RESTRICTION OF FOURIER TRANSFORMS TO CURVES
II: SOME CLASSES WITH VANISHING TORSION

JONG-GUK BAK DANIEL M. OBERLIN ANDREAS SEEGER

ABSTRACT. We consider the Fourier restriction operators associated to
certain degenerate curves in R¢ for which the highest torsion vanishes.
We prove estimates with respect to affine arclength and with respect
to the Euclidean arclength measure on the curve. The estimates have
certain uniform features, and the affine arclength results cover families
of flat curves.

1. INTRODUCTION

We suppose that v is a curve in R? and consider the problem of obtaining
LP — L9 bounds for the restriction of the Fourier transform to ~. This
problem has a long and interesting history which is described at length
in [7] and [2]. Though we will not repeat much of that description here,
we recall one of the main results from [2], concerning the moment curve
Yo(t) = (¢,t2,...,t?) in dimension d > 3. Write pg = di;izz Then there is
the restricted strong type inequality

b ~ Pd
1) ([ 17y ™ < 001l e,

for all Schwartz functions f on RY. The estimate (1.1) is, as described in
[2], best possible and yields all other LP — L7 restriction results for the
moment curve 7y by interpolation with the trivial L' — L° estimate. It
is natural to wonder what happens to (1.1) when =g is replaced by more
general curves. If v : [a,b] — R? is nondegenerate in the sense that for each
t € [a,b] the derivatives ~'(t),7"(t),...,79(t) are linearly independent,
then the analogue of (1.1) is proved in [2]. But if one attempts to go further
by dropping the hypothesis of nondegeneracy, it is easy to see that the
exact analogues of (1.1) and its interpolants may fail. There are then two
possibilities which have been considered in the literature. The first is to
“dampen” the measure dt by introducing a weight w(t) which is small where
v is degenerate, to replace dt with w(t)dt, and then to attempt to obtain
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2 RESTRICTION OF FOURIER TRANSFORMS TO CURVES, II

the exact analogue of (1.1). The second approach is to retain dt for the
reference measure and to see what changes must then be made in order to
obtain sharp restriction results. In this paper we explore both approaches,
but only for v of the form

2 pd—1

(1.2) y(t) = (t, 2,...,m,¢(t)).

These curves are termed simple in [8] and are distinguished by the fact that
only the highest torsion may vanish.

Concerning the first approach, it was observed in [8] that if v is as in
(1.2), then the correct weight w(t) is given by

2

(1.3) w(t) = ’¢(d)(t)‘d(d+1)'

Then the measure w(t)dt is, up to a constant depending only on the di-
mension, the affine arclength measure on . Here we have the following
result.

Theorem 1.1. Fix d > 2. Suppose 0 < a < b < 0o and let v be of the form
(1.2) where ¢ is a C* function on (a,b) for which the deriwatives ¢, . .., p®
are nonnegative and nondecreasing on (a,b) and for which & D satisfies the
condition

d
1/d T
(14) (T16%s0) " < ap (s
j=1
forall s = (s1,...,8q) witha < s; <s9 < -+ <55 <b.
Suppose 1 < P < di;i;?, and 1 — % = ﬁé. Then there is C(d, P) <

oo so that for all g € LT (RY)

1/Q _
)T <, P) ATV ] e gy,

b
ws) ([ e i

The proof of Theorem 1.1 is analogous to the proof of Theorem 1.3 in [2].
The range of indices in Theorem 1.1 is the range given by interpolating the
LPal — [Pd estimate (1.1) with the trivial L' — L estimate, and it would
be interesting to know if the endpoint result (the exact analogue of (1.1))
holds for the curves of Theorem 1.1.

In the case d = 2 it follows from [12] that the conclusion of Theorem
1.1 holds with A = 1 (and without any additional hypotheses like (1.4)).
For many interesting examples a slightly stronger condition holds where the
arithmetic mean in the argument of ¢(® on the right hand side of (1.4) is
replaced by a geometric mean, i.e.,

d 1/d
(1.6) (TL66s) " < A6 (Yr5a).
j=1
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It is obvious that condition (1.6) holds for ¢(t) = t7, 3 > d on the interval
(0,00); in particular (1.6) is satisfied with A = 1. Moreover, if for ¢t > 0 we
define ¢g(t) = t? for some 3 > d, and for n > 1,

On(t) = /Ot (t —u)¥Lexp ( — m>du,

n—1

then ¢y, satisfy (1.6) with A =1 on (0, 00) (see §4.3). This yields a sequence
of functions which are progressively flatter at the origin for which the re-
striction theorem holds uniformly (i.e., with constant depending only on the
Lebesgue space indices). These two observations raise the interesting ques-
tion of whether or not the hypothesis (1.6) in Theorem 1.1 can be dropped
to yield, subject to ¢’s being sufficiently monotone, a uniform restriction
theorem for the curves (1.2).

Regarding the second of the above-mentioned possibilities, keeping the
measure dt, Drury and Marshall [9] proved sharp results for classes of finite
type curves. Here we are aiming for a result for curves of the form (1.2)
which is expressed in terms of a natural geometric condition and also has a
certain uniform feature.

We will say that a set E in R? is a parallelepiped if E is a translate of
a set of the form {Z;l:l tjzj : 0 < t; < 1} where the z; € R? are linearly
independent. Given v we shall write A, for the measure on «y given by

(dAy, ) = / F (1))t

We denote Lebesgue measure in R? by my.

Theorem 1.2. Suppose —c0 < a < b < oo and let v be of the form (1 2)
where ¢ is a C? function on (a,b) for which the derivatives @', . @D are
nonnegative and nondecreasing on (a,b). Suppose that a € (0, d(d—i—l)] if

d > 3 and that o € (0,1/3) if d = 2. Suppose also that the estimate
(1.7) A(E) < Bma(E)°®

holds for some B > 0 and for all parallelepipeds E C R?,
Then there is C(d,a) < oo so that for all g € L*T%1(R%)

(1.8) / |G(y(2) Tt
On the other hand, if the estimate

1/Q
(19) / GI%) " < M2 gl ez

holds for some P and @ satisfying 1 — % = %, then (1.7) holds for all
parallelepipeds E with B replaced by C(d, p) c.

1/(1+a) a1
) £C(da) BEE g e ray:

The proof of Theorem 1.2 is analogous to the proof of (1.1) given in [2].
Interpolation of (1.8) with the trivial L' estimate yields the estimate (1.9)
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whenever 1 < P <1+« and 1/P' = a/Q. Tt would be interesting to know
whether in the generality of Theorem 1.2 the exponent 1+ « is sharp when
a < 2/(d?* + d) or whether there is always P(a) > 1 + « such that (1.7)
implies (1.9) whenever 1 < p < P(a) and 1/P’ = a/Q. For many concrete
examples such improvements can indeed be obtained by rescaling arguments
from the nondegenerate case — for this and related observations see §7.

This paper: In order to prove Theorem 1.1 we shall use the method of
offspring curves that originated in [6], and was further developed in [8], [9]
and [2]. The crucial technical point is to give lower bounds for a certain
Jacobian of a change of variable, estimate (2.4) below. The new features
about Theorem 1.1 concern the verification of this estimate, and the techni-
cal details are contained in §2. The proof of Theorem 1.1 is then discussed
in §3 (a reader not familiar with the method should start reading here). In
84 we discuss some examples to which Theorem 1.1 can be applied. Sections
85 and §6 contain the proof of Theorem 1.2. In §7 we show how Theorem
1.2 can be extended for some classes of examples.

2. THE MAIN TECHNICAL ESTIMATE

In this section we assume that ¢ is defined on [a,b], 0 < a < b and assume
that the derivatives of ¢ up to order d are positive and nondecreasing on
(a,b).

We establish some notation. For a vector € R let Vy(z) be the deter-
minant of the d x d Vandermonde matrix:

(2.1) Vaw) = T[] (- )

1<i<i<d
For h = (hi,...,hq—1) € (Ry)?1 define x(h) € [0, 00)¢ by
ki1(h) =0, kj(h)=hi+---+hj_1, 2<j<d
and put
v(h) = va(h) = Va(k(h)).
If v: (a,b) — R% and if a < t < b — rg(h), we write

d

(2.2) L(t,h) =Y y(t+ r;(h)).

Jj=1

Following the terminology of Drury and Marshall [8] we call I'(-, h), for fixed
h, an offspring curve of .

Denote by Jy(t, h) the Jacobi-determinant of the transformation (¢, h) —
I'(¢,h); that is

0 0 0
(2.3) oty =det (5 & - a)-
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As in [8] it will be crucial to verify the identity

(2.4) | J(t, h)| > ow(h G]¢®t+m »f@

Here we prove

Proposition 2.1. Let 0 < a < b < 1. Suppose that ¢@ is nonnegative
and nondecreasing on (a,b), and that for any a < sy < --- < sq < b, the
condition (1.4) is satisfied. Then condition (2.4) holds with

o =co(d)A™?
for all (t,h) such that a <t <b, h € (0,b)%1, and t + rq(h) < b.
The proof of Proposition 2.1 uses the following technical lemma.
Lemma 2.2. Fiz A € (0,1). Suppose
a1 <bp <ag <by<---<ay <by.

Suppose that, form =1,..., M, ly, is a function of t = (t1,...,tN) having
one of the three following forms:
tp —t; forsome 1<j<k<N, or
Im(t) = dj —t; for some d; >bj, or
tj —cj for some c; < aj.
Suppose that \j € (0,1) and \j < A, for j =1,...,N. Let Ry(a,b,\) be

the region of allt = (t1,...,tn) € RN satisfying (1 — X\j)aj + A\jbj < t; < b;
forj=1,...,N. Then

Hz Ydity -

RN(a,b,/\)
b1 b
> C(M, \) / / Hz )dity -
AN m=1

Proof of Lemma 2.2. An easy induction argument shows that it is enough
to prove the lemma when N = 1. A translation and then a scaling reduce
that case to the inequality

M M
(2.5) ‘KMHlUﬁ>CMA/m Mmﬁ

m=1

where

n(t) = dy —t  for some d,, >1/\, or
" Mt —¢,,  for some ¢ < 0.
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It is clear that (2.5) is true when M = 0. So assume that (2.5) is true for
M — 1. Suppose first that at least one of the functions I, is increasing, say
Ip(t) =t — c. Then, by the inductive assumption,

1//\M 1
/ = 1— —1)\ /
Thus

M-1 M-1
/UAIIhMﬂ@—cﬁﬁz(l—cX/UAII%A@M
1 1

m=1 m=

1M1

1M1
> _
_1_ _1)\/ )(t — c¢) dt,

and this is equivalent to (2.5) with C(M -1, instead Of C(M, A). There-
fore we can assume that l,,(t) = d,,, — t for all m. There are now two cases

to consider. First suppose that one of the dy,’s, say dys, exceeds 2/\. Let
T=(141/))/2. Then

20 [ Tl par<a [ 11
m=1

1M1

1_0@4_L» 1AM
< .
<dearyt | Lm0

m=1

We further estimate

1/)\M 1 FM-1
/ t)dt§2/ I im(t) at
1 m=1
2 T
2.7 < L (t) dt
(27) S VL

) /A M
< / I (@) at
1

“dy — T
m=1

where the first inequality follows because [T}~ 1,,(t)dt is decreasing. Since
dyr < 2/X, we have dyr/(dyr — 7) < 2. Combined with (2.6) and (2.7), this
implies (2.5) if one of the d,,’s exceeds 2/\. If, on the other hand, d,,, < 2/\
for all m, then the crude estimates

1A M oM
| I g

x 2 VAL M (1A= )M
L () dt > Sot) A=
[ MLm= [ (5-1) iTEs:

and
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give (2.5) again and conclude the proof of Lemma 2.2. O

It will be useful to write the Jacobian Jy(-,h) as a convolution with a
nonnegative function, depending on the parameter h € (R+)d_1.
To this end we define for A1 > 0

(2.8) Wo(t; h1) = X{o,n,] (1)
Ford >3 andt < hy+---+ hg_1 we set
Ra-1(t,h) = {o €eR¥1: 0 < oy < min{h,t},
hi+.othj1<oj<hi+..+hj, j=2,..,d-2,
max{hy + ... + hg_2,t} < og_1 <hi + ...+ hg_1},

and define recursively
(2.9)

Uy(t;hiy ... hg_1) = / Uy 1(t—o1509,...,04-1)doq ...dog_1
Rd*l(tvh)
ift <hy+---+hg_1; we also set Uy(t;h) =0if ¢ > hy + -+ hg_1.
Lemma 2.3. Let g be as in (2.8), (2.9) and let, for s € R? with s; < 53 <

e < 84, Ja(S1,-..,84;6) denote the determinant of the d x d matrixz with
d—2
columns (1,s;,..., %,gb’(sj))T.
Then

(2.10) jd(s; (25) = /Sd \I/d(u — S51;82 — S1,...,84 — Sd—l) ¢(d)(u)du

S1

Proof. If d = 2 then the asserted formula holds since
52
Falo s 0) = s2) ~ 0 (s1) = [ (i
S1

and Wa(u — 81582 — 81) = X[s1,s0] (U)-

We now argue by induction and assume d > 3.

We first note by expanding 0; . ..04_1Jy with respect to the last column
that

a51 e asd—ljd(sh <oy S8d; (;S) = (_1)d+1\7d—1(sl7 ey Sd—15 ¢/)

Next observe that Jy(s;¢) = 0 if s; = so and that 0; ...k Ja(s;¢) = 0 if
Sp+1 = Sp+2 and k < d — 2. Thus we repeatedly integrate and see that

(2.11)
Ja(s;9)
S9 Sd
:(—1)d_1/ / Osy .. 0sy  Ja(01,...,04-1,54;¢) dog_1 . ..doy
51 Sd—1

s2 sS4
/
—/ / Ji-1(01,...,04-1;¢')dog_1 ...doy.
51 Sd-1
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Thus by the induction hypothesis

i siwn= [ [ [0

\I/d_l(u —01;02 —01y...,04d—-1 — O'd_g) dudad_1 .. .d0'1

and by Fubini’s theorem this can be written in the form

84
Jd(s;gb):/ gb(d)(u)/ ()\I’d—l(U_TUTZ_le--»Td—l_Td—Q)deu
S1 7€Q(u

where Q(u) consists of those 7 € R?~! for which s; < 7; < ;41,1 =1,...d—1
and 7 < u < 14-1.

We change variables 7; = s1 + 0 for i = 1,...,d — 1, so that 7 € Q(u)
corresponds to 0 € Ry_1(u — s1,h) with h; = s;41 — s;. Thus from the
definition (2.9) we obtain

54
Ji(s;0) = / Ua(u— 81389 — 515+, 54 — 54-1) 8D (w)du

S1

which yields the assertion. O
Lemma 2.4. Let Wy as in (2.8), (2.9) and let

d
1
) =+ 3 mlh)
Then Vg satisfies
t+rq(h)
(2.13) / Ui(u—t;h)du > c(d)v(h)
gd(t’h)
where ¢(d) > 0.
Proof. First, in order to prepare for the proof of (2.13), we observe that
(2.11) for the special case ¢(s) = s%/d! gives us the formula for the Vander-

monde determinant Vy(s) = H?;i (4N Ta(s, ¢) in all dimensions namely
(2.14)

52 Sn
Vn(sl,...,sd):(n—l)!/ / Vi—1(o1,...,0n—1)dop_1 ...doy.
S1 Sn—1

We now use Lemma 2.2 to establish the following inequality for all n > 2.
Suppose that 0 < a1 <--- < a, and let

Up_1(a) = {2’ = (x1,...,2n-1) € (Ry)" .n_lle_—zak}.

k=1
Then

e [T [T V@) @) i 2 i),

ai an—1
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To check (2.15), note that if \; = (n — j)/n, then the left hand side of
(2.15) certainly exceeds

az Qn
/ tee / anl(l‘) dl‘nfl s dl’l.
Arar+(1-X1)az An—1an—1+(1=An_1)an

By Lemma 2.2 this expression is bounded below by a positive constant times
the integral of V;,_1 over the entire rectangle H?:_ll [ai, a;+1], and by (2.14),
that integral is equal to C'(n) V,, (a1, ..., ap).

We shall now prove (2.13). The case d = 2 is immediate since Uy (-;h) =
X[0,hy) and v(h1) = hi: we find that (2.13) holds with ¢(2) = 1/2. Now we
argue by induction and assume that (2.13) holds if d — 1 > 2. With s; =
t+r;(h) we use (2.12) for a ¢ with ¢(@ (u) =1 for u > 5 = (s1+---+84)/d
and ¢ (u) = 0 for u < 5. We thereby obtain

t+f€d(h)
/ Ui(u—t;h) du= TJy(s; ¢)
g

a(t,h)
52
/ / / X{u>s} ) X
Sd—1 Y01
Vi 1(u—o1500—01,...,04-1 —04—2)dudog_y ...doy
S92 Sd Od—1
o [
>\151+(1_)\1)52 )‘d—lsd—1+(1_)\d—1)5d o1
Vg 1(u—01502 —01,...,00-1 — 04—2) dudog_y ---doy,

where \; = (d — j)/d. Here the inequality follows because the conditions
0j > Njsj+ (1 —=XNj)sjp1and u > 7 = (01 + -+ 04-1)/(d — 1) together
imply w > 3. It follows from the induction hypothesis that

od—1
/ X{uzz} (W ¥a-1(u — 01500 — 01,...,04-1 — 04-2) du
o

1

> c(d—1)Vg-1(01,02,...,04-1).
Therefore
t+rq(h)
/ Uy — t: h)du > o(d — 1)
gd(tvh)
S9 Sq
/ / Va_i(o1,...,04-1)doy - dog_1.
Arsi+(1-A1)s2 Ad—18d—1+(1=Ag—1)sd
With Lemma 2.2 and (2.14), this yields (2.13). O

Proof of Proposition 2.1, conclusion. We first observe that

(2.16) J¢(t, h) = jd(t,t—f-Kg(h),...,t+l€d(h);¢).
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Recall g4(t, h) == % (t + ri(h))/d so that t < gq(t,h) <t + ka(h). We
apply (2.10), (2.13) to get

t+l€d(h)
%umaz/ Wy(u— ;1) $D () du
t(t,h)
t+l€d(h)

> 6D (ga(t, b)) / Wq(u —t;h)du

i(t.h)
> ¢\ (ga(t, ) v(h) > cgA~ (H¢ (t+ r;(h ))1/ "o(h)

where we have used that ¢(? is nonnegative and nondecreasing, and in the
last estimate we have employed the hypothesized condition (1.4). O

3. PROOF OF THEOREM 1.1

We first note that ¢ satisfies condition (1.6) on (0,b) if, and only if the
function s — ¢(bs) satisfies condition (1.6) on the interval (0, 1). The desired
estimate is invariant under the change of variable

z (b ey, b %, . .. by, xq)
and thus we may replace ¢ by ¢(b-). Thus we may and shall assume
(3.1) b<1

in what follows. We shall assume also that ¢(®(t) is positive and nonde-
creasing in [a,b] and it then suffices to prove the estimate (1.5) with the
interval (0,b) replaced with (a,b) and b < 1.

Given Proposition 2.1 the argument is very similar to the argument in the
proof of the result for monomial curves in [2], based substantially on previous
ideas in papers by Christ [5], Drury [6] and Drury and Marshall [8], and the
exposition will be somewhat sketchy. We aim for an estimation of an adjoint
operator and thus will set p = Q' = Q/(Q—1) and ¢ = P’ = P/(P—1). Thus
we fix p < qq = % and g = & +dp/ > qq. We shall now assume that the
condition (2.4) is satisfied with a positive constant cg, for all (¢, k) € [0, 1]%
such that ¢t + k4(h) < 1. Note that by Proposition 2.1 this assumption is
implied by (1.6).

Definition. Let0<a<b<1,0< M <o0, 0 >0, and let Kqppr(o)
be the class of all real valued functions ¢ defined on [a,b] for which

(i) ¢ € C4[a,b]), ¢'D(t) < M for allt € [a,b], ¢, ¢, ..., D are nonneg-
ative on [a,b], and

(i) for all h € [0,1]%71 with kq(h) < b — a the inequality

d J 1/d
Jo(t, ) = o) (Tt + wi(h))
=1

holds for all t such that a <t <b— kq(h).
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Let R>1, B = {x € R?: |z| < R}, and define

(3.2) A= A(R,M,c): —supz X

o<c
a1 , _2 N1
sup /ﬁg L )P 6 1) [Frar)
$EL b, M () ||9||Lq Rd <1
0<a<b<1 supp(g)CBR

Clearly A(R, M,¢) is finite for each R and M, indeed in view of b < 1
we have A(R, M, ¢) < CyMYP R4 The theorem is proved if we can show
that A only depends on ¢, p, d; in fact we will prove that

(3.3) A(R, M, ¢) < C(p,d) /1.
The restriction inequality
¢
/Wg wit)dt) " < < Algll sy
with w = |¢(@|?/[4d+ D] is equivalent to the inequality
¢

(3.4) 1T fllLa(By) < ;AHfHLP(wdt)a
where

/ £(t) (1) qt.

For fixed h € (R4 )% let

d
(3.5) H(t,h) = [Jw(t+ ri(h))
i=1

With I, = (a,b — kq(h)) and with the convention that [ ---dt will mean
flh -+ dt, we write

SulF)(z) = / e~ U@ Pt h)H (¢, h) dt.

We form d-fold products and, with the additional convention that h integrals
are extended over the region where kq4(h) < b, write

HTfZ_ > /ShF“

eSSy

where
d
t) = [ oyt + 5i(h)).
i=1

The strategy in establishing (3.4) will be to estimate the L%/¢(Bg) norm of
Hle T'f; by estimating the L9/?(Bg) norms of [ S,[F7]dh.
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Lemma 3.1. For every h with kq(h) < b— a the inequality

Hsh [FH™ HLq (Br)

< 4/ ;A(Rdg,M, U/d)(/ |F(t,h)|PH(t, h)l/ddt)l/P

holds for ¢ € KCqpri(0).

Proof. Set h = d ! Zi;}(d — k)hi. A quick computation involving expan-
sions of powers of ¢ about the point ¢ + h shows that

(3.7) T(t, k) = v(h) + dA(h)F(t + , h)

where v(h) is a vector in R? with coordinates v (h) = Zgzl(n,,(h) — h)*
and vg(h) =0, and 2A(h) is a d X d matrix with

L =y,
) 0, i>j
T Yar G s <d 1
0, 2<d,j=d.
Finally 7(s,h) = (s,..., (ff_’ll!@(s; h)) with

—_

d
Eg #(s — h + ri(h)).

The function ¢ and the curve (¢, h) are defined on [a(h),b(k)] C [0,1]
where a(h) = a + h and b(h) = b — kq(h) + h. It is now crucial to note
that for ¢ € ICy 4 1 (0) and fixed h the offspring function gg = ZB(, h) belongs
to Ko(nyp(n),m(0/d). This follows from (2.16), (2.10) for the function o.
Indeed the nonnegativity of ¥, imply that if h € (R4 )41 satisfies /ﬁd(ﬁ) <
b(h) — a(h), then

» t+rq(h) 0) _
J&m@mw=l Walu— 1) §;&< u Tt () d

d
(H O D(t — I+ ri(h) + nj(fz))>1/d

=1

Q.IQ
M&

>

.

Il
:& =

.

SOt T+ ra(h) + s (1))

Y
SHES|

v(h)
1

[1(

d _ 1/d
S0 (Tt i)+ ri(0))

=1

&I}—‘

I\/
.’:1&7

<.
Il
-
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Here the first inequality follows from (2.10) and ¢ € Kgp(o). The last
inequality shows that ¢(-;h) € Kanpny(0); it follows from the fact that
@ is nondecreasing.

Now let gp, be defined by gx(§) = g(v(h) + d2A(h)§). Then because of the
unimodularity of 2(h) we have ||gnlly = d¥9|\glly. Also if g is supported
in B then g, is supported in the ball of radius Rd® (observe that all the
entries of 2(h) are at most d).

Comparing a geometric to an arithmetic mean we see that

b—ra(h) / ,
([ \§<r<t,h>>\PH(t,h)lxddt)”p

. (/b_“d(h)‘ It h) ‘p( Z¢ (i 4 rslh )2/(d2+d)dt>1/p’

b—rq(h)+h

1 /
= ([ e e @) )
a+h
c/d ’
< R AR Mo/ Dlgnlly = SaT AR, M, o/l
By duality this also implies (3.6). O

We now proceed exactly as in the proof of Proposition 6.1 in [2]. We first

have, by an application of Plancherel’s theorem and the change of variable
(t,h) — T'(t,h)

1/2
(3.8) H/SR,h[F]dh‘L < C(//yF(t,h)H(t,h)J(t,h)—1/2\2dtdh) :
the change of variable can be justified as in [8], p. 549.

Replacing F with FH@1/4 in (3.6) and then integrating with respect
to h now yields, according to Minkowski’s inequality, the estimate

CONYES
<d¥ ¢o' A(Rd®, M, c/d)/(/\F(t, h)H(t, h)l—%%ypdt)l/pdh.

Li(Br)

By analytic interpolation of (3.9) and (3.8) one obtains

(310) | / SR,h[F]thLS(BR) <o(fama, Mooja)

X (/ (/ |F(t,h)H(t,h)"J(t, h)ﬂ?/Q|B(19)dt)A(19)/B(19)dh>1/A(19)
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where 0 < ¢ <1 and A, B, s,n are defined by

1 9 1 1 1 1
Awm T By e e
(3:11) I I A R P
@ g Ty T
Now let
(3.12) 3(p) Ad—1)  2d-1)

(d+1)dpy —4  q—2

and let Ay, = A(J(p)), By = B(I(p)), sp = s(J(p)) and n = n(J(p)). Then
—(d+1)9/4=1/pand s, = q/d = (d+1)p' /2. As ¢ € Ko p m(0) we may
use the crucial inequality Jy(t) > ov(h)H@/2(t, h) and obtain

(3.13) H / SulF
(/ (/H \F(t,h)H(t,h)np—%wp)‘det)Ap/B o(h) = dh)l/A
j=1

We are now in the position to apply an inequality by Drury and Marshall
[8] for multilinear operators involving Vandermonde’s determinant, see also
[2] for an exposition. To state this let

< Co"P)2(co A(RA®, M, 0/ d))' —7P) x
Lq/d (Br)

Blf1, ..., fal(t,h) : IHle—/@

and LA(LP) denote the weighted mixed norm space consisting of functions
(t,h) — G(t,h) with [|G|paey = ([IIG(,h)||gv(h)dh)/* < co. One
assumes that 1 < A < 4421 < A < B < d+§fdA, and sets 0 = 2/(d +
2 —dA). Forl =1,...,d let Q; denote the point in Ri for which the ;%
coordinate is (0 A)71, if j # [ and the I* coordinate is B~'. Let X(A4, B)
be the d — 1 dimensional closed convex hull of the points Q)1,..., Q4. Then
the inequality

d
(3.14) 1B(f1s- - falll parmy < CTT M fillpoin

i=1

holds for all (p;',...,p;") € (4, B).
We apply this inequality to the right hand side of (3.13) to obtain

|/ s

Lq/d (Br)

< C(d.p) o'W (co A(RE, M. c/d) HHfg 2| oy
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whenever (pl_l, . ,pgl) € ¥(Ap, By). Summing over the permutations 7 €
&4 then yields

d
(3.15) | ngi o

C(d.p) o~ (co™ AR M. c/a) Hllfw” s

We now use applications of Holder’s inequality and Christ’s multilinear
trick for the g4-linear expression [ 72, T'f;, exactly as in §6 of [2]. This yields

qd
e
=1

qd
< o020 (¢ g A(REE, M, /)OIl T | £l |7 |,
=1

L9/ (Bg)

Since p < g4 < ¢ this implies (for f; = f)

(3.16) [T fllLa(Br) <
C(d,p, @)~V e ARG, M, /) =00/ o @5 |

provided that ¢ € g ps for some M < oo. Observe that from the definition
of A we get

A(Rd*, M, ¢/d)) < CqpA(R, M,¢)
and thus (3.16) implies

A(R,M,¢) < C(d,p)A(R, M, c)(lfﬁ(p))/dafﬂ(p)/Qd

which by (3.12) yields (3.3). O

4. EXAMPLES OF CURVES COVERED BY THEOREM 1.1

4.1. Condition (1.6) (and a fortiori condition (1.4)) holds for ¢(t) = t* and
the required monotonicity of the first d derivatives holds if 3 > d — 1.

4.2. Consider the function ¢(t) = exp(—t~") for t > 0. Then induction
shows that ¢(®(t) = ﬁde_tiﬁt_d(ﬁﬂ)(l + Z?Zl a;4t’?) and the coefficients
satisfies the recursive relation ay 441 = B_lakd —ap—14(d+1—k+d/B)
if Kk <d—-1and agg+1 = —aq-1,4(1 +d/B) if k = d. It is obvious that if
A > 1, then condition (1.6) is satisfied on a (small) interval (0, c(A)).
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4.3. Suppose that (H;lzl g(Sj))l/d < g(¢s1-8q) for 0 < sy <sp <0 <
54 < 0o, and g is nonnegative and increasing. Set f,(s) = exp(—1/g(s)).

Then we also have for 5 = (H?:1 s5)1/4

fq(5) =exp (—1/g(5)) > exp ( Hl/g 1/d

d d
> exp(—é ; g(;)) = <]1;[1 fg(Sj)) 1/d.

Thus if the first d derivatives of a function ¢ are nonnegative and increasing

n (0,00) and if ¢ satisfies (1.6) with A = 1 then the same conditions
are satisfied by (t) = fg(t — u)% Vexp(—1/¢D (u))du. As mentioned in
the introduction this leads to a sequence of progressively flatter functions
mentioned following the statement of Theorem 1.1.

4.4. Similarly, suppose that (H?:l g(sj))l/d < g(\d/81 - -sd) for 0 < a <
51 < 89 < --- < sg < b. Assume also that g(s) > e if s € (a,b). Then

g(sﬂ)”d < log(g({/51+54).

Il
—_
(@]
o2
/N
,!. QU

Again if Y(t) = ft(t — u)* log (e (u ))du, if ¢@(s) > e and ¢ is non-
decreasing on (a,b) then condition (1.6) with A =1 for ¢ implies (1.6) with
A =1 for .

5. PROOF OF THEOREM 1.2

First assume that (1.7) holds. We will establish (1.8). For A > 1 define

Tnf(zx / f(t)e=Mea®g

where x is the characteristic function of a set of diameter 1.

Definition. For —oco < a <b < oo and o > 0, let C,p(0) be the class of
all real-valued functions ¢ defined on (a,b) for which

(i) ¢ € C¥(a,b)) and the derivatives ¢, ..., oD are nonnegative and
nondecreasing on (a,b), and

(i) the inequality

(5.1) $(s) = 0V (1) 2 07 (s — )2t
holds for all s and t such that a <t < s <b.

d(d+1)
2
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With ¢ =1+ 1/« and for A > 1, 0 > 0 and large r, define

B=BA\o,r) =2 sup sup 1T || Lavoo (ey-
#€Ca,b(0) IfllLa((a,p))=1
—r<a<b<r

By duality and Lemma 5.1 below, (1.8) is a consequence of the following
estimate

(5.2) B\ o,r) <C(d,«) oTia,
Lemma 5.1. If (1.7) holds for all parallelepipeds E in R then the inequality

< ¢!V (s) = V()

d(d+1)

B (s — t)ati-
holds whenever a <t < s < b.

We shall give the proof in §6.
To begin the proof of (5.2), fix a, b, o, and ¢ € C,(0) and then define

My(f1,---, fa HT,\fj

d

31’73+h s—l—h dsdh---dh_,

where our convention now is that hy = 0 and Z, is the (possibly empty)
intersection of the d intervals (a — h;,b — h;). In what follows we will
further simplify the notation by writing h = (h1,...,hq—1) and I'(s,h) =
Z;‘l:1 (s + hj). With an eye to decomposing the multilinear operator M)y

we define
w(h)= [ lhi—hil=hi---haey [  |hi—hyl

1<i<j<d 1<i<j<d—1
and
1 _ d(d+1)
K(h)=u(m)( swp_|hi—nil)"
1<i<j<d

Note that K is homogeneous of degree a~! — d. Now, for m € Z, let
Spm={heRIL 27" < K(h) <27™}
and, following [1], define

d
My (f1,- - fa)(x / / —iAz.L(s,h) H fi(s + h;)dsdh.
m Ih :

We will need to observe that
(5.3) Ma—1(Sp) < C(d, @) 2~ m(d=Da/(1—de)
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By homogeneity, it is enough to check that mg_1({h : K(h) < 1}) < C(d).
Since a < 2/(d? + d),

{h:K(h) <1} C ({h:u(h) <1}U{h:sup|h;i| <1},
and so it is enough to check that
(5.4) ma-1({h : u(h) < 1}) < C(d).
But it follows from [8] (see (i) of Proposition 2.4 in [2]) that

ma-1({h:0<hy < < hg1; uh) <1}) <C(d)
and so mg_1({h : 0 < h;; u(h) <1}) < C'(d). Since

IT il =1mll < TT 1hi = byl = ulh),
1<i<j<d 1<i<j<d

(5.4) follows.
Now considerations similar to those which lead to (3.7) show that

['(s,h) = v(h) + dA(h)¥(s + h, h)
where v(h) is a vector, where 2((h) is a matrix with entries 1 on the diagonal
and 0 below, where h = Z;-lzl hj/d, and where
_ s? gd=1 -
7(57 h) - (57 57 ey M7 ¢(‘97 h))
with

d
d(s,h) = $Z¢(s — R+ hy).
=1

Since (5.1) holds for ¢, it holds as well for each ¢(-,h). Therefore we have
the estimate

X/ efi/\(-,F(s,h))f(S)dS‘
Zh

Taking (5.3) into consideration, an application of Minkowski’s inequality
thus yields

(5:5) Mam(Fis- - s fa)ll oo ety

<A YB 0,7) [1f | La,)-

La:%° (R4)

d-1
< O(d, )= 9B(, o, 7) 27D =N 1 TT oo
j=1
where || - ||; stands for the norm in L9(a,b).
Let J(s, h) stand for the absolute value of the Jacobi-determinant of the
transformation (s, h) — I'(s, h) (defined on {(s,h) : s € Z,}). To obtain an
L? estimate for M), we will need the following inequality:

(5.6) J(s,h) > c(d) o "VK (h).

This inequality follows from (5.1) and the next lemma whose proof is given
in §6.
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Lemma 5.2. Suppose the inequality
(5.7) ¢(s —1)? < ¢!V (s) — gl (1)

for some p > 0 and for a <t < s <b. Then there is also the inequality

e(dyeu(n)( sup fh— )" < .I(s,h)

1<i<j<d
whenever s € Iy,

Now the transformation (s, h) +— I'(s,h) is at most d! to one a.e., so

e

ds dh.
T(s,h) "

d
Mo Euy <t [ [ |T] st m)

.
Applying (5.6) and recalling (5.3), we obtain

(5.8) (IMxm(fr,--+ s fa)llL2ray

d—1
< C(d, Oé) )\fd/2 0,1/2a 2m[17(2d71)a]/[2(17da)]Hfd”2 H Hf]”oo
j=1

Interpolating the estimates (5.5) and (5.8) yields that
(59 IMam(fis Sl iy

d—1
< C(d, @) N1 g0/ BOX 6| £l ya TT 1510
j=1

with
1-(2d—-1)
ia) = ———
(@) o
If one uses Bourgain’s interpolation argument in [3] (see also the appendix
of [4]) then one actually obtains an estimate for the sum My =) M)y .,
namely,

€ (0,1).

(510) HM)\(fh 7fd)HLq/d,oo(Rd)
d—1
< C(d, a) )\_dQ/q U(d—l)/(l—a) B()\, o, 7&)5(04)||fd||q/d71 H HfjHOO
j=1

To arrive at (5.10) it suffices to prove this bound for f; = xu, the character-
istic function of a measurable set U. One then uses (5.8) to estimate the size
of the set where | Zqu} My (f1,..., fa—1,xv)| = s, and one uses (5.5) to
estimate the size of the set where | domsg Mam(fi,. .., fam1,xu)| = s; here
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G > 0 will be suitably chosen. This leads to

my {x |ZM>\mf >28})

< )\‘d|U|[ (d, @)?s~IB(\, o, 7)

1%

(1—(2d—1)a (2d 1)a -

lefﬂ

and the estimate (5.10) follows by choosing the optimal 8. (5.10) gives

(5.11) H ﬁTAfj(
j=1

C(d Q)Q —2 l/aﬁ—

L3 (Rd)
< O(d, ) A= /1 gD/ () 5 )° ‘”)HlequnyHoo,

and if we take for all f; the same characteristic function of a set we also get
(5:12) TS llgpo < O(d,a) A=W gD BN, )2/ £

Now fix an integer N > ¢. Applying a version of Holder’s inequality (see
(2.1) in [2]) and permuting the functions, (5.11) and (5.12) yield

N
hey
j=1

Lq/N,oo(Rd)

N
< C(d, a) Ade/q O_N(dfl)/(dfda) B(A, o, r)Nﬁ(a)/d H HfjHquvl
j=1
when (ql_l, e 7q]f,l) is one of the N points Q; in RY defined as follows: @Q;
is the point with the first component d/q, the next d — 1 components 0, and
the remaining N — d components equal to 1/¢; Q2 is obtained by shifting
the components of ()1 to the right by one and moving the last component
to the front; etc. Here L>! should be interpreted as L. Applying Christ’s
multilinear trick (for multilinear operators with values in the quasi-normed
q/N-convex space LY/N:> see Proposition 2.3 in [2] and also [11]), these
estimates yield

N
hey
j=1

Lq/N,oo(Rd)

N
< C(d, Oé) )\—Nd/q UN(d—l)/(d—da) B()\,U, T)Nd(oa)/d H ”fjHqu”“j
j=1
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when (ql_l, e ,qg,l) is in the interior of the convex hull ¥ of Q1, - ,Qn
and when the r; € [1,00] satisfy Zjvzl 1/rj = N/q. Note that the point
(1/q,---,1/q) is the center of ¥. Hence, taking f; = f and ¢; = r; = ¢, we
obtain

ITAf |l oo (ray < Cd, @) A= gD/ B )20/ f)| .
Therefore, by the definition of B(\, o,7), we have
B\ o,r) <C(d, ) o(d=1)/(d—do) B(\, o, r)5(o‘)/d.

Recalling the definition of §, some algebra yields (5.2). Thus (1.8) is estab-
lished.

Now for the converse, we assume that (1.9) holds with 1/P’ = o/Q and
will show that (1.7) holds with B replaced by C(d,p) B. Fix an f € C°(R%)
with f nonnegative and equal to 1 on [0,1]%. Consider a parallelepiped

d
E:xo—i—{thxj:OSthl}
j=1

and fix a linear isomorphism T of R¢ which satisfies
d
T([0,1)%) = {> tjz;: 0 <t; <1},
j=1

Let g be defined by g(z) = f(T~'(x—x0)) so that § is nonnegative and equal
to 1 on E . Then a computation shows ||g||;r(rae) = mq(E)Y T 1 £l P (ray-
If (1.9) holds then it follows that

1

b / .~
NE2 < ([ ae)1%t) " < BEma(B) " 1Ty

Since 1/P" = «/Q this yields (1.7) with B replaced by Hﬂ@P(Rd)B and
therefore completes the proof of Theorem 1.2.

6. PROOFS OF LEMMA 5.1 AND LEMMA 5.2

Proof of Lemma 5.1. Write s =t + h and let E;_5 be the parallelogram
in R? with vertices

Py = (t, ¢! "2 (1)), Py = Py — pey
Py = (t+h, "D (t + h)), Py = Ps + pey

where p = ho @D (t4+h) 4+ ¢ @=2(t) — pl4=2) (t+h) > 0, so that ¢(@1(t+h)
is the slope of the line segments PP3 and P;Py. Then (as a sketch will
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show)

t+h
mxakgs2/ (6“2 () + ¢Vt + ) (s —t) — 072 (s)) ds
2 /t+h /S (gb(d_l)(t +h)— qb(d_l)(u)) duds

h
/H/ W=D (¢ 4+ ) — o' V(1)) duds

= 1% (Dt + h) — ¢ (1)).

We now prove the following
Claim: For 2 < k < d,

(6.1)

{ea—r} X Eq_, 2<k<d-1,

6.2 A=k (g): t<s<t+h
(6.2) {¥'“(s):t<s<t+h}C By, h—d

where {e1,...,eq} is the standard basis in R? and E,_j, is a parallelepiped
in R¥ with
(6.3) m(Ear) <072 (09D +h) — 6@V (1)),

The above calculation (6.1) verifies this claim for £ = 2, and all d > 2.
We argue by induction on £ and assume 3 < k£ < d and that the induction

hypothesis is true for k — 1.
Now suppose s € [t,t + h]. Then

1 (s) =11 0) = [ 4D ) du

belongs to
Oa—i x (s —t)({ea—k+1} X Ea—pt1)
C Og—p x {u(l,z) e R x RF1:0 <u<hz€FEy g1}

where O4_, denotes the origin in R¢% and where O4_j, is omitted if k = d.
Let ¢ be any point of Fy_ gy in R*=1. The set

Ed—k; ={(1,z) —v(l,z9) :x € Eq_gy1, 0 <v <1}

is a parallelepiped in R* which satisfies mk(Ed_k) = mg_1(Eg—g+1), which
contains Oy and {(1,z) : © € E4_k41}, and which therefore (by convexity)
contains
{u(l,z) :0<u<1, z € Ej_p1}
Thus, with

Eggi={(t: - (g 0P ®) +uy : 0 <u < h, y € Egy,
we have

(Y@M (s) t <s<t+h)C {{ed—k} X Eq, 3<k<d,

Ly, k=d,
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where E;_}, is a parallelepiped in RF and

mi(Ea—r) = hFmp_1(Bi_g+1).

(k—1)2+(k—1)—2

Since my_1(Eg_p1) <h 2 (¢ld~ D(t+h) — ¢=1(t)) we also ob-

tain

T (09t + h) — ¢ (8))

mp(Eq—k) <

and the claim is proved.
Finally, if we apply the claim for & = d and note that A(Ep) > h, (1.7)
yields the conclusion of the lemma. O

Proof of Lemma 5.2. We begin by noting an inequality for the Vander-
monde determinant (2.1), namely, if § > 0 and ¢; < --- < t,, then (with
u=(Uty...,Up_1))

to  rt3 tn
(6.4) / / / Vi1 () (un—1 — u1)°dut—1 - - - duy
t1 t2 tn—1

> Cn) V(b tn) (b — 11)°.

To see (6.4), we observe that the left hand side is bounded below by

(t1+t2)/2  rt3 tn—1
/ / / / —1(w) (up—1 — ul)‘sdu
tn l+tn
_ (t1+t2)/2 tn—1
> (t tl —1(u) du.
2
t t tn 1+tn

Now we also use (2.14)7 and together with the estimate

t1 tn 1 +tn

(ti+t2)/2  ptn n—2
/ / (un = un) [y = w) (un—y — )] dun—y duy
]:2

to tn —
> 4/ / (Un—1 — w1 112[(% —u1)(Uun—1 — ;)] dup—1 duy,

this yields (6.4).
Now assume that the inequality (5.7) holds if a < s < ¢t < b and let
Ti(t1, ... ti; 9 be defined as in Lemma (2.3), i.e., as the determinant
k—2
of the k x k matrix with coluns (1,15, gy, 8 FH1(t))7. We will
Showthatif2§k‘§danda<t1<--~<tk<b then

(6.5) Tt .t 97 > (k) e Vi(tr, - . . tg) (t — £1)P 7

By choosing {t;} to be a nondecreasing rearrangement of {s+ h;}, the case
k = d of (6.5) will imply Lemma 5.2. If £ = 2 then (6.5) follows immediately
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from (5.7). So, proceeding by induction, assume that (6.5) holds for k — 1.
By (2.11)

Ti((t1, - -t LR

to tr
:/ jk—1(0'1,...,Uk_l;qb(d*kJrl))dak_l'-~d0'1.
t1

tk—1
By our inductive assumption this exceeds
to tr 1
ck—1)c / Vi—1(o1, ... op—1)(0g—1 — 01)P "dog_1 - -doy
t1 te—1

and so (6.4) gives (6.5), completing the proof of Lemma 5.2. O

7. FURTHER RESULTS

In this section we gather some results about Fourier restriction with re-
spect to Euclidean arclength measure on curves, mainly focusing on degen-
erate homogeneous curves. For related arguments see [12], [13], [8].

7.1. Homogeneous curves. The following result follows by rescaling tech-
niques from the result in [2] on nondegenerate curves (analogous to (1.1)).
Let

(7.1) y(t) = (4,12, ..., t%)

where d > 3, and —c0o < a1 < as < --- < ag < oo, and a; #0, i = A

L,
We let R be the Fourier restriction operator, setting Rf(t) = f(v(t)). Let
D=a1+ar+---+aq

be the “homogeneous” dimension and assume D > d(d + 1)/2.

Proposition 7.1. Let pg = d?{ﬁgz and ~y as in (7.1). Then R is of re-

stricted weak type (pq,pl;/ D),

(7.2) IR e gy < Clats s a1 o
Proof. Define

(Rief)(t) = F(v(8)x1,,(2)
where [, = [2*’“*1, 2*]“]. We may use the nonisotropic dilations adapted to
the curve to rescale the result in the nondegenerate case (Theorem 1.1 in
[2]); we obtain

E[(D4+1)(1—L)—1
(7.3) IRkl pragary < C29PFET5D ) )l Loy -

Let Do =d(d+1)/2 and fix 0 < go < p};/D. Since 1/qo > D/p); > Do/pl; =
1/pq, by Holder’s inequality the last estimate implies

kL _pa-L
(7.4) Rk f | oo (ar) < C2 g = pd)]HfHLPdvl(Rd)'

Since (D+1)/(p;) —1 > (Do+1)/(p};) —1 = 0, an application of Bourgain’s
interpolation lemma to (7.3) and (7.4) gives the assertion. ]
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7.2. An improvement. For some very specific classes we can improve the
second Lorentz exponent on the left hand side of (7.2).
We now suppose the stronger restricted strong type estimate

(7.5) IRfl Lra(wary < Cllfllpan

where wdt is affine arclength measure. Assume that
(7.6) 1/w € L¥*°(dt)
for some s € (0,00). Define ¢ by

1 1 1
(7.7) S —
q DPd SPd

Then as in [8] one can use the Lorentz space multiplication theorem (Theo-
rem 4.5 in [10]), and it follows that

IR lzoraqan = IR w54 g

< CUR 0N gy 00 ey = Clo™ 1572 o IR oty
Hence (7.5) and (7.6) imply that for ¢ as in (7.7)
(7.8) IR Al ooty < ClF gt

Corollary 7.2. Let y(t) = (¢,t*,t°* ) with o > 1. Then R maps L7/6:
boundedly to L7/(6),7/6,

Proof. Note that D = 6a > 6 = Dy. Also one computes w(t) = c(a)t*~!
with ¢(a) # 0 so that w™! € L for s = 1/(a — 1). By Theorem 1.4 in [2]
it follows that (7.5) holds with p3 = 7/6, so that the assertion follows. [J

7.3. L? — L7 bounds. Finally, let us suppose that, instead of (7.5), the
estimate

(7.9) IRfllLewar < Cllfllp

holds for 1/p+1/(DoQ) = 1, and 1/w € L*>*°(dt) with 1 < p < pg and some
s € (0,00). Then an argument similar to the one given above together with
an interpolation show that

RSNl Larary < ClIfllp

for 1 < p < pg and
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