

(5.3) > /Hhk Ydz < C(n).

k1,....kn €[N,2Nd]
k1 <kp<-<kn
In comparison with the random case, we have lost independence; the correlation between
hy, and hy,, is strongest when k; 1 —k; is small. To estimate (5.3) observe that the support

of hj, has measure 9~ (N+M)d 4nd that

|Qk¢,j|2_(N+M)d if ki1 >ki+ N+ M,
meas( U Qi ) - Q .|2(ki—ki+l)d ik <kiyg <ki+N+M
Qg 1.0 CQh; ol FisJ i S Rkl S R ‘

Thus
n—1
/H hi, (z)dz = meas (supp H hi,)) —(N+M)d H max{2ki~kit1)d o= (N+M)dy
i=1
We sum in &y, k,_1, ...,k (each ranging over the integers in [N, 2V9]) and (5.3) follows.
We now show for o < d/q the lower bound (5.2). ! Let
[f(z+y)|

M, or nfx) = sup —
2% yily|<2—k+N-2 (1 + Qk‘y’)a

Then M, ok () > M, ok N ().
Let yi ; be the center of Q ; and observe that ng * hy ;(yr ;) > 2~Md_ Thus also

(5.4) My gt v [ % o) () = 27 ML+ 28—y s ) 77 0 o — | < 2792

We derive an upper bound for M, or (1 * Dz b jr ) (@) for [z —yp | < 27 k+N=2 With
this restriction and with A > d we get
M o0 N[5 * Z hug,jr)(2)
J'#i
2kd

S s (0+2) 0 [ 2| 2 g ()| s
ly|<2—k+N -2 (1+2Fz +y —w[)4 27;] 7

. 2—k+N—2

and since for w € supp (hg, j2) we have | +y —w| > |yk;j — Yk | —3 we dominate

the last expression by

J #J
Fix A > d. We may choose Ny such that for N > Ny

1 1
5.5)  Cap2 NATd) < Z9=Mdg@-N)o < = inf 2~ M1 4 2F|w — gy )7
(5:5) AM -2 — 2 \x—yk,j\lén2—k+1v—2 (1+ 2% = e jl)

lWe thank Gustavo Garrigoés for pointing out a sloppy argument in the published manuscript.



NECESSARY CONDITIONS FOR VECTOR-VALUED INEQUALITIES 13

By Holder’s inequality

(), (erm o fe@)) )" > Z /0 D, 5 fel)| )
z(z > / ‘\mﬂw[nk*hkg | LSS A N P )”qu)l/q

k=N jezi ve[0,1)4 J'#i
|z— Yk j | <2— k+N-—-2

oNd

1/q
2o (Y S [ et a)
k’:NjEZg,N z€[0,1]4
le—yy, j1<2—R+N-2
by (5.5). One easily verifies that the last term is bounded below by ¢2VN(@=09/¢ if 5 < d/q
and by N4 if ¢ = d/q. Thus (5.2) follows. O

6. PROOF OF THEOREM 1.3

We shall first use arguments from singular integral theory to establish the upper bounds.
Then we show the lower bounds by somewhat more technical variants of the ideas used
above to prove Theorem 1.2.

6.1. Upper bounds. In this section we set Lif = ny * f where 1, = 2%n(2F.) and 7 is a
Schwartz function whose Fourier transform is supported in {¢ : 1/2 < |{] < 2}.
It suffices to set r = 22Nd and the claimed upper bound follows easily from
2Nd

o 1 gl S| < ol S
k=1

|h|<t
for ¢ < p, where
An(p,q,0) =2V VD it d/p <o < d/q, An(p,q,d/q) = max{N, N/}
The contributions for the terms with |2¥h| < 1 can be dealt with by standard arguments
using Peetre’s maximal function. One obtains
oNd

62 |( /0 s | Y apzg@leteran) | < (Do)

IRI<ET ) <hcava k=1
2k |n|<1

)
p

it is only here that the more detailed structure of the difference operator A" and in par-
ticular the condition m > o is used. Therefore (after a change of variable and application
of the triangle inequality) matters are reduced to the inequality

(6.3)
1/q 2% 1/q
([ 2] 5, b | < aoa ] (i),
0 |h|<t 1<k<2oNd k=1 p
2k |h|>1

For n > 0 define
(6.4) pfe(x) = sup |fi(z +h)|.

|h|§2n—k+1
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Proposition 6.1.1. Let 0 < ¢ < p < co. Then if f € £(2F)

d
(6.5) H{Mka}HLP(Eq) 5 2" /qH{fk}HLP(Z‘I)'

Remarks.
(i) Note that M7 fi, < 2"d/f’fmp72k f# so that the non-endpoint LP(¢?) bound with constant

052”(‘1/ 7+¢) follows from Peetre’s maximal theorem.
(ii) There is also an endpoint inequality when p < ¢, namely

H{Mka}HLp(gq) S Qnd/pH{fk}HLp(eq)’ 0<p<g<oo.
This bound is not needed here and can be proved using arguments in §3 of [15].

Proof that Proposition 6.1.1 implies (6.3).
Assuming ¢ > 1 we estimate

(/1 sup |y Lif(a+ h)‘qt—l—oth>1/q
0

|h|<t

1<k<2Nd
2k |h|>1
2Nd
< loq q 1/q
~ Z Z <Z 2 sup ‘Ll—l-m—i-nf(x + h)’
m>0n>0 =1 2—l—m§‘h|§2—l—m+2

and using Proposition 6.1.1 we obtain

7|

oNd
H ( Z 9loa sup |Litminf(x+h) \q>
=1 27l7m§‘h‘§2—l—m+2 V4

( Z 2(l+m+n)aq|Ll+m+nf|q) e Hp
l

< g-man(i=o)

The contributions of very large parameters n are negligible, but an alternative bound is
needed to quantify this. One such bound can derived by invoking Holder’s inequality to
get

oNd

1/q
H ( > 2 sup |Litmnf( + h) ’q> H
=1 2ilim§‘h‘§2*lfm+2 »
> 1/p
= 2Nd(1/q_1/p) H < Z QZUP sup ‘Ll+m+nf($ + h)|p> H
I=1 2-l-m<|p|<2-l-m+2 »

< 2—m02n(§—0)2Nd(1/q—1/p) H ( Z 2(l+m+n)gq‘Ll+m+nf|q> 1/q H .
] P

Consequently after summing in m, n we obtain
(6.6) Apgo(27) £ 37 minf2" 6N /a1 g (Gm)y,
n>0

In Theorem 1.3 we have the hypotheses ¢ < p and ¢ > d/p. Thus the series is O(2N(@/a-9))
if o <d/q and is O(N) when ¢ = d/q.
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If ¢ < 1 we have to bound the LP norm of

2Nd 1/
q
(S5 o it 0P)
m>07n>0 I—1 2-tmm<]h|<2mtm 2

and now A, ,(22"") < 320 min{2”q(%7°)2N‘i(1_Q/p), an(gfa)} which is O(2N(@=49)) if
o0 <d/q and O(N) when o = d/q. Thus we have shown that the upper bound in Theorem
1.3 is implied by Proposition 6.1.1.

Proof of Proposition 6.1.1.

We first observe that the known arguments in Peetre’s maximal inequality yield the
assertion for p = ¢. Indeed a small modification of the proof in [20], p. 20, shows that for
ge&(1),0<r<oo, p>d/r

o+l . lgt+2)l
(6.7) Slzlp (14 2-"z))p ~ Slzlp (14 277|z|)r

and that this can be used to obtain

(6.8) sup gt 2)l < gnd/r Z o—m(p—d/r) ( (n+m)/

1/r
Td) .
(1+2 n|Z p ~ |z|<2n+m |g(x+2)| &

(6.8) implies for 0 < r < oo the inequality
(6.9) [Migll, < 2* Nglle, g € £(25),

first for £ = 0 and then by scaling also for general k. Thus we obtain (6.5) for p = q.

We now consider the assertion for p > ¢g. First observe that the case 1 < g < p can be
proved by interpolation with the LP(#?) bound once the cases ¢ <p < land ¢ <1,p>1
are settled. We consider these cases in what follows and use rather standard arguments
from singular integral theory, namely the Fefferman-Stein #-function estimate ([6]) which
is valid for Banach-space valued functions; it is applied here to LP/¢ functions which take
values in the Banach space ¢!(L>°).

In what follows the slashed integral will denote an average over the cube Q. By the

Fefferman-Stein theorem it suffices to bound
p/q 1/p
/ sup)[z sup || fi(w + h)|9 )[ysz+h|qczz‘dw} )
Qo || <2n—*

by 2”d/q}|{fk}HLp(€q). Since |al? — [b]? < |a — b|? for ¢ < 1 this bound follows from
(6.10)

(/ [Sup)[QZ sup )[Q\fk(wm—fk<z+h>l"d2dw]p/qdw>l/p52"d/q\\{fk}|!m<eq>

Q>z L |h|<2n—k

In what follows we denote by ¢(Q) the integer ¢ for which the sidelength of @ is in
[26=1,2%). Moreover we let Ro(Q) be the region of all points 2 which have distance < d24@)
from Q and for m > 0 let Rp,(Q) of all points x for which d24@+m=1 < dist(z,Q) <
d24@)*™  Tet 1 be a Schwartz function in €(2) whose Fourier transform is equal to 1 in
{€:|¢] <1}. Let g = 28 (2%.) and Pi.f = ni * f and observe that Py fr, = f if f € £(2F).
The estimate (6.10) is a consequence of the following three inequalities:
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(6.11) (/[sup}{2 Z sup |fk(w+h)|qciw}p/qu)1/pSgnd/qu{fk}HLp(eq),

@2 JQ sy p(q) M2

n—£(Q)

(6.12) (/ [sup fQ Z sup | fr(w+ h)]qdw]P/qda:> 1/p

@z JQ i Con—e(q) M2

< (n+ DY UP| L ey
and, if Cy > d/p,

(6.13) (/ [?QLEXQ Z sup X|fk w+h)— fu(z+h |qdzdw}p/q )

k<—Con—e(Q) IRIS2"F
S H{fk}HLp(gq)'

First the estimation of the main term (6.11) is rather analogous to the standard “good-
function estimate” in Calderén-Zygmund theory. We split

fo="Pefe =Y Pulxwr,.)ft]
m=0
and estimate for fixed z and @ using (6.9)

(6.14) )[ > sup | PeXwro(@)fel(w 4 h)|Tdw
Q k>n—6(Q) |h|<2n—k+1

<2MQI™ /kano ) fi] (w)|duw.

k>n—0(Q
It is straightforward to estimate for any p, p’

[ Pe[xro@) fel(w)] < CpM, o fr(w)  if w € Ro(Q), k +£(Q) > 0
and
[Psxro@) fil ()] < Cpy,pp2” QTN o fi ()
ifweRnQ),m>1,k+Q)+m>0.
Therefore from (6.14)

(6.15)  sup )[ sup | Pulxro(@ il (1 + B)|dw < C2 ML (190 g1 f]7) ()
Q;x Q ‘h|S2n7k+1

and we may use the LP/? houndedness of M, 1, and the Peetre maximal theorem to deduce

1/q nd/
(6.16) H [22%2 )[Qk Z_;(Q) |h\§s21}£’€+1 [ Prxro(@) frl(w + h)quw} Hp <2 q”{fk}HLp(gq)

We also obtain for m > 1
’Pk [X’Rm(Q)fk](x/” < Cp2*(k+€(Q)+M)Pmtp72k fk(x)
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if x € Ro(Q), 2’ € Ro(Q), k+ £(Q) +m > 0. This can be applied to bound the expression
sup|p<on—k+1 | Pk [XR,, (@) fel(w + h)| when w € @ and k > n — £(Q). We obtain

(617) | [sup ){2 S swp |Pk[me(Q>fk1<w+h>|‘1dw]”qu,s2—m0\\{fk}qu)

@@ JQ ps g (@) <27

and (6.11) follows from (6.16) and (6.17).
By Hélder’s inequality the left hand side of (6.12) is controlled by

n—£(Q)
o [ [sw ){2 (k S MA@l @)1+ )] )

@ =—Con—(Q)
S ([ [Man (S 1Ml ar)
k

1/
6.18) < (1+ n)l/ql/l’(/z M filraz)
k
By (6.9) for » = p we bound (6.18) by a constant times
1
(14 m)t/a=t/pgndle (37 / i) " S (LY 2
k

and (6.12) is proved.
Finally to see (6.13) we simply observe that M7 (V f;) < 28 M7 (f1) and thus for z € Q

)[ sup )[!fk(erh)—fk(W+h+Z)!qdzdw52kq(diam(Q))q\Mka(w)|q~
Q|h|<2n—k JQ

Therefore the left hand side of (6.13) is bounded by

1/ n(d_
([ (s maagg sy " < 26D )y

Remarks. (i) For the sequence of dyadic radii r, = 2 consider the maximal operators
My, .. Proposition 6.1.1 can be used to show a converse to the lower bound in Theorem
1.2 in this case; i.e. if

L
By (L) = sup {|| (D 1906 frl DV IH{fedlloeny < 1, fi € E28), k= 1,..., L}
k=1
then By g (L) ~ LY if d/p < o < d/q and By, 4 4/4(L) ~ log!/ 9L if p > g.
(ii) Proposition 6.1.1 and the preceding remark remain valid for a general lacunary se-
quence (rg41/mx >y > 1).

6.2. Lower bounds. We shall work with the Schwartz function n defined as in the proof
of Theorem 1.2 (i.e. with 7 vanishing identically outside of {1/2 < [{| < 1} and with
In(x)| > 1 for |z| < 2=M+d+2 for suitable M). We shall need a C* function ¢ supported
in [—272M—4 9=2M—41d g4 that

(6.19) | *n(2)] > co(M) > 0 if || < 27 MFdHl
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Let R be a large positive integer, to be chosen later. We may assume that R > 10d(1 +
1/p+1/q). It clearly suffices to prove the lower bound in (1.9) for r of the form

(6.20) r = 2R
uniformly for all large positive integers V.
We let

(6.21) ng=kR, k=1,2,...,

(6.22) 1 = 2 M,

Set ¢r(z) = r,‘fgb(rkw) and ng(x) = Tgn(rk:c). Specify

(6.23) a=2"Nd=p71

let g¢ = g as in (4.1), and set
2Nd

(6.24) Gi(x) =27"g¢ (),  G¥(x) =) Gi(x).
k=1

We need the following estimates for convolutions with the functions g7 and G*.

Lemma 6.2.1. (i) Let H be a Schwartz function so that [ H(zx)x*dx = 0 for all multi-
indices a with max; |a|; < No. Let Hy = 2°9H(2%.). Then

(6.25) |He x gp ()] < 271N (ar () Bo(w)xq)*)(x)) ",
QeQ(n)
(ii) For 0 < p,q < 0o
1/p
(6.26) (/Q”Gw\’};,qd“(“» <C
and
1 p/q 1/p
(6.27) (// [/ sup Z |A?G§J(x)‘qt—1_"th} dazdu(w)) < Cs.
QR L0 RISt omey
Moreover
! g, . 1p/a 1/p
(6.28) (// [/ ( 3 |le(x)|) ¢ th} dxdp(w)) < Oy
QJRE SO D om >y

Here C', Cs, C3 depend only on p,q, m and d.

Proof. (6.25) is straightforward, cf. the reasoning for inequality (2.6). The other assertions
follow in a straightforward manner from the basic estimates (2.6) and (6.25), a suitable
application of Minkowski’s inequality, and Lemma 2.1. ([l

Using somewhat nonstandard notation we define K;L” by

6200 Epf) = ARG - (") = Y0 () ek o)

v=1

and let
ij — [ank+j+2d 2fnk+j+2d+l]'
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In view of Lemma 6.2.1 and Holder’s inequality on © x [0,1]¢ (with p/q > 1), in order to
prove the lower bounds in (1.9), (1.10), (1.11) it suffices to prove that

N-—-M-d

A /
630 (} /13 2 2 | s [ S A G| dtdady)

—d+M kg [h|<mt l>k m
a_
> comax{2V(a=7) N1}

for some cg > 0.

Let
(6.31) M) = [ AR mxolady, Q€ Q)
and
032 Thulhe) = [ 0B, Gr@)dy =2 3 Ol (a.h).

QeQ(n;)

We use the elementary inequality

[¢pxa(h)| <C  sup  Ja(u)|

|h—u|<27 k2
to deduce that (6.30) follows from the existence of a constant ¢; > 0 such that

N—-M—d

(6.33) ( / / D R—
Q [zll’i}dzk:j:%;rd |h|<m2—k+i+d

ZI‘ (z,h,w ‘ dxdu)l/q

> max{2N(g_0), NY/ay,

We show now that the only relevant terms in (6.33) are those with [ = k; it is here where
we have to choose R sufficiently large.

Lemma 6.2.2. For 0 < q¢ <p < o0,

N-M-d 1
(6.34) //Z Z (k=)o sup Z F (x,h,w ‘ dwdu)
k j=M+d \h\<m2 AR NS

<27 R max{ZN(g_U), NYay

Proof. 2 Let 77 be a Schwartz function whose Fourier transform is supported in {£ : 1/4 <
|¢] < 4} and is equal to 1 on {¢: 1/2 < |¢| < 2}. Define 7j; = 2™97(2".) and observe that
m xm = 1. Write

Ffﬁm(x,h,w):Z(—l)m < )kal,(ﬂv,h,w)
where

T hw) =277 3 g (w /m i+ xq(@ + L (h — y))dy.
QeQ(ng)

2We thank Tino Ullrich who tactfully raised questions about the validity of the proof in the published
version of this paper.
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This expression can be rewritten as
Dl (@, hyw) = 27717 / Tii(z, b, 2) Fi(2)dz

where

D bolw)m * xq(2)
QeQ(ny)
and

Tki(x, h,z) = /gbk(y)ﬁl(a: + Z(h—y)—2)dy.

We analyze Ji,(,h,z). Fixing j we have the assumption |h| < m27™T4 We then
distinguish the case where x — z is larger or smaller than 10m - 2774 In the first case
we have |z + % (h —y) — z)| = |z — 2| (by the support property of ¢;) and thus

2nld
(1+2m|x — z|)N
In the opposite case we use that 7; has vanishing moments of arbitrary order. Thus we may
subtract the Taylor polynomial of order Ny of ¢, expanded about

(6.35a) | Tk (2, h,2)| < C(Ny) if |2 — 2| > 10m - 27" Hi+d,

Yz h,z = h — (x - Z)%
We shall later need Ny > d + d/q. We now get
1 (1 o S)Nofl No _ v
a2 = [ S [y e DN = 5)ys + 5)o — 2 (h = ) dy.
0 0 m
Note that |z — z+ Z(h —y)| = 2|y — Yzh,z|. Thus we get with N1 > No + d

2nkN0|y — Yzx,h z|N0
jkl x,h,Z Sand/ —
sl 2o 2) (42l = e

S 27(nlfnk)(Nofd) )

(6.35b)

Putting the two cases together we obtain
T (2, hyw)| S 272 (i) (No=d) sup  [F(2)]
|x—z|<10m~2_"k+]+d
4 9—mog—(m—ny)(N1— 22 (J+7)(N1— sup |FP(2)].
|:r7z|§Cd2’"k+J+T
Thus (for sufficiently large Cy)
(6.36) sup |F§€7m(:n, hyw)| < 9~mag(nk—mn)(No—d) sup |Ff (x + u)|

|h|<m2—"k+itd lu[<Cq27 ™kt
+ 9= MIO9— (ni—mg)(N1— Z 2~ (J+7)(N1— sup ’Ew(x + u)| .
|u|sod2—"k+f+’

By (6.9) we have for 7 =0,1,...

(6.37) | sw FR( )| S 2t e
lyl <2kt a

and hence

H sup !Fim(-,h,w)!H < 9-mog—(m—n)(No—d-d/a)9id/a) pw|| .
\h|§m2_”k+j+d ’ q
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Therefore the left hand side of (6.34) is dominated (when ¢ > 1) by

oNd N_M—d

2(/{2/2 S olmeder gy

q 1/q
Fﬁﬁ(m, h, w)‘ dl‘d,u)
k=1 j=M+d |h|<m2tI+d

)

oNd N_M—d

< Z (/Q/Z Z o(nk—3)og [ankﬂﬂzf(nms*nk)(NO*d*d/Q)de/qHF%JFSH(I]qdlu> L/
s=1

k=1 j=M+d
N—M—d gNd

< Do ar i (13 gy [ 1mgan) .
s=1 j=M-+d k=179

Here we have used Minkowski’s inequality, (6.36) and (6.37).
By Corollary 2.2 we have

2Nd 1/q
(X [ 1meealgan) s c.
k=19

Therefore the left hand side of (6.34) is bounded by a constant times
2~ Ro(=otd/ON if 0 < 5 < d/q,
2-fNt/a if o =d/q.

If ¢ < 1 we use the ¢7 triangle inequality in place of Minkowski’s inequality and we have
to bound

oNd N_M—d

S j k q 1/q
(Z/ /Z Z o(nk—j)og sup Fk‘;f(a:,h,w)‘ da:d,u)
s=1792Y k=1 j=M+d |h|<m2— "k Fitd ’
and the outcome is the same. 0

Given Lemma 6.2.2 the lower bound (6.33) follows from a corresponding lower bound for
the expression only involving the I‘ﬁ (@, h,w) and it remains to show for o < d/q:

Lemma 6.2.3.

N—-M-d

(6.38) (Z Z 27994 . S}d/ﬂ sup Z"kaljﬁ’m(ac,h,w)‘qd,uda:)l/q
11

k j=M+d |h|<m2m it

> ey maX{QN(gfg), NYVay
for some ca > 0.

Proof. In what follows we fix z € [1/4,3/4]% and 1 < k < 2V4. As in the proof of The-
orem 1.2 define V;V(z) to be the union of all dyadic cubes of sidelength 27"+ TN+1 whose
boundaries intersect the boundary of Q{f“(m). Let V¥ (z) be the set of all Q € Q(ny,) that
are contained in the closure of V¥ (z). Denote by Q(k,r, Q) the event that 6g(w) = 1, but
g (w) = 0 for all Q' € V) (x) \ {Q}. For the probability of this event there is the lower
bound u(Qk, x,Q)) > g2~V see (4.8).

Now let W(k, j, x) be the set of all cubes @ € Q(ny) for which

27t < dist(z, Q) < 27T
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For Q € W(k,j,z) denote by yq the center of @ and set hg, = yg — = so that |hg | S
9—ng+j+1
Thus the left hand side of (6.38) is bounded below by
N-M—d

o o q 1/q
(6.39) (Z R q/1 ) / gnkopk (x,hQ,gg,w)‘ dudx) .
k  j=M+d 2l QeW(k,j,z) Qk,z,Q)
For Q € W(k, j,x) and w € Q(k, z, Q) we decompose further
2"’“"1“’,27”1(:6, hQ e ,w) = Z(—l)m*” <T> IY(k,z,Q) + 11 (k, x)
v=1
where
w v
(6.40) £ (k,2.Q) = [ oty xale + 2 (ho. — )y
and
(6.41) I°(k,2,Q) = > g /gbk. (@u)—y ¥ X (7)dy.
Q'eQ(ny)
Q' ¢Vl (@)

We prove a lower bound for I and upper bounds for I7* and I, v <m — 1.
Notice that for w € Q(k, z, Q)

19 (h, 2, Q) = / ) * X0 (@ + haw — y)dy

- / 0+ ) (rk(wa — 2))xa(2)dz

and since |ry(yg — 2)| < Vd27™ - 2%~M for » € Q it follows from (6.19) that
(6.42)  |Ln(k2, Q) 2 e(M)rf2™™? > (M) ifwe Qk,2,Q), Q € W(k,j, ).
Since pu(Q(k,z,Q)) > 27N and card W(k, j, z)) ~ 279,

oNd N_ M —d 1/q
(Z S o2 M/ / 112 (k, 2 Q)|qdud:p>
k=1 j=M+d (531" 0ew(h,jz)  Uk.Q)
(6.43) / %ﬂd N_gjvf_dza'(d—aq))”" > ¢y (max{2VE—o0) N}
. 2 cq( max ) .
S S vl !

Next notice that for w € Q(k,z,Q), Q € W(k,j,x), y € supp ¢ and v < m — 1,
[z + (hge — y)v/m —yol > |z — yo|(L — v/m) — v/mly| Z 2™

which shows that |ny * xo(z + £(hge —y))| < C,2777 for all p and consequently we get
the estimate

1 (k, 2, Q)] < Car D, 5 g [BG), v <m—1.
Similarly for I1¥(k,z,Q) we can argue as for the corresponding term in the proof of The-
orem 1.2 and see that

sup |I1¥(k,x)| < CrpM, o-n [h] i w € Qk, 2, Q)
2<j<N
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for any p > 0. Thus

2Nd N—M—d g 1/q
(Z 3 o2 m/l 5 / Z 119 (k, 2, Q)| + |11°(k, Q)@ d,udac)
k=1 j=M-+d (1:3]? Qew(k,j,o) /2 (F2.Q)
(6.44)
2Nd

Z// o) dzdn) ' <

by Lemma 2.1. We combine the estimates (6.43) and (6.44) to see that the expression
(6.38) is bounded below by max{2N(@-o/a) N1/a}, 0

We now combine the various estimates and note that the lower bound in Lemma 6.2.3
is independent of R. Thus if R is chosen to be sufficiently large, the upper bounds in
(6.34) can be absorbed by the lower bound (6.38), and (6.33) consequently follows. All

told, we have shown the lower bound A, 2R2M) > ax oN(d=o/a) N1/a} which implies
s <

the asserted lower bound for large r = gR2N4, O

Remark. One can also consider the more regular variant

o s = ([ [, 1apspran] ™o)™

where the slashed integral denotes the average over the ball {h : [h| < t}. Then ||f|[z ~
1 fllp + 1955 f|l, provided that o > max{0,d(1/p —1/s),d(1/q—1/s)}. A modification of
our argument shows that the characterization fails when o < d(1/q — 1/s).

7. PROOF OF THEOREM 1.4

Let n be a Schwartz function in £(2) such that 7 vanishes identically in a neighborhood
of the origin and 7j(¢) = 1 if 271/2 < |¢| < 21/2. In what follows we fix ¢ < p < 2 and
assume that 0 < v < 1 and that b = ~vd(1/p — 1/2). Define for k > 1 the operator T} by

(7.1) Tef(€) = V27" F(¢).
It is easy to see, using (1.5), that the statement of the Theorem is equivalent with the
statement that the best constant Ay, in the inequality

L 1/q L 1/q
@2 () | < (1a) L with e g2,
k=1 k=1

satisfies Ay ~ LY971/P_ As the operators 2~*T} map LP N £(25*1) to LP, with bounds
uniform in k > 0 (c¢f. [6]), the upper bound Ay < LY471/P is immediate by Hélder’s
inequality and the embedding ¢¢ C /7. In what follows we prove the lower bound.

We use a variant of the random construction of §2 and define g , and hy"* as in (2.1);
however we now let a depend on k and require that

(7.3) ap = 27%74,

Also let 77 be a Schwartz function in £(2) whose Fourier transform equals 1 on the support
of 1. Define (using the notation in §2 with nj = k)

(7.4) =Bk Y, 00.a (@)(2"(x - 2q))

QeQ(k)
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where z¢ is the center of () and

(7.5) B = a;, P
We claim
L
(7.6) ( /Q [y qHZduw)”” < LV,
k=1

this inequality will use only (7.5) and the fact that the fj increase at least in a geometric
progression; the specific choice (7.3) is not yet needed.

A straightforward estimate yields |fi'(z)] < Cs (MHL(\Bkh:’a’“]s))l/s for all s > 0 and
therefore it suffices to prove (7.6) with f replaced by Sih} .

Now since hzj’ak takes only values 1 and 0 and the [, increase at least geometrically we
see that for all x

L 1/q
(S Iaun s @))7) " <y sup |Behi ™ (x)],
b1 1<k<L

with a finite constant C, independent of x. After replacing the supremum by an ¢/’ norm
we see that the left hand side of (7.6) can be estimated by

/ Z/ |Bh P dpu(w d:c <C’ / ZﬁgadeI)l/p:CLl/p.
[0,1)¢ 1

It remains to show the lower bound

L 1/qp 1/p
(7.7) ([ msetr) ™ [an) ™" = erire.
Qo P
Now let K} be the convolution kernel of Tj,. Then

Tifi () =B Y eQak w)2 M K (x — 2q).
QeQ(k

A stationary phase calculation shows that for suitable £1 > 0 there is the uniform estimate
for large k

(78) K ()] = 202 (1 - )27 H 07 < af < (14 eq)27 07
moreover for any p < oo
(7.9) |Ki(2)] < C,28(28|2)) 7 if |z| > B2H(1-Y)

for suitable B (> 2); this is seen by using integration by parts for the oscillatory integral,
which has a nonstationary phase when |z| > B27*(1=7) Now apply Holder’s inequality (as
in all previous examples):

//01 |2_kakfw| ) /qud,u) 1/p
> (/1 ) /QZ‘Q (d+b) g, Z 00,0, (w Kk(x—xQ)‘ dudm)l/q.
13

QeQ(k)

Fix z € [1/4,3/4]% and let Vj ,(x) be the set of all cubes @ € Q(k) whose distance to x
is < 092 %(1=7) where Cy > B for a sufficiently large constant B. Let Q(k,z,Q) be the
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event that fg(w) = 1 but dg(w) = 0 for all Q" € Vi (x) \ {Q}. The probability of this
event satisfies
w(QUk, 2, Q)) = ap(l — ap) VA @)=l > g,
by our choice (7.3).
By the upper bound (7.9) we get

_ q
[lrama 3 ou kit - a0)| 'dutw)
Q@ QEQ(R)\Vi 4 (2)
< de/ (5k2—k(b+d))q(2k|z —z)"dz < ng—kbqgkv(d—pq)
~ |z—z|>2-F1=) o

provided that p > d/q. Consequently by choosing p large enough we find that

(7.10) / " /Z )2 CLEES eQ,ak(w)Kk(x—xQ)‘qdudx)l/q <C

23] Q‘EQ(k)\Vk,w(w)
uniformly in L.
By (7.10) we may estimate

/13 /Z’Q d+b5k29Qak Kk:(x—iUQ)’del')l/q

4

—k(d+b) - g

Q’EV}C’.Y (x)

dudac) a -C

and the main term is

([, 2

q 1/q
dudx)
111 k=1 0ev,

/ 2GS G, () K — 1)
Qlk.z,Q) Q'EVy ()
(7.11)

- (/1 ) Z Z / Uk0.Q) ’2_k(d+b)ﬁkKk(l‘ —xQ)‘qdudaj) I/q.
11 ,

= 1 QeVy 4
Now let Wy, ,(x) be the famlly of all cubes in Q(k) which are contained in the set {y :
(1 —e1)27%0=7) < |z — y| < (14 £1)27%0=}. These cubes are also in Vi, (z) and if
Q € Wi ~(z) then we may use the lower bound (7.8) for the term Kj(x — xg). Note also
that card(Wy - (7)) > 2847 ~ a; ! for large k.
Thus the term (7.11) is bounded below for large L by

/ Z / k() g, oM/ g, dx)” e
1 314 kx,Q)

12l o= 1Qew
3 1/q L
e [ Y candWeg(@)ands) 2 21
[474]dk C

and consequently we obtain (7.7). O

Remark: The case v = 1 which is relevant for the wave equation is an exceptional case (see
[8], [10]), as the critical b is given by b = (d — 1)(1/p — 1/2), 1 < p < 2. However if these
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parameters are chosen in Theorem 1.4 then a modification of the above argument, with
ap = 27F@=1D shows that (1.13) remains valid.
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