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Note to students

These are lecture notes for a second undergraduate course in analysis, taught as
Math 522 at UW Madison. J.R. prepared a full set of lecture notes for the class in the
fall semesters of 2018 and 2019; they were preceded by individual notes on some of the
topics, written by A.S. for previous classes. The current version is by no means a final
one; all chapters are still undergoing revisions and some will be further expanded. We
are grateful to the students of several Math 522 classes for useful questions and remarks
on previous versions of the notes.

There is already more content in these notes than we can cover in Math 522, and
you will receive updates about the precise lecture contents throughout the course.

The notes in the present form are likely to contain typos, errors and imprecisions
of all kinds. Possibly lots. Do not ever take anything that you read in a mathematical
text for granted. Think hard about what you are reading and try to make sense of
it independently. If that fails, then it’s time to ask somebody a question and that
usually helps. In the spring semester of 2023 the course will be taught by A.S. He will
welcome all comments about the contents of these notes - please let him know about
any misprints or inaccuracies that you may find.

There are many books on mathematical analysis, each of which will likely have a
large intersection with this course. Here are three very good ones:

e W. Rudin, Principles of mathematical analysis
e T. Apostol, Mathematical analysis: A modern approach to advanced calculus
e T. Korner, A Companion to Analysis: A Second First and First Second Course
in Analysis
For further self study in analysis we recommend the Princeton Lectures in Analysis I-
IV, by Stein and Shakarchi. Throughout the course A.S. will make concrete suggestions
for further reading related to the content of these lecture notes.

e E. M. Stein, R. Shakarchi, Fourier Analysis, an introduction.

o . Complexr Analysis
° , Real Analysis : measure theory, integration, and Hilbert spaces
° , Functional Analysis

Finally we mention two excellent books used in first year analysis graduate courses
at UW Madison.

e W. Rudin, Real and Complex Analysis
e G. Folland Real Analysis, modern techniques and their applications.






CHAPTER 1

Metric spaces

1. Topology

The notion of a metric space serves as a convenient abstract setting that underlies
all topics discussed in this course. A metric space can be thought of as a collection
of distinct objects that come with a distance between them. This provides a structure
that makes it meaningful to speak of notions such as convergence and continuity. It
will allow us to use the same terminology for potentially very different kinds of objects.

DEFINITION 1.1 (Metric space). A set X equipped with a map d : X x X — [0, 00)
is called a metric space if X is not the empty set and for all z,y, z € X,
(1) d(z,y) = d(y, =),
(2) d(z,2) < d(z,y) +d(y, 2),
(3) d(x,y) =0 if and only if x = y.

d is called a metric .

T z

FIGURE 1. Property (2) is called the triangle inequality.

One may imagine the d to stand for ‘distance‘. If multiple metric spaces are relevant
at the same time, then we may also write dx for the metric d on the metric space X.

ExAMPLES 1.2. Some fundamental examples of metric spaces that will be important
in this course are

the real numbers R with d(z,y) = |z — y|,

closed and open intervals of real numbers (with the same metric),

the complex numbers C with d(z,w) = |z — w|,

n-dimensional Euclidean space R™ consisting of vectors x = (z1,...,x,) with
the Euclidean metric

(1) d(,y) = (3 loi =)™,

e the space C([a, b]) of continuous functions [a, b] — C with
(1.2) d(f,9) = sup, /() — g(x)].
z€|a,

7



8 1. METRIC SPACES

e the space (> of bounded sequences (a,),en of complex numbers with

(1.3) d(a,b) = sup |a, — by
neN

e the space ¢ of sequences (a, ),en of complex numbers with lim,,—q a, = 0, with
the same metric as for £°°.

EXERCISE 1.3. Verify that each of the preceding examples is really a metric space.

In the following let X be a metric space with metric d.

1.1. Open and closed sets. For every zy € X and r > 0 define the open ball

(1.4) B(zg,r) ={r € X : d(z,z0) < r},
and the closed ball
(1.5) B(xg,r) ={r € X : d(x,20) <71}

ExAMPLE 1.4. If X = R (always with the usual metric), then the open balls are
open intervals and the closed balls are closed intervals.

Should multiple metric spaces be involved we use subscripts on the metric and balls
to indicate which metric space we mean, i.e. By (x,r) is a ball in the metric space X.

DEFINITION 1.5 (Open set). Let X be a metric space and U C X. A point z € U
is called interior in U if there exists r > 0 such that B(z,r) C U.
The set U C X is called open if every point x € U is interior.

Clarification of notation: A C B means for us that A is a subset of B, not
necessarily a proper subset. That is, we also allow A = B. We will write A C B to
refer to proper subsets.

Note that a union of open sets is open. The family (U)ycx open Of Open sets is also
called the topology of X. Note from the definition that the topology of a metric space
X is determined by the open balls (B(x,r))zexr>0. The notion of open sets can be
generalized and leads to the concept of topological spaces, which we will not need in
this course.

DEFINITION 1.6 (Closed set). A set A C X is called closed if its complement
Al =X \ Ais open. If A C X is an arbitrary set, then A denotes the intersection of
all closed sets containing A.

Since an intersection of closed sets is closed, A is closed by definition and called
the closure of A. Tt is the ‘smallest’ closed set containing A in the sense that if A" is a
closed set with A C A’, then A C A’. As a consequence, a set A is closed if and only if
A=A

EXERCISE 1.7. Verify that open balls are open and closed balls are closed.

Note that B(zg,r), the closure of the open ball B(zo,r), often coincides with the
closed ball B(xg, 7). While this is the case in most of the metric spaces encountered in
this course, it is generally only true that

(1.6) B(zo,7) C B(wg,7) C B(wg,7).
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ExAMPLE 1.8. Let X be a non-empty set. For z,y € X let

0, ifx =y,
% ) ={ 3 oY
This defines a metric on X (called the trivial metric). The topology on X is very
boring: every set is open (hence also every set is closed). Then, for every z € X,
B(z,1) = B(x,1) = {z} C B(x,1) = X.

DEFINITION 1.9 (Accumulation point). Let A C X. A point z € X is called an
accumulation point of A if for every r > 0, there exists y € B,.(x) N A with y # x.

LEMMA 1.10. Let X be a metric space and A C X. Then A is equal to the union
of A and the set of accumulation points of A.

PROOF. For one direction we take an arbitrary closed set C' containing A and we
have to show that every accumulation point x belongs to C. If 2 were in X \ C' (an
open set not intersecting A) then there would be an € > 0 and a ball B(x,¢) such that
B(z,e) € X \ C and hence B(z,e) N A C B(xz,e) N C = (), in contradiction to x being
an accumulation point. Since C' was an arbitrary closed set containing A we find that
A and the set of accumulation points are both subsets of A.

To show the converse let z € A\ A; we have to show that z is an accumulation
point. Again argue by contradiction and suppose that x is not an accumulation point.
Then there would exist a ball B(z,¢e) containing no points in A (other than z itself,
but that is excluded by assumption). Hence C' = (X \ B(z,¢)) N A would be a closed
set containing A, with C' C A, a contradiction to the definition of closure of A. O

1.2. Relative topology. If we have a metric space X with metric d and a non-
empty subset A C X, then A can be made a metric space by restricting the metric: we
define the metric d4 : A X A — [0, 00) by setting

(1.8) da(z,y) =d(z,y) forallz,ye A.

In other words, dy4 is the restriction of d to the set A x A C X x X, also denoted
by da = d|axa. As a metric space, A comes with its own open sets: unpacking the
definition, a set U C A is open in A if and only if for every = € U there exists r > 0
such that

(1.9) Bu(z,r)={ye€ A : d(z,y) <r} CU.

Observe that the open balls in A are not necessarily open balls in X. As a consequence,
a set U C A that is open in A is not necessarily open in X. However, the open sets in
A can be characterized by the open sets in X.

LEMMA 1.11. Let A C X. A set U C A is open in A if and only if there exists an
open set V C X such that U =V N A.

PROOF. Suppose that U = V N A with V open. We have to show that U is open in
A. Let x € U C V then there is a ball B(z,r) = {y € X : d(x,y) < r,} contained in V.
Then By(z,7,) C U, so x is an interior point of U (with respect to the metric on A).

Vice versa, let U be open in A. Then for every x € U there is r, > 0 such that
x € By(z,r;) C U, and thus U = U,eyBa(x,r,). Define V.= U,y B(x,r,). Then V is
openin X and VNA=U. 0

EXAMPLE 1.12. Let X =R, A=[0,1]. Then U = [0,3) C A C X is open in A, but
not open in R. However, there exists V' C R open such that U = V N A: for example,
V=(-13).
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1.3. Convergence.

DEFINITION 1.13 (Convergence). Let X be a metric space, (z,)neny C X a sequence
and x € X. We say that (z,)nen converges to x if for all € > 0 there exists N € N
such that for all n > N it holds that d(z,,z) < e.

If (2,)nen converges to z we also call z the limit of the sequence and write z =
lim,, .o z,; alternatively we may also write that z,, — x in X.

DEFINITION 1.14 (Cauchy sequence). Let X be a metric space. A sequence (z,)nen
in X is called Cauchy sequence if for every € > 0 there exists N € N such that for all
n,m > N we have

(1.10) d(zp, ) <e.
LEMMA 1.15. Every convergent sequence is a Cauchy sequence.
PRrROOF. Let ¢ > 0. Since z,, — x there is N so that for all k¥ > N we have
d(xg,z) <e/2. If m > N, n> N we get by the triangle inequality
(1.11) d(Tp, ) < d(Tm,x) +d(x,2,) <e/2+e/2=¢
and since € was arbitrary the result is proved. 0

DEFINITION 1.16 (Completeness). A metric space X is called complete if every
Cauchy sequence (x,),eny C X converges.

ExXAMPLE 1.17. The metric space of rational numbers, Q (with the usual metric)
is not complete: the sequence of rational numbers

(1.12) (107" [10" V2 )pen = (1.4,1.41,1.414, . ..)

is a Cauchy sequence, but it does not converge in Q. This is because it converges as a
sequence of real numbers to the irrational number v/2 & Q.

The real numbers form an example of a complete metric space (in fact, they are
usually defined via completion of the rational numbers).

LEMMA 1.18. If X is complete and A C X is closed, then A is a complete metric
space.

PROOF. Let (z,)nen be a Cauchy sequence in A. Since da = dx|axa, (%) is a
Cauchy sequence in X, it has, by assumption, a limit x € X. By Lemma x €A,
but by assumption A = A. Hence x,, converges to x in A. O

Note that this is not true if X is not complete: for example, every metric space is
a closed subset of itself, but not every metric space is complete.

1.4. Continuity.

DEFINITION 1.19 (Continuity). Let X, Y be metric spaces.

(i) Amap f: X — Y is called continuous at x € X if for every € > 0 there exists
d > 0 such that if dx(x,y) <, then dy (f(x), f(y)) < e.

(i) f is called continuous if it is continuous at every x € X. We also write

fedX,Y).

LEMMA 1.20. Let f : X =Y and x € X. The following are equivalent.

(i) [ continuous at x.
(ii) For every sequence (x,)nen C X convergent to x, the sequence (f(xy))nen
converges to f(z).
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PROOF. (i) = (ii). Suppose z,, — z in X. Let ¢ > 0. Since by assumption f
is continuous at x we find J. > 0 such that dy(f(Z), f(z)) < € whenever dx(Z,z) <
de. Since lim, o x, = x, we find N, so that dx(z,,x) < J. for n > N, and thus
dy (f(xy,), f(z)) < eforn > N.. Since ¢ > 0 was arbitrary this shows that f(z,) — f(x)
in X.

(ii) = (i). We argue by contradiction and assume that f is not continuous at
x. Then there exists an € > 0 so that there is no 0 > 0 with the property that
dy (f(Z), f(z)) < e for all Z € B(z,d). Taking § to be a reciprocal of a positive
integer, we see that for every n € N there exists an x,, with dx(z,,z) < 1/n but
d(f(zn), f(x)) > e. Clearly x, — z in X but (f(z,))nen does not converge to f(x);
this is a contradicton.

U

DEFINITION 1.21 (Inverse images). Let f: X — Y be a function and A C Y. The
inverse image of A under f is defined as

(1.13) T A) ={z e X: f(x) € A}.

This definition makes sense for all functions from X to Y. The notation does not
imply that f is invertible. Find examples to illustrate this. Convince yourself that if f
is invertible then f~!(A) is the image of A under the inverse map.

LEMMA 1.22. Let f : X — Y be a map between metric spaces X and Y. The
following are equivalent:

(i) f continuous.
(ii) f~YU) C X is open for every open set U C Y.

PROOF. (i) = (ii). Let U C Y be open, and let x € f~}(U). Since U is open there
is an open ball B(f(z),¢e) contained in U. Since f is continuous at x there is an open
ball B(z,d) in X such that dy(f(Z), f(z)) < ¢ for every & € B((z,d). In particular
f(2) € U for every & € B(x,d). Hence B(z,d) C f~*(U) so that x is an interior point
of f~1(U). Since z was chosen arbitrary in f~!(U) we conclude that f~!(U) is open.

(i) = (i). Let ¢ > 0. Let z € X. By assumption f~'(B(f(x),¢)) is open. The
point x belongs to this set and thus is an interior point. Hence there exists a § > 0
(depending on = and ¢) so that

(1.14) B(x,0) C fTH(B(f(z),e))-

This means that dy (f(Z), f(z)) < e provided that dx(Z,x) < J) and since € > 0 was
arbitrary and thus f is continuous at x. Since z € X was arbitrary f is continuous. [

As a consequence of Lemma [1.20] and Lemma [1.22] continuity of f can also be
characterized by saying that f commutes with limits. That is,
(1.15) lim f(z,) = f(lim x,),
n—oo

n—oo

provided that (z,),en iS a convergent sequence in X.

In this course we will mostly study real- or complex-valued functions on metric
spaces, i.e. f: X — Ror f: X — C. Whether functions are real- or complex-valued
is often of little consequence to the heart of the matter. For definiteness we make the
convention that functions are always complex-valued, unless specified otherwise. The
space of continuous functions will be denoted by C(X), while the space of bounded
continuous functions is denoted Cy(X).
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1.5. Uniform convergence.

DEFINITION 1.23. A sequence (f,)nen of functions on a metric space is called uni-
formly convergent to a function f if for all € > 0 there exists N € N such that for all
n>Nandall z € X,

(1.16) [fu(z) = f2)] <e.

Compare this to pointwise convergence . To see the difference between the two it
helps to write down the two definitions using the symbolism of predicate logic:

(1.17) Ve > 03N e NVe € XVn > N : |fu(x) — f(z)] <e.

(1.18) Ve >0Ve e XIAN e NVn > N : |fu(x) — f(z)] <e.

Formally, the difference is an interchange in the order of universal and existential
quantifiers. The first is uniform convergence, where N needs to be chosen independently
of z (uniformly in x) and the second is pointwise convergence, where N is allowed to
depend on . One can rephrase uniform convergence as follows:

LEMMA 1.24. Let (fn)nen be a sequence of functions on a metric space X. Then
(fu)nen converges uniformly to f if and only if lim,, o sup,cx | fn(z) — f(2z)| = 0.

To illustrate the difference between the notions of pointwise convergence and uniform
convergence we consider

1 —nx ifo<zr<n!
1.19 n(x) = o
(1.19) fol) {0 ifnt<a<l
as a sequence of functions on the metric space X = [0,1]. For every x € [0,1] the

numerical sequence {f,(z)},en converges and we have

(1.20) lim f,(z) = {0 f0<z<1

n—oo

1 ifx=0

Thus f, converges to f pointwise. However, for every n € N

(1.21) sup |ful2) = f(2)] = 1
z€0,1]

and hence f,, does not converge uniformly.

In the following we collect some important facts surrounding uniform convergence
that will be used in this lecture. We give the short proofs, or at least sketches. However,
if you are feeling a bit rusty on these concepts, all of these are good exercises to try
and prove yourself directly from first principles.

LEMMA 1.25. A sequence (fn)nen of functions on a metric space X converges uni-
formly if and only if it is uniformly Cauchy , i.e. for every e > 0 there exists N € N
such that for allm,m > N and all x € X, |fu(2) — fi(x)] < €.

PrOOF. First assume that f,, converges uniformly to f. Then use

(1.22) [fu(2) = fn(2)] = [fn(2) = f(2) + (@) = fn (@) < [fu(@) = f(2)]+ ][ (2) = fin(2)]
to see that f, is uniformly Cauchy.
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Now assume that ( f,,) is uniformly Cauchy. Given e > 0 there is N such that | f,(z)—
fm(z)| <e/2 forn > N, z € X. In particular for every x € X the numerical sequence
(fn(7))nen is Cauchy. Since all Cauchy sequences in R and C converge this numerical
sequence has a limit, call it f(x). Letting m — oo we see that lim,, o | fn(2) — fin(z)| =
|fn(z) — f(z)] and it follows that for n > N we get |f.(z) — f(z)| < &/2. Since € is
arbitrary this means that (f,) converges to f uniformly. O

LEMMA 1.26. If (fy)nen converges uniformly to f and each f, is bounded, then f
s bounded.

(Recall that a function f : X — C is called bounded if there exists C' > 0 such that
|f(z)] < Cforall z € X.)

PROOF. By the assumed uniform convergence there is N such that |fy(x) — f(z)] <
1 foralln > N,z € X. Since fy is bounded there is M > 0 such that |f,(z)| < M for
all z € X. Now use

(1.23) [f(@) = [f(z) = fn(z) + fn(@)] < [f(z) = fn (@) + [fn(2)] <1+ M.
0

LEMMA 1.27. Let a € X. If (fu)nen converges uniformly to f and each f, is
continuous at a, then f is continuous at a.

PRrROOF. We have to show that given ¢ > 0 there is § > 0 such that |f(z)— f(a)| < e
provided that d(x,a) < .

Since f,, converges uniformly to f there is an N € N such that |f,(z) — f(z)| < /3
for n > N, and all x € X. Consider the continuous function fy. There is 6 > 0 such
that |fn(z) — fn(a)] < &/3 provided that d(z,a) < 6. For such = we get

[f(z) = fla)] = [f(z) = fn(2) + fn(2) = fn(a) + fu(a) — f(a)]
<|[f(z) = (@) + |fn(2) = fn(a)| + [fn(a) — fla)l <e/3+¢/3+e/3=¢.
0

LEMMA 1.28. Let X be a metric space. The space of bounded continuous functions
Cy(X) is a complete metric space with the supremum metric

(1.24) doo(f,9) = sup |f(x) — g(x)].

(Recall that a metric space is complete if every Cauchy sequence converges.)

PROOF. We leave the verification of the metric properties to the reader. Let (f,,)nen
be a Cauchy sequence. Then (f,,) is uniformly Cauchy and by Fact [1.25]it is uniformly
convergent to a limiting function f. By Facts [1.26] and [1.27] f belongs to C,(X) and
thus indeed (f,) converges to F' with respect to the metric in Cy(X). O

Rephrasing Lemma we get

LEMMA 1.29. Let (fn)nen C Co(X) be a sequence. Then (f,)nen converges in Cyp(X)
(with respect to ds,) if and only if it converges uniformly to f for some f € Cy(X).

EXERCISE 1.30. The concept of uniform convergence can be extended to sequences
of functions f,, : X — Y where (Y,dy) is a metric space. Extend the above definitions
and prove the relevant theorems.

LEMMA 1.31. Let (fn)nen C Co([a,b]) be a sequence that converges uniformly to f.
Then f is Riemann integrable on [a,b] and lim, fab fn = f;f.
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PROOF. By Lemma f is continuous and bounded on [a,b] and thus f,, f,
| fn. — f] are Riemann integrable. We have by Theorem

\/abfn—/:f\z\/:m—f)\

< / fum F1< (b —a) sup |fult) = (1)) = (b — @)deolfur /)

a<t<b

and the conclusion immediately follows from Lemma 1.29 0
The preceding theorem can be generalized as follows.

LEMMA 1.32. Let {f.}nen be a sequence of Riemann integrable functions on an
interval [a, b] that converges uniformly of f on [a,b]. Then f is Riemann integrable on

[a,0] and lim, o0 [* fo = [0 f.

PROOF. Left as an exercise. This requires a closer review of the Riemann integral,
see the Appendix, §4] O

LEMMA 1.33. Let (f,) be a sequence of functions differentiable in [a, b] such that f,
is continuous in [a,b] for every n € N. Suppose that there is xy € [a,b] such that the
numerical sequence (f,(To))nen converges and that the sequence of derivatives converges
uniformly on [a,b] to a function g.

Then (fn)nen converges uniformly to a function f, and f is differentiable with
f(x) = g(z) for all x € [a,b].

PrOOF OF LEMMA [1.33] By the fundamental theorem of calculus we have f,(z) —
fulzg) = ffo fi(t)dt. The right hand side converges uniformly to [ g(t)dt, and if

¢ = limy, o fn(zo) we see that f,, converges uniformly to f(z) = c+ f; g(t)dt. Since g
is continuous, the function f is differentiable and [’ = g. O

Careful: If f, — f uniformly and f, is differentiable on [a, b], then this does not
imply that f is differentiable.

2. The contraction principle

The contraction principle is a powerful tool in analysis.

DEFINITION 1.34. A map ¢ : X — X is called a contraction (of X) if there exists
a constant ¢ € (0,1) such that

(1.25) d(p(z), p(y)) < c-d(z,y)
holds for all z,y € X.
Observe that contractions are continuous.

EXERCISE 1.35. Let f : (a,b) — (a,b) be differentiable and suppose that ¢ € (0,1)
is such that |f'(x)| < ¢ for all z € (a,b). Show that f is a contraction of (a,b).

THEOREM 1.36 (Banach fixed point theorem). Let X be a complete metric space
and ¢ : X — X a contraction. Then there exists a unique x, € X such that p(z,) = x,.

Remark. A point x € X such that ¢(z) = z is called a fized point of ¢.
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PRroOF. Uniqueness: Suppose xg, 1 € X are fixed points of ¢. Then
(1.26) 0 < d(zo, 1) = d((20), p(21)) < ¢+ d(x0,21),

which implies d(zg, z1) = 0, since ¢ € (0,1). Thus xy = z;.
Existence: Pick zy € X arbitrarily and define a sequence (z,,),>o recursively by

(1.27) Tpt1 = @(xy).
We claim that (z,).en is a Cauchy sequence. Indeed, by induction we see that
(1.28) d(Tpi1,7) < cd(xp, Ty 1) < Ed(Ty_1, T _2) < -+ < (21, 70).
Thus, for n < m we can use the triangle inequality to obtain
(1.29) (T, ) < ATy, Tine1) + A1, Tm—o) + - + d(Tpy1, Tp)

s d(zq,x0)
(1.30) :Z (Tig1, ;) chazl,xo < d(xy,x0) Zc = 11_’00 :

Thus, d(x,, z,) converges to 0 as m > n — oo. This shows that (x,)nen is a Cauchy
sequence. By completeness of X, it must converge to a limit which we call x, € X. By
continuity of ¢,

(1.31) o(xy) = p(lim z,,) = lim ¢(x,) = hm Tpi1 = To.

n—oo n—oo

O

Remarks. 1. The proof not only demonstrates the existence of the fixed point xz,
but also gives an algorithm to compute it via successive applications of the map ¢. We
can say something about how quickly the algorithm converges: the sequence (z,)nen
defined in the proof satisfies the inequality

T

(1.32) (20, 7.) < 1C

d($07 xl)v

so speed of convergence depends only on the parameter ¢ € (0,1) and the quality of
the initial guess z¢ € X.

2. The contraction principle can be used to solve equations. For example, say we want
to solve F(z) = 0 (F is some function). Then we can set G(x) = F(z) + z. Then
F(z) =0 if and only if z is a fixed point of G.

3. The conclusion does not necessarily hold if we drop the assumption that X is
complete: the map f:(0,1) — (0, 1) defined by f(z) = /2 is a contraction (in which
metric space?) but has no fixed point.

4. If we replace the contraction assumption by the weaker condition

(1.33) lp(z) — o(y)| < |z —yl

for all z,y with x # y then ¢ may not have a fixed point in X. Consider p(z) = x+e
on the complete metric space X = [0, 00). One verifies that ¢'(z) =1—¢* € (0,1) for
x > 0 thus is satisfied if x # y. But clearly p(z) —x > 0 for z > 0 so ¢ does not
have a fixed point.

EXERCISE 1.37. We are given h € C([0,1]) and K € C([0, 1}?) such that |K(z,t)] <
3/4 for (z,t) € [0,1]%. Consider the integral equation

(1.34) f(a:):/o K(z, ) f(t)dt + h(z), =€ [0,1]

—X
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Show that there exists a unique function continuous in [0, 1] such that ([1.34]) holds.
Follow the following steps.
(i) Define for f € C(]0,1])

(1.35) T[f](gc):/0 K(z,t)f(t)dt + h(x)

(ii) Show that T" maps C(]0, 1]) to C([0, 1]).
(i) Show that sup, (o [T[f](2) — T1g)(z)| < § supycios (1) — g()] and conclude.

EXERCISE 1.38. Let A > 0. We are given h € C([0, 4]) and K € C([0, A]?) such
that |K(x,t)| < B for all (z,t) € [0, A].

Consider the Volterra integral equation
(1.36) ) = / Kz, ) f(t)dt + h(z), =€ [0, A
0

Show that there exists a unique function continuous in [0, A] such that (1.36) holds.
Fill in the details for the following steps.
(i) Define for f € C(]0, A))

(1.37) VIfl(z) = /;K(x,t)f(t)dHh(x)

(ii) Show that V' maps C([0, 4]) to C([0, A]).
(iii) Given a positive number M define a metric on C(]0, A]) by

(1.38) dn(f,9) = sup, |f(x) — g(z)|e™™*

z€[0,A

Show that C([0, A]) with this metric is a complete metric space. Show that a sequence
(fn)nen of functions in C([0, A]) converges uniformly if and only if it converges with
respect to dy;.

(iv) Show

B

(1.39) AVIf,VIg)) < (. 0)
so that with the choice M > B the map V becomes a contraction on (C([0, A]),dxs) -

REMARK. The preceding example shows that a smart choice of the metric or metric
space can be crucial in solving such equations. This can often present highly nontrivial
problems in applications.

EXERCISE 1.39. Show that the system of equations
T + 55 cos(sin(2xy 4+ 21)) = 6
Ty + 1—126_$% + 5 cos(y +a2) =7
has a unique solution (z,x;) € R?.

EXERCISE 1.40. (i) Show there is exactly one u € C([—1,1]) that satisfies the
integral equation

u(z) = m/oﬂﬂ t* cos(u(t)) dt, xr e [-1,1].

Hint: Use the contraction principle in the space C'([—1,1]).
(il) Show that w is differentiable. Is u’ differentiable?
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EXERCISE 1.41. Let f : R — R be a C''-function, such that |f'(z)| < a < 1 for all
r € R. Define a C'-function g : R* — R? by g(z,y) = (z + f(y),y + f(x)). Show that
the range of ¢ is all of R2.

EXERCISE 1.42. Show that there exists a unique (z,y) € R? such that cos(sin(z)) =
y and sin(cos(y)) = =.

3. Compactness

The goal in this section is to study the general theory of compactness in metric
spaces. From Analysis I, you might already be familiar with compactness in R. By
the Heine-Borel theorem, a subset of R™ is compact if and only if it is bounded and
closed. We will see that this no longer holds in general metric spaces. We will also
study in detail compact subsets of the space of continuous functions C(K) where K is
a compact metric space (Arzela-Ascoli theorem). Let (X, d) be a metric space. We first
review some basic definitions.

DEFINITION 1.43. A collection (G;);er (I is an arbitrary index set) of open sets
G; C X is called an open cover of X if X C |J,; Gi.

DEFINITION 1.44. X is compact if every open cover of X contains a finite subcover.
That is, if for every open cover (G;);cr there exists m € N and 4y, ..., 1, € I such that
X C U;nzl G,. This is also called the Heine-Borel property .

DEFINITION 1.45. A subset A C X is called compact if (A,d|axa) is a compact
metric space.

THEOREM 1.46 (Heine-Borel). A subset A C R is compact if and only if A is closed
and bounded.

This theorem also holds for subsets of R™ but not for subsets of general metric
spaces. We will later identify this as a special case of a more general theorem.

DEFINITION 1.47. A subset A C X is called relatively compact or precompact if
the closure A C X is compact.

EXAMPLES 1.48. e If X is finite, then it is compact.
e [a,b] C R is compact. [a,b), (a,b) C R are relatively compact.
o {reR": > " |z;]* =1} C R"is compact.
e The set of orthogonal n x n matrices with real entries O(n,R) is compact as a
subset of R".
e For general X, the closed ball

(1.40) B(zo,r)={r € X : d(w,z0) <r} C X
is not mnecessarily compact (examples later).

As a warm-up in dealing with the definition of compactness let us prove the follow-
ing.

LEMMA 1.49. A closed subset of a compact metric space is compact.

PROOF. Let (G;);cr be an open cover of a closed subset A C X. That is, G; C A
is open with respect to A. Then G; = U; N A for some open U; C X (see Theorem 2.30
in Rudin’s book). Note that X\ A is open. Thus,

(1.41) (U, : i e} U{X\A}
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is an open cover of X, which by compactness has a finite subcover {U;, : k
L...,M}U{X\A}. Then {G;, : k=1,...,M} is an open cover of A.

ol

EXERCISE 1.50. A collection {F, : v € A} of closed sets has the finite intersection
property if for every finite subset A, of A the intersection Nyea, Fy is not empty.

Prove that the following statements (i), (ii) are equivalent.

(i) A metric space X, with metric d, is compact.

(ii) For every collection {F, }4ea of closed sets with the finite intersection property

it follows that
() Fa #0.

a€cA

EXERCISE 1.51. Let X be a compact metric space. Prove that there exists a count-
able, dense set £ C X (recall that £ C X is called dense if F = X).

EXERCISE 1.52. Construct a compact subset of real numbers whose accumulation
points form a countable set.

3.1. Compactness and continuity. We will now prove three key theorems that
relate compactness to continuity. In Analysis I you might have seen versions of these
on R or R™. The proofs are not very interesting, but can serve as instructive examples
of how to prove statements involving the Heine-Borel property.

THEOREM 1.53. Let X, Y be metric spaces and assume that X is compact. If a map
f: X =Y is continuous, then it is uniformly continuous.

PROOF. Let ¢ > 0. We need to demonstrate the existence of a number § > 0
such that for all z,y € X we have that dx(z,y) < ¢ implies dy (f(z), f(y)) < e. By
continuity, for every x € X there exists a number J, > 0 such that for all y € X,
dx(z,y) < 6, implies dy (f(x), f(y)) <e/2. Let

(1.42) B, = B(2,0,/2) ={y € X : dx(z,y) < d,/2}.

Then (B,).cx is an open cover of X. By compactness, there exists a finite subcover by
B, ..., B, . Now we set

(1.43) 0 = smin(d,,,...,0,,)

We claim that this § does the job. Indeed, let z,y € X satisfy dx(z,y) < 0. There
exists ¢ € {1,...,m} such that x € B,,. Then

(1.44) dx(zi,y) < dx (i, ) + dx (2, y) < 304, + 6 < b5,

F1GURE 2. The balls B,,, B(x;,0,,), B(z, ).

i
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Thus, by definition of d,,,
(1.45) dy (f(x), f(y) < dy(f(2), f(2:)) +dy (f(2:), f(y) <e/2+¢e/2 =€
O

THEOREM 1.54. Let X, Y be metric spaces and assume that X is compact. If a map
f: X =Y is continuous, then f(X) CY is compact.

Note that for A C X we have A C f~'(f(A)) and for B CY we have f(f'(B)) C
B, but equality need not hold in either case.

PROOF. Let (V;);cr be an open cover of f(X). Since f is continuous, the sets
U, = f~1(V;) C X are open. We have f(X) C J,.; Vi- So,

(1.46) Xc iy cUriov=Uu.

iel iel
Thus (U;)ier is an open cover of X and by compactness there exists a finite subcover
{Ui17 NN Ulm} That iS,

(1.47) XclJus
k=1
Consequently,
(1.48) ) c Y i) < Y Vi
k=1 k=1
Thus {V;,,..., Vi, } is an open cover of f(X). O

THEOREM 1.55. Let X be a compact metric space and f : X — R a continuous
function. Then there exists xg € X such that f(xo) = sup,ex f(x).

By passing from f to —f we see that the theorem also holds with sup replaced by
inf.

PROOF. By Theorem , f(X) C R is compact. By the Heine-Borel Theorem
1.46} it is therefore closed and bounded. By completeness of the real numbers, f(X)
has a finite supremum sup f(X) and since f(X) is closed we have sup f(X) € f(X), so
there exists zop € X such that f(zo) = sup f(X) = sup,cx f(2). O

COROLLARY 1.56. Let X be a compact metric space. Then every continuous func-
tion on X is bounded: C(X) = Cy(X).

For a converse of this statement, see Exercise below.

ProOOF. Let f € C(X). Then |f| : X — [0,00) is also continuous. By Theorem
there exists o € X such that |f(zo)| = sup,ex |f(z)]. Set C' = |f(x)|. Then
|f(z)] < C forall x € X, so f is bounded. O

3.2. Sequential compactness and total boundedness.

DEFINITION 1.57. A metric space X is sequentially compact if every sequence in X
has a convergent subsequence. This is also called the Bolzano-Weierstrass property .

Let us recall the Bolzano-Weierstrass theorem which you should have seen in Anal-
ysis L.
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THEOREM 1.58 (Bolzano-Weierstrass). Every bounded sequence in R has a conver-
gent subsequence.

DEFINITION 1.59. A metric space X is bounded if it is contained in a single fixed
ball, i.e. if there exist zy € X and r > 0 such that X C B(xg,r).

DEFINITION 1.60. A metric space X is totally bounded if for every € > 0 there exist
finitely many balls of radius ¢ that cover X.

Similarly, we define these terms for subsets A C X by considering (A, d|ax4) as its
own metric space.
Note that

(1.49) X totally bounded = X bounded.

The converse is generally false. However, for A C R"™ we have that A is totally bounded
if and only if A is bounded.

THEOREM 1.61. Let X be a metric space. The following are equivalent:
(1) X is compact
(2) X is sequentially compact
(3) X is totally bounded and complete

COROLLARY 1.62.

(1) (Heine-Borel Theorem) A subset A C R™ is compact if and only if it is bounded
and closed.

(2) (Bolzano-Weierstrass Theorem) A subset A C R™ is sequentially compact if
and only if it is bounded and closed.

PrOOF OF COROLLARY [1.62 A subset A C R" is closed if and only if A is com-
plete as a metric space (this is because R" is complete). Also, A C R™ is bounded if

and only if it is totally bounded. Therefore, both claims follow from Theorem [1.61} [

ExAMPLE 1.63. Let ¢ be the space of bounded sequences (a,)neny C C with
d(a,b) = sup,cy |an — by| (that is, £>° = Cp(N)). We claim that the closed unit ball
around 0 = (0,0, ...),

(1.50) B(0,1)={a € ¢>* : |a,| <1Vn € N}
is bounded and closed, but not compact. Indeed, let e®) € £ be the sequence with
0, k#n
(k) _ ) )
(1.51) ey = { | k=n

Then, e®) € B(0,1) forall k = 1,2,... but (e®), c B(0,1) does not have a convergent
(k

subsequence, because d(e ),el)) =1 for all k # j and therefore no subsequence can
be Cauchy. Thus B(0,1) is not sequentially compact and by Theorem it is not
compact.

EXAMPLE 1.64. Let ¢! be the space of complex sequences (a,)neny C C such that
>, lan] < 0o. We define a metric on ¢* by

(1.52) d(a,b) =) |an — byl

EXERCISE 1.65. Show that the closed and bounded set B(0,1) € ¢! is not compact.
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PROOF OF THEOREM [L.61] X compact = X sequentially compact: Suppose that
X is compact, but not sequentially compact. Then there exists a sequence (z,)neny C X
without a convergent subsequence. Let A = {z,, : n € N} C X. Note that A must
be an infinite set (otherwise (x,)n,en has a constant subsequence). Since A has no
accumulation points, we have that for every z, there is an open ball B, such that
B,NA={xz,}. Also, Ais a closed set, so X\ A is open. Thus, {B, : n € N}U{X\A}
is an open cover of X. By compactness of X, it has a finite subcover, but that is a
contradiction since A is an infinite set.

@99 @

By

FIGURE 3.

X sequentially compact = X totally bounded and complete: Suppose X is sequen-
tially compact. Then it is complete, because every Cauchy sequence that has a conver-
gent subsequence must converge (prove this!). Suppose that X is not totally bounded.
Then there exists € > 0 such that X cannot be covered by finitely many e-balls.
Claim: There exists a sequence py,ps, ... in X such that d(p;,p;) > € for all i # j.
Proof of claim. Pick p, arbitrarily and then proceed inductively: say that we have
constructed py,...,p, already. Then there exists p,,1 such that d(p;, pn1+1) > € for all
i =1,...,n since otherwise we would have (J;_, B(p;,¢) D X. O
Now it remains to observe that the sequence (p,)n,en has no convergent subsequence
(no subsequence can be Cauchy). Contradiction! Thus, X is totally bounded.

X totally bounded and complete = X sequentially compact: Assume that X is to-
tally bounded and complete. Let (2, )neny C X be a sequence. We will construct a con-
vergent subsequence. First we cover X by finitely many 1-balls. At least one of them,
call it By, must contain infinitely many of the z,, (that is, =, € By for infinitely many

n), so there is a subsequence (xglo))n C By. Next, cover X by finitely many %—balls.

There is at least one, By, that contains infinitely many of the 2. Thus there is a

subsequence (xg))n C By. Inductively, we obtain subsequences (z\), D (xg))n D...

of (x,)nen such that (xgk))n is contained in a ball of radius 27%. Now let a, = z{".
Then (a,)nen is a subsequence of (x,),en-

Claim: (a,)nen is a Cauchy sequence.

Proof of claim. Let ¢ > 0 and N large enough so that 2=¥*! < e. Then form > n > N

we have
(1.53) A, ap) < 2-277 < 27VH < ¢

because a,, a,, € B, and B,, is a ball of radius 27". [
Since X is complete, the Cauchy sequence (a,),en converges.

X sequentially compact = X compact: Assume that X is sequentially compact.
Let (G;)ier be an open cover of X.
Claim: There exists € > 0 such that every ball of radius ¢ is contained in one of the
G;.
Proof of claim.  Suppose not. Then for every n € N there is a ball B, of radius
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% that is not contained in any of the G;. Let p, be the center of B,,. By sequential
compactness, the sequence (p,)neny has a convergent subsequence (py, )reny With some
limit p € X. Let ¢y € I be such that p € G;,. Since G}, is open there exists § > 0
such that B(p,d) C G;,. Let k be large enough such that d(p,,p) < §/2 and nlk <0/2.

Then B, C B(p,d) because if z € B, , then
(1.54) d(p,x) < d(p,pn,) + d(pn,, ) <0/240/2=20.
Thus, B, C B(p,d) C G;,.

FIGURE 4.

This is a contradiction, because we assumed that the B,, are not contained in any
of the G;. O
Now let € > 0 be such that every e-ball is contained in one of the ;. We have already
proven earlier that X is totally bounded if it is sequentially compact. Thus there exist
P1s - - - such that the balls B(p;,e) cover X. But each B(pj;, ) is contained in a Gj,
say in Gy, so we have found a finite subcover:

(1.55) X clJBWwe)clJa,

J=1 J=1

COROLLARY 1.66. Compact subsets of metric spaces are bounded and closed.

COROLLARY 1.67. Let X be a complete metric space and A C X. Then A is totally
bounded if and only if it is relatively compact.

EXERCISE 1.68. Prove this.

3.3. Equicontinuity and the Arzela-Ascoli theorem. Let (K, d) be a compact
metric space. By Corollary [1.56] continuous functions on K are automatically bounded.
Thus, C(K) = Cy(K) is a complete metric space with the supremum metric

(1.56) d(f.9) = sup | (x) = g(x)

(see Fact|1.28)). Convergence with respect to do, is uniform convergence (see Fact |1.29)).
In this section we ask ourselves when a subset F C C'(K) is compact.

EXAMPLE 1.69. Let F = {f, : n € N} C C([0, 1]), where
(1.57) folz) =2", z€]0,1].
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F is not compact, because no subsequence of (f,,)nen converges. This is because the
pointwise limit

(1.58) fx) = { (1): el

is not continuous, i.e. not in C([0, 1]).
The key concept that characterizes compactness in C(K) is equicontinuity.

DEFINITION 1.70 (Equicontinuity). A subset F C C(K) is called equicontinuous if
for every € > 0 there exists § > 0 such that |f(z) — f(y)| < e forall f € F, z,y € K
with d(z,y) < 0.

DEFINITION 1.71. F C C(K) is called uniformly bounded if there exists C' > 0
such that |f(z)] < C for all z € K and f € F.
F C C(K) is called pointwise bounded if for all x € K there exists C' = C'(z) > 0 such
that |f(z)] < C for all f € F.

Note that F C C(K) is uniformly bounded if and only if it is bounded (as a metric
space, see Definition [1.59). We have

(1.59) F uniformly bounded = F pointwise bounded.

The converse is false in general.

LEMMA 1.72. If (fn)nen C C(K) is uniformly convergent (on K ), then {f, : n € N}
1S equicontinuous.

PROOF. Let € > 0. By uniform convergence there exists N € N such that

(1.60) sup | fu(2) — fv(2)] < /3

re
for n > N. By uniform continuity (using Theorem [1.53)) there exists § > 0 such that
(1.61) [fe(x) = fr(y)] <e/3

for all z,y € K with d(z,y) < d and all k =1,...,N. Thus, for n > N and z,y € K

with d(z,y) < § we have

(1.62) |fo(®) = fu(y)| < |fo(@) = fn(@)[+[fn (@) = @)+ v W) = fa(y)] < 3-¢/3 =e.
]

LEMMA 1.73. If F C C(K) is pointwise bounded and equicontinuous, then it is
uniformly bounded.

PRrooOF. Choose § > 0 such that

(1.63) @) - f)l <1

for all d(z,y) < ¢, f € F. Since K is totally bounded (by Theorem [1.61]) there exist
P1s--.,Pm € K such that the balls B(p;,d) cover K. By pointwise boundedness, for
every x € K there exists C'(x) such that |f(x)| < C(zx) for all f € F. Set

(1.64) C =max{C(p1),...,C(pm)}
Then for f € F and x € K,
(1.65) [f (@) < 1 f(pi)| + 1 f(x) = flpj)l < C+1,

where j is chosen such that x € B(p;, ). O
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THEOREM 1.74 (Arzela-Ascoli). A subset F of C(K) is totally bounded if and only
if it is pointwise bounded and equicontinuous.

PROOF OF NECESSITY. We show that if F is a totally bounded subset of C'(K)
then F is pointwise bounded and equicontinuous.

By the definition of F totally bounded there are functions fi,..., fy in F so that
for every f € F there is an index ¢ € {1,..., N} with sup,cx |fi(z) — f(z)| < /4.
Clearly for every =z € K,

(166) @) < 5@+ 1) — fi@)| < max sup |fia)| + /4

-----

so that F is pointwise bounded.

Now we show the equicontinuity of the family /. By Theorem [1.53| each f; is
uniformly continuous. Thus for each i there exists a §; > 0 such that |f;(x) — fi(2")] <
£/2 whenever dg(z,2') < §;. Let § = min{dy,...,dy}. Then 6 > 0 and we have
|fi(z) — fi(2")] < €/2 for every i whenever d(x,z’) < 9.

Now pick any f € F, and let i be so that sup,.x | fi(x) — f(x)] < e/4, and let x, 2’
be so that dg(x,2’) < 6. Then

|f(z) = f(2)] <|f(zx) = fi(x)| + | filz) = fi(2")] + | fil2") — f(2)]
<e/d+|fi(x) = filz)| +efd <e.
O

PROOF OF SUFFICIENCY. We show that if 7 C C'(K) is equicontinuous and point-
wise bounded then F is totally bounded.

Fix ¢ > 0. We shall first find a finite collection G of functions in B(K) so that for
every f € F there exists a g € G with sup,cx |f(z) — g(2z)| < e.

Let 6 > 0 so that for all f € F we have |f(x) — f(2')] < £/4 whenever |z — 2’| <.
Again we use the compactness of K and cover K with finitely many balls B(z;,J),
i=1,...,L. Thereis M; so that |f(z;)| < M, forall f € F. Let M = 14+max;_; 1 M;.

We now let A; = B(z1,6), and A; = B(x;,0) \ U} B(z,,0), for 2 <i < L. (Some
of the A; could be empty but that does not matter).

Let ZL(M, ¢) be the set of L-tuples 7 of integers 7 = (nq, ..., ny) with the property
that |n;le/4 < M for i = 1,...,L. Note that ZL(M,¢) is a finite set (indeed its
cardinality is < (8Me~! + 1)F).

We now define a collection G of functions which are constant on the sets A; (these
are analogues of step functions). Namely given 7 in Z%(M, ¢) we let g" be the unique
function that takes the value n;e/4 on the set A; (provided that that set is nonempty).
Clearly the cardinality of G is not larger than the cardinality of ZL(M, ¢).

Let f € F. Consider an A; which by construction is a subset of B(z;,d). Then
|f(x) — f(z;)| < €/4 for all € A; (this condition is vacuous if A; is empty). Now
|f(z;)] < M; < M and therefore there exists an integer n; with the property that
—M <nie/4 <M and |f(x;) — nie/4| < /4. Then we also have that for i =1,..., L
and for every x € A;,

|f(x) = nie/4] < [f (@) = fla)| + | f(z:) —nie/4] <e/d+e/d=¢/2.
This implies that for this choice of @ = (ny, ..., n5) we get sup,x | f(z) — g™ ()| < /2.
Finally, we need to find a finite cover of F with e-balls centered at points in F.
Consider the subcollection § of functions in G for which the ball of radius /2 centered
at g contains a function in F. Denote the functions in G by ¢1,...,g9n. The balls
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of radius /2 centered at gi,...gy cover F. For i = 1,...,N pick f; € F so that
sup,ex |9i(z) — fi(x)] < €/2. By the triangle inequality (for the norm in B(K) whose
restriction to C'(K) is also the norm in C'(K)) the ball of radius £/2 centered at g; is
contained in the ball of radius € centered at f;. Thus the balls of radius e centered at
fi,i=1,..., N cover the set F. O

We get as a corollary of the theorem of Arzela-Ascoli a characterization of compact-
ness.

COROLLARY 1.75. A closed subset F of C'(K) is compact if and only if it is pointwise
bounded and equicontinuous.

PROOF. Recall that the space C(K) is complete. Since we now assume that F
is closed in C'(K) the metric space F is complete. Thus by the characterization of
compactness (F compact <= F totally bounded and complete) the corollary follows
from the theorem. O

COROLLARY 1.76. An equicontinuous and bounded sequence {f,} of functions in
C(K) has a uniformly convergent subsequence.

PROOF. The closure of F = {f,, : n € N} is bounded, complete, and equicontinuous,
thus compact. By a part of the theorem on the characterization of compactness it is
also sequentially compact, therefore f, has a convergent subsequence. 0

We now discuss a special case of the Arzela-Ascoli theorem.

COROLLARY 1.77. Let F C C(la,b]) be such that
(i) F is bounded (i.e. uniformly bounded),
(ii) every f € F is continuously differentiable and
(1.67) F={f:fer}
s bounded.
Then F 1s totally bounded.

PrROOF OF COROLLARY [L.77. Using the mean value theorem we see that for all
z,y € |a, b] there exists £ € [a, b] such that

(1.68) f@) = fly) = f(x —y).
But since F’ is bounded there exists C' > 0 such that
(1.69) 1f(I<C

for all f € F,¢ € [a,b]. Thus,

(1.70) |f(z) = f(z)] < Clz -y

for all z,y € [a,b] and all f € F. This implies equicontinuity: for e > 0 we set § = C'~le.
Then for z,y € [a,b] with |z — y| < 0 we have

(1.71) 1f(x) = f(y)| < Clz —y| < Cd =e.
Therefore the claim follows from Theorem [1.74] O

EXAMPLE 1.78. Let F = {& — > jcpa™ 1 |c,| < 1} € C([—3,3]). The set F is
bounded, because

(1.72) ‘ i coa”
n=0

< i 27" =2,
n=0
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for all sequences (¢, )neny With |¢,| < 1 and for all z € [—1/2,1/2]. Similarly,

(1.73) F = {chnx”_l s en] < 1}

n=1
is also bounded. Thus, F C C([—3, 1]) is relatively compact. However, note that the 7
interpreted as a subset of C(]0,1]) (with the understanding that convergence at x = 1

is also assumed) is not relatively compact (it contains the set in Example [1.69)).
EXAMPLE 1.79. The set
(1.74) F= {sin(mm:) ne Z} c ¢((0,1))

is bounded, but not relatively compact. Indeed, suppose it is. Then by Arzela-Ascoli
it is equicontinuous, so there exists § > 0 such that for all n € N and for all z,y € [0, 1]
with |z — y| < § we have |sin(mnz) — sin(mny)| < 1/2. Set x = 0 and y = 1/(2n) for
n > 6'/2. Then |sin(wnz) — sin(mny)| = 1. Contradiction!

ExAMPLE 1.80. Condition (i) from Corollary is necessary, because relatively
compact sets are bounded. Condition (ii) however is not necessary. Consider for ex-
ample F = {f, :n =1,2,...} C C([0,1])) with f,(z) = sin(nz)/v/n. The set F is
bounded, but F’ is unbounded. But the sequence (f,)nen is uniformly convergent, so
by Fact [[.72], F is equicontinuous and hence relatively compact.

4. Covering numbers and Minkowski dimension*

DEFINITION 1.81. Let E be a totally bounded subset of a metric space X, i.e. for
every 0 > 0 it is contained in a finite collection of §-balls.

For 0 > 0 let N(E,¢) be the minimal number of d-balls needed to cover E (the
centers of these balls are not required to belong to F). This number is called the d-
covering number of E; note that it depends not only on E but also on the underlying
metric space X and the given metric d. The function 6 — log N (F, ) is called the
metric entropy function of E.

The definition of N'(E, §) is extended to sets that are not totally bounded if we allow
the value co. If E is not totally bounded then there exists a dy such that N'(E, ) = oo
for 0 < 50.

One is interested in the behavior of N'(E,¢) for small 4. For compact E this serves
as a quantitative measure of compactness.

DEFINITION 1.82. Let E be totally bounded. The number
— 1 E. o
dimy (F) = limsup &(17)

5—0+ 10g(3)

is called the upper Minkowski dimension (also known as Box counting dimension or
upper metric dimension of E.) The expression

| FE
dim,,(F) = lim inf —OgN(l %)
5—0+ log(;)

is called lower Minkowski dimension or lower box counting or metric metric dimension
of E. If dim(F) = dim(F) = o we say that F has Minkowski dimension «.
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EXAMPLE 1.83. Let k¥ < n and let £ denote a k-dimensional box in R"™:
(1.75)
E=100,1"x{0}" " ={reR": 2, €[0,1]for 1 <j <k, a;=0fork <j<n}.

Then there exist constants ¢, ¢ > 0 such that
(1.76) 6 <N(E,5) <esF
for all 6 € (0,1). Hence E has Minkowski dimension k.

EXERCISE 1.84. Let A C R™ be a compact set. Show that there exists a constant
¢ € (0,00) such that

(1.77) N(E§) <c-o"
holds for all § > 0. Hence dimy E < n

EXERCISE 1.85. (i) Show that if we replace the natural log in the above definitions
by another log, with base b > 1 then the definitions of the dimensions do not change.

(ii) Let > 0. Suppose that for every € > 0 there is a §(¢) > 0 and a positive
constant C. > 1 such that C-167*" < N(E,0) < C.07* ¢ for 0 < § < d(g). Show
that E has Minkowski dimension .

(iii) Let E C X be totally bounded and let E be the closure of E. Then E is totally
bounded and we have

N(E,5) < N(E,8) <N(E,)if 0 < &' < 0.

(iv) Define N (FE. §) to be the minimal number of §-balls with center in E needed
to cover E. Show that

N(E,8) < N“(E,§) < N(E,5/2).

(v) Let Bj,..., By be balls of radius § in X, so that each ball has nonempty
intersection with the set E. For each ¢ = 1,..., M denote by B; the ball with same
center as B; and radius 30. Assume that the balls By, ..., B}, are disjoint. Prove that
M < N(E,$).

Remark: This can be an effective tool to prove lower bounds for the covering num-
bers.

EXERCISE 1.86. Consider the following metrics in R™.
o di(z,y) = Z?:1 |z — il

. )\ 172
o dae,y) = (S0 o i)
L doo<:[;7y) = IMaX;=1,..,n |xl - y'L’
(i) Let E C R™ and let N1(E,0), No(E,d), No(E, §) be the metric entropy numbers
of F associated with to the metrics d, ds, do, respectively. Show that

NOO(E’5> SNQ(E75) SNI(E76) SM(E,(S/\/E) SNOO(E,(S/H)

(iii) Let @ = [0,1]" be the unit cube in R™. Show that ) has Minkowski dimension
n (with respect to any of the metrics dy, da, d3).

(iv) Let f be a differentiable function on [0, 1] with bounded derivative. Let E be
the set of all z = (x1,22) € R? for which 0 < z; < 1 and x5 = f(x;). What is the
Minkowski dimension of E?

(v) Let E be the set of all © = (z1,22) € R? for which 0 < z; <1 and z = /7.
What is the Minkowski dimension of E7
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EXERCISE 1.87. Let 8 > 0. Consider the subset E of R consisting of the numbers
n~P, forn =1,2,.... Show that E has a Minkowski dimension and determine it.

Hint: It might help to try this first for the sequence 1/n which, perhaps counterin-
tuitively, turns out to have Minkowski dimension 3.

EXAMPLE 1.88. The Cantor middle third set € is given as a the subset of [0, 1]
consisting of numbers of the form

(1.78) ZakB’k where a;, € {0,2}.
k=1
It can be written as
oo 36-1
(1.79) = [0,1] \U | (24, 242).
(=0 k=0

¢ is a compact subset of [0, 1], with the property that for each N there are 2V disjoint
closed intervals of length 3= which cover €.

log 2
log3-

EXERCISE 1.90. Let A be the space of functions f : N — R (aka sequences) so that
|f(n)] < 27" for all n € N. It is a subset of the space of bounded sequences with norm
| fllco = sup,en |f(n)| and associated metric dy. Show that for § < 1/2 the covering
numbers N (A4, d) satisfy the bounds

o= ()

where C is independent of §. Hint: It helps to work with § = 2= where M € N.
Also provide a lower bound which shows that A does not have finite lower Minkowski
dimension.

C’+% logy %

5. Oscillation as a quantification of discontinuity*
In this section let (X, d) be a metric space and f : X — R be a function.

DEFINITION 1.91. (i) Let f : X — R. For each z € X and § > 0 we form the
expressions

Mys(x) = sup{f(y) : d(z,y) <4, ye X}
mys(x) = inf{f(y) : d(z,y) <6, ye X}

Observe that, for fixed x € X, myss(x) increases in 6 as § decreases. Moreover
M(f,0)(z) decreases in 0 as 0 decreases. Thus Mjs(x) — myss(x) is a nonnegative
quantity which decreases as 0 decreases. Hence the limit as § — 0+ exists.

DEFINITION 1.92. We call the quantity
1. = lim M _
(1.80) osc(z) = lim Mps(z) —mys(w)
the oscillation of f at x.
The number oscs(x) can be used to quantify discontinuities:

LEMMA 1.93. Let f : X — R be a bounded function. Then f is continuous at x if
and only if oscp(x) = 0.
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Proor. This is a consequence of the definition of continuity. O

LEMMA 1.94. Let f: X — R be a bounded function. Then for every v > 0 the set
{z : oscy(z) >~} is closed.

PRrOOF. The conclusion is shown by proving that the complement
(1.81) Q, ={x:oscp(zr) <7}

is open. Let x € €2, and choose ¢ such that 0 < ¢ < v — oscy(z). By the definition of
oscy(z) we can pick § > 0 such that My s(z)—mys(x) < oscy(z)+e. If d(y,x) < 6/2 and
d(z,y) < §/2 then d(z,z) < 0 and thus Mys/2(y) < Mys(x) and mys/0(y) > mys(x).
Hence

oscr(y) < Mysa(y) — mysia(y) < Mys(z) —mys(z) < oscp(x) +e <7

so that B(x,6/2) C €,. Hence z is an interior point of €2, and since x was chosen
arbitrarily in €2, this set is open. 0

EXERCISE 1.95. Define f : [—10,10] — R by f(x) = —4a for x <0, f(z) = sin(w/x)
for 0 < x < 3/2, f(x) = cos(m/x) for x > 3/2. Determine oscs(x) for all x € [—10, 10].

EXERCISE 1.96. Consider Thomae’s function f : [0,1] — R, defined by
0 ifze|0,1]\Q,
(1.82) fy=19 Ere R )
~ if ¥ = 7 with ged(m,n) = 1.

Find oscy(x) for all z € [0, 1].

6. Further exercises

EXERCISE 1.97. Let (X, d) be a metric space and A C X a subset.
(i) Show that A is totally bounded if and only if A is totally bounded.
(ii) Assume that X is complete. Show that A is totally bounded if and only if A is
relatively compact. Which direction is still always true if X is not complete?

EXERCISE 1.98. Let ¢! denote space of all sequences (a,)nen of complex numbers
such that Y >, |a,| < oo, equipped with the metric d(a,b) = > 7 | |a, — by|.
(i) Prove that

(1.83) A={acl" > la,| <1}
n=1

is bounded and closed, but not compact.

(i) Let b € ¢' with b, > 0 for all n € N. Show that

(1.84) B={acl :|a, <b,YneN}

is compact.

EXERCISE 1.99. Recall that > is the metric space of bounded sequences of complex
numbers equipped with the supremum metric d(a, b) = sup,,cy |, — by|. Let s € £>° be
a sequence of non—negative real numbers that converges to zero. Let

(1.85) A={ae€l> : |a,| <s,forall n}.

Prove that A C > is compact.
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EXERCISE 1.100. For each of the following subsets of C([0,1]) prove or disprove
compactness:

(i) Ay = {f € C([0,1]) : maxaepy |f ()| < 1},
(ii)) As = A; N{p : p polynomial of degree < d} (where d € N is given)
(i) A3 = Ay {f : fis a power series with infinite radius of convergence}

EXERCISE 1.101. Let F C C([a,b]) be a bounded set. Assume that there exists a
function w : [0, 00) — [0, 00) such that

(1.86) lim w(t) =w(0) =0.

t—0+
and for all z,y € [a,b], f € F,

(1.87) [f(z) = f(y)] < w(lz —yl).
Show that F C C([a, b)) is relatively compact.

EXERCISE 1.102. For 1 < p < oo we denote by ¢P the space of sequences (a,)nen of
complex numbers such that Y > | |a,|” < co. Define a metric on 7 by

1/p
(1.88) d(a,b) = (Z \a, — bn|p> .

neN

The purpose of this exercise is to prove a theorem of Fréchet that characterizes com-
pactness in /P. Let F C (P.

(i) Assume that F is bounded and equisummable in the following sense: for all € > 0
there exists N € N such that

(1.89) Z la,|P < e for all a € F.

n=N

Then show that F is totally bounded.

(ii) Conversely, assume that F is totally bounded. Then show that it is equisummable
in the above sense.

Hint: Mimick the proof of Arzela-Ascoli.

EXERCISE 1.103. Let C*([a,b]) denote the space of k-times continuously differen-
tiable functions on [a, b] endowed with the metric

(1.90) d(f,9) =) sup |f9(z) - gV(x)].

=0 z€[a,b]
Let 0 < 7 < k be integers and consider the canonical embedding map
(1.91) v C*([a, b)) — C%([a,b]) with «(f) = f.

Prove that if B C C*([a,b]) is bounded, then the image «(B) = {«(f) : f € B} C
C*([a, b]) is relatively compact. Hint: Use the Arzela-Ascoli theorem.

EXERCISE 1.104. Let X be a metric space. Assume that for every continuous
function f : X — C there exists a constant Cy > 0 such that |f(z)| < Cy for all
x € X. Show that X is compact. Hint: Assume that X is not sequentially compact
and construct an unbounded continuous function on X.
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EXERCISE 1.105. Consider F = {fy : N € N} C C([0,1]) with

(1.92) fu(x) = b sin(b ),

where 0 < a < 1 and b > 1 are fixed.

(a) Show that F is relatively compact in C([0, 1]).

(b) Show that F’ is not a bounded subset of C([0, 1]).

(¢) Show that there exists ¢ > 0 such that for all z,y € R and N € N,
(

1.93) |fn(x) = fn(y)] < clz —y|”

EXERCISE 1.106. Suppose (X, d) is a metric space with a countable dense subset, i.e.
aset A= {x,29,...} C X with A = X. Let £> denote the metric space of bounded
sequences a = (ap)nen Of real numbers with metric do(a,b) = sup,cy |an — by|. Show
that there exists a map ¢ : X — ¢°° with d(¢(z),c(y)) = d(z,y) for every x,y € X (in
other words, X can be isometrically embedded into £°°).






CHAPTER 2

Linear operators and derivatives

1. Bounded linear operators

Let K denote either one of the fields R or C. Let X be a vector space over K.

DEFINITION 2.1. A map || -] : X — [0,00) is called a norm if for all z,y € X and
A e K,
(2.1) Azl = AL flll, o+ yll < Nzl + Nyl [lzll =0 & 2 =0.

A K-vector space equipped with a norm is called a normed vector space . On every
normed vector space we have a natural metric space structure defined by

(2.2) d(z,y) = [l =yl

A normed vector space which is also complete as a metric space is called Banach space

EXAMPLES 2.2.

e R” with the Euclidean norm is a Banach space.
e R™ with the norm |[[z|| = sup,_, _, |z;| is also a Banach space.
e If K is a compact metric space, then C'(K) is a Banach space with the supre-

mum norm || f|leo = sup,eg |f(2)].
e The space of continuous functions on [0, 1] equipped with the L2-norm || ||, =

(fol | f(z)|?dx)'/? is a normed vector space, but not a Banach space (why?).

ExAMPLE 2.3. The set of bounded sequences (a,,),en of complex numbers equipped
with the £°°-norm,

(2.3) Ha“oo: sup |an|

n=1,2,...

is a Banach space. As a metric space, > conincides with C,(N).

EXERCISE 2.4.
Define (' = {(an)nen C C : 377 |a,| < 0o}. We equip ¢! with the norm defined by

(2.4) lalli = lan|.
n=1

Prove that this defines a Banach space.

EXERCISE 2.5. Define (> = {(a,)nen € C : Y07 |a,|* < co}. We equip ¢? with
the norm defined by

(2.5) lallo = (3 lan)".

Prove that this is really a norm and that ¢? is complete.

33
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Let X,Y be normed vector spaces. Recall that a map T": X — Y is called linear if
(2.6) T(x+Ny)=Tx+ Ty

for every x,y € X, A € K. Here we adopt the convention that whenever 7' is a linear
map we write Tz instead of T'(z) (unless brackets are necessary because of operator
precedence).

DEFINITION 2.6. A linear map T : X — Y is called bounded if there exists C' > 0
such that ||[Tz|y < C||z|x for all z € X.

Linear maps between normed vector spaces are also referred to as linear operators .

LEMMA 2.7. Let T : X — Y be a linear map. The following are equivalent:
(i) T is bounded

(i) T is continuous
(iii) T is continuous at 0
(iv) SUD)||z|| x =1 |Tz|ly < oo

PROOF. (i) = (ii): By assumption and linearity, for z,y € X,
(2.7) [Tz = Tylly = T (z - y)lly < Clle—yllx.

This implies continuity.

(ii) = (iii): There is nothing to prove.

(iii) = (iv): By continuity at 0 there exists 6 > 0 such that for z € X with ||z||x < ¢
we have ||Tz|y < 1. Let x € X with ||z||x = 1. Then [|dz|x = §, so

(2.8) |7 )]y < 1

By linearity of T', |Tz|ly < 6~'. Thus, supj, i ITzlly <67 < oo,
(iv) = (i): Let z € X with 2 # 0. Let C = sup| ;. [|T2|ly < co. Then

(29) H ngyXHX =1
Thus,
e (el <

By linearity of T" this implies
(2.11) [Txlly < Cllz]lx-
O

DEFINITION 2.8. By L(X,Y’) we denote the space of bounded linear maps T : X —
Y. For every T' € L(X,Y) we define its operator norm by

T
(2.12) 1Ty = sup L2
w70 ||Zlx

We also denote || T||op by [|7']| x=v-
One should think of ||7'||,, as the best (i.e. smallest) constant C' > 0 for which
(2.13) I Tz]ly < Cllzllx
holds. We have by definition that
(2.14) 1Tzl < I Tlopll]lx
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Observe that by linearity of 7" and homogeneity of the norm,
(2.15) [T]lop = sup || Tz|y = sup [Ty

[l x=1 ]l x <1
EXERCISE 2.9. Show that L(X,Y’) endowed with the operator norm forms a normed
vector space (i.e. show that || - ||op is @ norm).

ExAMPLE 2.10. Let A € R™ be a real n x m matrix. We view A as a linear
map R™ — R™ for x € R™, A(z) = A-z € R". Let us equip R" and R™ with the
corresponding || - ||oo norms. Consider the operator norm [|A|c—00 = sUp|y. =1 [A%||o
with respect to these normed spaces:

(2.16) | Az = max |37 Agas] < (max S Ay]) ]

This implies ||Al|cosoe < maxi—i. . .n 27:1 |A;j|. On the other hand, for given i =
1, ..., we choose x € R™ with Ty = ’Al]|/AU if A” 7£ 0 and Ty = 0 if A” = 0. Then
|z]|o <1 and

(2.17) [Allsomso = 1 Ax]loo = > Ayl

j=1

Since ¢ was arbitrary, we get ||A|lcomoo > Max;—1__p Z;”:l |A;;|. Altogether we proved

(2.18) [ Alloesoo = max > | Ayl.
j=1

EXERCISE 2.11. Let A € R™™. For z € R" we define ||z|; = > ., |2l
(i) Determine the value of [|A[[11 = supy,), -1 [[Az[|y (that is, find a formula for [|Al},
involving only finitely many computations in terms of the entries of A).
(ii) Do the same for [|Al[100 = sup,, =1 [| 420

EXERCISE 2.12. Let A € R™". Define ||z|s = (3, |2:/*)? (Euclidean norm)
and [|All252 = supj,—; [[Az[l2. Observe that AA™ is a symmetric 7 X n matrix and

hence has only non-negative eigenvalues. Denote the largest eigenvalue of AAT by p.
Prove that || Al[o—2 = \/p. Hint: First consider the case that A is symmetric. Use that
symmetric matrices are orthogonally diagonalizable.

EXERCISE 2.13. Let A € R™™ and define

(2.19) IAlls = (33 1)

i=1 j=1
This is a norm on R"*". Prove the following properties for all A, B € R™"*™:
(i) [AB|lus < [ Allusl Bllus

(ii) [|Allas = v/trace(AAT)

(iii) ||UA|lms = ||A|lus for all orthogonal U € R"*"

(iv) ||All2s2 < ||Allus < /1| Alla—2 Hint: First do Exercise [2.12]

EXAMPLE 2.14. Let A € R™" be an invertible n x n matrix and b € R". Say we
want to solve the linear system

(2.20) Az =b
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for . Of course, x = A~'b. However, A~! is expensive to compute if n is large, so
other methods are desirable for solving linear equations. Let

(2.21) F(x)=AAz —b)+x

for some constant A # 0 that we may choose freely. Then Ax = b if and only if = is a
fixed point of F'. Moreover,

(2.22) [[F(z) = F(y)ll = [MA(z —y) +2 =yl = [[AA+ D) (z =y)|| < [AA+T|[op[lz—y]-

Suppose that A happens to be such that [[AA + I||o, < 1. Then F' : R* — R" is a
contraction, so we can compute the solution to the equation by the iteration x,,; =

2. Equivalence of norms

DEFINITION 2.15. T'wo norms ||-||, and |||, on a vector space X are called equivalent
if there exist constants ¢, C' > 0 such that

(2.23) cllella < llzfls < Cllzfla
for all z € X.

EXERCISE 2.16. Prove that equivalent norms generate the same topologies: if || - ||,
and || - ||, are equivalent then a set U C X is open with respect to || - ||, if and only if
it is open with respect to || - ||p-

EXERCISE 2.17. Show that equivalence of norms forms an equivalence relation on
the space of norms. That is, if we write n; ~ ny to denote that two norms nq,n, are
equivalent, then prove that ny ~ ny (reflexivity), ny ~ ny = ng ~ ny (symmetry) and
Ny ~ Ng, Ny ~ N3 = N1 ~ ng (transitivity).

THEOREM 2.18. Let X be a finite-dimensional K-vector space. Then all norms on
X are equivalent.

PRrROOF. Let {by,...,b,} be a basis. Then for every x € X we can write x =
> a;b; with uniquely determined coefficients x; € K. Then ||z||. = max; |z;| defines
anorm on X. Let || - || be any norm on X. Since equivalence of norms is an equivalence
relation, it suffices to show that || - ||, and || - || are equivalent. We have

) < bl < , I = .
(2.24) ]l < Zl il [[bil]| < (jgf{?fn\xﬂ)zg 16:]| = Cllzl,
where C'=3"" | ||b;|| € (0,00). Now define
(2.25) S={reX : ||z|.=1}
We claim that this is a compact set with respect to || - ||«. Indeed, define the canonical
isomorphism ¢ : K" — X, (21,...,2,) — >, x;b;. This is a continuous map (where

we equip K" with the Euclidean metric, say) and S = ¢(K), where K = {x € K" :
max; |z;| = 1} is compact by the Heine-Borel Theorem (see Corollary [1.62). Thus S is
compact by Theorem [1.54]

Next note that the function x — ||z|| is continuous with respect to the || - ||« norm. This
is because by the triangle inequality and ,

(2.26) [zl = lylll < [l =yl < Cllz =yl
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Thus by Theorem |[1.55, = — ||x|| attains its infimum on the compact set S and therefore
there exists ¢ > 0 such that

(2.27) Iyl = ¢

for all y € S. For x € X, x # 0 we have m € S and thus by homogeneity of norms,
using (2.27) with y = ﬁ gives

(2.28) [zl = el

Thus we proved that || - || and || - ||« are equivalent norms. O

In contrast, two given norms on an infinite-dimensional vector space are generally
not equivalent. For example, the supremum norm and the L?>norm on C([0, 1]) are not
equivalent (as a consequence of Exercise 4.64)).

COROLLARY 2.19. If X s finite-dimensional then every linear map T : X — Y 1s
bounded.

PROOF. Let {z1,...,2,} C X be a basis. Then for z =" | ¢;z; with ¢; € K,
n
(2:29) [Tz]ly < 2; e[ Tailly < € max e,
1=
where C'=>"" | ||[Tz;||y. By equivalence of norms we may assume that max; |¢;| is the
norm on X. O
This is not true if X is infinite-dimensional.

EXAMPLE 2.20. Let X be the set of sequences of complex numbers (a,),en such
that sup,,cyn|a,| < co and let Y be the space of bounded complex sequences. Then
X C Y. Equip both spaces with the norm ||a|| = sup,cy|an|- The map T': X — Y,
(T'a)nen = nay, is not bounded: let e — 1ifk =nand e® = 0if & # n. Then
e € X and Te® = ke and |e®| = 1. So

(2.30) |Te®]|| = k
for every k € N and therefore sup,_; [Tz = oco.

EXERCISE 2.21. Let X be the set of continuously differentiable functions on [0, 1]
and let Y = C([0,1]). We consider X and Y as normed vector spaces with the norm
| f[l = sup e [f(z)]. Define a linear map 7' : X — Y by T'f = f'. Show that T is
not bounded.
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3. Dual spaces*

THEOREM 2.22. Let X be a normed vector space and Y a Banach space. Then
L(X,Y) is a Banach space (with the operator norm).

PROOF. Let (T),)neny C L(X,Y) be a Cauchy sequence. Then for every z € X,
(T, x)neny C Y is Cauchy and by completeness of Y it therefore converges to some limit
which we call Tx. This defines a linear operator 7' : X — Y. We claim that T is
bounded. Since (7),)nen is a Cauchy sequence, it is a bounded sequence. Thus there
exists M > 0 such that ||T,,||op < M for all n € N. We have for z € X,

(2.31) [Tzlly < |[T2 = Toxlly + | Thelly < |ITw = Toxlly + M|lz|x.

Letting n — oo we get [|[Tz|y < M|z|x. So T is bounded with ||T||,, < M. It
remains to show that 7,, — T in L(X,Y’). That is, for all £ > 0 we need to find N € N
such that

(2.32) |Tx —Tx|ly <cellz|x

for allm > N and x € X. Since (T,)nen is a Cauchy sequence, there exists N € N such
that

(2.33) [The = Tnlly < 5llzllx

for all n,m > N and x € X. Fix x € X. Then there exists m, > N such that
(2.34) [T,z — Txfly < 5llx.

Then if n > N and x € X,

(2.35) [Thz — Txlly < ||Thx = T, lly + | Ton,x — Tzlly < ellz(x.

O

DEFINITION 2.23. Let X be a normed vector space. Elements of L(X, K) are called
bounded linear functionals . L(X,K) is called the dual space of X and denoted X'.

COROLLARY 2.24. Dual spaces of normed vector spaces are Banach spaces.

ProOF. This follows from Theorem because K (which is R or C) is complete.
0J

THEOREM 2.25. If X is finite-dimensional, then X' is isomorphic to X.

PRroOOF. Let {z1,...,2,} C X be a basis. Then we can define a corresponding dual
basis of X' as follows: let f; € X', i € {1,...,n} be the linear map given by f;(z;) =1
and f;(x;) = 0 for j # . Then we claim that {f1,..., f,} is a basis of X’. Indeed, let
f €X' Forx € X we can write x = ) | ¢;x; with uniquely determined ¢; € K. Then
by linearity,

(2.36) f(z) = Zcif(l‘i) = Z f(:) fil),

i=1 i=1
because f;(z) = ¢;. Thus, the linear span of {fi,..., f,} is X’. On the other hand,
suppose

i=1

.....

0. Thus, {f1,..., f.} is linearly independent. Thus, X’ and X are isomorphic since
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they have the same dimension. We can define an isomorphism ¢ : X — X' by z; — f;
fori=1,...,n. O

4. Sequential (P spaces™®

DEFINITION 2.26. Let 1 < p < co. Then we define ¢ as the set of all sequences
(y)n=12,.. C Csuch that > 7 |z,|? < co. The P-norm is defined as

239) folly = (3 1eaP) .

If p € [1, 00] then the number p’ € [1, 00] such that % + ]% = 1 is called the Hélder dual
exponent of p.

REMARK. The definition of /% extends to values of p < 1, but ||z||, does not define
a norm if p < 1.

Our first goal is to show that ||-||, really is a norm. To do that we need the following
generalization of the Cauchy-Schwarz inequality.

THEOREM 2.27 (Hoélder’s inequality). Let p € [1,00] and x € P,y € ¢*". Then

(2.39) ‘ i Tnln
n=1

We need an auxiliary Lemma which generalizes the usual inequality for two non-
negative numbers a, b

b
(2.40) Vab < a;

comparing the geometrical mean of a, b (i.e. the sidelength of the square whose area
equals the area of the rectangle with sides a and b) with the arithmetical mean (the
number half way between a and b).

< llzllpllylle

LEMMA 2.28. Let a,b > 0.
(i) Let 0 <9 < 1. Then

(2.41) a* b < (1 —9)a + Vb.
(11) (Young’s inequality) Let p € (1,00). Then

p /
(2.42) < Y

p p

PRrROOF. Clearly the inequality holds if one of a, b is 0. Also Check that if the
inequality is true for some a, b then it is also true for ta, tb where t > 0.

Assume now 0 < b < a and let s = b/a. Then the stated inequality is equivalent
with s? < (1 —9)+ s for 0 < s <1. Set f(s) =1—19+19s—s”. Then f(1) =0 and
f'(s) <0for0< s <1,thus f(s) >0 for 0 <s <1 which implies the desired iequality.
The case 0 < a < b is shown in the same way (in fact follows from the previous case by
interchanging a, b and replacing ¢ by 1 — ¢J). This proves part (i).

For part (ii) set 2 = a?, y = b, ¥ = 1 — 1/p and observe that the inequality is then
equivalent with 2!=%y? < (1 — )z + ¥y which holds by part (i). O
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PROOF OF HOLDER’S INEQUALITY. Observe that the inequality is true if either z
or y are 0. Check that if the inequality is true for some choice of z and y then it is also
true for sz, ty with s > 0, ¢ > 0. Finally If p € {1, 00}, the inequality is trivial. So we
assume p € (1,00).

By Young’s inequality,

> 1 1 & ,
(2.43) D lrnynl < = el + 5>yl
n=1 pn:l p n=1

Observe that this yields the asserted inequality when ||z||, = 1 and ||y||,, = 1.
Also we have ||ﬁ||p =1, “W = 1, and since the assertion holds for z/||z||, and
P

y/|lyly it holds also for = and y. O
THEOREM 2.29 (Minkowski’s inequality). Let p € [1,00]. For z,y € (P,
(2.44) [z +yllp < [lzll, + lyllp-

ProoF. If p € {1,00} the inequality is trivial. Thus we assume p € (1,00). If
|z + y||, = 0, the inequality is also trivial, so we can assume ||z + y||, > 0. Now we
write

(2.45) 4+ yllp < D lzallen + 9l + D lyallza + vl

n=1 n=1
Using Holder’s inequality on both sums we obtain that this is

—1 -1
(2.46) < Nlellollz + ylEgh oy + Nyl + il

We have p'(p—1) = p%l(p — 1) = p, so we have proved that

(2.47) Iz + iy = (llly + lyllp) =+l
Dividing by ||z 4+ y|2~" gives the claim. O
We conclude that || - ||, is a norm and 7 a normed vector space.

THEOREM 2.30. Let p € (1,00). The dual space (¢P) is isometrically isomorphic to

o

PRrROOF. By e, we denote the sequence which is 1 at position k£ and 0 everywhere
else.

Then we define a map ¢ : (¢?) — ¢ by ¢(v) = (v(ex))r. Clearly, this is a linear
map. First we need to show that ¢(v) € ¢*. Let v € (/). For each n we define
z(™ € (P by

(2.48) 2 = B itk < n, v(er) #0,
0 otherwise.

We have on the one hand

(2.49) (™) =" folex) .

And on the other hand

n

/ 1/p
(2.50) @) < [ollaplle = oo (3 feter)) "

k=1
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Here we have used that p(p’ — 1) = p(;% — 1) = -5 = p’. Combining these two we get

1
7

@251 (S lo@l)” < ol

Letting n — oo this implies that

(252 o)l = (3 e )" < ol

so ¢(v) € 7. The calculation also shows that ¢ is bounded. It is easy to check that
¢ is injective. We show that it is surjective: let z € ¢*'. Then define v € (7)" by
v(y) = > o0 Tnyn. By Holder’s inequality, v is well-defined. We have v(ey) = g, so
¢(v) = x. Thus ¢ is an isomorphism. It remains to show that ¢ is an isometry. We
have already seen that

(2.53) o)l < llvllop
We leave it to the reader to verify the other inequality. O

Remark. Tt can be shown similarly that (¢') = ¢>°. However, the dual of £* is not ¢'.
COROLLARY 2.31. (P is a Banach space for all p € (1,00).
Remark. (' and (> are also Banach spaces as we saw in Example and Exercise

EXERCISE 2.32. (i) Let 0 < p < co. For z € R" set ||z||, = (31, |:|P)V/?. Prove
that 2], < [[2] i p1 < po.

Hint: First do this with the additional condition that ||z,, = 1.

(ii) Show that # C (7if 1 <p < q < 0.

(iii) Show that this inclusion extends to values of py, ps € (0, 00).

5. Derivatives

Recall that a function f on an interval (a,b) is called differentiable at x € (a,b) if

limy,_ w exists. In other words, if there exists a number 7" € R such that
— -T
(2.54) lim L@+ R) = f@) = Th] _
h—0 |h|

In that case we denote that real number 7" by f’(x). A real number can be understood
as a linear map R — R:

(2.55) R— LR,R), T +— (x—T-x)

That is, the linear map associated with a real number 7" is given by multiplication with
T. Interpreting the derivative at a given point as a linear map, we can formulate the
definition in the general setting of normed vector spaces.

DEFINITION 2.33. Let X,Y be normed vector spaces and U C X open. A map
F :U — Y is called Fréchet differentiable (we also say differentiable ) at x € U if there
exists T' € L(X,Y) such that
. ||F(x+h)— F(x)—Th|y

2.56 lim
( ) h—0 17| x

In that case we call T the (Fréchet) derivative of F at x and write T' = DF(x) or
T = DF|,. F is called (Fréchet) differentiable if it is differentiable at every point

=0.
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x € U. When X = R" we also use the following terminology: F'is totally differentiable
and DF(z) is the total derivative of F at x.

Before we move on we need to verify that DF'(x) is well-defined. That is, that T is
uniquely determined by F' and x. Suppose T, T € L(X,Y') both satisfy (2.56). Then

(2.57) | Th=Th|ly < |F(z +h) — F(z) = Thlly + ||[F(z + h) — F(z) — Thlly
Thus, by (2:50),

Th—Th
(2.58) ITh=Thlly o a5 h =0
[1h]x
In other words, for all € > 0 there exists o > 0 such that
(2.59) |Th — Thlly < e||h|x

if [|h]|x < 0. By homogeneity of norms we argue that the inequality (2.59) must hold

for all h € X: let h € X, h # 0 be arbitrary. Then let hy = d W By homogeneity of

norms we have [|hg||x = 0. Thus,
(2.60) | The — Tholly < ¢|lhol|x = €.

Multiplying both sides by 6~!||h||x and using homogeneity of norms and linearity of T,
we obtain

(2.61) ITh—Thlly <e|hlx

for all h € X (it is trivial for h = 0). Since € > 0 was arbitrary (and is independent of
h), this implies |Th — Th|ly =0, so Th =Th for all h. Thus T'=T.

Reminder: Big-O and little-o notation. Let f,g be maps between normed
vector spaces X,Y,Z: f:U —-Y,g: U — Z, U C X open neighborhood of 0.

e Big-O: We write

(2.62) f(h)=0(g(h)) ash—0
to mean
: 1 (R)]]
(2.63) lim sup < 00.
o llg(h)l]
This is equivalent to saying that there exists a C' > 0 and J > 0 such that
(2.64) 1F ()] < Cllg(R)]]

for all A with 0 < ||h|| < 9.
e Little-o: Write

(2.65) f(h) =o0(g(h)) ash—0
to mean
[P
(269 S gl
Comments.

e O and o are not functions and (2.62)), (2.65) are not equations!

e This is an abuse of the inequality sign: it would be more accurate to define
O(g) as the class of functions that satisfy (2.64)), say to write f € O(g).
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e Omne can think of (say) O(g) as a placeholder for a function which may change
at every occurrence of the symbol O(g) but always satisfies the respective
condition that it is dominated by a constant times ||g(h)|| if ||k|| is small.

e For brevity, we may sometimes not write out the phrase "as h — 0”.

e There is nothing special about letting h tend to 0 in this definition. We can also

define o(g), O(g) with respect to another limit, for instance, say, as ||h|| — oo.
e If f(h) =o0(g(h)), then f(h) = O(g(h)), but generally not vice versa.
o If f(h) = O(||h||*), then f(h) = o(||h]|*~%) for every & > 0.

e f(h) =o(1) is equivalent to saying that f(h) — 0 as h — 0.

We can use little-o notation to restate the definition of derivatives in an equivalent
way: F is Fréchet differentiable at x if and only if there exists T € L(X,Y’) such that

(2.67) F(z+h) = F(z) + Th+o(|h]) (ash — 0).

The derivative map 7' = DF|, provides a linear approximation to F'(z + h) when
||h|| is small. Thus, in the same way as in the one-dimensional setting, the derivative
is a way to describe how the values of F' change around a fixed point x.

EXAMPLE 2.34. Let F' : R? — R be given by F(z1,73) = x1cos(zz). We claim
that F is totally differentiable at every x = (z1,79) € R?. Indeed, let * € R? and
h = (hl,hQ) < RQ\{O} Then

(2.68) F(x 4 h) = (21 + hy) cos(xa + he) = x1 cos(za + ha) + hy cos(za + ho)
From Taylor’s theorem we have that

(2.69) cos(t + €) = cos(t) — sin(t)e + O(e?) ase — 0

Thus,

(2.70)

F(z + h) = x1 cos(xz) — zy sin(xa)hy + O(||h]|?) + hy cos(zg) — hy sin(zg)hy + O(||R||%)
(2.71) F(z +h) — F(z) = hy cos(wy) — a1 sin(z2)hy + O(||2||?)

This implies

(2.72) F(x+h)=F(xz)+Th+ o(||h]]),

where we have set T'h = hy cos(xs) — x1 sin(xy)hy (this is a linear map R? — R). So we
have proven that F' is differentiable at x and

(2.73) DF|,h = hy cos(xg) — x1 sin(xz)hs.

EXAMPLE 2.35. Let F : C([0,1]) — C([0,1]) be given by F(f =[5 f(
Then F is Fréchet differentiable at every f € C([0,1]). Indeed, we compute
(2.74)

F(f+h)(x)=F(f)(x) = /(f )+h(t))?dt— /f dt—2/f dt+/ h(t)*dt

Set T'(h =2 fo t)dt. This is a bounded linear map:

1) T <2 [ ORI < i
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where C' = 2 fol |f(t)|dt. We have

(2.76) P+ 1)) = F(D) - 7)) = [ hey
Thus

(2.77) IR+ 1) = FU) = Thl < s /0 (e
2.78 h(t)|*d sup |h(z)]? = ||h|?
279 < [(hRa< s pf =l

This implies

(2.79) T I +h) = F(f) = Thileo < [[hflc =0

IIhIIOo
as h — 0. Thus F is Fréchet differentiable at f and DF|¢(h) = 2 fo

We go on to discuss some of the familiar properties of derivatives. It follows directly
from the definition that DF)|, is linear in F. That is, if F : U - Y,G : U — Y are
differentiable at x € U and A € R, then the function F 4+ AG : U — Y defined by
(F+ \G)(z) = F(x) 4+ AG(x) is differentiable at z and D(F 4+ A\G)|, = DF|, + ADG],.

THEOREM 2.36 (Chain rule). Let Xi, X5, X3 be normed vector spaces and Uy C
X1,Uy C Xy open. Let x € Uy and g : Uy — Xo, f: Uy — X3 such that g is Fréchet
differentiable at x, g(Uy) C Uy and f is Fréchet differentiable at g(x). Then the function
fog:U — X3 defined by (f o g)(x) = f(g(x)) is Fréchet differentiable at x and

(2.80) D(f e g)lzh = Dflyw)Dglah
for all h € X;.
PROOF. Let z,z + h € U;. We write

(2.81) flg(z +h)) = fg(x)) = Dflg@ Dglzh

(2.82) = flg(x) + k) = f(9(2)) = Dflgk + Dflg)(9(x + h) = g(x) = Dgl.h),

where k = g(x 4+ h) — g(z). Using the triangle inequality and that D f|y,) is a bounded
linear map we obtain

(2.83) 1£(g(z + ) = f(g(x)) = Dfly) Dylatrllx,

(2.84) < |[f(g(2)+k)=F(9(2)) =D flokllxs T Dflgw lopllg(x+1) = g(z) = Dgloh] x,
We have

(2.85) 1Kllx, = llg(z +h) = g(@)lx, < 1Dglellopllhllx, + ol[[2]lx,)-

Dividing by ||h||x, on both sides, (2.84) implies

1 (g(z +h)) = fg(x)) = Dflg) Dglzhllx

< IElx, [1f(g(x) + k) = f(9(2)) = DflgwFllxs
— IAllx, 1% x

Hthl

+o(1), as h — 0.
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By (12.85)),

kil
2.86 e
(2.86) 1l

if ||h]|x, is small enough. In particular, & — 0 as h — 0. Since f is differentiable at
g(z) we have that

< [[Dglallop +1

1/ (g(x) + k) — f(9(x)) — Dflgakllxs
%1 x
converges to 0 as h — 0 (since then k — 0). O

(2.87)

THEOREM 2.37 (Product rule). Let X be a normed vector space, U C X open and
assume that F, G : U — R are differentiable at x € U. Then the function F-G : U — R,
(F-G)(z) = F(x)G(x) is also differentiable at x and

(2.88) D(F-G)|. = F(z)- DG |, + G(z) - DF |, .
EXERCISE 2.38. Prove this.

DEFINITION 2.39. Let X,Y be normed vector spaces, U C X open, F' : U — Y.
Let v € X with v # 0. If the limit

. F(z+ hv) — F(x)
(2.89) ilg% 3

cY  (heK\{0})

exists, then it is called the directional derivative (or Gateauz derivative ) of F' at x in
direction v and denoted D, F|,.

THEOREM 2.40. Let X, Y be normed vector spaces, U C X open and F' : U — Y
Fréchet differentiable at x € U. Then for everyv € X, v # 0, the directional derivative
D,F|, exists and

(2.90) D,F|, = DF|,v.

ProOF. By definition
(2.91) F(x 4+ h) — F(x) — DF|.(hv) = o(h) as h — 0.
Therefore,

F(z + hv) — F(x)
h
In other words, the limit as h — 0 exists and equals DF|,v. O

ExAMPLE 2.41. Consider F : R? — R, F(z) = 2% + 23 (where z = (z1,15) € R?).
Let e; = (1,0), ea = (0,1). Then the directional derivatives D, F|, and D,,F|, exist
at every point € R? and
(293) D61F|z = 2ZL‘1, D52F|m = 2$2.

Also, DF|, exists at every z and we can compute it using D., F|, and D, F|,: let
v € R? and write v = v1e; + voey where v, vy € R. Then

(2.92)

= DF|,v+o0(1) ash—D0.

(2.94) DF|,v = v DF|.e; + voDF | e5
By Theorem this equals
(2.95) V1D, F|p + 02D, F | = 22101 + 2x905.

Remark. The converse of Theorem is not true!
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EXAMPLE 2.42. Let ' : R? — R be defined by F(z) = % if # # 0 and F(0) = 0.

:c%Jr:):%
Then all directional derivatives D, F|y for v # 0 exist: for v = (vq, v),
3

v
2.96 F(hv) — F(0) = h———;
( ) (hv) (0) W+ 2
so D,F|o = % But F'is not totally differentiable at 0, otherwise we would have by
linearity of the total derivative,
(297) DvF|0 = DF|0’U = ’U1D61F|0 + U2D62F|0 = v,

which is false.

6. Further exercises

EXERCISE 2.43. For z,y € R" define

ool y) = 3 los — il
i=1
i) Let 0 < p < 1. Prove that p, is a metric on R".
Pp

ii) Let 1 < p < co. Prove that p, is not a metric on R".
(i) Pp
iii) Let 0 < p < 1, n > 2. Prove that p5/? is not a metric on R”.
(iil) p<1, Pp

(iv) Let ||zll, = O, |z:?)Y/P. Prove that if 0 < p < 1, n > 2, neither ||z|, nor
|z[|> define a norm on R™.

1/p
EXERCISE 2.44. Let x € R". Define |z|, = <Z:.L:1 |:1:i|p> for 0 < p < oo and

(i) Show that lim, , ||z, = [|Z]cc-
(ii) Show that lim, .o ||z, exists and determine its value (we also allow co as a limit).

EXERCISE 2.45. Let C(][0,1]) be the space of continuous real-valued functions on
the interval [0,1]. Assume 1 < p < oo.
(i) Show that for 1 < p < oo the expression

1= ( rora)”

defines a norm on C([0,1]). You may choose to do part (iv) below first.
(ii) Let v < 1/p and define

t—* forn ' <t<1
nt: - =
falt) {no‘ for0<t<n'.

Show that {f,}22, is a Cauchy sequence in C(]0, 1]), with respect to the norm || - ||,.
Show that it is not a Cauchy sequence with respect to the usual sup-norm on C([0, 1]).

(iii) Show that C(]0, 1]) with norm | - ||, is not complete.

(iv) Let R([0, 1]) be the space of Riemann integrable functions defined on the interval
[0,1]. Show that if f is Riemann integrable then |f|? is also Riemann integrable. Show
that || f]|, defines a seminorm on R([0, 1]) but not a norm.

(v) Show for f,g € R([0,1]), 1 < p < o0, é + ]% =1,

\ /Olf@)g(wdt\ < I £1l,llgll-
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(vi) Show for f € R([0,1]),
1 fllpr < (1 fllpe i p1r < pa.

EXERCISE 2.46. Let C(R) be the set of continuous functions on R. Let w(t) = 45
for t > 0. Define

(2.98) A(f.9) = > 2 w( sup 17(x) —g(2).

(i) Show that d is a well-defined metric.
(ii) Show that C'(R) is complete with this metric.
(iii) Show that there exists no norm || - || on C(R) such that d(f,g) = || f — 9|l

EXERCISE 2.47. Consider the space ¢! of absolutely summable sequences of complex
numbers. Let p,q € [1,00] with p # ¢. Then || - ||, and || - ||, are norms on ¢* (recall
that [lall, = (2237, [anf?) /7 for p € [1,00) and [lall = supey lan). Show that |- |,
and || - ||, are not equivalent.

EXERCISE 2.48. Let X be the space of continuous functions on [0, 1] equipped with
the norm || f|| = fol |f(t)|dt. Define a linear map 7': X — X by

(2.99) Tf(x)= / f(t)dt.
0
Show that 7" is well-defined and bounded and determine the value of ||T'||,p.

EXERCISE 2.49. Let X, Y be normed vector spaces and F': X — Y a map.
(i) Show that F' is continuous if it is Fréchet differentiable.
(ii) Prove that F is Fréchet differentiable if it is linear and bounded.

EXERCISE 2.50. Let V, W be normed vector spaces and let T' : V. — W be a
bounded linear transformation. Show that 7' is differentiable everywhere and compute
the derivative DT, for all v € V.

EXERCISE 2.51. Let X = C([0,1]) be the Banach space of continuous functions on
[0, 1] (with the supremum norm) and define a map F' : X — X by

(2.100) F(f)(s) = /08 cos(f(t)?)dt, s € [0,1].

(i) Show that F is Fréchet differentiable and compute the Fréchet derivative DF |, for
each f € X.
(ii) Show that FX = {F(f) : f € X} C X is relatively compact.

EXERCISE 2.52. Let R"*" denote the space of real n x n matrices equipped with
the matrix norm || Al| = supy,—; [|Az||. Define

(2.101) F:R™" — R™" F(A) = A%
Show that F is totally differentiable and compute DF | 4.

EXERCISE 2.53. (i) Is there a constant C' such that for all continuous functions f
on [0, 2] the inequality

[ 101 < € gua 170
0 oS4



48 2. LINEAR OPERATORS AND DERIVATIVES

holds? Is there a constant C' such that for all continuous functions f on [0, 2] the reverse
inequality

2
s [£@)] < C [ 170l

holds? The expressions on the both sides of the above inequalities define norms on
C([0,1]). Are these equivalent norms?

(ii) True or false: There is a constant C), such that for all polynomials P of degree
< n we have

0<x<2

max |P(z)] < C’n/o |P(t)|dt .

What about the analogous question concerning the inequality

0<2<200

10710
max yp(x)\gon/ (1)t ?
0



CHAPTER 3

Differential calculus in R"

In this section we study the differential calculus of maps f : U — R™, U C R"
open. We shall use the Euclidean norms on R" and R™, i.e. [[z| = (37, |2|?)Y/? for

z € R" and ||ly|| = (OO0, |vi|*)/? for y € R™. In this setting we refer to the Fréchet
derivative as total derivative . Whenever we speak of functions in this section, we mean
real-valued functions.

DEFINITION 3.1. By e, we denote the kth unit vector in R™. Then the directional

derivative in the direction ey is called kth partial derivative and denoted by 0Oy f(z) or
Op, f(x) (if it exists).

If f is totally differentiable at a point z = (z1,...,x,) € U, then we can compute
its total derivative in terms of the partial derivatives by using (12.90):

By definition, Df|, is a linear map R™ — R™. It is therefore given by multiplication
with a real m x n matrix. We will denote this matrix also by Df|, and call it the
Jacobian matrix of f at x . From (2.90)) we conclude that the jth column vector of this
matrix is given by 0; f(z) € R™. Therefore the Jacobian matrix is given by

hfi(z) - Oufi(w)
(3-2) Dfle = (9fi(x))i; = : : € R™,
Ofm(z) -+ Opfumlx)
where f(z) = (fi(x),..., fm(x)) € R™. If m = 1, then the gradient of f at x is defined
a

01 f(z)
(3:3) Vf(z)=Dfl; = : eR".
Onf ()
(Note that n x 1 matrices are identified with vectors in R™: R"*! = R".)

EXAMPLE 3.2. Let F': R® — R? be defined by F(z) = (z122sin(x3), 23 —e®'). Then
F is totally differentiable and the Jacobian is given by

(3.4) DF|, = xzsinggxg) xysin(xs) 129 cos(xs) .

Recall that a set A C R" is called convezr if txz + (1 —t)y € A for every z,y € A,
t € 10,1].

Here MT € R"*™ denotes the transpose of the matrix M € R™*",

49
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THEOREM 3.3 (Mean value theorem). Let U C R™ be open and convex. Suppose
that f : U — R s totally differentiable on U. Then, for every x,y € U, there exists
& € U such that

(3.5) f(@) = fy) = Dfle(z —y)
and there ezists t € [0, 1] such that £ =tx + (1 —t)y.

The idea of the proof is to apply the one-dimensional mean value theorem to the
function restricted to the line passing through z and y.

PROOF. If x = y there is nothing to show. Let z # y. Define g : [0,1] — R by
(t) = f(tx + (1 — t)y). The function ¢ is continuous on [0, 1] and differentiable on
0,1). By the one-dimensional mean value theorem there exists to € [0, 1] such that
(1) — g(0) = ¢'(to). By the chain rule,

3.6) 9 (to) = D fliw+ 1o (x = y)-

o D«

—~

OJ

COROLLARY 3.4. Under the assumptions of the previous theorem: if Df|, = 0 for
all x € U, then f is constant.

EXERCISE 3.5. Show that the conclusion of the corollary also holds under the weaker
assumption that U is open and connected (rather than convex). Hint:  Consider
overlapping open balls along a continuous path connecting two given points in U.

DEFINITION 3.6. A map f : U — R™, U C R" open, is called continuously dif-
ferentiable (on U) if it is totally differentiable on U and the map U — L(R",R™),
x — Df|, is continuous. We denote the collection of continuously differentiable maps
by CY(U,R™). If m = 1 we also write C'(U,R) = C'(U).

Remark. For f:U — R, continuity of the map U — R", x — V f(z) is equivalent to
continuity of the map U — L(R™,R), x — Df|,.

THEOREM 3.7. Let U C R"™ be open. Let f : U — R. Then f € CY(U) if and
only if 0;f(x) exists for every j € {1,...,n} and x — 0;f(x) is continuous on U for
jed{l,...,n}.

Remark. Without additional assumptions (such as continuity of x +— 0; f(x)), existence
of partial derivatives does not imply total differentiability.

EXERCISE 3.8. Let F': R* — R be defined by F(z) = 212 if 2 # 0 and F(0) = 0.
1 2
(i) Show that the partial derivatives ) F(x), . F(x) exist for every z € R?.
(ii) Show that F' is not continuous at (0,0).

(iii) Determine at which points F' is totally differentiable.

PROOF. Let f € CY(U). Then 9;f(z) exists by Theorem and =z — 0;f(z)
is continuous because it can be written as the composition of the continuous maps
r— Vf(z)and m; : R" = R,z — z;: 0;f(x) = (m; 0 Vf)(x).

Conversely, assume that 0; f(x) exists for every x € U, j € {1,...,n} and x — 0, f(z) is
continuous. Let z € U. Write h = 77 | hje; and define v), = 2521 hjej for 1 <k <mn
and vy = 0. Then, if ||h]| is small enough so that = + h € U, then

(3.7)

flath)=f(x) = fzton) = f(@4vn )+ f(@+vn) = f(24vno)+ -+ f (2+v1) = f(@4v0)
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(3.8) = Z flx +vj) — f(z+v;_1)).

By the one-dimensional mean value theorem there exists t; € [0, 1] such that

(3.9) flztuv)—f(xt+via) = flrtviat+hie;) = f(atvia) = 0 f(w+vj1+thie;)h;.
By continuity of 0; f, for every € > 0 exists > 0 such that

(3.10) 10;f(y) —0;f(z)] <e/n forallj=1,...,n,

whenever y € U is such that || —y|| < §. We may choose ¢ small enough so that
x+h € U whenever ||h|| < 6. Then, if ||| < § (then also ||v;]| <6, ||vj_1+t;hje;]] < 9)
we get

(B3.11) |f(z+h) - Z hidsf (@) < 3 |fla+v) = F @+ vj1) = hidi (@)
j=1
(3.12) = 1105 f (x4 vj1 + tihje;) = 0, f () < ) |hj|% < el|n]].
i=1 =1
Therefore, f(x + h) — f(x) — Df|.h = o(h), where
(3.13) Dfl|:h = z": h;0;f ()
j=1

so f is differentiable at x. Also, z — V f(z) is continuous, because the 0, f are contin-
uous. 0

To conclude this introductory section, we discuss some variants of the mean value
theorem that will be useful later.

THEOREM 3.9 (Mean value theorem, integral version). Let U C R™ be open and
convex and f € CY(U). Then for every z,y € U,

(3.14) F@) = 10) = [ Dflessocnnla =it

PRrROOF. Let g(t) = f(tx + (1 — t)y). By the fundamental theorem of calculus and
the chain rule,

(315  f(@)— f(y) = g(1) — g(0) = / §(s)ds = / Df st oy — y)dt
]

THEOREM 3.10 (Mean value theorem, vector-valued case). Let U C R™ be open and
conver and F € CY(U,R™). Then for every x,y € U there exists 6 € [0,1] such that

(3.16) 1E(z) = FW)ll < [[DFlellopllz = yll,
where § = 0z 4+ (1 —0)y.
PRrROOF. Write F' = (F1,..., F,). Then by Theorem

(3.17) Fie) = ) = [ DEluaonyle =it
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This implies

(318) Pa) = F(y) = [ DFlesaonyfe = o)t

By the triangle inequality, we have

1
(3.19) 1F(z) = F(y)l S/ IDF i -tyyllopdtllz =yl
0

The map [0,1] = R, t = || DF|tzr(1—t)y|lop is continuous (because F is C') and therefore
assumes its supremum at some point 6 € [0, 1]. Define £ = 6z + (1 — 0)y. Then

(3.20) 1F(z) = F@)ll < IDFlellopllz = yll-
0

Remark. Ifm>2and F:U — R™is C' and o,y € U, then it is not necessarily true
that there exists £ € U such that F(z) — F(y) = DF|¢(z — y).

EXERCISE 3.11. Find a C! map F : R — R? and points z,y € R such that there
does not exist £ € R such that F'(z) — F(y) = DF|¢(z — y).

EXERCISE 3.12. Let U C R” be open and convex and F': U — U a differentiable
map. If there exists ¢ € (0,1) such that [|[DF|,|lop < ¢ for all z € U, then F is a
contraction of U.

1. Inverse function theorem

In this section we will see how the contraction principle can be applied to find (local)
inverses of maps between open sets in R”, in other words to solve equations of the form

flz)=y.

DEFINITION 3.13. Let £ C R™. We say that a map f : E — R™ is locally invertible
at a € E if there exist open sets U,V C R" such that U C FE, a € U, f(a) € V and
a function g : V' — U such that g(f(z)) = = for all z € U and f(g(y)) = y for all
y € V. In that case we call g a local inverse of f (at a) and denote it by f|;' (this is
consistent with usual notation of inverse functions, because the restriction f|y of f to
U is an invertible map U — V).

THEOREM 3.14 (Inverse function theorem). Let E C R™ be open and let f : E — R"
be differentiable on E. Let a € E and assume that D f|, is invertible and that x — DF,
18 continuous at a. Then f is locally invertible at a in some open neighborhood U C E
of a with (f|y)~" differentiable on V = f(U), and we have for all z € U

(3.21) D(fl5) @ = (Dfla) ™
(ii) If f € CH(E < R") the (f|U)™t € CY(V,R")

Proor. We want to apply the contraction principle. For fixed y € R", consider the
map

(3.22) py(2) =2+ Df; (y = f(z)) (z € E)
Then f(x) =y if and only if x is a fixed point of ¢,. Calculate
(323) D90y|06:I_Df|;1Df|ac:Df|;1(Df|a_Df|x)
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Let A = ||[Df|; |lop- By continuity of Df at a, there exists an open ball U C E such
that

(3.24) IDFle = Dflallop < % for z € U.

Then for z, 2’ € U

(3.25) oy () — @y ()| < [1Dpylellopllz — 2|

(3.26) <IDfI; Hepll Dfla = Dflelloplle — 2|l < §lla — 2.

Note that this doesn’t show that ¢, is a contraction, because ¢,(U) may not be con-
tained in U. However, it does show that ¢, has at most one fixed point (by the same
argument used to show uniqueness in the Banach fixed point theorem). This already
implies that f is injective on U: for every y € R™ we have f(z) = y for at most one
rxeU. Let V= f(U). Then f|y : U — V is a bijection and has an inverse g : V. — U.

Claim. V is open.

PrRoOOF OF cLAIM. Let yp € V. We need to show that there exists an open ball
around yo that is contained in V. Since V = f(U) there exists xy € U such that

f(zo) = yo. Let r > 0 be small enough so that B,(xz¢) C U (possible because U is
open). Let € > 0 and y € B-(yp). We will demonstrate that if £ > 0 is small enough,

then ¢, maps B, (z) into itself. First note

(3.27) lpy(20) = @oll = DI (y = o)l < Ae.
Hence, choosing e < g5, we get for v € B, (7o) that

(3.28) [y () = woll < lley(x) = @y(@o)ll + lloy (o) — o
(3.29) <gllo—aoll +5<5+5="

Thus ¢, (z) € B,(zo). This proves ¢, (B, (x¢)) C B,(x), s0 ¢, is a contraction of B, (x).
By the Banach fixed point theorem, ¢, must have a unique fixed point z € B,(zy). So
by definition of ¢, we have f(z) =y, so y € f(U) = V. Therefore we have shown that
B.(yo) C V, so V is open. O

It remains to show that g € C'(V,U) and Dg|s,) = Df|,'. We use the following
lemma.

LEMMA 3.15. Let A, B € R™"™ such that A is invertible and

(3.30) 1B — Al A7 < 1.
Then B is invertible. (Here || - || denotes the matriz norm, which is just the operator
norm: || Al = supy, - [[Az]].)

In other words, if a matrix A is invertible and B is a “small” perturbation of A

(“small” in the sense that (3.30] holds), then B is also invertible.

Proor. It suffices to show that B is injective. Let x # 0. Then we need to show
Bz # 0. Indeed,

(3.31) ol = A7 Az < JATH] - [ A]| < IAT(I(A = B)z|| + [| Bz])
(3.32) < AT 1IB = Al - llll + (1A [ Bz,
which implies ||A7Y|||Bzx|| > (1 — ||A7Y| - |B — A|)||z|| > 0, so Bx # 0. O
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Let y € V. We show that g is totally differentiable at y. There exists € U such
that f(z) =y and from the above,

(3.33) IDfI N Dfle = Dflall < 3.

By the lemma, Df|, is invertible. Let k be such that y + k € V. Then there exists h
such that y + k = f(z + h). We have

(3.34) ||| < ||h— Df|; 'kl + | Df], k|| and

(3.35) h—Dflg'k =h+Df|;'(f(z) = f(z + h)) = gy(x + h) — ¢,(2),
so [|h— Df|; k|| < [|h||. Therefore, ||A]| < 2X||k|| — 0 as ||k|| — 0. Now we compute

(3.36) gly+k) —g(y) = DfI;'k=a+h—x— Df[;'k

(837) =h—Df; (f(x +h) — f(a)) = —Df|;'(f(x+h) — f(z) = Dfl,h) and so

1 h) — — Df|.hl] ||h
338 crolaty+ 1) = 9(0) - D] < oy R = A = DI
(3.39) < gy th) = J@) = DIkl gk

il

Therefore g is differentiable at y with Dg|, = Df|;*. This finishes the proof of part (i)
of Theorem [3.14]

To prove part (i) we assume f is of class C', and it remains to show that Dg is
continuous. To show this we need another lemma.

LEMMA 3.16. Let GL(n) denote the space of real invertible n x n matrices (equipped
with some norm). The map GL(n) — GL(n) defined by A~ A~ is continuous.

This lemma follows because the entries of A=! are rational functions with non-
vanishing denominator in terms of the entries of A (by Cramer’s rule).

Since Dgl|, = Df|;! and compositions of continuous maps are continuous (Df is
continuous by assumption), we have that Dg must be continuous, so g € C*(V,U). 0O

Remark. 1f f islocally invertible at every point, it is not necessarily (globally) invertible
(that is, bijective).

EXAMPLE 3.17. Let f : R? — R? be given by f(z) = (e”2sin(x), €*2 cos(x1)). Then

(3.40) D, = (

e*2 cos(ry) €e*2sin(xq)
—e™sin(xy) e*2cos(xy) )

Thus det Df|, = €?**2(cos(z1)? + sin(x1)?) = €**2 # 0, so by Theorem [3.14] f is locally
invertible at every point z € R2. f is not bijective: it is not injective because, for
instance, f(0,0) = f(2m,0).
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2. Implicit function theorem

We will now use the inverse function theorem to prove a significant generalization
called the implicit function theorem. Let E C R™ x R™ be an open set and f : E — R™
a C' map. Consider the zero set of f given by

(3.41) Z=A{(x,y) € E: f(x,y) =0}.

It is natural to ask when Z is locally the graph of a function. The implicit function
theorem gives a satisfactory answer. More precisely, given a point (zg,yo) € Z we ask
whether there exists an open neighborhood of (xg,yo) so that Z intersected with that
neighborhood is given as the graph of a C'! function in the sense that there exists g so
that f(x,g(x)) = 0 for x close to zp. Another way to think of this is that we would like
to solve the system of equations given by f(z,y) = 0 for y, when x is given (this seems
reasonable since there are m equations and m unknowns).

THEOREM 3.18 (Implicit function theorem). Let £ C R™ x R™ be open, f €
CYE,R™) and (x9,y0) € Z such that the matriz Dyf| sy € R™™ is invertible.
Then there exist open neighborhoods U,V of xq, yo, respectively and a C' function
g:U —V so that

(3.42) ZNUxV)={(z,9(x)) : z € U}.
In other words, U x V. C E and f(x,g(x)) =0 for all x € U. Moreover,
(3.43) Dg|afo = _(DyF|(onyo))_lDJ»‘Fkxo,yo)'

Here, Dy fl(z0,50) € R™*" denotes the Jacobian matrix of the function x — f(x, o)
at xo, and Dy f|(z0,49) € R™*"™ the Jacobian matrix of the function y — f(z0,y) at yo.

It is instructive to observe that the relation follows from an application of
the chain rule when taking derivatives on both sides of the identity

(3.44) fx, g(x)) =0

with respect to x. This is also known as implicit differentiation.
The formula (3.43) is especially useful in cases when it is difficult or impossible to
determine the implicit function g algebraically.

PROOF. The proof is an application of the inverse function theorem, Theorem |3.14
Define a map F : E — R" x R™ by

(3.45) F(a,y) = (z, f(,9)).
Then F is C" and DF |, ) is given by the (n +m) x (n 4 m) block matrix

( I, 0 )
Dxf|(zo,yo) Dyf‘(zovyoﬁ

where I,, denotes the n x n identity matrix. Thus det DF|(y, 4,) = det Dy fl(z,50) 7 0,
50 DF (29,4 is invertible. By Theorem @, F is therefore locally invertible at (zq, yo).
As a consequence, there exist an open neighborhood U’ of 2y and an open neighborhood
V of yg so that U' x V C E, F(U x V) C R* x R™ is open and F|y«y is invertible
with a C*! inverse

(3.47) G:FU xV)=U"xV.

(3.46)
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Let U={z €U : (z,0) € F(U xV)} C R". Then U is open, because F(U" x V) is
open. Also, g € U. For x € U we can now define g(x) by G(z,0) = (z,g(z)). Then
g(x) € V and

(3.48) (z, f(z,9(x))) = F(z,9(z)) = F(G(z,0)) = (,0),
so f(z,g(x)) =0 for all z € U. Moreover, g is C'' and satisfies (3.43). O

EXAMPLE 3.19. Let n =m =1 and f(z,y) = 2> +y? — 1. Then Z is the unit circle
around the origin, which is locally a graph at every point with yo # 0. Coincidentally,

(3.49) Dy fl(zy) = 2y # 0 if and only if y # 0.

In this case an implicit function g can be determined explicitly: if say (zo,yo) = (0, 1),
then g : (—1,1) — R with

(3.50) g(x) =v1—2a?
is C'! and satisfies f(z, g(x)) = 0.

EXAMPLE 3.20. Let n = m = 1 and f(x,y) = 2 —y®. Then Z is a cubic curve with
a cusp singularity at the origin. In this case, Z is (globally) the graph of the function
g:R — R with g(z) = |2|**. However,

(351) Dyf|(z,y) = _3y2'

so the implicit function theorem does not apply at the cusp (zg,yo) = (0,0) € Z. This
is consistent with the fact that g is not C! at zero.

EXAMPLE 3.21. Let n =m =1 and f(z,y) = (y —z)(y + ). Then Z is locally the
graph of a function at every point except for the origin, where it has a self-intersection.

3. Ordinary differential equations

In this section we study initial value problems of the form

(3.52) {Z%zzgmm

where £ C R x R is open, (tg,y) € F and F' € C(F) are given. We say that a
differentiable function y : I — R defined on some open interval I C R that includes the
point tg € I is a solution to the initial value problem if (¢,y(t)) € E for all t € I and
y(to) = yo and ¥/ (t) = F(t,y(t)) for all t € I. The equation y/(t) = F(t,y(t)) is a first
order ordinary differential equation . We also write this differential equation in short
form as

(3.53) y' = F(t,y).

Geometric interpretation. At each point (¢,y) € F imagine a small line segment
with slope F(t,y). We are looking for a function such that its graph has the slope
F(t,y) at each point (t,y) on the graph of the function.

EXAMPLE 3.22. Consider the equation y' = 4. The solutions of this equation are
of the form y(t) = ¢t for ¢ € R.
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FIGURE 1. Visualization of F'(¢,y).

EXAMPLE 3.23. Sometimes we can solve initial value problems by computing an
explicit expression for y. Recall for instance that solving differential equations of the
form ' = f(t)g(y) is easy (by separation of variables ). Consider for instance

V(1) =5
3.54 v(®)
354 U
for (to,y0) € (0,00) X (0,00). Then y(t) = \/t2 +y2 — t3. Note that if y2 — 2 > 0,
then y is defined on I = (0,00). But if y2 — 2 < 0, then y is only defined on [ =

(\/tg_y(%voo)ato'

In general, however it is not easy to find a solution. It may also happen that the
solution is not expressible in terms of elementary functions. Try for instance, to solve
the initial value problem

(3.55) { ??j'((lt)) - gj”(” “sin(t + y(t),

THEOREM 3.24 (Picard-Lindelof). Let E C R x R be open, (to,y) € E, F € C(E).
Let a > 0 and b > 0 be small enough such that

(3.56) R={(t,y) e R*: |t —to| <a,|y —yo| <b} CE.
Let M = sup, yep | F(t,y)| < 0o. Assume that there exists c € (0,00) such that
(3.57) [F'(t,y) = F(t,u)| < cly —ul

for all (t,y), (t,u) € R. Define a, = min(a,b/M) and let I = [ty — as,to + a.|. Then
there exists a unique solution y : I — R to the initial value problem
y'(t) = F(t,y(t)),
3.58
(3.58) { y(ts) = vo.
Remarks. 1. If F satisfies condition (3.57)), we also say that F'is Lipschitz continuous
in the second variable . Note that the solution interval I guaranteed by the theorem is

independent on the Lipschitz constant.
2. The condition ([3.57) follows if F is differentiable in the second variable and |0, F'(t, y)| <
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FIGURE 2. Visualization of F'(¢,y).

c for every (t,y) € R (by the mean value theorem).
3. By the fundamental theorem of calculus, the initial value problem ([3.58) is equivalent
to the integral equation

(3.59) y(t) = yo + / Fs,y(s))ds.

to

COROLLARY 3.25. Let E C R xR open, (to,y0) € E, F € C'(E). Then there exists
an interval I C R and a unique differentiable function y : I — R such that (t,y(t)) € E

forallt € I and y solves (]3.58)).

This is true because (3.57)) follows from the mean value theorem and continuity of
the second derivative 0, F'.

PROOF OF THEOREM [3.24] Let J = [yo — b, yo + b]. It suffices to show that there
exists a unique continuous function y : I — J such that

(3.60) y(t) =yo + /tt F(s,y(s))ds

(that is, y is a solution of the integral equation). Let
(3.61) Y={y:1—J : ycontinuous on /}.
For every y € Y, t — F(t,y(t)) is a well-defined continuous function on I. Define

(3.62) Ty(t) = yo + /t F(s,y(s))ds.

to

Claim. TY C ).

PROOF OF cLAIM. Let y € ). Then Ty is a continuous function on . It remains
to show that Ty(t) € J for all t € I. Recalling that |F(t,y)| < M for all (t,y) € R we
obtain:

t
(3.63) Ty(t) — yo| < / |F(s,y(s))|ds < [to —t|M < Ma, <,
to
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where we used that a, = min(a,b/M) < b/M. O

To apply the contraction principle we need to equip ) with a metric such that
T : Y — )Y is a contraction and ) is complete. We could be tempted to try the
usual supremum metric du (g1, 92) = sup,e; [91(t) — g2(t)|. Then Y C C([) is closed, so
(V,d) is a complete metric space. However, T" will not necessarily be a contractio
with respect to d.,. Instead, we define the metric

(3.64) du(91, 92) = s;g?e—%'t—tow g1(t) — ga(1)].

Then d. (g1, g2) < doo(91, g2) < €% d.(g1,g2). In other words, d, and d, are equivalent
metrics. This implies that (), d,) is still complete.
Claim. 7' : )Y — )Y is a contraction with respect to d,.

PROOF OF cLAIM. For g1,9, € Y, t € I we have by (3.57),

(3.65) T01(0) = Ta(0] = | [ (Flss01(6) — Fi )i

(3.66) < c/t lg1(s) — g2(s)]ds.

Let us assume that ¢ € [to, tp + a.]. Then

t t

(3.67)  [Tar(t) — Tga(t)] < c / 191(5) — ga(s)]ds < ¢ / e2610) (g1 g0)ds

to to

1

(3.68) - Cd*(gth)%(ch(t—to) 1)< %d*(gth)ezqt—td
Similarly, for ¢ € [ty — a., to] we also have
(3.69) Tg1(t) — Tga(t)] < (g1, g2)e* 10l
Thus,
(3.70) e 20N Tg (1) — Tga(t)] < +d. (g1, 92)
holds for all t € I, so d.(T'g1,Tgs) < %d*(gl,gg). O

By the Banach fixed point theorem, there exists a unique y € ) such that Ty = vy,
i.e. a unique solution to the initial value problem (3.58]). OJ

Remarks. 1. The proof is constructive. That is, it tells us how to compute the solution.
This is because the proof of the Banach fixed point theorem is constructive. Indeed,
construct a sequence (Yn)n>0 C Y by yo(t) = yo and

t

(3.71) Un(t) = yo + / F(s,yn-1(s))ds forn=1,2,...
to

Then (y,)n>o converges uniformly on I to the solution y. This method is called Picard

iteration .

2. Note that the length of the existence interval I does not depend on the size of the

constant ¢ in (3.57)).

2For the supremum metric to give rise to a contraction we would need to make the interval I
smaller.
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ExAMPLE 3.26. Consider the initial value problem

_ etsin(t+y(t))
(3.72) y'(t) = ty(t)fyl ,
' y(1) = 5.
Let F(t,y) = % We need to choose a rectangle R around the point (1,5) where

we have control over |F(t,y)| and |0,F(t,y)|. Thus we need to stay away from the set
of (t,y) such that ty — 1 = 0. Say,

(3.73) R={(ty)  [t—1/< 1 ly—5| <1}
Then for (t,y) € R:

(3.74) ty—1>(1-3)56-1)—1=1.
Also, |e!sin(t + y)| < €32, Setting M = €*2, we obtain

(3.75) |F(t,y)| < M for all (t,y) € R.
Compute

ecos(t+y) e'sin(t+y)
. F = —

For (t,y) € R we estimate

t t t o3 t
(3.77) 0,F(t,y)| < ﬂ‘ tﬂ( |
ty — 1 (ty — 1)2
where we have set ¢ = 3/2 + %63/ 2. Then the number a, from Theorem is
a. = min(a,b/M) = min(,1/e*?) = e732 So the theorem yields the existence

and uniqueness of a solution the the initial value problem (3.72)) in the interval I =
[1—e3/2 1+e7%/2]. We can also compute that solution by Picard iteration: let yo(t) = 5
and

(3.78) ya(t) =5+ /1 a S;;ii:zj"jl@)ds.

The sequence (Y, )nen converges uniformly on I to the solution y.

EXAMPLE 3.27. Sometimes one can extend solutions beyond the interval obtained
from the Picard-Lindelof theorem. Consider the initial value problem

y'(t) = cos(y(t)* — 2t%)
3.79
(3.79) { y(0) =1
We claim that there exists a unique solution y : R — R. To prove this it suffices to

demonstrate the existence of a unique solution on the interval [—L, L] for every L > 0.
To do this we invoke the Picard-Lindelof theorem. Set

(3.80) R={(t,y) eR* : [t| < L,|ly—1] < L}.
Let F(t,y) = cos(y? — 2t3). Then
(3.81) |F(t,y)| <1 forall (t,y) € R

We have 9, F(t,y) = —2ysin(y* —2t3), s0 |9, F(t,y)| < 2ly| < 2(L+1) for all (¢,y) € R.
Then by Theorem there exists a unique solution to (3.79) on [ = [—L, L].
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ExAMPLE 3.28. If the Lipschitz condition (3.57)) fails, then the initial value problem
may have more than one solution. Consider

y'(t) = ly(®)">,
3.82
(382) { y(0) = 0.
The function y ~ |y|'/? is not Lipschitz continuous in any neighborhood of 0: for
y > 0 its derivative %yil/ 2 is unbounded as y — 0. The function y;(t) = 0 solves the

initial value problem (3.82)). The function

[ t?7/4, ift >0,
(3.83) ya(t) = { 0, ift+ <0

also does.

Existence of a solution still holds without the assumption (3.57]). We will prove this
as a consequence of the Arzeld-Ascoli theorem.

THEOREM 3.29 (Peano existence theorem). Let £ C R X R open, (to,y0) € E,
FeC(E),

(3.84) R={(t,y) : [t —to| <a, ly —y| < b} C E.

Let M = sup, e |F(t,y)| < 0o. Define a. = min(a,b/M) and let I = [ty — a., to+a.].
Then there exists a solution y : I — R to the initial value problem

y,<t) - F(t7 y@))?
3.85
(3:85) {mm:m
COROLLARY 3.30. Let E C R xR open, (ty,yo) € E, F € C(E). Then there ezists

an interval I C R and a differentiable function y : I — R such that (t,y(t)) € E for all
t €1l and y solves (3.58)).

ProoFr. It suffices to produce a solution to the integral equation

t
(3.86) vty =+ [ Flsgl)ds

to
To avoid some technicalities we will only present the proof under the additional as-
sumption that

(3.87) |F(ty)| <M

holds for |t — ty| < a and all y € R. Then we may choose b arbitrarily large and thus
a, = a. We also restrict our attention to the interval [ty,to + a], which we denote by I.
The construction is similar on the other half, [to—a, to]. Let P be a partition of [¢y, ty+al:
P = {to <t < - <ity=ty+ &} of [to,to + CL]. We let AP = maxongN,l(tkH — tk)
denote the fineness of P. We try to build an approximate solution given as a piecewise
linear function. The function yp : [to,to + a] — R shall be defined as follows: let
yp(to) = yo and for t € (tx, tx+1] we define yp(t) recursively by

(3.88) yp(t) = yp(te) + F(t, yp(t)) (T — tr).
Claim 1. For t,t' € [to, to + al,
(3.89) lyp(t) — yp(t')] < M|t — '],
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PROOF OF CLAIM. In this proof we will write yp as y for brevity. Say t’ € [tg, trs1],t €
[tﬁatf-‘rl]a k S Itk = év then by "

(3.90) ly(t) —y(@)| = |F(t, y(tr)(E — )| < Mt 1]
If k < ¢, then
-1
(3.91) () — ()] = ly(®) = y(te) + D Wltis) — y(t;) + ylter) — y(t)|
j=k+1
/—1
(3.92) < Jy(t) — y(te)| + Z y(tj+1) — y(E)] + [y () — y(t)]
/—1
(3.93) SM(t—t)+ > Mty —t;) + Mty —t') = M(t —t).

O

Define gp(t) = F(tg,yp(ty)) for t € (tx,tgr1]. Then gp is a step function and
yp(t) = gp(t) for t € (ty, tiia)-

Let € > 0. F' is uniformly continuous on R, because R is compact (Theorem [1.53)).
Thus there exists 6 = §(¢) > 0 such that
for all (¢,y), (',y') € R with ||(t,y) — (', 3)|| < 1000.

Claim 2. Suppose that AP < §(¢) min(1, M~'). Then we have for all ¢ € [to, to + a]
that

(3.95)  yp(t) =yo +/ gp(s)ds and |gp(s) — F(s,yp(s))| <cif s € (tr_1,tr).

to
PrOOF OF crLAIM. We will write y instead of yp and g instead of gp in this proof.
First we have for t = ¢;:
k

(3.96) y(te) = yo = y(t) — y(to) = Zly(tj) —y(t;1)

B0 =Yt -t =Y [ e = [ ytes
Similarly, for t € j(Q,i, besn ): o 0

(399 (0) — y(t) = Flti y(t0)) (¢ — 1) = /t:g@ds.

Thus,
t

(3.99)  y(1) Zy(tk)+/ 9(8)d8=y0+/ 9(8)d8+/ 9(8)d8=y0+/ g(s)ds.

ti to ti to

ti

Let s € (tg—1,t;). Then
(3.100) 19(s) = F(s,y(s))| = [F(te—1,y(tr-1)) — F(s,y(s))|.
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We have

(3.101) ly(tp—1) —y(s)| < Mtg—1 —s| < M(ty —tr—1) < M- AP < 6.
Also, |tr—1 — s| <t —tp_1 < AP < 6. Thus,

(3.102) [(tr—1, y(tk-1)) = (s, y(s))|| < 1004.

By (3.94),

(3.103) 19(5) — F(s.5()] = [F(txr, y(tn)) — Fls,y()] < 2.

OJ

Claim 3. Suppose that AP < 6(g) min(1, M~'). Then it holds for all ¢ € [ty, %, + a]
that

(3.104) (1)~ (o + | (s, o(6))ds) < ca

to

PrOOF OF cLAIM. By Claim 2, the left hand side equals

(3.105) (/ gp(s) — F(s,yp(s ds‘ </ l9p(5) — F(s,yp(s))|ds.

Claim 2 implies that this is no larger than e(t — ty) < ea. O

Claim 3 says that yp is almost a solution if the partition P is sufficiently fine. In
the final step we use a compactness argument to obtain an honest solution.

Claim 4. The set F = {yp : P partition} C C([to, o + a]) is relatively compact.

ProOOF OF crLAIM. By Claim 1,

(3.106) lyp(t) — yp(t')] < M|t — '],

This implies that F is equicontinuous. It is also bounded:

(3107)  lyp()] < lyp(to)] + lyp(t) — yp(to)| < lyol + Mt — to] < Jyol + Ma.

Thus the claim follows from the Arzela-Ascoli theorem (Theorem [1.74)). O

For n € N, choose a partition P,, with AP, < §(1/n) min(1, M~'). By compactness
of F, the sequence (yp, Jnen C F C F has a convergent subsequence that converges to
some limit y € C([ty,to + a]). It remains to show that y is a solution to the integral
equation (3.86). Let us denote that subsequence by (y,)nen. By (uniform) continuity
of F', we have that F'(s,y,(s)) = F(s,y(s)) uniformly in s € [tg,t] as n — oo. Thus,

(3.108) /F(s,yn(s))ds—>/t F(s,y(s))ds asn — oo.

to

On the other hand, by Claim 3 we get

(3.109) lyn(t) — (v +/ F(s,yn(s))ds)| < % 50 asn — oo

to

Therefore, y solves the integral equation (3.86)). OJ
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The theory for ordinary differential equations that we have developed turns out to
be far more general.
Systems of first-order ordinary differential equations. The proofs of the Picard-Lindelof
theorem and the Peano existence theorem can easily be extended to apply to systems
of differential equations:

(3.110) { Z((t?):: go(t,y(t)),

for F': E— R™ E CR xR™ open, (ty,yo) € E.
Higher-order differential equations. Let d > 1 and consider the d-th order ordinary
differential equation given by

(3.111) y () = Ft,y(t),y' (), ...,y ()
for some F': E — R, E C R x R? open. We can transform this equation into a system
of d first-order equations: if Y = (Y7,...,Y}y) solves the system

Y (1) = Ya(t)
Yi(t) = Yi(#)
(3.112) :
Y11 (t) = Yalt)
Yi(t) = F(t,Y (1)

then Yj is a solution to (3.111)).

4. Higher order derivatives and Taylor’s theorem

DEFINITION 3.31. Let U C R™ be open and f : U — R. We define the partial
derivatives of second order as

(3.113) Oijf = Opia; f = 00, (O, f) forid,je{l,...,n}
(if Op, f, O, (O, f) exist). If 0; f and 0;; f exist and are continuous for all 4,7 € {1,...,n},
then we say that f € C?*(U).

THEOREM 3.32 (Schwarz). Let U C R”™ open, f : U — R such that O,,f,0.,f,

Opia; | exist at every point in U and Oy, [ is continuous at some point xo € U. Then
O,a, f (20) exists and

(3.114) Oy [ (20) = Onya; f (0)-

Proor. Without loss of generality assume that n =2, ¢ =1, 7 = 2. Let f be as
in the theorem and zy = (a,b) € U and (h,k) € R*\{0} such that (a + h,b+ k) are
contained in an open ball around x( that is contained in U. We want to show that 0o f
exists, so we need to study the expression

(3.115) O fla,b+ k) — 0 f(a,b).
This leads us to consider the quantity
(3.116) A(a,b,h, k)= (f(a+h,b+k)— fla,b+k)) — (f(a+ h,b) — f(a,b)).

Define g(y) = f(a+ h,y) — f(a,y). Since O, f exists at every point in U, the mean
value theorem implies that there exists n = 7, contained in the closed interval with
endpoints b and b + k such that

(3.117)  Ala,b,h,k) = g(b+ k) — g(b) = g'(n)k = k(2 f (a + h,n) — D2 f(a,n))
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Since 015 f exists at every point in U, another application of the mean value theorem
yields

(3118) A(aa b: h7 k) = hkalZf(éa 77)7

where £ = &, is in the closed interval with endpoints a and a + h.
Let € > 0. Since 012 f is continuous at (a,b),

(3.119) 012f(a,b) = Oz f(z,y)| < €

whenever |[(a,b) — (x,y)|| is small enough. Thus, for small enough h and k we have
A(a,b, h, k

(3.120) |01 f (a,b) — %I <e.

Letting A — 0 and using that 0, f exists at every point this inequality implies
~ Oif(a,b+ k) — 01 f(a,b) <.
2 <
In other words, 0 f(a,b) exists and equals 012 f(a,b). O]

(3121) algf(a,b)

This is not true without the assumption that 9, f is continuous at .

EXERCISE 3.33. Define f : R?> — R by

ryiarty, if (z,y) # (0,0),
3.122 = w2ty
(3122) ) { 0, if (,y) = (0,0).
Show that 0,0, f and 9,0, f exist at every point in R?, but that 9,0, (0, 0) # 9,0, f(0,0).
COROLLARY 3.34. If f € C*(U), then Op,a, [ = Op,o,f for everyi,j € {1,...,n}.

DEFINITION 3.35. Let U C R™ be an open set and f : U — R. Let £k € N. If all
partial derivatives of f up to order k exist, i.e. for all j € {1,...,k} and iy,...,i; €
{1,...,n}, the ;, --- 0;, f exist, and are continuous, then we write f € C*(FE) and say
that f is k times continuously differentiable .

COROLLARY 3.36. If f € C*(U) and w: {1,...,k} — {1,...,k} is a bijection, then
(3123) &1 o &kf — &ﬁ(l) to @ﬂk)f
foralliy,... i € {1,...,n}.

Multiindex notation. In order to make formulas involving higher order derivatives
shorter and more readable, we introduce multiindex notation . A multiindex of order
k is a vector o = (ou,...,0,,) € Ny ={0,1,2,...}" such that > | o; = k. We write
la| =>"" | ;. For every multiindex o we introduce the notation

(3.124) of =03 -0, f,

where 09 is short for 0y, - - - 0., (a; times). For x = (z1,...,2,) € R" we also write
(3.125) =it apn

and{a! = oq}{- -~ ay!. Moreover, for o, 8 € Njj, o < 8 means that «; < 3; for every
1e{l,...,n}.

With this notation, we can state Taylor’s theorem in R" quite succinctly.
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THEOREM 3.37 (Taylor). Let U C R™ be open and conver, f € C*T(U) and x,x +
y € U. Then there exists £ € U such that

(3.126) flx+y) = Z aa(‘i|($)ya + Z mi_'(g)ya.
|| <K ’ || =k+1 '

Moreover, £ takes the form & = x + 6y for some 0 € [0, 1].

Remark. Without multiindex notation the statement of this theorem would look much
more messy:

o f(z) Ol -0 f(x) o
(3.127) > o u= > o Y
|| <K ' a1,..,0m 20, v "
ar+-+an<k

PRrROOF OF THEOREM [A. 17 The idea is to apply Taylor’s theorem in one dimen-
sion to the function ¢ : [0,1] — R given by g(t) = f(z + ty). Let us compute the
derivatives of g.

Claim. Form=1,... k+1,

|
(3.128) RO %8‘* fla+ ty)y”

laf=m

ProoF or crLAIM. We first show by induction on m that

(3.129) Z Oiy -+ O f(x +tY)Yyiy -+ Vi -

Indeed, for m = 1, by the chaln rule,

n

(3.130) g(t) = 0f(x+ty)y.

i=1
Suppose we have shown it for m. Then

d

d n

3.131 (mH+1) (4) =
( ) g (t) 7

By the chain rule this equals
(3. 132)

Z Z 811 a f :z;—i—ty)y“ Y Yi = Z ail T 8im+1f<x+ty>yi1  Yiga -
i15eim=1 1=1 21,0 ytm41=1

It remains to show that

m)!
(3.133) > OO fE )y, = Y 10 f(a+ ty)y”.

i1,..., im=1 |a|:m

This follows because for a given o = (a, ..., ;) with || = m there are

(3.134) mb_omb (m\(m—a\ o m—a = —ann
al aglea! ay o a,

many tuples (i1,...,%,) € {1,...,n}™ such that i appears exactly a; times among the
i;5. In other words, this is the number of ways to sort m pairwise different marbles into
n numbered bins such that bin number ¢ contains exactly a; marbles. O
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By the one-dimensional Taylor theorem, there exists a 6 € [0, 1] such that

ko gm) (k+1)
g (O) m , 9 (‘9) k+1
3.135 t) = t t
(3-135) 9() n;) N T

From the claim we see that this equals

k
136 S0 S0 TS gy 3 Wt Dor o+ e

|
=0 lal=m (k+1)! lo|=k+1
f (@), o () () \a
(3.137) = T(ty) + > T(ty) ;
|| <k ' la|=k+1 ’
where we have set £ = x 4 0y. Letting ¢ = 1 we obtain the claim. 0

COROLLARY 3.38. If E C R" is open and f € C*(E), then for every x € E,

(3.139) fet) =3 LDy oy asy o

o] <k

PROOF. Let x € F and § > 0 be small enough so that U = Bs(x) C E. By Taylor’s
theorem we have for every y with z 4+ y € U that
(3.139)

fatn) = 3 8£ +Zﬁfx+0y) o +Zaa +0y 8af(x)ya

|| <k—1 ’ || =k ' || <k |oe|=k

for some 6 € [0, 1]. Since 0“f is continuous for every |a| = k, it holds that
(3.140) 0°f(z + 0y) — 0°f(z)] = 0 asy — 0.
Also Iy = a7+ g™ < g+ = g1, o
0%f(x+0y) —0*f(x)
> v = olllyll").

al

(3.141)

la|=k
0

DEFINITION 3.39. Let £ C R" be open and f € C*(E). We define the Hessian
matriz of f at x € E by

(3.142) D*fly = (0:0;f ()i jm1, . = : : € R™™,
001 f(x) -+ O%f(x)
We call det D?f|, the Hessian determinant of f at v € E.

Sometimes the term Hessian is used for both, the matrix and its determinant. By
Theorem the Hessian matrix is symmetric.

COROLLARY 3.40. Let E C R" be open, f € C*(E) and v € E. Then

(3.143) fla+y) = f@) +(Vi@),y) + 5, D flay) +o(lyl*) asy — 0.
(Here (z,y) = >, z;y; denotes the inner product of two vectors z,y € R™.)
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Proor. By Corollary [3.38|

B14) ety =@+ Y Iy e 5 ETD ooy asy o
al|=1 ’ al=2 ’
We have : :
(3.145) 0% Zaf = (Vf(2),y).
al=1
If |« = 2 then eith(Lrl a = 2¢; for some i € {l,...,n} or @ = ¢; + e; for some

1 <4< j<n. Thus,

(3.146) Zaa 202 D+ Y 00 f (x)y; = Zaaf )Yy

|a|=2 1<i<j<n i,j=1

(3.147) =1 wi(D*flay)i = 3y, D*fluy).

5. Local extrema
Let £ C R™ be an open set and f : F — R a function.

DEFINITION 3.41. A point a € F is called a local mazximum if there exists an open
set U C E with a € U such that f(a) > f(x) for all x € U. It is called a strict local
mazimum if f(a) > f(z) for all € U, © # a. We define the terms local minimum ,
strict local minimum accordingly. A point is called a (strict) local extremum if it is a
(strict) local maximum or a (strict) local minimum.

THEOREM 3.42. Suppose the partial derivative O;f exists on E. Then, if f has a
local extremum at a € E, then 0;f(a) = 0.

PROOF. Let § > 0 be such that a + te; € E for all |[t| < 0. Define g : (=6,0) = R
by ¢(t) = f(a+te;). By the chain rule, g is differentiable and ¢'(t) = 0; f(a+te;). Also,
0 is a local extremum of g so by Analysis I, 0 = ¢'(0) = 0, f(a). O

COROLLARY 3.43. If f is differentiable at a and a is a local extremum, then V f(a) =
0.

Remark. V f(a) =0 is not a sufficient condition for a to be a local extremum. Think
of saddle points.

DEFINITION 3.44. If a € E is such that Vf(a) = 0, then we call a a critical point
of f.

Recall from linear algebra: A matrix A € R™" is called positive definite if
(x, Az) > 0 for all x € R™"\{0} and positive semidefinite if (x, Az) > 0 for all x € R™.
We also write A > 0 to express that A is positive definite and A > 0 to express that A
is positive semidefinite. The terms negative definite, negative semidefinite are defined
accordingly. A is indefinite if it is not positive semidefinite and not negative semidef-
inite. Every real symmetric matrix has real eigenvalues and there is an orthonormal
basis of eigenvectors (spectral theorem). A real symmetric matrix is positive definite if
and only if all eigenvalues are positive.
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THEOREM 3.45. Let f € C*(E) and a € E with V f(a) =0. Then

(1) if D*f|, > 0, then a is a strict local minimum of f,
(2) if D*f|, <0, then a is a strict local mazimum of f,
(3) if D%f|, is indefinite, then a is not a local extremum of f.

Remark. 1f D?f|, is only positive semidefinite or negative semidefinite, then we need
more information to be able to decide whether or not a is a local extremum.

PROOF. We write A = D?f|,. Let € > 0. By Corollary there exists ¢ > 0 such
that for all y with |ly|| < ¢ we have

(3.148) fla+y) = fla) + 3(y, Ay) +r(y)
with [r(y)| < eyl
(1): Let A be positive definite. Let S = {y € R" : [jy[| = 1}. S is compact, so the

continuous map y +— (y, Ay) attains its minimum on S. That is, there exists yo € S
such that

(3.149) {yo, Ayo) < (y, Ay)

for all y € S. Define av = (yo, Ayp). Since yo # 0 and A is positive definite, o > 0. Let

yeR" y#£0. ThenHz—HGS, SO

y y 1
(3.150) a < Ar) = (y, Ay).
Iyl Myl llll?
Thus, (y, Ay) > aly||? for all y € R". Now we set ¢ = . Then
(3.151)

fla+y) > fla)+ 5y, Ay) — §llyI* = f(a) + Syl* = lyll* = f(a) + §llylI* > f(a)
if y #0, ||y|| <. Therefore a is a local minimum.
(2): Follows from (1) by replacing f by —f.

@ Let A be indefinite. We need to show that in every open neighborhood of a there
exist points ¢, y” such that

(3.152) FW") < fla) < f).

Since A is not negative semidefinite there exists £ € R™ such that a = (£, A) > 0.
Then, for t € R small enough such that [t§| < § we have

(3.153) fla+1t€) = fla) + 3(t&, At€) + r(t€) = f(a) + zat® +r(t8).
Let € > 0 be such that |r(t£)| < §t* for all [t£] < ¢ (recall that § depends on ). Then

fla+t&) > f(a) + jat? > f(a). Similarly, since A is also not positive semidefinite,
there exists 7 € R" such that (n, An) < 0 and for small enough ¢, f(a+1tn) < f(a). O

EXAMPLES 3.46. (1) Let f(z,y) = c+ 2%+ y? for c € R. Then

(3.154) D?f|o = ( g g ) >0

and 0 is a strict local minimum of f (even a global minimum).
(2) Let f(z,y) = c+ a? — y* for c € R. Then

(3.155) D2fl = ( - )

is indefinite and 0 is not a local extremum of f.
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(3) Let fi(z,y) = 2* +y*, folz,y) =22, f3(z,y) = 2> + y*. Then
2p (20
(3.156) Dﬁb—<0 Y >0,

but fi has a strict local minimum at 0, fo has a (non-strict) local minimum at
0 and f3 has no local extremum at 0.

6. Optimization and convexity*

In applications it is often desirable to minimize a given function f : £ — R, i.e. to
find z, € FE such that f(z,) < f(z) for all z € E. We call such a point z, a global
minimum of f. We say that x, is a strict global minimum if f(x.) < f(z) for all

T F Ty

EXAMPLE 3.47 (Linear regression). Say we are given finitely many points
(3.157) (x1,%1), -, (xn,yn) € R® X R.

Suppose for instance that these represent measurements or observations of some physical
system. For example, x; could represent a point in space and y; the corresponding air
pressure measurement. We are looking to discover a “hidden relation” between the x
and y coordinates. That is, we are looking for a function F': R" — R such that F(x;)
is (at least roughly) y;. One way this is done is linear regression . Here we search only
among F' that take the form

(3.158) F,p(2) = (x,a) +b

with some parameters a € R", b € R. That is, we are trying to “model” the hidden
relation by an affine linear function. The task is now to find the parameters a, b such
that Fi,;, “fits best” to the given data set. To make this precise we introduce the error
function

N
(3.159) E(a,b) =Y (Fup(w:) — v)*.

i=1
The problem of linear regression is to find the parameters (a,b) such that E(a,b) is
minimal.

One approach to minimizing a function f : £ — R is to solve the equation V f(z) =
0, i.e. to find all critical points. By Corollary we know that every minimum must
be a critical point. However it is often difficult to solve that equation, so more practical
methods are needed.
Gradient descent. Choose xg € R™ arbitrary and let

(3.160) Tpt1 = T — @,V f(24)

where «a,, > 0 is a small enough number to be determined later. The idea of this
iteration is to keep moving into the direction where f decreases the fastest. Sometimes
this simple process successfully converges to a minimum and sometimes it doesn’t,
depending on f, zy and «,,. What we can say from the definition is that, if f € C1(F)
and (,)nen converges, then the limit is a critical point of f. The following lemma gives
some more hope.

LEMMA 3.48. Let f € CY(E). Then, for every v € E and small enough o > 0,
(3.161) fla— aVF(@) < f(z).
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PRrOOF. By the definition of total derivatives,

(3.162) f(z—aV[f(z)) = f(z)+(Vf(z),~aVf(z))+o(a) = f(z)—a|Vf(z)[]*+o(a)
which is < f(z) provided that a > 0 is small enough. O

Remark. Note that the smallness of « in this lemma depends on the point z. Also,
this result is not enough to prove anything about the convergence of gradient descent.
We will see that gradient descent works well if f is a convex function.

DEFINITION 3.49. Let E C R" be convex. A function f : E — R is called convex
if

(3.163) flte+ (1 =t)y) < tf(x)+ 1 -0)f(y)
for all x,y € E, t € [0,1]. f is called strictly conver if
(3.164) flte+ (1 =t)y) <tf(x)+ (1 -1)f(y)

forall z £y € Fand t € (0,1).

THEOREM 3.50. Let E C R™ be open and convez and f € CY(E). Then f is convex
if and only if

(3.165) flutv) = flu) +(Vf(u),v)
for all u,u+v € E.

PROOF. =: Fix u,u +v € E. By convexity, for ¢t € [0,1],

(3.166) flu+tv) = f(1—thu+tlu+v)) <(1—1t)f(u) +tf(u+0).
By definition of the derivative,

(3.167) flu+tv) = f(u) +tVfu)v+r(),

where lim;_, T(t—t) = 0. Thus,

(3.168) fu) + 6V (u),v)+rt) < (1 —1t)f(u) +tf(u+v)

which implies

—r(t)

(3.169) fu) +(Vf(u),v) — flu+v) < ; —0 ast—0.

Therefore f(u) + (Vf(u),v) < f(u+v).

<:Let z,y € E,t€0,1]. Let w =tx + (1 —t)y and v = x — u. Then the assumption
implies

(3.170) f(@) = fu) + (Vf(u),z —u).

On the other hand, letting v = y — u, the assumption implies

(3.171) fy) = fu) +(Vf(u),y —u).

Therefore

(3.172) tf(x) + (1 =) f(y) = t(f(u) + (VS (u), z —u)) + (1 =) (f () +(Vf(u),y —u))

(3.173) = f(u) +(Vf(u), t(z —u)+ (1 —t)(y —u)) = f(u) +(Vf(u), tx+ (1—-t)y —u).
Recalling that u =tz + (1 — t)y, we get
)

(3.174) tf(x)+ (1 =0)f(y) = flu) = ftz + (1= 1)y).
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THEOREM 3.51. Let E C R™ be open and convex and f € C*(E). Then

(1) f is convex if and only if D*f|, >0 for all z € E,
(2) f is strictly convex if D*f|, >0 for all v € E.

PRrROOF. We only prove (1). The proof of (2) is very similar. Let f be convex. By
Taylor’s theorem, for u,u + tv € F,

(3.175) flu+tv) = f(u) + t(Vf(u),v) + 3t*(D*f|,v,v) + o(t?)
and by Theorem [3.50],

(3.176) flu+tv) > f(u) +t{Vf(u),v).

Combining these two pieces of information we obtain

(3.177) L2(D? f v, v) 4+ o(t?) > 0

which implies (D?f|,v,v) > 0 for all v € R".
Conversely, assume that D?f|, > 0 for all u € E. By Taylor’s theorem, for all u,u+v €
E exists £ € E such that

(3.178) flu+v) = f(u) +(Vf(u),v) + 5(D*flev,v) = f(u) +(Vf(u),v).
Therefore f is convex by Theorem [3.50 OJ

Remark. Tf f is strictly convex, then it does not follow that D?f|, > 0 for all z.

ExXAMPLE 3.52. Let f: R — R, f(x) = 2*. Then D*f|, = f"(x) = 122* which is 0
at x =0, but f is strictly convex.

THEOREM 3.53. Let E C R™ be open and convex and f € C*(E). Then

(1) If f is convex, then every critical point of f is a global minimum.
(2) If f is strictly convex, then f has at most one critical point.

Remarks. 1. Convex functions may have more than one critical point. For instance,
the constant function f = 0 is convex.

2. Conclusion (1) implies that if f is convex and gradient descent converges, then it
converges to a global minimum.

PrROOF. (1): Let Vf(z,) = 0. Then by Taylor’s theorem, for every z € E there
exists £ € E such that
(B1T9)  f(2) = F@e) + (Tf(@2), 2 — 2) +5 (D el — 2),5— 2.) = f(a2),

J/

=0 >0

(2): Let z1, 9 € E be critical points of f. By (1), they are global minima. This implies

(x1) = f(xo). If 11 # x9, then by strict convexity,
(3.180) 1) = f(@1) + f(z2) N f<371 + $2).

2 2
This is a contradiction to x; being a global minimum. Therefore x; = 5. ]
EXAMPLE 3.54. If || - || is a norm on R”, then the function z — ||z|| is convex:
(3.181) [tz + (1 = t)y|| < tllzll + (1 = 1)yl

by the triangle inequality. Also, this function has a unique global minimum at z = 0.

LEMMA 3.55. Let I C R, E C R" be conver and suppose that
(1) f: E — I is convex, and
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(2) g: 1 — R is convex and nondecreasing.

Then the function h : E — R given by h = g o f is convex.

PRrROOF. By convexity of f and since g is nondecreasing,

(3.182) hte + (1 =t)y) = g(f(tz + (1 = t)y)) < g(tf(z) + (1 =) f(y)).
Since g is convex this is
(3.183) < tg(f(z)) + (L —t)g(f(y)) = th(z) + (1 = t)h(y).
O
COROLLARY 3.56. If || - || is a norm on R", then the function x + ||z||* is convex.

ExAMPLE 3.57. Recall the error function from linear regression (Example [3.47)):

N

(3.184) E(a,b) = ({a,z:) +b—y;)°

=1

We claim that £ : R"™ — R is a convex function. We first rewrite E(a,b) into a
different form. Define a N X (n + 1) matrix M and a vector v € R"™ by

(3.185) M = Do | eRMxmD 2t [ e RO

where z; = (z41,...,2m) € R" fori=1,...,N and a = (a4, ...,a,) € R". Then

N

(3.186) E(a,b) = E(v) = Y ((Mv); — ;) = | Mv —y|,

=1

1/2
where fle| = (2 lei?)
Let us rename variables and consider
(3.187) E(z) = |[Mz — y|*

for v € R", M € R¥*" y € RY. Let F': RY — R be defined by F(y) = ||y||* and
G:R"— RY G(x) = Mz —y. We have

(3.188) O F (y) = 2y;, so DF|, = 2y" € RV,

and DG|, = M € RY¥*". Therefore, by the chain rule we obtain

(3.189) DE|, =2(Mz —y)"M = 2(Mz)"M — 2y" M = 22" M" M — 2y" M € R*".
Therefore,

(3.190) D?*E|, = (0;DE|,)iz1,.n = 2MTM))izy..n = 2M* M.

Notice that MT M is positive semidefinite because

(3.191) (MT"Mz,z) = (Mz, Mz) = |Mx|* > 0.

Therefore E is convex by Theorem [3.51]
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ExaMPLE 3.58. Convex functions do not necessarily have a critical point. For
instance the function f : R — R, f(z) = z is convex, because D?f|, = f"(x) = 0 for
all z € R. But Vf(z) = f'(x) =1#0 for all z € R.

It is also not enough to assume strict convexity. For instance, the function f : R — R,
f(z) = e” is strictly convex, because f”(z) =e* > 0. But f'(x) =¢e” > 0 for all x € R.

This motivates us to consider a stronger notion of convexity.

DEFINITION 3.59. Let £ C R™ be convex and open. Let f € C*(E). We say that
f is strongly convez if there exists 5 > 0 such that

(3.192) (D?flay, y) = Bllyll?
forallz € F, y € R™

Remarks. 1. f is strongly convex if and only if there exists § > 0 such that
D%*f|, — BI > 0 for all # € E. This follows directly from the definition using that
Bllyll> = (BIy,y). The condition D*f|, — BI > 0 is equivalent to the smallest eigen-
value of D?f|, being > 3. Yet another equivalent way of stating this is saying that the
function g(z) = f(z) — ngHQ is convex. This is because D%g|, = D*f|, — BI.

2. If f is strongly convex, then f is strictly convex (by Theorem .

3. If f is strictly convex, then f is not necessarily strongly convex. For example con-
sider f : R — R, f(z) = e”. For every § > 0 there exists z € R such that e* < 3
because e* — 0 as z — —o0.

The following exercise shows that the assumption of strong convexity is not as
restrictive as it may seem at first sight: strictly convex functions are strongly convex
when restricted to compact sets.

EXERCISE 3.60. Suppose that f € C?*(R") is strictly convex. Let K C R" be
compact and convex. Show that there exist §_, 5, > 0 such that

(3.193) Bollyll* < (D*floy.y) < Bellyll”

for all z € K and y € R". (In particular, f is strongly convex on K.)
Hint: Consider the minimal eigenvalue of D?f|, as a function of .

THEOREM 3.61. Let E C R™ be open and conver. Let f € C*(E). Then f is
strongly convex if and only if there exists v > 0 such that

(3.194) flutv) = f(u) + (VF(u),v) + 7]
for every u,u+v € F.

PROOF. =: Let § > 0 be such that g(z) = f(z) — §||x]|2 is convex. Then by
Theorem |3.50

(3.195) glu+v) > g(u) + (Vg(u),v) = f(u) = §llull® + (Vf(u) - Bu,v)
On the other hand,

(3.196) g(u+v):f(u+v)—§]|u+v||2

Thus,

(3.197)

Flutv) 2> f(w)+(Vf(u),v)+ §(|lutol® = [lul] = 2(u, 0)) = f(w)+(V f(u), )+ §lv]*

<: This follows in the same way from the converse direction of Theorem [3.50 OJ
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THEOREM 3.62. Let f € C%*(R™) be strongly convex. Then for every ¢ € R, the
sublevel set

(3.198) B={zeR": f(x) <c}
18 bounded.

PrROOF. By Theorem [3.61] we have
(3.199) f(@) = f(0) + (V(0),z) + ]|z

Therefore, limjj;| -0 f(2) = 00. Suppose that B is unbounded. Then there would exist
a sequence (,),>1 C B such that lim, . [|z,| = co. But f(z,) < ¢, so f(z,) /4 o
as n — oo. Contradiction! O

THEOREM 3.63. Let f € C*(R™) be strongly convex. Then there exists a unique
global minimum of f.

PROOF. By the previous theorem, the set B = {x € R™ : f(z) < f(0)} is bounded.
Thus, there exists R > 0 such that B C B = {x € R" : ||z|| < R}. Bg is compact,
so f attains its minimum on Bg(0) at some point z, € Bg. Then f(z,) < f(z) for all
xr € Bg. It remains to show f(x,) < f(x) for all z &€ Bg. If x € Bg, then x &€ B, so
f(z) > £(0). Also, 0 € Bg, so f(z.) < f(0) < f(z). O

We conclude this discussion by proving that gradient descent converges for strongly
convex functions.

THEOREM 3.64. Let f € C*(R") be strongly convex and xo € R™. Define
(3.200) Tpy1 = T, —aV f(x,) forn >0.
If o is small enough, then (x,)nen converges to the global minimum x, of f.

Remark. The restriction to f defined on R™ is only for convenience (the same is true

for Theorems and [3.63)).

LEMMA 3.65. Let A € R™™ be a symmetric and positive definite matriz. Then the

matriz norm || Allop = sup, ”ﬁf”” is equal to the largest eigenvalue of A.

(Here ||z| = (327, |:]?)/? is the Euclidean norm.)

PROOF. Let {vy,...,v,} be an orthonormal basis of eigenvectors corresponding to
eigenvalues \q, ..., \,, respectively. Then
i=1 i=1

1/2
which by orthogonality is equal to T P2 use that ||z|| = ((z,z))"/?). Thus
i=1 %

" " 1/2
_ 1232Y1/2 ‘ 12 _ ,
B202) = (A < s A (2 s ) = max .
Let max;—1__n, A\; = A;,. We have shown that ||A]| < A;,. On the other hand,
(3203) ||Avlo|| = )‘iOHUioH = Aio’

s0 [[All = supyyy =1 [[ Az = [[Avig || = Aso- =
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PROOF OF THEOREM [3.64] Let o > 0. Define T'(x) = x — aV f(z). Then x,
T(x,). We want T to be a contraction. For R > 0 define Bp = {x € R" : ||z — .||
R}. Let R > 0 be large enough such that xy € Bg.

Claim. If « is small enough, then 7' is a contraction of Bg.

IA

PROOF OF CLAIM. z, is a global minimum of f, so V f(z.) = 0. Thus, T'(z,) = ..
We have

(3.204) DT|, = I — aD*f|,.

The largest eigenvalue of D?f|, is a continuous function of & which is bounded on the
compact set Bg. Therefore there exists v > 0 such that

(3.205) (D flay, y) < Allyl?
for all y € R™ and x € Bg. By strong convexity,
(3.206) Blyll* < (D*flay, y) < Ylyll*.

In other words, the eigenvalues of D?f|, are contained in the interval [3,~] for all
x € Bp. Let a < 2%/ Then the eigenvalues of I — aD?f|, are contained in

(3.207) M- 1-g=051-£1c(01)

277

Set c=1— 2& By Lemma |3.65, we have
Y

(3.208) |1 —aD?*fl.|| <c< 1.

Therefore, |T(z) — T(y)|| < cllx — y|| for all z,y € Bg. It remains to show that
T(Bgr) C Bgr. Let x € Bg. Then since T'(x,) = .,

(3.209) IT(2) = 2.l = |T(x) = T(2.)|| < cllw — ]| < cR < R.
0J

The claim now follows from the contraction principle (more precisely, from the same
argument used to prove the Banach fixed point theorem). O

7. Further exercises

EXERCISE 3.66. Let U C R"™ be open and convex and f : U — R differentiable such
that 0y f(z) =0 for all z € U.
(i) Show that the value of f(z) for x = (x1,...,2x,) € U does not depend on x;.
(ii) Does (i) still hold if we assume that U is connected instead of convex? Give a proof
or counterexample.

EXERCISE 3.67. A function f : R\ {0} — R is called homogeneous of degree a € R
if f(Ax) = A*f(z) for all A > 0 and = € R™\ {0}. Suppose that f is differentiable in
R™\ {0}. Then show that f is homogeneous of degree « if and only if

(3.210) Zx@f (x) = af(x)

for all z € R™\ {0}. Hint: Consider the function g(\) = f(Azx) — A\*f(z).
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EXERCISE 3.68. Define F' : R? — R? by
(3.211) F(z,y) = (2 —y*, e™ — e ™).
(i) Compute the Jacobian of F'.
(i) Let po € R? and py # (0,0). Show that there exist open neighborhoods U,V C R?
of py and F'(py), respectively and a function G : V' — U such that G(F(p)) = p for all
pe U and F(G(p)) =pforalpeV.
(iii) Compute DG | p(py) -
(iv) Is F' a bijective map?

EXERCISE 3.69. Let a € R, a # 0 and E = {(z,y,2) €R® : a+x+y+ 2z # 0} and
f: E — R3 defined by

(3.212) fz,y,2) = < ’ Y - > .

at+zrz+y+z at+x+y+z at+x+y+z

(i) Compute the Jacobian determinant of f (that is, the determinant of the Jacobian
matrix).
(ii) Show that f is one-to-one and compute its inverse f~.

EXERCISE 3.70. Prove that there exists 6 > 0 such that for all square matrices
A € RV with ||A—I|| < 6 (where I denotes the identity matrix) there exists B € R™*"
such that B% = A.

EXERCISE 3.71. Look at each of the following as an equation to be solved for z € R
in terms of parameter y, z € R. Notice that (z,y,z) = (0,0,0) is a solution for each of
these equations. For each one, prove that it can be solved for z as a C'-function of v, z
in a neighborhood of (0,0, 0).

(a) COS($)2 _ esin(zy)’+a _ L2
(b) (2 +y° + 2)* =sin(z —y + 2)
(c) 2" +yeraz® — 2? + 2 = log(1 + y? + 2?)

EXERCISE 3.72. Let (to,y0) € R?, ¢ € R and define Yy(t) = yo,

(3.213) Yo (t) = yo + c/t sY,_1(s)ds.

to

Compute Y, (t) and Y (t) = lim,, o Y5, (t). Which initial value problem does Y solve?

EXERCISE 3.73. Consider the initial value problem
— ev®? _ _1_
(3.214) { ?/((1’5)) = fy ok
y(1) =1.

Find an interval I = (1 — h, 1+ h) such that this problem has a unique solution y in I.
Give an explicit estimate for i (it does not need to be best possible).

EXERCISE 3.74. Consider the initial value problem

(3.215) { Z((;)) - 1&‘+ sin(y(t)),

Find the largest interval I C R containing ¢, = 2 such that the problem has a unique
solutions y in I.
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EXERCISE 3.75. Let F' be a smooth function on R? (i.e. partial derivatives of all
orders exist everywhere and are continuous) and suppose that the initial value problem
Yy = F(t,y), y(to) = yo has a unique solution y on the interval I = [to,ty + a] with
y smooth on I. Let h > 0 be sufficiently small and define t, = ty + kh for integers
0<k<a/h.

Define a function y;, recursively by setting y(to) = yo and

(3.216) Yn(t) = yn(te) + (£ — tr) F'(tr, yn(ts))

for t € (tg, tyy1] for integers 0 < k < a/h.

(i) From the proof of Peano’s theorem (Theorem [3.29) it follows that y, — y uniformly
on I as h — 0. Prove the following stronger statement: there exists a constant C' > 0
such that for all ¢t € I and h > 0 sufficiently small,

(3.217) ly(t) — yn(t)] < Ch.

Hint: The left hand side is zero if t = t5. Use Taylor expansion to study how the error
changes as t increases from t; to g, 1.

(ii) Let F(t,y) = Ay with A € R a parameter. Explicitly determine y,y, and a value
for C'in (i).

EXERCISE 3.76. Let us improve the approximation from Exercise [3.75l In the
context of that exercise, define a piecewise linear function y; recursively by setting

yy(to) = yo and

(3.218) Un(t) = yp(te) + (& = L) Gt yp (L), 1),
for t € (tx, tr41] for integers 0 < k < a/h, where
(3.219) G(t.y,h) = 5(F(t.y) + F(t + h,y + hF(t,y))).

Prove that there exists a constant C' > 0 such that for all ¢ € I and h > 0 sufficiently
small,

(3.220) ly(t) — yi(t)] < CR*.
EXERCISE 3.77. For a function f : [a,b] — R define
b
(3.221) I(f) :/ (1+ f'()»)2dt.
Let A= {f € C*a,b]) : f(a) =c, f(b) = d}. Determine f, € A such that
(3.222) I(fe) = inf 3(f).

What is the geometric meaning of IJ(f) and inf e 4 I(f)?

EXERCISE 3.78. Let f,g: R — R be smooth functions (that is, all partial deriva-
tives exist to arbitrary orders and are continuous). Show that for all multiindices
a € Ny,

(0% _
(3.223) (f-g)x) = > (5> 0" f()0°Pg(x)
BENE : f<a
n @ a! atl--an!
for all z € R", where (5) = ﬂ!(aiﬁ)! = BBl At (an Bl

EXERCISE 3.79. Let f : R? — R be such that 9,0,f exists everywhere. Does it
follow that 0, f exists? Give a proof or counterexample.



7. FURTHER EXERCISES 79

EXERCISE 3.80. Determine the Taylor expansion of the function
r—Yy

(3.224) f:(0,00) x (0,00) =+ R, flwy) = =

at the point (z,y) = (1,1) up to order 2.

EXERCISE 3.81. Show that every continuous function f : [a,b] — [a,b] has a fixed
point.

EXERCISE 3.82. Let X be a real Banach space. Let B = {z € X : ||z]| < 1} and
OB ={x € X : ||z|| = 1}. Show that the following are equivalent:
(i) every continuous map f : B — B has a fixed point
(ii) there exists no continuous map r : B — 0B such that r(b) = b for all b € 0B.

EXERCISE 3.83. Determine the local minima and maxima of the function
(3225) f : R2 - Ra f(xay) = (4]72 + y2)€7x274y2.

EXERCISE 3.84. Let E C R” be open, f: F — R and x € E. Assume that for y in
a neighborhood of 0 we have

(3.226) fle+y) =Y cay™ +olllyl*)
|a|<k

as y — 0 and

(3.227) fla+y) =Y ay” +ollyll)
|a|<k

as y — 0. Show that ¢, = ¢, for all |a| < k.

EXERCISE 3.85. Let D = {(z,y) € R? : 2? + y* < 1}. Determine the maximum
and minimum values of the function f: D — R, f(z,y) = 422 — 3xy.

EXERCISE 3.86. Let f € C?(R") and suppose that the Hessian of f is positive
definite at every point. Show that Vf : R" — R" is an injective map.

EXERCISE 3.87. Let f € C%(R") be strongly convex. Show that Vf : R™ — R" is
a diffecomorphism (that is, show that it is differentiable, bijective and that its inverse is
differentiable).

EXERCISE 3.88. Let f(z) = 3(Az,z) — (b,x) + ¢ with A € R™" and b € R",c € R.
Assume that A is symmetric and positive definite. Show that f has a unique global
minimum at some point x, and determine f(x,) in terms of A, b, c.

EXERCISE 3.89. Prove that the point x, from Exercise [3.88| can be computed using
gradient descent: that is, if xy € R™ arbitrary and

(3.228) Tpy1 = T, — aV f(x,)

for n = 0,1,2,..., then the sequence (x,),en converges to x, for all starting points
xo € R™, provided that « is chosen sufficiently small.

EXERCISE 3.90. Let D C R? be a finite set. Define a function £ : R® — R by
(3.229) E(a,b,c) = (azi +bxy + ¢ — 15)”.

z€D
(1) Show that E is convex.



80 3. DIFFERENTIAL CALCULUS IN R"

(2) Does there exist a set D such that E is strongly convex? Proof or counterex-
ample.

EXERCISE 3.91. (a) Find a convex function that is not bounded from below.
(b) Find a strictly convex function that is not bounded from below.
(c) If a function is strictly convex and bounded from below, does it necessarily have a
critical point? (Proof or counterexample.)

EXERCISE 3.92. (a) Give an example of a convex function that is not continuous.
(b) Let f: (a,b) — R. Show that if f is convex, then f is continuous.

EXERCISE 3.93. Construct a strictly convex function f: R — R such that f is not
differentiable at x for every x € Q.

EXERCISE 3.94. Let f € C*(R"). Recall that we defined f to be strongly conver if
there exists 3 > 0 such that (D%f|,y,y) > B||y||* for every z,y € R™. Show that f is
strongly convex if and only if there exists v > 0 such that

(3230)  fltw+(1—ty) < tf(x)+ (01— )F ) — 10— t)]z — |

for all z,y € R, ¢t € [0,1].

(Consequently, that condition can serve as an alternative definition of strong convexity,
which is also valid if f is not C?.)

EXERCISE 3.95. (Recall Exercise as motivation for this exercise.) Fix a function
o € CY(R) and define for z € R*, W € R™" v € R™,

(3:231) (e W) = 3 o(Wa) o
i=1
Given a finite set of points D = {(z1,91),- .-, (xn,yn) € R" X R} define
N
(3.232) EW,v) =) _(u(x:, W,v) = 5:)°.
j=1

Is E necessarily convex? (Proof or counterexample.)



CHAPTER 4

Approximation of functions

In this section we want to study different ways to approximate continuous functions.
Let X be a normed vector space of functions (say, continuous functions on [0, 1])
and A C X some subspace of it (say, polynomials). Let f € X be arbitrary. Our
goal is to ‘approximate‘ the function f by functions g in A. We measure the quality of
approximation by the error in norm, i.e. ||f — g||.
The most basic question in this context is:

Can we make || f — g|| arbitrarily small?

More precisely, we are asking if A is dense in X. Recall that A C X is called dense
if A= X. That is, if for every f € X and every ¢ > 0 there exists a g € A such that

If =gl <e

1. Polynomial approximation

THEOREM 4.1 (Weierstrass). For every continuous function f on [a,b] there exists
a sequence of polynomials that converges uniformly to f.

In other words, the theorem says that the set A = {p : p polynomial} is dense in
C([a, b]).

There are many proofs of this theorem in the literature. We present a proof using
Bernstein polynomials . Without loss of generality we consider only the interval [a, b] =
[0,1] (why are we allowed to do that?).

Let f be continuous on [0, 1]. Define for n =1,2,...:

(4.1) B, f(t) = if(%) <Z>t’“(1 — ek,

B, f is a polynomial of degree n. We will show that B,,f — f uniformly on [0, 1]. By
the binomial theorem,

(4.2) l=(t+1-t)"= En: (Z) th(1 —t)"*,

k=0
Thus,

n

(43) Buf(t) = £(0) = S_( k) = £0) ()41 - o

k=0

Let € > 0. By uniform continuity of f we choose ¢ > 0 be such that |f(t) — f(s)] < e/2
for all ¢t,s € [0,1] with |t — s| < §. Now we write the sum on the right hand side of

81
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(4.3) as I+ II, where

n

(4.4 1= > () = o) () - o,
|§;\;5

(@5) = Y (i - o) () )t -
=0,
I, —tI=6

We estimate I and II separately. For I we have from uniform continuity that
" /n
4.6 I <e/2 (1 -t =¢/2.
(46) H<e2 () ta-ort ==

To estimate II we first compute the Bernstein polynomials for the monomials 1, ¢, t2.

LEMMA 4.2. Let g,,(t) = t™. Then

(4.7) Bhgo(t) =1
(4.8) Bhgi(t) =t
(4.9) Boga(t) =t + (= forn > 2
Proor. We have
(4.10) Bngo(t) = Z <Z) Q- F=t+1—-t)" =1
k=0

by the binomial theorem. Next,

A Baw =Y E(})ra-or- (2= Yo -y

k=0

To compute B, g, we use that

(4.12) k* (n _k: n—1 _n—lk—l n—1 +1 n—1
’ n2\k) n\k—1) n n—1\k—-1 n\k—1

_n—l n—2 +1 n—1
on k—2 n\k—1
Thus,
n—1w=(n-—2 lew/n—1
4.1 B = tF(1 =)k = tF(1 =)k
113 Bl =50 (P50 Y (1T o
k=2 k=1
-1 1 t—t?
=Dy ey
n n n

As a consequence, we obtain the following:
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LEMMA 4.3. For allt € [0,1],

(4.14) Zn:(g ) (Z) th(1 — )k <

k=0

S

PRrROOF. From the previous lemma,

- n
119 302} )R- 0 = Bt~ 2Buan(0) + P B0
k=0
_ 42 42
_pp Tl e 70
n n
Since t € [0,1] we have 0 <t — 2 =¢(1 —¢t) < 1. O

Now we are ready to estimate II. First note that f is bounded, so there exists ¢ > 0
such that |f(z)| < ¢ for all z € [0,1]. Choose N € N such that 2¢6 2N~ < ¢/2. Then
for alln > N,

- Ak n—k -2 - k 2( ™\ 1k n—k
(4.16) <2 Y (k)t L=t F<2e62) (E—1) (k)t (1—1)
k=0, k=0
15tz
< 202Nt < /2.
In the second inequality we have used that 6—2|£ —¢|> < 1. Thusifn > N and ¢ € [0, 1],
then

(4.17) Baf(t) = FO] < ||+ 11 < /2 4+ /2 = <.

This concludes the proof of Weierstrass’ theorem.

2. Orthonormal systems

In the previous section we studied approximation of continuous functions in the
supremum norm, |[fllec = Sup,eoy [f(z)]. In this section we turn our attention to
another important norm, the L? norm.

DEFINITION 4.4. For two piecewise continuous functions f, g on an interval [a, b] we
define their inner product by

(4.18) wmz/fmﬁmm

If (f,g) = 0 we say that f and g are orthogonal . We define the L*-norm of f by

(119 Hﬂbz(l”ﬂ@ﬁwowé

If || f]]2 = 1 then we say that f is L*-normalized .

Note: Some comments are in order regarding the term ’piecewise continuous’. For
our purposes we call a function f, defined on an interval [a, b], piecewise continuous if
lim, ., f(x) exists at every point zq and is different from f(x() at at most finitely many
points. We denote this class of functions by pc([a, b]). Piecewise continuous functions
are Riemann integrable.

The inner product has the following properties (for functions f, g, h and A € C):
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e Sesquilinearity:
(4.20) (f+Xg,h) = (f, h) + Mg, h),

(4.21) (h, f +Xg) = (h, ) + Xh, g).

e Antisymmetry: (f,g) = (g, f)
e Positivity: (f, f) > 0 (and > 0 unless f is zero except at possibly finitely many
points)

THEOREM 4.5 (Cauchy-Schwarz inequality). For two piecewise continuous functions
f, g we have

(4.22) [l < N Fllllgll.
PrROOF. For nonnegative real numbers x and y we have the elementary inequality
2?2
4.23 < 42
(4.23) Ty S & + 3

Thus we have
(4.24)

ny |</|f )l <} /\f i + 1 /rg VPde. = 3, 1) + Hg. )

Now we note that for every A > 0, replacing f by A\f and g by A~'g does not change
the left hand side of this inequality. Thus we have for every A > 0 that

(4.25) (o) < XF, ) + 5529, 9)-
(9,9)

Now we choose \ so that this inequality is as strong as possible: \? = wh (we may

assume that (f, f) # 0 because otherwise there is nothing to show). Then

(4.26) I[(f 9] < VA VA9, 9)

Note that one can arrive at this definition of A in a systematic way: treat the right
hand side of (4.25)) as a function of A\ and minimize it using calculus. O

COROLLARY 4.6 (Minkowski’s inequality). For two functions f,g € pc([a,b]),

(4.27) 1+ glla < [[f]l2 + lgll2-

PROOF. We may assume ||f + g||2 # 0 because otherwise there is nothing to prove.
Then

b b b
(4.28) I + g2 =/ Fagl< / 4 gllf] +/ 1+ glldl
(4.29) < |f +gll2llfll2 + Lf + gll2llgllz = I.f + gll2Cll fll2 + |g]]2)-
Dividing by || f + gl» we obtain || f + gll2 < |[f]l2 + |lgll2- O

This is the triangle inequality for || - ||2. This makes d(f,g) = || f — gl|2 a metric on
say, the set of continuous functions. Unfortunately, the resulting metric space is not
complete. (Its completion is a space called L?([a,b]), see Exercise [£.70])

DEFINITION 4.7. A sequence ((bn)n of piecewise continuous functions on [a,b] is
called an orthonormal system on [a,b] if

(4.30) (P, Om) = / Pn(z

{O, if n # m,
11

, ifn=m.
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(The index n may run over the natural numbers, or the integers, a finite set of
integers, or more generally any countable set. We will write > to denote a sum over
all the indices. In proofs we will always adopt the interpretation that the index n runs
over 1,2,3,.... This is no loss of generality.)

Notation: For a set A we denote by 14 the characteristic function of A . This is
the function such that 14(z) =1 when z € A and 14(x) = 0 when x & A.

EXAMPLE 4.8 (Disjoint support). Let ¢y, (2) = L ni1y) and N € N. Then (¢, )n—o,...,.N—1
is an orthonormal system on [0, N].

ExAMPLES 4.9 (Trigonometric functions). The following are orthonormal systems
on [0, 1]:
1. ¢n(x) — 627rimv
2. ¢p(x) = /2 cos(2mnx)
3. ¢n(r) = v/2sin(2mnx)
EXERCISE 4.10 (Rademacher functions). For n = 0,1,... and x € [0, 1] we define
rn(x) = sgn(sin(2"7zx)). Show that (7,)nen is an orthonormal system on [0, 1].
Let (¢,), be an orthonormal system and let f be a finite linear combination of the
functions (¢,),. Say,
N
(4.31) fl@) =) catu(x).
n=1

Then there is an easy way to compute the coefficients ¢,,:

b
(4.32) = {£.00) = [ 1@

To prove this we multiply (4.31)) by ¢,,(x) and integrate over z:

b N b N
43 [ S@m@de =3 e [ on@ionlade = 3 enl6nom) = e

Notice that the formula ¢, = (f, ¢,) still makes sense if f is not of the form (4.31)).

THEOREM 4.11. Let (¢y,), be an orthonormal system on |a,b]. Let f be a piecewise
continuous function. Consider

M =

(4.34) sn(x) =) (f; n)dn(z).

Il
—

—~ 3

Denote the linear span of the functions (¢n)n=1...~ by Xn. Then

(4.35) If = snll2 < I1lf =gl
holds for all g € X with equality if and only if g = sn.

In other words, the theorem says that among all functions of the form ij:l Cn®n (),
the function sy defined by the coefficients ¢, = (f, ¢,) is the best “L?-approximation”
to f in the sense that holds.

This can be interpreted geometrically: the function sy is the orthogonal projection
of f onto the subspace Xy. As in Euclidean space, the orthogonal projection is char-
acterized by being the point in Xy that is closest to f and it is uniquely determined
by this property (see Figure [1)).
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FIGURE 1. sy is the orthogonal projection of f onto Xy.

THEOREM 4.12 (Bessel’s inequality). If (¢n)n is an orthonormal system on |a, b
and f a piecewise continuous function on [a,b] then

(4.36) I o P < I£15.

COROLLARY 4.13 (Riemann-Lebesgue lemma). Let (¢;,)n=12,.. be an orthonormal
system and [ a piecewise continuous function. Then

(4.37) Tim (£, 6n) = 0.

This follows because the series Y > | [{f, ¢,)|* converges as a consequence of Bessel’s
inequality.

DEFINITION 4.14. An orthonormal system (¢,,), is called complete if

(4.38) SO el = £

for all f.

THEOREM 4.15. Let (¢y,)n be an orthonormal system on [a,b]. Let (sy)n be as
in Theorem |4.11. Then (¢n,)n is complete if and only if (sy)n converges to f in the

L%-norm (that is, limyx o || f — snl|l2 = 0) for every piecewise continuous f on [a,b].

We will later see that the orthonormal system ¢, (z) = e*™* (n € Z) on [0,1] is
complete.

PRrROOF OF THEOREM [A.11] Let g € Xy and write

(4.39) 9(x) =Y butu(x).

Let us also write

(4.40) cn = (f, Pn)-
We have

(4.41) (£,9) = balfidn) =Y cabn.
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Using that (¢,,), is orthonormal we get

N N N N N
(442)  {g.9) = (D budns D b)) = 30 D bubinldn 6m) = D [oul.
n=1 m=1 n=1

n=1 m=1

Thus,

(4.44) =(f.f) = cuba chb +Z|b 2
(4.45) = <fvf>_2|cn‘2+2|bn_cn’2

We have
(4.46) (f —sn, f— SN> =(f, f) = (f,sn) — (sn, [) + <5N, SN)

=(f. f) _22|0n|2+Z|CN|2 Z|Cn|2

Thus we have shown

N
(4.47) (f=g.f—g)={(f—snf—sn)+ D |by— ol

n=1

which implies the claim since 27]2;1 b, — ¢u]? > 0 with equality if and only if b, = ¢,

foralln=1,..., N. |
PROOF OF THEOREM [£.12 From the calculation in (4.46]),
N
(4.48) ()= lenl® = (f = sw, f —sn) >0,
n=1

50 SN Jea|? < ||f||3 for all N. Letting N — oo this proves the claim (in particular,
the series 7 |¢,|* converges). O

PROOF OF THEOREM [£.15 From (4.46)),

N
(4.49) If = snll3 = (F. ) = D_1Lf )P

n=1
This converges to 0 as N — oo if and only if (¢,), is complete. O

3. The Haar system
In this section we discuss an important example of an orthonormal system on [0, 1].

DEFINITION 4.16 (Dyadic intervals). For non-negative integers j, k with 0 < j < 2*
we define
(4.50) Iy = 275,27 (5 + 1)) C [0,1].

The interval Iy, ; is called a dyadic interval and k is called its generation . We denote
by Dy the set of all dyadic intervals of generation £ and by D = Ukzo Dy, the set of all
dyadic intervals on [0, 1].
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DEFINITION 4.17. Each dyadic interval I € D with |I| = 27% can be split in the
middle into its left child and right child , which are again dyadic intervals that we
denote by I, and I,., respectively.

EXAMPLE 4.18. The interval I = [3, 3+ 1) is a dyadic interval and its left and right

children are given by I = [3,5 +§) and [, = [5 + 5,5 + 7).

0 1
P | |
Dy | | |
D, | | | | |
D= Ukzo Dy,
\%/_/ %/_/
O IZ I’!‘ 1
|
1

F1GURrE 2. Dyadic intervals.

LEMMA 4.19. (1) Two dyadic intervals are either disjoint or contained in each
other. That is, for every I, J € D at least one of the following is true: INJ = ()
orl CJorJcCl.

(2) For every k > 0 the dyadic intervals of generation k are a partition of [0,1).
That is,

(4.51) 0.1)=JI

EXERCISE 4.20. Prove this lemma.

EXERCISE 4.21. Let J C [0, 1] be any interval. Show that there exists I € D such
that |I| < |J| and 3] D J. (Here 3 denotes the interval with three times the length of
I and the same center as 1.)

DEFINITION 4.22. For each I € D we define the Haar function associated with it
by

(4.52) v = [1]7V2(1y, — 1y,)
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The countable set of functions given by
(4.53) H = {1y} U{vs : 1 €D}
is called the Haar system on [0, 1].

EXAMPLE 4.23. The Haar function associated with the dyadic interval I = [0, %) is
given by

(4.54) Yog = V2 oy = 1y
|]|—1/2
+
I, I,

FiGUure 3. A Haar function ;.

LEMMA 4.24. The Haar system on [0, 1] is an orthonormal system.

PROOF. Let f € H. If f = 1y then | f||s = (fol 12)1/2 = 1. Otherwise, f = 1; for
some [ € D. Then by (4.52)) and since I, and I, are disjoint,

1 1 1
(4.55) T / el = 11171 / 1, + / 1,) =1,

Next let f,g € H with f # g. Suppose that one of f,g equals 1y}, say f = Ljo .
Then g = ¢ for some J € D and thus

(4.56) (frg) = /0 by =0

It remains to treat the case that f = ¢y and g = ¢ for I,J € D with I # J. By
Lemma [4.19| (i), I and J are either disjoint or contained in each other. If I and J are
disjoint, then (7,1 ;) = 0. Otherwise they are contained in each other, say I C J.
Then ) is constant on the set where 1 is different from zero. Thus,

1
4.57 by) = =7 [ (1, — 1) =0.
(4.57) (Wr, ) /wfwj 1] /0“ 1)
O
Let us write
(4.58) D= |J Dx
0<k<n

to denote the set of dyadic intervals of generation less than n. We want to study how
continuous functions can be approximated by linear combinations of Haar functions.
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Let f € C([0,1]). Motivated by Theorem [4.11] we define for every positive integer n,
the orthogonal projection

(4.59) Eof = > (f,en)r
I€ED,
DEFINITION 4.25. For a function f on [0,1] and an interval I C [0,1] we write
(f)r = I|7" [, f to denote the average or the mean of f on I.

THEOREM 4.26. Let fol f=20. Then, for every I € D,,

(4.60) E,f(x) = (f); ifxel.
In other words,
(4.61) Enf =Y (f)ilr.
IGDH
THEOREM 4.27. Suppose that f01 f=0and f € C([0,1]). Then
(4.62) E.f — f wuniformly on[0,1] asn — .

Remark. 1f f € C([0, 1]) does not have mean zero then E,, f converges to f—(f)0,1]-

COROLLARY 4.28. The Haar system is complete in the sense of Definition [{.14)
For every f € C([0,1]) we have

(4.63) LF15 = Dol + D 1ol

1eD

EXERCISE 4.29. By using Theorem [4.27] prove Corollary [£.28]

PROOF OF THEOREM [4.26]. Fix n > 0 and write ¢ = E,f. We prove something
seemingly stronger.
Claim. For every dyadic interval I € D,,, we have (f); = (g);.
This implies the statement in the theorem because E, f is constant on dyadic intervals
of generation n.
To prove the claim we perform an induction on I € D,,. To begin with, the claim holds
for I = [0, 1) because fol f =0. Now suppose that it is true for some interval I € D_,,.
It suffices to show that it also holds for I, and I, i.e. that

(4.64) (Hre={9)r, and (f)1, =(g)1,-

Since the Haar system is orthonormal and I € D,

(4.65) (g.0r) = Y (fo )Wy abr) = (f.bn).
JED<n

Compute

n _ _ /2 e = |12

(1.66) o= = o=

and by the same reasoning,

(4.67) /fﬁ‘ /[ng 12(g, ).

Combining the last three displays we get

(4.68) Igf—/frf—/hg—/[rg-



4. TRIGONOMETRIC POLYNOMIALS 91

By the inductive hypothesis we know that ( 9)1, SO

(4.69) /IZer/ /Igg—l—/r

Adding the previous two displays gives (f);, = (g)s, and subtracting them gives (f);, =

T

(g)1,. This concludes the proof. O

PROOF OF THEOREM [4.27] Let ¢ > 0. By uniform continuity of f on [0, 1] (which
follows from Theorem we may choose § > 0 such that |f(¢) — f(s)| < € whenever
t,s € [0,1] are such that |t — s| < §. Let N € N be large enough so that 27 < ¢ and
n> N. Let t € [0,1] and I € D, such that ¢ € I. Then by Theorem [4.26]

@T0) B~ SO = (1 0 < 1 [1566) = f0lds <
[

Remark. This result goes back to A. Haar’s 1910 article Zur Theorie der orthogo-
nalen Funktionensysteme in Math. Ann. 69 (1910), no. 3, p. 331-871. The functions
(E,f), are also called dyadic martingale averages of f and have wide applications in
modern analysis and probability theory.

EXERCISE 4.30. Recall the functions r,(z) = sgn(sin(2"7x)) from Exercise [4.10]
(i) Show that every r, for n > 1 can be written as a finite linear combination of Haar
functions and determine the coeflicients of this linear combination.
(ii) Show that the orthonormal system on [0, 1] given by (r,), is not complete.

EXERCISE 4.31. Define

(471) Anf = ]En+1f - ]Enfa Sf = (Z ’Anf‘Z)l/z

n>1

(i) Assume that [, f = 0. Prove that [|Sf|ls = || /-
(ii) Show that for every m € N there exists a function f,, that is a finite linear combi-
nation of Haar functions such that sup,c(o ) [fm(2)] <1 and sup,¢(o 1) [Sfm ()] > m.

4. Trigonometric polynomials

In the following we will only be concerned with the trigonometric system on [0, 1]:

(4.72) Gn (1) = 2™ (n € Z)
DEFINITION 4.32. A trigonometric polynomial is a function of the form
N
(4.73) flx) = Z cn€®™ (z € R),
n=—N

where N € N and ¢, € C. If ¢y or c_y is non-zero, then N is called the degree of f.

From Euler’s identity (see Fact [A.12]) we see that every trigonometric polynomial
can also be written in the alternate form

N
(4.74) f(z) =ap+ Z(an cos(2mnz) + by, sin(27wnx)).
n=1
EXERCISE 4.33. Work out how the coefficients a,, b, in (4.74]) are related to the ¢,
in (4.73).
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Every trigonometric polynomial is 1-periodic :
(4.75) flz) = f(z+1)
for all z € R.

LEMMA 4.34. (™), .z forms an orthonormal system on [0,1]. In particular,
(i) for alln € Z,

1 .
2minx _ 07 an # 07
(4.76) /0 e dy = { 1 ifn=0.

(i) if f(x) = Zivz_zv €2 s q trigonometric polynomial, then

(4.77) Cn = / 1 f(t)e 2™ dt.
0

One goal in this section is to show that this orthonormal system is in fact complete.

We denote by pc the space of piecewise continuous, 1-periodic functions f : R —
C (let us call a 1-periodic function piecewise continuous, if its restriction to [0, 1] is
piecewise continuous in the sense defined in the beginning of this section).

DEFINITION 4.35. For a 1-periodic function f € pc and n € Z we define the nth
Fourier coefficient by

(4.78) fln) = / 1 F(t)e 2t
0

The series

(4.79) 7 fn)ermine

is called the Fourier series of f.

The question of when the Fourier series of a function f converges and in what sense
it represents the function f is a very subtle issue and we will only scratch the surface
in this lecture.

DEFINITION 4.36. For a 1-periodic function f € pc we define the partial sums
N
(4.80) Snflx)= Y fln)er™.
n=—N

Remark.  Note that since (¢,), is an orthonormal system, Syf is exactly the

orthogonal projection of f onto the space of trigonometric polynomials of degree < N.
In particular, Theorem tells us that

(4.81) 1f = Snfllz < [If = gll2

holds for all trigonometric polynomials g of degree < N. That is, Sy f is the best
approximation to f in the L?-norm among all trigonometric polynomials of degree
< N.

DEFINITION 4.37 (Convolution). For two 1-periodic functions f,g € pc we define
their convolution by

(4.82) Frow = | g —
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Note that if f,g € pc then f % g € pc.

ExXAMPLE 4.38. Suppose f is a given l-periodic function and ¢ is a 1-periodic
function, non-negative and fol g = 1. Then (f % g)(z) can be viewed as a weighted
average of f around x with weight profile g. For instance, if g = 2N1_1/y1/n], then
(f * g)(z) is the average value of f in the interval [x — 1/N,z + 1/N].

LEMMA 4.39. For 1-periodic functions f,g € pc,

(4.83) fxg=gxf.

PROOF. For z € [0, 1],
(4.84)
fxg(z /f (x—t)dt = / flz—t)g(t)dt = /fxt dt+/fxt

1 T

@) = [ - gl 1de+ / (e = g(t)de = g + f(2),
where in the last step we used that f(x — (t — 1)) = f(z — t) and g(t — 1) = g(t) by
periodicity. O

It turns out that the partial sum Sy f can be written in terms of a convolution:

(486 SNf Z / f —27rmtdt62mnx / f Z 62mn z—t) dt f*DN( )

where

(4.87) Dy(z) = ) €™

n=—N
The sequence of functions (Dy)y is called Dirichlet kernel . The Dirichlet kernel can
be written more explicitly.
LEMMA 4.40. We have
sin(2m(N + 3)z)

4.88 D =
(4.88) w(2) sin(7x)
PROOF.
N o b 2N - . e2mi(2N+hz _ 1
(4.89) Dy(z) = Z_Ne =e Ze =e i 1

1 1
2mi(N+3) _ o=2mi(N+3)r oin(97(N + D
(4.90) = - : -

erit — e~miz sin(7x)

O

We would like to approximate continuous functions by trigonometric polynomials.
If f is only continuous it may happen that Sy f(z) does not converge. However, instead
of Sy f we may also consider their arithmetic means. We define the Fejér kernel by
N
1

(4.91) Ky(x) = =Y Du(x).

N+1n:0
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LEMMA 4.41. We have
1 1—cos2r(N+1)z) 1 <Sin(7r(N + 1):5))2

(4.92) Ky(z) = 2(N + 1) sin(7z)? T N+1 sin(mx)

PRrROOF. Using that 2sin(z)sin(y) = cos(z — y) — cos(z + y),

(4.93)
sin(2m(N + 2)z)  2sin(rz)sin(2r(N + 3)z)  cos(2rNz) — cos(2m(N + 1)z)
Dy(z) = : = : ) = ; 5 .
sin(mx) 2sin(mx) 2sin(mx)
Thus,
(4.94)
N N
1 1 —cos(2m(N + 1)x)
D, (x —_— (2 = 2 1
nZ:O = Ssin(nz Zocos mnx) — cos(2m(n + 1)x) = > sin(nz)?
The claim now follows from the formula 1 — cos(2z) = 2sin(z). O

As a consequence of this explicit formula we see that K (x) > 0 for all z € R which
is not at all obvious from the initial definition. We define

(4.95) onf(z) = f* Kn(x).
THEOREM 4.42 (Fejér). For every 1-periodic continuous function f,
(4.96) onf = f

uniformly on R as N — oo.

COROLLARY 4.43. Every 1-periodic continuous function can be uniformly approxi-
mated by trigonometric polynomials.

Remark. There is nothing special about the period 1 here. By considering the or-
thonormal system (L~ Qe%inx)nez we obtain a similar result for L-periodic functions.

This follows from Fejér’s theorem because oy f is a trigonometric polynomial:

(4.97)
O_Nf / f N — ZO k; 27rzk(a: t) dt N — Z% kz_:n/ f —27rzktdt€27rzk:c
(4.98)
N
N+1Z Z 27rzk:x:N+1 Z Zf 27rikx: Z( _%)A(k,)e%rikx‘
n=0 k=—n n=|k| k=—N

We will now derive Fejér’s Theorem as a consequence of a more general principle.

DEFINITION 4.44 (Approximation of unity). A sequence of 1-periodic continuous
functions (k,,), is called approzimation of unity if for all 1-periodic continuous functions
f we have that f * k, converges uniformly to f on R. That is,

(4.99) sup |f * kn(2) = f(z)] =0

as n — o0.
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Remark. 'There is no unity for the convolution of functions. More precisely, there
exists no continuous function k such that kx f = f for all continuous, 1-periodic f (this

is the content of Exercise 4.62)). An approximation of unity is a sequence (k,), that
approximates unity:

(4.100) lim &, * f = f

n—oo

for every continuous, 1-periodic f.

THEOREM 4.45. Let (k,), be a sequence of 1-periodic continuous functions such
that

(1) kn(z) >0

(2) J12, ka(t)dt = 1.
(8) For all 1/2 > 6 > 0 we have

1)
(4.101) / o (£)dt — 1
-5
as n — o0.

Then (ky)n is an approximation of unity.

FIGURE 4. Approximation of unity

Assumption (3) is a precise way to express the idea that the “mass” of k, con-
centrates near the origin. Keeping in mind Assumption (2), Assumption (3) can be
rewritten equivalently as:

(4.102) / k,(t)dt — 0
52[t[=6
PrOOF. Let f be l-periodic and continuous. By continuity, f is bounded and
uniformly continuous on [—1/2,1/2]. By periodicity, f is also bounded and uniformly
continuous on all of R. Let € > 0. By uniform continuity there exists § > 0 such that

(4.103) =1 = f@)] < =/2
for all |t| < ¢, x € R. Using Assumption (2),
1/2
(4.104) frbale) = f@) = [ U= = @)k = A+ B
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where
@) A= [ (flo—t) = faDbatide. B= [ (fa—1) = )kt
[t]<o 5>1t1>6
By and Assumption (2),
19 19
(4.106) A] < 5/@ alt)dt < .

Since f is bounded there exists C' > 0 such that |f(z)] < C for all z € R. for all
0<d< % Let N be large enough so that for all n > N,

9
4.107 / ko (£)dt < ——.
(4.107) 0% < TG
Thus, if n > N,
(4.108) 1B| < 2C k(t)dt < =
=>[t)>6 2

This implies

(4.109) |f*xkn(x) — f(@)] <e/24¢/2<¢

for n > N and =z € R. O
COROLLARY 4.46. The Fejér kernel (Ky)n is an approzimation of unity.

PrROOF. We verify the assumptions of Theorem [{.45] From (.92) we see that
Ky > 0. Also,

1/2 1 N n 1/2 N 1 N
(4.110) Ky(t)dt = —— / Rt = ——— Y 1 =1.
—1/2 N+1 ;k;n —1/2 N+1 n=0
Now we verify the last property. Let % >0 >0 and |z| > §. By (4.92),
(4.111) Ky(z) < — 1
: x
N =N ¥ 1sin(n0)?2
Thus,
(4.112) / Kn(dt < —— 1
' 1op>s N ~ N + 1sin(wd)?
which converges to 0 as N — oo. 0

Therefore we have proven Fejér’s theorem. Note that although the Dirichlet kernel
also satisfies Assumptions (2) and (3), it is not an approximation of unity. In other
words, if f is continuous then it is nmot necessarily true that Sy f — f uniformly.
However, we can use Fejér’s theorem to show that Sy f — f in the L%-norm.

THEOREM 4.47. Let f be a 1-periodic and continuous function. Then

N—o00
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PRrOOF. Let ¢ > 0. By Fejér’s theorem there exists a trigonometric polynomial p
such that |f(z) — p(x)| < e/2 for all z € R. Then

(4.114) 1f = plla = / |f(z) — pl)] dx) <e/2.

Let N be the degree of p. Then Syp = p by Fact [£.34] Thus,

(4.115) Snf—f=5Snf—Sxp+Svp—f=8nv(f—p) +p— T
By Minkowski’s inequality,

(4.116) S8 f = flla < [[Sv(f =)z + [lp = fI2

Bessel’s inequality (Theorem says that ||Snf|l2 < ||f]l2- Therefore,
(4.117) [Snf = Fflla<2lf —pl2<e

In view of Theorem this means that the trigonometric system is complete.

COROLLARY 4.48 (Parseval’s theorem). If f, g are 1-periodic, continuous functions,
then

(4.118) (f.9)=>_ fn)a(n)

In particular,
(4.119) IFI5 =Y [Fn)f

Proor. We have

N

(4.120) (Snf.9) Z f) ™™ gy =Y fn)g(n)
But (Syf,9) = (f,9) as N — oo because
(4.121) [(Snf.g) = {f: ) = [{Snf = [, )| < |ISwf = fllallgllz = O
as N — oo. Here we have used the Cauchy-Schwarz inequality and the previous theo-
rem. Equation (4.119)) follows from putting f = g. 0

Remark. Theorems and Corollary also hold for piecewise continuous and
1-periodic functions.

EXERCISE 4.49. (i) Let f be the 1-periodic function such that f(x) = x for z € [0,1).
Compute the Fourier coefficient f(n) for every n € Z and use Parseval’s theorem to

derive the formula

<1 2
4.122 —_ = —.
< ) n:1 n2 6

(ii) Using Parseval’s theorem for a suitable 1-periodic function, determine the value of
o 1
Zn:l F'
While the Fourier series of a continuous function does not necessarily converge point-
wise, we can obtain pointwise convergence easily if we impose additional conditions.
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THEOREM 4.50. Let f be a 1-periodic continuous function and let x € R. Assume
that f is differentiable at x. Then Sy f(z) — f(x) as N — oo.

PRrOOF. By definition,

(4.123) Sy flz) = /O f(z — ) Dy (t)dt.

Also,

(4.124) / 1 Dy(tydt = / " amintgy _ 1
Thus from Fact [£.40] o

(4125) Sxf(@) = 1) = [ (fla=1) = fa)Dx (b
(4.126) = / 1 g(t)sin(2m(N + L)t)dt,

where

(4.127) o) = L& ;rfzﬁ_t)f ()

Differentiability of f at x implies that g is continuous at 0. Indeed,

fla—t)—fle) fla—t)—flx) (L
(4.128) sin(7t) B t sin(7rt) = I )7r

ast — 0.

EXERCISE 4.51. Show that ¢,(z) = v2sin(2r(n + 1)z) with n = 1,2,... defines
an orthonormal system on [0, 1].

With this exercise, the claim follows from (4.126f) and the Riemann-Lebesgue lemma

(Corollary 4.13]). O

EXERCISE 4.52. Show that there exists a constant ¢ > 0 such that
1
(4.129) / Dy ()|dz > clog(2 + N)
0

holds for all N =0,1,....

EXERCISE 4.53. (i) Let (ag)x be a sequence of complex numbers with limit L. Prove

that
a4 -+ an

lim =L
n—o00 n
Given the sequence ay, form the partial sums s, = ;_, a; and let
oSt tsy
NETN

oy is called the Nth Cesaro mean of the sequence s, or the Nth Cesaro sum of the
series » -, ap. If oy converges to a limit S we say that the series > ;- ay is Cesaro
summable to S.

(ii) Prove that if ), | a; is summable to S (i.e. by definition converges with sum S)
then Y 72 | a is Cesaro summable to S.

(iii) Prove that the sum > .2, (—1)¥"! does not converge but is Cesaro summable to
some limit S and determine S.
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5. The Stone-Weierstrass Theorem

We have seen two different classes of continuous functions that are rich enough
to enable uniform approximation of arbitrary continuous functions: polynomials and
trigonometric polynomials. In other words, we have shown that polynomials are dense
in C([a,b]) and trigonometric polynomials are dense in C(R/Z) (space of continuous
and 1-periodic functions). The Stone-Weierstrass theorem gives a sufficient criterion
for a subset of C(K) to be dense (where K is a compact metric space). Both, Fejér’s
and Weierstrass’ theorems are consequences of this more general theorem.

THEOREM 4.54 (Stone-Weierstrass). Let K be a compact metric space and A C
C(K). Assume that A satisfies the following conditions:

(1) A is a self-adjoint algebra : for f,g € A, ¢ € C,
(4.130) f+geAf-geAc-feAfeA

(2) A separates points : for all x,y € K with x # y there exists f € A such that

f(@) # f(y).
(3) A vanishes nowhere : for all x € K there exists f € A such that f(x) # 0.

Then A is dense in C(K) (that is, A= C(K)).

EXERCISE 4.55. Let K be a compact metric space. Show that if a subset A C C(K)
does not separate points or does not vanish nowhere, then A is not dense.

EXERCISE 4.56. Let A C C([1,2]) be the set of all polynomials of the form p(z) =
Y oreo cpx? 1 where ¢; € C and n a non-negative integer. Show that A is dense, but
not an algebra.

Before we begin the proof of the Stone-Weierstrass theorem we first need some
preliminary lemmas.

LEMMA 4.57. For every a > 0 there exists a sequence of polynomials (py,), with real
coefficients such that p,(0) = 0 for all n and sup,e(_, 4 [Pn(z) — |2]| = 0 as n — oo.

PrROOF. From Weierstrass’ theorem we get that there exists a sequence of poly-
nomials ¢, that converges uniformly to f(z) = |z| on [—a,a]. Now set p,(z) =
qn(x) — ¢ (0). O

EXERCISE 4.58. Work out an explicit sequence of polynomials (p,), that converges

uniformly to x — |z| on [—1,1].

Let A C C(K) satisfy conditions (1),(2),(3). Observe that then also A satisfies (1),
2), (3)

We may assume without loss of generality that we are dealing with real-valued
functions (otherwise split functions into real and imaginary parts f = g + ¢h and go
through the proof for both parts).

LEMMA 4.59. If f € A, then |f| € A.

PROOF. Let € > 0 and a = max,cx |f(x)|. By Lemma there exist ¢1,...,¢, €
R such that

(4.131) 1> e =yl <e
=1
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for all y € [—a, a]. By Condition (1) we have that

(4.132) g=>Y af €A

i=1
Then |g(x) — |f(2)]| < e for all z € K. Thus, |f| can be uniformly approximated by
functions in A. But A is closed, so |f| € A. O

_ LEMMA 4.60. If f1,..., fm € A, then min(fy, ..., fn) € A and max(f1, ..., fm) €
A.

PROOF. It suffices to show the claim for m = 2 (the general case then follows by
induction). Let f,g € A. We have

(4.133) win(f.g) = L4 W9 ap g = L2091 dl
Thus, Condition (1) and Lemma imply that min(f, g), max(f,g) € A. 0

LEMMA 4.61. For every xo,x1 € K, g # x1 and co,c1 € R there exists f € A such
that f(z;) = ¢; fori=0,1.
In other words, any two points in K x R that could lie on the graph of a function

in A do lie on the graph of a function in A.

PrOOF. By Conditions (2) and (3) there exist g, ho, b1 € A such that g(zo) # g(z1)
and h;(z;) # 0 for i = 0,1. Set

(4.134) ui(x) = g(x)hi(x) — g(x1-5)hi(x).
Then u;(z1_;) = 0 and u;(x;) # 0 for i =0, 1. Set
~ coug(w) | crui(x)
(4.135) f(z) = wo(ze) T wm)
Then f(x¢) = ¢o and f(z;) = ¢; and f € A by Condition (1). O

This lemma can be seen as a baby version of the full theorem: the statement ex-
tends to finitely many points. So we can use it to find a function in A that matches
a given function f in any given collection of finitely many points (see Exercise .
Thus, if K was finite, we would already be done. If K is not finite, we need to exploit
compactness. Let us now get to the details.

Fix f € C(K) and let € > 0.

Claim: For every z € K there exists g, € A such that g,(z) = f(z) and
gz(t) > f(t) —efort € K. B

Proof of Claim. Let y € K. By Lemma there exists h, € A such that
hy(x) = f(z) and h,(y) = f(y). By continuity of h, there exists an open ball B,
around y such that |h,(t) — f(t)| < e for all t € B,. In particular,
(4.136) hy(t) > f(t) —e.
Observe that (B,),cx is an open cover of K. Since K is compact, we can find a finite
subcover by By,,...,B,, . Set
(4.137) Gy = max(hy,, ..., hy ).

By Lemma .60, g, € A. O
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By continuity of g, there exists an open ball U, such that

(4.138) l0.(t) — f(1)] < ¢

for t € U,. In particular,

(4.139) g:(t) < f(t)+¢

(Us)zex is an open cover of K which has a finite subcover by U,,,...,U,,. Then let
(4.140) h =min(ge,, .- -, gz, )-

By Lemma we have h € A. Also,

(4.141) ft)—e<h(t)< f(t)+e¢

for all t € K. That is,

(4.142) lf(t) —h(t)] <e

for all t € K. This proves that f € A.

6. Further exercises

EXERCISE 4.62. Show that there exists no continuous 1-periodic function g such
that f % g = f holds for all continuous 1-periodic functions f.
Hint: Use the Riemann-Lebesgue lemma.

EXERCISE 4.63. Give an alternative proof of Weierstrass’ theorem by using Fejér’s
theorem and then approximating the resulting trigonometric polynomials by truncated
Taylor expansions.

EXERCISE 4.64. Find a sequence of continuous functions (f,), on [0, 1] and a con-
tinuous function f on [0, 1] such that ||f, — f|l2 — 0, but f,(z) does not converge to
f(x) for any x € [0, 1].

EXERCISE 4.65 (Weighted L? norms). Fix a function w € C([a,b]) that is non-
negative and does not vanish identically. Let us define another inner product by

(4.143) (f,9) 2w / flz (z)dx

and a corresponding norm || f|| 2 = (f, f) L2(w)" Similarly, we say that (¢,), is an

orthonormal system by asking that (¢, ¢m)r2(w) is 1 if n = m and 0 otherwise. Verify
that all theorems in Sectlonlcontlnue to hold when (-, -), ||-||2 are replaced by (-, -) (),
| - [|z2(w), respectively.

EXERCISE 4.66. Let w € C(]0, 1]) be such that w(z) > 0 for all x € [0, 1] and w # 0.
Prove that there exists a sequence of real-valued polynomials (p,), such that p, is of
degree n and

(4.144) /0 Pu(@)pm(z)w(x)dr = { (1) EZ 7:& m

for all non-negative integers n, m.
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EXERCISE 4.67 (Chebyshev polynomials). Define a sequence of polynomials (7},),
by To(z) = 1, Ti(x) = = and the recurrence relation T),(x) = 22T, _1(x) — T,,_o(x) for
n > 2.

(i) Show that 7T),(z) = cos(nt) if x = cos(t).
Hint: Use that 2 cos(a) cos(b) = cos(a + b) + cos(a — b) for all a,b € C.
(ii) Compute

1
dz

4.145 / T, () (2) —

(4.145) [ 10T

for all non-negative integers n, m.

(iii) Prove that |T,,(z)| <1 for z € [—1, 1] and determine when there is equality.

EXERCISE 4.68. Let d be a positive integer and f € C([a,b]). Denote by P; the set
of polynomials with real coefficients of degree < d. Prove that there exists a polynomial

P« € Py such that [|f — p.llec = infpep, [/ — plloo-
Hint: Find a way to apply Theorem [1.55]

EXERCISE 4.69. Let f be smooth on [0, 1] (that is, arbitrarily often differentiable).
(i) Let p be a polynomial such that |f'(z) — p(z)| < € for all x € [0,1]. Construct a
polynomial ¢ such that |f(z) — ¢(x)| < e for all x € [0, 1].
(ii) Prove that there exists a sequence of polynomials (p,,), such that (p%k))n converges
uniformly on [0, 1] to f*) for all k =0,1,2,....

EXERCISE 4.70 (The space L?). Let (X,d) be a metric space. Recall that the
completion X of X is defined as follows: for two Cauchy sequences (a,)n, (bp), in X
we say that (a,), ~ (by)n if lim, o d(ay, b,) = 0. Then ~ is an equivalence relation on
the space of Cauchy sequences and we define X as the set of equivalence classes. We
identify X with a subset of X by identifying x € X with the equivalence class of the

constant sequence (z,x,...). We make X a metric space by defining
(4.146) d(a,b) = lim d(an,by),
n—oo

where (a,)n, (by), are representatives of a,b € X, respectively. Then X is a complete
metric space. Let us denote by L%(a,b) the metric space of continuous functions on

[a, b] equipped with the metric d(f,g) = ||f — gl|2, where || f]|s = (fab |f>)Y/2. Define

(4.147) L*(a,b) = L%(a,b).
(i) Define an inner product on L?(a,b) by

b
(4.148) (frg)=Tm [ fo(x)gn(z)de,

n—oo

for f,g € L*(a,b) with (f,)n, (gn)n being representatives of f,g, respectively. Show
that this is well-defined: that is, show that the limit on the right hand side exists and
is independent of the representatives (f,,)n, (gn)n and that (-, -) is an inner product.
Hint: Use the Cauchy-Schwarz inequality on L?(a,b).

For f € L%*(a,b) we define ||f|la = (f, f)'/%. Let (¢n)n=12.. be an orthonormal
system in L?(a,b) (that is, (¢n, ) = 0if n # m and = 1 if n = m).
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(ii) Prove Bessel’s inequality: for every f € L*(a,b) it holds that

(4.149) S e <113

n=1

Hint: Use the same proof as seen for L?(a,b) in the lecture!

(iii) Let (¢,)n C C be a sequence of complex numbers and let
N
(4.150) fn = cathn € L*(a,b).
n=1

Show that (fn)x converges in L*(a,b) if and only if

(4.151) D enl® < o0
n=1
EXERCISE 4.71. Let f be the l-periodic function such that f(z) = |z| for = €
[—1/2,1/2]. Determine explicitly a sequence of trigonometric polynomials (py)y such
that py — f uniformly as N — oo.

EXERCISE 4.72. Let f, g be continuous, 1-periodic functions.
(i) Show that f x g(n) = f(n)g(n).

(i) Show that [ - g(n) = 32, o, f(n — m)g(m).

(iii) If f is continuously differentiable, prove that f’(n) = QWin]/”\(n).

(iv) Let y € R and set f,(z) = f(z + y). Show that f,(n) = 2™ f(n).

(v) Let m € Z, m # 0 and set f,,(x) = f(mzx). Show that J/C;(n) equals J?(%) if m
divides n and zero otherwise.

EXERCISE 4.73 (Legendre polynomials). Define p,(r) = £-[(1 — 22)"] for n =

dx™
0,1,... and
1

(4.152) 0u() = pale)- ([ multae)

-1
Show that (¢, )n—0.1... is a complete orthonormal system on [—1,1].

EXERCISE 4.74. Let f be 1-periodic and k times continuously differentiable. Prove
that there exists a constant ¢ > 0 such that
(4.153) 1f(n)| < c|n|™ for alln € Z.
Hint: What can you say about the Fourier coefficients of f*) ?

EXERCISE 4.75. Let f be 1-periodic and continuous.

~

(i) Suppose that f(n) = —f(—n) > 0 holds for all n > 0. Prove that

1)
4.154 — <
(4.154) Zl <00
(ii) Show that there does not exist a 1-periodic continuous function f such that
7oy _ segn(n)
4.155 = for all |n| > 2.
(1155) iy = ot for all n| >

Here sgn(n) = 1if n > 0 and sgn(n) = —1 if n < 0.
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EXERCISE 4.76. Suppose that f is a 1-periodic function such that there exists ¢ > 0
and a € (0, 1] such that

(4.156) [f (@) = f(y)] < cle—y[*

holds for all ,y € R. Show that the sequence of partial sums Sy f(z) = S0 f(n)e%"””"
converges uniformly to f as N — oo.

EXERCISE 4.77. Let f € C([0,1]) and A C C([0,1]) dense. Suppose that

(4.157) / flz

for all @ € A. Show that f = 0.
Hint: Show that [ |f(z)|*dz = 0.

EXERCISE 4.78. Let f € C(]—1,1]) and a € [—1,1]. Show that for every € > 0 there
exists a polynomial p such that p(a) = f(a) and |f(x) —p(x)| < e for all z € [-1,1].

EXERCISE 4.79. Prove that

(4.158) ——= i usin(n

EXERCISE 4.80. Suppose f € C([1,00)) and lim,_,, f(z) = a. Show that f can
be uniformly approximated on [1,00) by functions of the form g(z) = p(1/z), where p
is a polynomial.

EXERCISE 4.81 (Stone-Weierstrass for finite sets). Let K be a finite set and A
a family of functions on K that is an algebra (i.e. closed under taking finite linear
combinations and products), separates points and vanishes nowhere. Give a purely
algebraic proof that A must then already contain every function on K. (That means
your proof is not allowed to use the concept of an inequality. In particular, you are not
allowed to use any facts about metric spaces such as the Stone-Weierstrass theorem.)
Hint: Take a close look at the proof of Stone-Weierstrass.

EXERCISE 4.82 (Uniform approximation by neural networks). Let o(t) = e’ for
t € R. Fix n € N and let K C R” be a compact set. As usual, let C(K) denote the
space of real-valued continuous functions on K. Define a class of functions N' C C(K)
by saying that p € N iff there exist m € N, W € R™*" v, b € R™ such that
(4.159) p(x) = o(Wx); +b;)v; for all x € K.

i=1

Prove that A is dense in C'(K).
Remark. This is a special case of a well-known result of G. Cybenko, Approximation by
Superpositions of a Sigmoidal Function in Math. Control Signals Systems (1989). As a
real-world motivation for this problem, note that a function i € A can be interpreted as
a neural network with a single hidden layer, see Figure[5] Consequently, in this problem
you are asked to show that every continuous function can be uniformly approximated
by neural networks of this form.

EXERCISE 4.83. Let f be a continuous function on [0, 1] and N a positive integer.
Define x5, = % for k=0,...,N. Define

(4.160) fok H ——

T — T;
=05k KT
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FIGURE 5. Visualization of y when n = 3 and m = 6.

(i) Show that f(x) = Ly(z) forallk =0,..., N and that Ly is the unique polynomial
of degree < N with this property.

(i) Suppose f € C¥*1([0,1]). Show that for every = € [0, 1] there exists & € [0, 1] such
that

N

FIE)

(4.161) f(@) = Ly(x) = (N1 1)

(x — ).

(iii) Show that Ly does not necessarily converge to f uniformly on [0,1]. (Find a
counterexample.)

(iv) Suppose f is given by a power series with infinite convergence radius. Does Ly
necessarily converge to f uniformly on [0, 1] 7

Remark. 'The polynomials Ly are also known as Lagrange interpolation polynomials .






CHAPTER 5

From Riemann to Lebesgue*

1. Lebesgue null sets
For a compact interval I = [¢,d] we call d — ¢ the length of I, also denoted by ¢(1).

DEFINITION 5.1. A set E C [a,b] is called a Lebesgue null set if for every e > 0
there is a sequence (I,)nen of intervals such that E C Upenl, and Y2 £(1,) < e.

LEMMA 5.2. Countable unions of Lebesque null sets are Lebesque null sets.

PRrROOF. Let Ej, k € N be Lebesgue nullsets. For each k find a countable family of
intervals {1}, }2°; such that > >7 0(I},) <e27% " and By C U2, I},

The family of intervals {I;,}unenz is countable (and thus cn be arranged in a
series) and we have

(5.1) f: i U(Inn) < i 271 = ¢/2. O

k=1 n=1

EXERCISE 5.3. Which theorems about series with nonnegative terms have been used
in this proof?

DEFINITION 5.4. A set E C [a, b] has content zero if for every € > 0 there is a finite
set of intervals Iy,..., Iy such that £ C UN_ T, and 32 (I,,) < e.

Note that any set of content zero is a Lebesgue null set, but the converse is not true
(see Exercise [5.8) below).

LEMMA 5.5. Let {1}, be a finite collection of intervals such that [a,b] C UN_ I;.
Then SN €(1,) > b—a. In particular [a,b] does not have content zero.

PROOF. Let J, := I, N [a,b]. Arrange the finite set formed by all the endpoint of
those intervals in increasing order, written as a < x; < --- < a3 = b. Then every
interval [z;_1, ;] is contained in at least .J,,.

Define inductively sets of indices J,. For v =1 set

(5.2) JHi={ief{l,.... M}:[xi1,2] C Ji}.
For any v > 1 we are either in the situation that J; U ---U J,_1 contains all ¢ €
{1,..., M} (then we stop the construction) or, if not, then we form

(5.3) J, = {z e{l,.... M} : |z, 2] C J, and [x;_q,25) © Jyfor I <wv—1 }

The construction stops after K steps, where K < N. Note that each index ¢ is in
exactly one family J, and also for each v we have

(5.4) Z(mz —zi1) < U(J).
i€y
107
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Consequently
N

(55)  b-—a=)» (z—zi) ZZ i—mia) <Y (L) <) UL, O

i=1 v=1ieJ,

LEMMA 5.6. Let E be a compact Lebesgue null set. Then E has content zero.

PROOF. Let ¢ > 0. Since F is a null set there is a countable family {/,},en of
closed intervals such that » )7, ((1,) < e/2. Write I, = [a,,b,] and form the slightly
larger open intervals I, = (a, — 52 v=2 b, + 272 g0 that £(1,) = £(I,) + 27" and
thus

o0

(5.6) > ) Z +§:52 vlog/24¢e/2=c.

v=1 v=1

vy Such that B C Uf‘ﬁlfyl and
SV I,) < >, U(1,) < e. Hence E has content zero. O

Since E' is compact we ' may choose finitely many 7,, e f

COROLLARY 5.7. Let a < b. Then [a,b] is not a Lebesgue null set.

PRrROOF. This is an immediate consequence of from Lemmal5.5|together with Lemma
5.0l O

EXERCISE 5.8. Let E be the set of rational numbers in [a,b]. Show that F is a
Lebesgue null set but F is not of content zero.

The Lebesgue null sets are usually called sets of Lebesgue measure zero . We avoid
this terminology here because we have not defined Lebesgue measure here and indeed
have not identified the class of sets on which it can be defined (the so called Lebesgue
measurable sets). A substitute for Lebesgue measure which can be defined on all subsets
of R is Lebesgue outer measure:

DEFINITION 5.9. For a subset of R the Lebesgue outer measure A, (E) of E is defined
as the quantity A\, (E) = inf > 7 ¢(I,) where the infimum is taken over all countable
collections {1, }nen of intervals which have the property that £ C UX I,.

With this definition, the Lebesgue null sets are simply the sets of Lebesgue outer
measure zero.
2. Lebesgue’s Characterization of the Riemann integral
We can now formulate the main theorem of this chapter.

THEOREM 5.10. Let f : [a,b] — R be a bounded function. Then f is Riemann
integrable if and only if the set of discontinuities of f,

D¢ :={x € [a,b] : fis not continuous at z},
15 a Lebesgue null set.

The following lemma linking oscillation to lower and upper sums is very helpful in
the proof of Theorem [5.10]

LEMMA 5.11. Let f : [a,b] = R be a bounded function and assume that oscs(x)
for all © € [a,b]. Then there is a partition P of |a,b] such that U(f, P) — L(f, P
v(b—a).

<A
) <
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PROOF. By definition of osc¢(x) we can find a d, > 0 such that
(5.7) My a5, () = myas, () <.

Since [a.b] is compact we find zy, ...., xy such that [a,b] is contained in the union of
the intervals (z; — d,,, z; + 0,,). Consider the finite set consisting of the a, b the x;, the
corresponding point x; — d,, and x; + 0., and then discard those point which do not lie
in [a,b]. The resulting set P is a partition of [a,b] with nodes a =ty < -+ <ty = b
and if ¢,_1, t; are consecutive nodes in this partition then

sup{f(t) :te [ti—lati]} — mf{f(t) :te [ti—]_)ti]} <.

Hence
M
i=1
and the lemma is proved. O

PrRoor oF THEOREM [B.10l Part 1: Set of discontinuities is a null set =—> [ is
Riemann integrable. By Lemma [ it suffices to construct, for given & > 0, a partition

P such that
(5.8) U(f,P)— L(f,P) <e.

The function f is bounded and thus there is C' > 0 such that |f(x)| < C for z € [a, ).
Now let £; < ¢ depending on ¢; we will see (only at the end) that

o €
T 20+ b—a
is an appropriate choice. Consider the set
(5.9) D(e1) = {x € [a,b] : oscp(z) > &1}

D(e1) is a Lebesgue null set since D(e1) C Dy and Dy is a Lebesgue null set. Also,
D(ey) is a closed subset of [a, b], and thus compact and thus has content zero.

Thus there is a finite collection {I,}_; of closed intervals such that Zivzl 01,) < e
and D(g;) C UY_,(1,)° (where (I,)° denotes the interior of I,).

We may choose a partition P = {a = 2y < --- < xx = b} such that each index i
belongs to (at least) one of the following sets:

Ji={i:|x;q,x;] C I, for some v in [1, N]|}
Jo={i:[r;i1,z] N D) =0}

Regarding the intervals [z; 1, x;] with i € J; we have

(5.10) Z(% —x;-1) < Z Z (2 —xioq) < Zg([u> <ey.

1€ :
[i—1,2:]CIy

We observe that for all i € J, we have oscs(z) < e; for all x € [z;, x;11]. Thus by
Lemma [5.11} we find a partition P; of [z;_1,x;], labeled {z; = x;0,..., 2N, = Tit1},
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such that with

N;
xz] ng 1 sup f(l’),
=1 [%i,0,24,N,]
N;
Zx” xij—1) inf  f(z)
— [z4,0,%i,,]
7j=1
we have
(5.11) UNf, P) — L'(f, P) < ex(a; — zi1).
Now the desired partition is defined by
(5.12) P:{Iz 5i€u71}u U{xi,O"'wxi,Ni}

i€J2
and we can split and then estimate

U P) = LUEP) =3 (sup f inf f)(wi—w) + D (U(f,R) = L'(f. P))

[xL 1 xz]

e [wim1,2i] i€J2
<20 (wi—wia)+ ) _(U'(f,P) = L'(f, P)).
e 1€J2
By (5.10) and (5.11]) we get
(5.13) U(f,P)— L(f,P) < 2Ce1 + ¢, Z(xl —x;1) <2Ce; + (b—a)e
€Tz

In view of our choice ; = ¢/(2C + b — a) we have proved the desired inequality (5.8]).

Part 2: f is Riemann integrable = Set of discontinuities is a null set.

For each n € N we define D" = {z € [a,b] : oscf(x) > 1/n}. Observe that
Dy = U2, D", by Lemma([I.93] Thus by Lemma [5.2]it suffices to show that each D" is
a Lebesgue null set.

Fix n € N. Since f is Riemann integrable there exists, by Lemma [ a partition
P ={xqg<--- <xn} of [a,b] such that

Let J be the set of indices ¢ for which I; := [x;_1, z;| contains a point in D", so that
D" C Uje71;. Clearly we have

(5.14) M;(f) —mi(f) > ze[iirif;%] oscr(z) > % ifieJ.
Hence
N — (Mi(f) = mi(f)) (@i — @i1)
210 =2 N )
< 17 SO = mi D) = zi0) <= =

Since € > 0 was arbitrary we have proved that each D" is a Lebesgue null set, and thus
Dy is a Lebesgue null set. O



CHAPTER 6

The Baire category theorem™

Let (X, d) be a metric space. Recall that the interior A° of a set A C X is the set
of interior points of A, i.e. the set of all x € A such that there exists € > 0 such that
B.(z) C A. A set AC X is dense if A= X. Note that A is dense if and only if for all
non-empty open sets U C X we have ANU # (.

DEFINITION 6.1. A set A C X is called nowhere dense if its closure has empty
interior. In other words, if A° = (). Equivalently, A is nowhere dense if and only if A
contains no non-empty open set.

Note that 1. A closed set A C X has empty interior if and only if A° = X \ A is
open and dense. (This is because A is closed if and only if A€ is open and A has empty
interior if and only if A¢ is dense.)

2. A is nowhere dense if and only if A° contains an open dense set.
3. A is nowhere dense if and only if A is contained in a closed set with empty interior.

EXAMPLE 6.2. The Cantor set

oo 36—1
(6.1) =0, 1\ U G 32

(=0 k=0

is a closed subset of [0, 1] and has empty interior. Therefore, it is nowhere dense.

LEMMA 6.3. Suppose Ay,..., A, C X are nowhere dense sets. Then |J,_, Ay is
nowhere dense.

PRrOOF. Without loss of generality let n = 2. We need to show that A; U A, has
empty interior. Equivalently, setting U, = A for k= 1,2. We show that U; N Uy is
dense. Let U C X be a non-empty open set. Then V; = UNUj is open and non-empty,
because U; is dense. Since U, is also dense, V; N Us = U N (U; N Us) is non-empty, so
U, NUs; is dense. O

Also, a subset of a nowhere dense set is nowhere dense and the closure of a nowhere
dense set is nowhere dense.

However, countable unions of nowhere dense sets are not necessarily nowhere dense
sets.

EXAMPLE 6.4. Enumerate the rationals as Q = {q1, qo, ... }. Forevery k =1,2,...,
the set Ay = {qx} is nowhere dense in R. But Q = J;—; Ax C R is not nowhere dense
(it is dense!).

DEFINITION 6.5. A set A C X is called meager (or of first category ) in X if it
is the countable union of nowhere dense sets. A is called comeager (or residual or of
second category ) if A is meager.

111
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The above example shows that Q C R is meager. In fact, every countable subset of
R is meager (because single points are nowhere dense in R).

By definition, countable unions of meager sets are meager. The choice of the word
“meager” suggests that meager sets are somehow “small” or “negligible”. But how
“large” can meager sets be? For example, can X be meager? That is, can we write
the entire metric space X as a countable union of nowhere dense subsets? The Baire
category theorem will show that the answer is no, if X is complete.

THEOREM 6.6 (Baire category theorem). In a complete metric space, meager sets
have empty interior. Equivalently, countable intersections of open dense sets are dense.

COROLLARY 6.7. Let X be a complete metric space and A C X a meager set. Then
A # X. In other words, X is not a meager subset of itself.

ExXAMPLE 6.8. The conclusion of the Baire category theorem fails if we drop the
assumption that X is complete. Consider X = Q with the metric inherited from R
(so d(p,q) = |p — q|). Then X is a meager subset of itself because it is countable and
single points are nowhere dense in X (X has no isolated points). But the interior of X
is non-empty, because X is open in X.

EXAMPLE 6.9. Not every set with empty interior is meager: consider the irrational
numbers A = R\ Q. A has empty interior, because A° = Q is dense. It is not meager,
because otherwise R = A U A° would be meager, which contradicts the Baire category
theorem.

EXERCISE 6.10. Another notion of “smallness” is the following:
Definition. A set A C R is called a Lebesque null set if for every € > 0 there exist
intervals Iy, I, ... such that

(6.2) Ac|JLand ) || <e.
j=1 Jj=1

(Here |I| denotes the length of the interval I.)

Give an example of a comeager Lebesgue null set. (Recall that a set is called comeager
if its complement is meager.)

(This implies in particular that Lebesgue null sets are not necessarily meager and meager
sets are not necessarily Lebesgue null sets.)

For the proof of Theorem we will need the following lemma.

LEMMA 6.11. Let X be complete and Ay D Ay D --- a decreasing sequence of
non-empty closed sets in X such that
(6.3) diam A, = sup d(z,y) — 0
T,YyEAnL

asn — oo. Then (),—, A, is non-empty.

PROOF OF LEMMA [6.17] For every n > 1 we choose z, € A,. Then (z,).en is a
Cauchy sequence, because for all n > m we have d(z,, z,,) < diamA,, — 0 as m — oo,
Since X is complete, there exists x € X such that lim,_,., x, = z. Let N € N. Then
Ap contains the sequence (x,,),>n and since Ay is closed, it must also contain the limit
of this sequence, so © € Ay. This proves that x € (3_; An-. O
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PROOF OF THEOREM [6.6]. Let (U, ),en be open dense sets. We need to show that
Mo, Uy, is dense. Let U C X be open and non-empty. It suffices to show that U N
M,—, Uy, is non-empty. Since U is open and dense, U N U; is open and non-empty.
Choose a closed ball B(zy,7) € U NU;, with r; € (0,1). Then B(zy,r1) N Uy is
open and non-empty (because U, is dense), so we can choose a closed ball B(xy,7) C
B(xq,7r1) N Uy with 74 € (0, %) Iterating this process, we obtain a sequence of closed

balls (B(y, 7n))n such that B(z,,r,) C B(p—1,7n-1)NU, and r,, € (0, 1). By Lemma
there exists a point = contained in (7, B(zy, 7). Since B(x,,r,) C UNU, for
alln > 1, we have x € UN(.2, Uy. O

The Baire category theorem has a number of interesting consequences.

1. Nowhere differentiable continuous functions*

THEOREM 6.12. Let A C C([0,1]) be the set of all functions that are differentiable
at at least one point in [0,1]. Then A is meager.

PRroOOF. For n € N we define A,, to be the set of all f € C(]0,1]) such that there
exists ¢ € [0, 1] such that

ft+h) - f(1)

(6.4) ‘ . ‘ <n
holds for all h € R with ¢ + h € [0, 1]. Then
(6.5) Ac A

n=1
It suffices to show that each A, is nowhere dense. We first prove that A, is closed.
Let (fix)ren C A, be a sequence that converges to some f € C([0,1]). We show that
f € A,. Indeed, by assumption, there exists (tx)reny C [0, 1] such that

Julte + 1) — fi(te

h
holds for all & > 1 if t, + h € [0,1]. By the Bolzano-Weierstrass theorem, we may
assume without loss of generality that (t;)ren converges to some ¢ € [0, 1] (by passing
to a subsequence). Then, by continuity of f,

fle+h) = f®))_ }fk(tk +h) — fu(te)
h == h

Therefore, f € A, and A, is closed. Also, A, has empty interior. Indeed, one can see
that C([0,1]) \ \A,, is dense because every f € C([0,1]) can be uniformly approximated
by a function that has arbitrarily large slope (think of “sawtooth” functions).

(6.6) )) <n

<n

(6.7)

EXERCISE 6.13. Provide the details of this argument: show that A4, has empty
interior.

O

The Baire category theorem implies that 4 has empty interior. In other words, the
set of nowhere differentiable functions C([0, 1])\ A is dense. In this sense, it is “generic”
behavior for continuous functions to be nowhere differentiable. In particular, we can
conclude that there exists f € C([0,1]) \ A (so f is nowhere differentiable) without
actually constructing such a function. On the other hand, one can also give explicit
examples of nowhere differentiable functions.
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EXAMPLE 6.14 (Weierstrass’ function). Consider the function f € C([0,1]) defined

(6.8) flx) = Z b~ " sin(b"x),

where 0 < o« < 1 and b > 1 are fixed. The function f is indeed continuous because
the series is uniformly convergent. In fact, f is the uniform limit of the sequence of

functions (fn)n considered in Exercise [1.105]

EXERCISE 6.15. Show that f is nowhere differentiable.

2. Sets of continuity*
DEFINITION 6.16. Let X, Y be metric spaces and f: X — Y a map. The set
(6.9) Cy={r € X : fis continuous at z} C X

is called the set of continuity of f . Similarly, Dy = X \ Cf is called the set of
discontinuity of f .

EXAMPLE 6.17. Let f : R — R be defined by f(z) = 1 if « is rational and f(z) =0
if = is irrational. Then Cy = 0.

EXAMPLE 6.18. Let f : R — R be defined by f(x) = x if x is rational and f(z) =0
if = is irrational. Then C; = {0}.

EXAMPLE 6.19. Consider the function f : R — R defined as follows: we set f(0) =1
and if z € Q\ {0}, then we let f(z) = 1/q, where z = 75’, where p € Z, ¢ € N and the
greatest common divisor of p and ¢ is one. If x ¢ Q, then we let f(x) = 0. We claim
that Cy = R\ Q. Indeed, say x € R\ Q and p,, /g, — = a rational approximation. Then
gn — oo (otherwise, it must converge and then x would be rational). This implies that
f is continuous at x. On the other hand, say x € Q. Set z,, = = + ‘/75 Then z,, € Q
because v2 € Q, so f(z,) = 0 for all n, so lim,,, f(x,) =0, but f(x) # 0. Hence f

1S not continuous at x.

It is natural to ask which subsets of X arise as the set of continuity of some function
on X. For instance, does there exist a function f : R — R such that Cy =Q ?

DEFINITION 6.20. A set A C X is called an F,-set if it is a countable union of
closed sets. A set G C X is called a Gs-set if it is a countable intersection of open sets.

These names are motivated historically. The F in F, is for fermé which is French
for closed . On the other hand, the G in G is for Gebiet which is German for region .

ExAMPLES 6.21. 1. Every open set is a Gs-set and every closed set is an F,-set.
2. Let x € X. Then {z} is a Gs-set: it is the intersection of the open balls B(z,1/n).
3. Q CRis an [ set, because Q = |J,o{q} (a countable union of closed sets).

THEOREM 6.22. Let X and Y be metric spaces and f : X — Y a map. Then
Cy C X is a Gs-set and Dy is an Fj-set.

PRrROOF. Let f: X — Y be given. It suffices to show that Cy is a Gs-set. For every
S C X we define the oscillation of f on S by

(6.10) we(S) = sup dy(f(x), f(z")) = diam f(S5).

r,x' €S
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For a point x € X we recall definition of oscillation of f at x by

(6.11) osc(x) = ingwf(B(x, £)).
e>
This coincides with the definition 1.91. Then we have
(6.12) reCy < oscp(x) =0
and we can write the set of continuity of f as
(6.13) Cr = ﬂ{x € X : oscy(x) < 1}
n=1

We are done if we can show that U, = {x € X : oscs(z) < %} is open for every
n € N. Let g € U,. Then oscy(zg) < % Therefore, there exists ¢ > 0 such that
wy(B(wo,e)) < L. Let € B(wo,e/2). Then by the triangle inequality, B(x,e/2) C
B(zg,¢). Therefore,

(6.14) oscr(z) < wp(B(x,e/2)) <ws(B(zp,€)) <
Thus, B(xg,e/2) C U, and so U, is open. O

3=

As a sample application of the Baire category theorem we now answer one of our
previous questions negatively:

LEMMA 6.23. Q C R s not a Gs-set. Consequently, there exists no function f :
R — R such that Cy = Q.

PROOF. Suppose Q is a Gs-set. Then R\ Q is an F,-set and therefore can be
written as a countable union of closed sets A;, As,.... Since R\ Q has empty interior
(its complement Q is dense), A, C R\ Q also has empty interior for every n. Thus A,
is nowhere dense, so R\ Q is meager. But then R = QU (R\ Q) must be meager, which
contradicts the Baire category theorem. U

Observe that an F,-set is either meager or has non-empty interior: suppose A C X
is an [F,-set with empty interior. Then it is a countable union of closed sets with empty
interior and therefore meager. Similarly, a Gs-set is either comeager or not dense.

REMARK. It is natural to ask if the converse of Theorem [6.22]is true in the following
sense: given a Gs-set G C X, can we find a function f : X — R such that Cy = G 7
This cannot hold in general: suppose X contains an isolated point, that is X contains an
open set of the form {x}. Then necessarily x € C, but «x is not necessarily contained in
every possible Gs-set. However, this turns out to be the only obstruction: if X contains
no isolated points, then for every Gs-set G C X one can find f : X — R such that
Uy = G. For a very short proof of this, see S. S. Kim: A Characterization of the Set
of Points of Continuity of a Real Function. Amer. Math. Monthly 106 (1999), no. 3,
258—259.

3. Baire functions*®
Consider again the Dirichlet function D
1 ifzxe
(6.15) D(z) = ifxeQ
0 ifzé¢Q.

It is natural to ask whether D is the pointwise limit of a sequence of continuous func-
tions. The answer turns out to be no.



116 6. THE BAIRE CATEGORY THEOREM*

We start with a definition.

DEFINITION 6.24. Let X be a metric space.
A function f : X — R is a Baire-1 function if there is a sequence of continuous
functions f,, : X — R such that lim,,_, fn(z) = f(z) for all x € X.

Clearly a Baire-1 function does not have to be continuous everywhere in X. However
the following theorem shows that f will be continuous on a residual set.

THEOREM 6.25. Let X be a complete metric space and let f : X — R be a Baire-1
function. Then the set Cy = {x : f is continuous at x} is a dense Gs-set.

In the proof of this theorem we shall apply the Baire category theorem twice. The
first application is used in the following lemma.

LEMMA 6.26. Let Y be a complete metric space let f, : Y — R be continuous
functions on'Y converging pointwise to f. Then for every o > 0 there is an N € N and
an open ball B such that

(6.16) fule) — f@)] < a
for alln > N and all x € B.

PROOF. Let
(6.17) Ap={x €Y :|fulz) — fr(x)] < afor all k > n}.

First observe that A, is a closed set; indeed the set E, r = {z : |fuo(x) — fr(x)] < a} is
closed since | f,, — fi| is continuous and we have A, = N3 . E, .

Since f, converges pointwise to f we have that |f,(z) — f(z)| < « for z € A,
and Y = U | A,,. By Baire’s theorem there exists n € N such that A, is not nowhere
dense and since A, is closed there is an open ball B C A,,. We have thus proved the
assertion. 0

PROOF OF THEOREM [6.25, CONCLUSION. We recall the definition of oscillation
w¢(A) and the definition of oscillation oscy(z) in the previous section. Consider the
open sets Wy = {z : oscy(z) < 1/M} and we have Cy = N35_ W We show that Wy,
is dense in X. Let By be any open ball; we need to show that its intersection with W), is
not empty. Let B; be an open ball such that B; C By. We apply Lemma with the
complete metric space B1, and a = (4M)~! and find an open ball B, (which is an open
ball in X contained in By) and n € N such that |f,(x) — f(x)| < (4M)~! for all z € Bs.
Since f,, is continuous we find an open ball By C By such that | f,(z) — f,(y)| < (4M)!
for all z,y € B3. Hence

(6.18) [f(z) = fW)l < |f (@) = ful@)| + ful@) = fa@)| + [ fuly) = F)| < 3537 < 31
for z,y € Bs and therefore oscy(z) < 1/M for all z € B;. Thus By C W)y,.

We have identified the Gs-set Cf as a countable intersection of dense open sets,
hence it is dense set by Baire’s theorem, and thus a residual set. O

REMARK. Baire considered a hierarchy of increasing classes that we refer to as
Baire-n classes: One defines the Baire-0 class as the class of continuous functions on
X. Then for n > 1 the Baire-n class consists of the pointwise limits of sequences of
functions in the Baire-(n — 1) class.

As an illustration consider an enumeration {r,} of the rational numbers and define
the function D,, so that D, (ry) = 1 for 1 <k <nand D, (x) = 0 elsewhere. Verify that
the functions D,, are Baire-1 and that D,, converges pointwise to the Dirichlet function
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in (6.15)); this identifies D as a Baire-2 function which by Theorem is not Baire-1.
Alternatively one can also use the formula D(z) = lim;_, e (lim,, o (cos(jlmz))?™) to
show that D is Baire-2.

4. The uniform boundedness principle*

The following theorem is one of the cornerstones of functional analysis and is a
direct application of the Baire category theorem.

THEOREM 6.27 (Banach-Steinhaus). Let X be a Banach space and Y a normed
vector space. Let F C L(X,Y) be a family of bounded linear operators. Then

(6.19) sup ||Tz|ly < oo for allz € X <= sup||T||op < 00.
TeF TeF

In other words, a family of bounded linear operators is uniformly bounded if and only
if it is pointwise bounded.

This theorem is also called the uniform boundedness principle.

PRrROOF. In the <=’ direction there is nothing to show. Let us prove '=’. Suppose
that supper [|[T2]]y < oo for all x € X. Define

(6.20) A, ={x € X : sup ||[Tz|ly <n} CX.
TeF

A, is a closed set: if (zg)rey C A, is a sequence with z, — = € X, then since T
is continuous, ||Tz|y = limg_oo ||T2k|ly < n for all T € F, so z € A,. Also, the
assumption supper [|7z|ly < oo for all x € X implies that

(6.21) X = G A,
n=1

By the Baire category theorem, X is not meager. Thus, there exists ng € N such that
A, has non-empty interior. This means that there exists zo € A,, and € > 0 such that

(6.22) B(zg,e) C Ay,.
Let x € X be such that ||z||x <e. Then for all T € F,
(6.23) [Tz|ly = |T(z0 — x) = Txolly < ||T(xo — @)[ly + [[Txolly < 2no.
Now we use the usual scaling trick: let x € X satisfy ||z||x = 1. Then
(6.24) |Tz|ly = e || T(cx)||y < 2e 'ng.
This implies
(6.25) sup [|T]|op = sup sup | Tz|ly < 2e 'ng < <.
TeF TEF ||z| x=1

0

ExaAMPLE 6.28. If X is not complete, then the conclusion of the theorem may fail.
For instance, let X be the space of all sequences (,),en C R such that at most finitely
many of the z, are non-zero. Equip X with the norm ||| = sup,cy|zn|.- Define
l,: X = R by l,(z) =nx,. £, is a bounded linear map because

(6.26) [6n(2)] = |nz,| < nf|z]e.
For every = € X there exists N, € N such that x,, = 0 for all n > N,.This implies that
(6.27) sup |4, (x)| = max{|(,(x)] : n=1,..., N, } < 0.

neN
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But ||€,]|op > n because |¢,,(e,)| = n (where e,, denotes the sequence such that e, (m) =
0 for every m # n and e,(n) = 1). Thus,

(6.28) sup [[4n||op = 0.
neN

Remark. In the proof we only needed that X is not meager. This is true if X is
complete, but it may also be true for an incomplete space.

As a first application of the uniform boundedness principle we prove that the point-
wise limit of a sequence of bounded linear operators on a Banach space must be a
bounded linear operator.

COROLLARY 6.29. Let X be a Banach space and 'Y a normed vector space. Suppose
(To)nen C L(X,Y) is such that (T,x)nen converges to some Tx for every x € X. Then
T e L(X,)Y).

PROOF. Linearity of T follows from linearity of limits. It remains to show that T is
bounded. Let x € X. Since (T,,x),en converges, we have sup,, || 7,z|ly < oo (convergent
sequences are bounded). By the Banach-Steinhaus theorem, there exists C' € (0, 00)
such that ||7},]|o, < C for every n. Let x € X. Then

(6.29) ITally = Jim | Tl < Clle]x.
]

Remark. Note that in the context of Corollary it does not follow that T,, — T in
L(X,Y). For instance, let T, : ' — ¢* and T, (x) = x,e,. Then T, (z) — 0 as n — oo
for every x € €', but ||T,|lop = 1 for every n € N, so T,, does not converge to 0 in
L(X,Y).

4.1. An application to Fourier series. Recall that for a 1-periodic continuous
function f : R — C we defined the partial sums of its Fourier series by

N
(6.30) Snf(x) = D €™ = fx Dy(x),
n=—N

sin(2w(N+ % )z

where ¢,, = fol f(H)e 2™ dt and Dy(z) = SN e?mien = S re) ) is the Dirichlet

kernel (see Section [4)).
The uniform boudnedness principle directly implies the following:

COROLLARY 6.30. Let xg € R. There exists a 1-periodic continuous function f such
that the sequence (Sy f(xo))ny C C does not converge. That is, the Fourier series of f
does not converge at xg.

In particular, this means that the Dirichlet kernels do not form an approximation
of unity. To see why this is a consequence of the uniform boudnedness principle, we
first need to take another close look at the partial sums.

LEMMA 6.31. There exists a constant ¢ € (0,00) such that for every N € N,
1
(6.31) / |Dn(z)|dx > clog(N).
0

PROOF. Since |sin(z)| < |z|,

(6.32) /01 Dy (2)|dx = /01 [sin@a(N +5)0)] o /01 [sin(2r(N + 5)2)] |

| sin(7z)| x
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Changing variables 27 (N + %)x — = we see that the right hand side of this display
equals

T(2N+1) | & 2N am(kt1) | o
(6.33) 7l / LG RS / [sin@)] 4,
0 k

T T
k=0

We have that
m(k+1) 2N ekt T4+ 2N ekt IS
(6.34) |Sm [sin@)l ;> o [sn@)] s v dr
s T l’ s iy $

Here we have used that |sin(z)| > ¢ for some positive number ¢ whenever |z| is at most
o5 away from 7k + 7 for some integer k € Z (indeed, |sin(z)| > sin(7/2 — 7/100) > 0
for such x). Since x r—> 1/x is a decreasing function,

mk+ T4+ T
(6.35) / +2+100dﬁ2%'%2%'#-

k4T — x 7Tk—|—§+1—00 k+1
Thus,
<621\?f)6) Th+5+150 do 2N 2N k42 dr 2N+2 g,

1 1 1 1
kzo/rrkJr — 706 ?Z_OZ ZE)_Z/kﬂ ?:%/1 ?:%bg@NjLQ)’
which implies the claim. O

Let us denote the space of 1-periodic continuous functions f : R — C by C(T) (here
T = R/Z = S" is the unit circle, which is a compact metric space[l) Then C(T) is a
Banach space. Fix zy € R. We can define a linear map Ty : C(T) — C by

LEMMA 6.32. For every N € N, Ty : C(T) — C is a bounded linear map and
(6.38) ITnllop = 1Dl

(Here || Dyl = [y [Dw(x)|dz.)

PRrROOF. For every f € C(T) we have
(6.39)

1 1
TSl = [ * Dn(wo)l < | [f(zo — ) Dn(t)]dt < Hf”oo/ | Dy (@)|dt = [[flloo][ D1
0 0
Therefore, Ty is bounded and || T ||op < |[Dn|li. To prove the lower bound we let
(6.40) f(z) =sgn(Dy(zg — x)).

While f is not a continuous function, it can be approximated by continuous functions
as the following exercise shows.

EXERCISE 6.33. Show that for every € > 0 there exists g € C(T) such that |g(¢)| <1
for all £ € R and

(6.41) / f(t) — g(t)|dt < 2N5+ :

IThe metric being the quotient metric inherited from R or the subspace metric induced by the
inclusion S' C R2. These metrics are equivalent.
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Hint: Modify the function f in a small enough neighborhood of each discontinuity; ¢
can be chosen to be a piecewise linear function.

So let € > 0 and choose g € C(T) as in the exercise. We have

(6:42) [Tfl =1 Duao)| = | [ san(Du(e)Dx ()t = [ 1Dy @)ldt = 1Dy
Moreover,

(6.43) Tngl > [T f| = [Tn(f = 9)I,

The error term |Tx(f — g)| can be estimated as follows:
(6.44)
£

T(f=0)| < [ IDx =0l O=g(Oldt < 1Dl [ 1 (0)=g(0ldt < (2N+1) 5" =

SO
(6.45) [T llop = | Tngl = |Dnll1 — e
Since € > 0 was arbitrary, this implies ||Tx|lop > [[Dn||1- O

Armed with this knowledge, we can now reveal Corollary as a direct conse-
quence of Theorem [6.27] Indeed, we have that

(6.46) [Txllop = [[Dnl[1 = clog(N)
and therefore

(6.47) sup ||Tn||op = 00.
NeN

So by Theorem there must exist an f € C(T) such that

(6.48) sup [T f| = 0.
NeN

In otherwords, (Sy f(zo))ny does not converge.

REMARK. Continuous functions with divergent Fourier series can also be constructed

explicitly. The conclusion of Corollary can be strengthened significantly: for ev-
ery Lebesgue null set A C T E| there exists a continuous function whose Fourier series
diverges on A (see J.-P. Kahane, Y. Katznelson: Sur les ensembles de divergence des
séries trigonométriques, Studia Math. 26 (1966), 305-300. ).
On the other hand, L. Carleson proved in 1966 that the Fourier series of a continuous
function must always converge almost everywhere (that is, everywhere except possibly
on a Lebesgue null set). This is a very deep result in Fourier analysis which is difficult
to prove (see M. Lacey, C. Thiele: A proof of boundedness of the Carleson operator,
Math. Res. Lett. 7 (2000), no. 4, 361—370 for a very elegant proof).

2See Exercise for a definition on R; Lebesgue null sets of T are precisely the images of Lebesgue
null sets on R under the canonical quotient map R — R/Z = T.
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5. Further exercises

EXERCISE 6.34. We define the subset A C R as follows: = € A if and only if there
exists ¢ > 0 such that

(6.49) |z —j27% > 27"
holds for all 7 € Z and integers k > 0. Show that A is meager and dense.

EXERCISE 6.35. Let (X,d) be a complete metric space without isolated points.
Prove that X cannot be countable.

EXERCISE 6.36. (i) Show that if X is a normed vector space and U C X a proper
subspace, then U has empty interior.

(ii) Let
(6.50) X ={P:R — R|Pis apolynomial}.
Use the Baire category theorem to prove that there exists no norm || - || on X such that

(X, ]| - ||) is a Banach space.
(iii) Let X be an infinite dimensional Banach space. Prove that X cannot have a
countable (linear-algebraic) basis.

EXERCISE 6.37. Consider X = C([—1,1]) with the usual norm || f[|oc = sup;e_11) [f(t)]-
Let

(6.51) Ay ={feX : ft)=f(-t) Vte[-11]},
(6.52) A_={feX : f(t)=—-f(-t) Vte[-1,1]}.
(i) Show that A, and A_ are meager.

(i) IsAy +A_={f+g: fe A, g€ A_} meager?

EXERCISE 6.38. Construct a function f : R — R such that f is continuous at every
x € 7Z and discontinuous at every x ¢ Z.

EXERCISE 6.39. For every interval (open, half-open or closed) I C R give an example
of a function f : R — R such that f is continuous on I and discontinuous on R\ I.

EXERCISE 6.407 Let f: R — R be a smooth function so that for every x € R there
exists n > 0 with f(™(z) = 0. Prove that f is a polynomial.






APPENDIX A

Review

1. Series

Let (an)nen be a sequence of complex numbers. Recall that we say that the series
S°%°  a, converges if the sequence of partial sums (3., a,)nen converges. In that
case, the symbol Y > | a, represents the limit of this sequence. If the summands are
non-negative (that is, a,, > 0 for all n € N), then we also write

(A1) ian < 00
n=1

to denote that the series Y | a, converges. The series Y > a, is said to converge
absolutely if the series Y | |a,| converges.

Similarly, given a sequence of functions (f,),en on a metric space X we say that
Yo | Jn converges uniformly, if the sequence of partial sums (22[:1 fn)Nen converges
uniformly.

We will also sometimes consider doubly infinite series of the form > > a, for a
sequence of complex numbers (a,)nez. Such a series is considered convergent if each of
the series > >~ ja_, and Y | a, converges (and its value is in this case the sum of the
values of these two series).

e}

LEMMA A.1 (Weierstrass M-test). Let (fn)nen be a sequence of functions on a
metric space X such that there exists a sequence of non-negative real numbers (My,)nen
with

(A.2) |[fo(2)] < M,

foralln =1,2,... and all x € X. Assume that >~ M, converges. Then the series
Yo [n converges uniformly.

PROOF. Let s,,(x) = >/~ fe(x). For { < m we observe the estimate,

(A3) sn(@) = se(@)| = | D2 Al@)| < 3 @< Y M

k={+1 k=0+1 k=0+1

Since ), My, converges there is, given € > 0 an N, such that Zfﬁvj ~, My < € provided
that Ny, Ny are greater than N. (why?). Use this fact and the displayed estimate to
conclude the proof. O

LEMMA A.2. Suppose (fn)nen is a sequence of Riemann integrable functions on the
interval |a, b] which uniformly converges to some limit f on [a,b]. Then f is Riemann
integrable and

n—oo a

b b
(A.4) lim [ f, = / f.
123
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PRrOOF. Let a < b and recall that for two Riemann integrable functions hq, ho on
the interval [a, b] which satisfy hi(z) < ho(x) for all z € [a, b] we also have ff hy < ff hy
(one proves this by considering first the corresponding inequalities for Riemann upper
and lower sums). Apply this fact together with the linearity of the integral to get

as) | [h [al=] [ n-a < [ i< 0-amin -

If f, converges to f uniformly then the right hand side converges to 0. OJ

EXERCISE A.3. Prove some of these facts yourself.

2. Power series

A power series is a function of the form

o0

(A.6) fl@) = cpua"

n=0
where ¢, € C are some complex coefficients.
To a power series we can associate a number R € [0, co] called its radius of conver-
gence such that
o > >, cnx” converges for every |z| < R,
o > >, cpx” diverges for every |z| > R.
On the convergence boundary |z| = R, the series may converge or diverge. The number
R can be computed by the Cauchy-Hadamard formula :

(A.7) R = (limsup|cn|1/n> B

n—0o0

with the convention that if lim sup |V = 0, then R = oo.
n—oo

F1cURE 1. Radius of convergence

LEMMA A.4. A power series with radius of convergence R converges uniformly on

[—R+¢,R — €| for every 0 < ¢ < R. Consequently, power series are continuous on
(_Ra R)

EXERCISE A.5. Prove this. Uniform convergence does not necessarily hold on
(=R, R); give an example.
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LEMMA A.6. If f(x) =D, cnx™ has radius of convergence R, then f is differen-
tiable on (—R, R) and

(A.8) f(z) = Z ne,a" !

for |x| < R.

ExAMPLE A.7. The exponential function is a power series defined by

oo

(A.9) exp(x) = Z lx”

n=0

The radius of convergence is R = oo.

LEMMA A.8. The exponential function is differentiable and exp’(x) = exp(x) for all
z € R.

LEMMA A.9. For all z,y € R we have the functional equation
(A.10) exp(z + y) = exp(z) exp(y).

It also makes sense to speak of exp(z) for z € C since the series converges absolutely.
We also write e” instead of exp(x).

ExAMPLE A.10. The trigonometric functions can also be defined by power series:

(A.11) cos(z) = Z ((;:L;T:v%

n=0
: o - (_1)71 2n+1
<A12) Sln([[‘) = nz% m[[’
LEMMA A.11. The functions sin and cos are differentiable and
(A.13) sin’(z) = cos(x), cos'(z) = —sin(z)

The trigonometric functions are related to the exponential function via complex
numbers.

LEMMA A.12 (Euler’s identity). For all x € R,

(A.14) " = cos(x) + isin(z),

(A.15) cos(x) = %,
) 61'3: _ efix

(A.16) sin(x) = 5;

LEMMA A.13 (Pythagorean theorem). For all xz € R,
(A.17) cos(z)? + sin(x)* = 1.
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Let us also recall basic properties of complex numbers at this point: For every
complex number z € C there exist a,b € R, r > 0 and ¢ € [0, 27) such that

(A.18) z=a-+ib=re?.
The complex conjugate of z is defined by
(A.19) Z=a—ib=re "

The absolute value of z is defined by

(A.20) 2| = Va2 + b2 =7
We have

(A.21) |2]* = 2Z.

FIGURE 2. Polar and cartesian coordinates in the complex plane
We finish the review section with a simple, but powerful theorem on the continuity

of power series on the convergence boundary.

THEOREM A.14 (Abel). Let f(z) = > 7 cax™ be a power series with radius of
convergence R = 1. Assume that Y~ ¢, converges. Then

(A.22) lim f(z Z C.-

r—1—

(In particular, the limit ezists.)

The key idea for the proof is Abel summation , also referred to as summation by
parts . The precise formula can be derived simply by reordering terms (we say that
a_q1 = 0)

N
A 23 Z — Qp— 1 = Clobo + a1b1 — a0b1 + a21)2 — ale + -+ CLNbN - CLN_le
n=0
(A.24)
N-1
= ag(bp —b1) +ai(by —by)+---+an_1(by_1 —by) + anby = anby + Z an(bn, — bpt1)
n=0

Proor. To apply summation by parts we set s, = > ;_, ¢k, s—1 = 0. Then
N

N-1
(A.25) ch = Z — 5p_1)2" = sya™ + (1 — ) Z Sp”
n=0

n=0
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Let 0 < 2 < 1. Then

[e.9]

(A.26) flz)=(1—-x) Z Spx”

n=0
Let s = )" c,. By assumption, s,, — s. Let € > 0 and choose N € N such that
(A.27) lsp — 8| < e
for all n > N. Then,
(A.28) f2) = sl = |1 =2) > (50— 9o

n=0

I

because (1 —xz) Y >~ 2" = 1. Now we use the triangle inequality and split the sum at
n = N:

N 00 se
——
(A.29) <S@=2)) [sp—sl"+ 1 —2) Y s, —s[a"
n=0 n=N+1
N
(A.30) <(1=2)) |sp—sla" +e
n=0
By making x sufficiently close to 1 we can achieve that
N
(A.31) (1—2) Z |sp — s|z" < e.
n=0
This concludes the proof. O

Abel’s theorem provides a tool to evaluate convergent series.

ExAMPLE A.15. Consider the power series

(A.32) fla)y=>" Q(;i)nlx%ﬂ.

n=0

The radius of convergence is R = 1. This is the Taylor series at = 0 of the function
arctan.

EXERCISE A.16. (a) Prove that f(z) really is the Taylor series at © = 0 of arctan.
(b) Prove that arctan(z) is represented by its Taylor series at z = 0 for every |z| < 1,
i.e. that f(x) = arctan(z) for |z| < 1.

It follows from the alternating series test that > °° (G converges. Thus, Abel’s

. . n=0 2n+1
theorem implies that

Dt _ 7
(A.33) Z 1 mlil{lﬁ arctan(z) = arctan(1) = T

n=0

This is also known as Leibniz’ formula .
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3. Taylor’s theorem

THEOREM A.17. Let I be an interval and let f € C"(I), i.e all derivatives of f
up to order n+ 1 are continuous in I. Fixz a € I. Then for all x € I.

n R (g
(A.34) fla)y=>" S )(a: —a)* + R, (z,0)

where

(A.35) = /01(1 — )" f" ) (a + s(x — a))ds

PROOF. We first observe that the second version and the first version of the remain-
der term are equivalent by changing variables (via the substitution ¢ = a + s(x — a),
dt = (x — a)ds; note that ¢ ranges from a to = as s ranges from 0 to 1).

For n = 0 the formula reads

(A.36) f(2) = fla) + / " p oy

which just follows from the fundamental theorem of calculus.
We also find that by integration by parts for f € C"+2)(I)

[ = or g an= [JEZU prengg] - [T EEZI g

n+1 a n+1
_ (x n—j)lnﬂf(nﬂ)(a) I /ax (an—j)zﬂf(nw) (t)dt.
which shows
(A.37) R, (z,a) = Mf(”ﬂ)(a) + Ryq1(z,a)

n+1

and establishes the induction step of the proof of the formula. To be precise if (xy)
denotes the statement that

D),
(A.38) flo)y =Y o (@ =)+ Ry (. a)

k=0
holds for all f € CNFU(I) then (¥)y implies (xx41) for all N =0,1,2,.... O

THEOREM A.18. Let f be as in Theorem[A.17 and let R, as in (A.35)). Let
(A.39) M,y = max{|f"* V(a4 s(x —a))|: 0 < s <1}
Then
Mn+1 n+1

Proor. We have

_ 4|n+l 1
Raira)l < LS [ = 100+ st — )
n! N
|$ o a|n+1 /1 |:1: _ a|n+1
< —M, 1—3s)"ds = —+—M,, O
- n! 1 0 ( s)"ds (n+1)! 1
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THEOREM A.19. Let f be as in Theorem[A.17 and let R, as in (A.35). There is &

between a and x such that
B |l’ - CL|n+1

(A.41) Falw,0) = = FrD(e).

PROOF. Let

M = max{f"*V(a+s(x —a)):0<s <1},

m = min{f"* V(a4 s(x —a)): 0 < s <1},

We estimate

and hence
(A.43) m < (n+1) /1(1 — )" (a + s(z — a))ds < M.
By the intermediate value theo:em for continuous functions there is o € [0, 1] such that
(A.44) a4+ o(x—a))=(n+1) /1(1 —5)"f" Y (g + s(z — a))ds.
0

If we set £ = a+ o(x — a) so that & is on the line segment connecting a to x we get the

claimed statement from (A.35)) and (A.44)). O

4. The Riemann integral

We recall some definitions. In what follows a,b € R, with a < b are given. In this
section we recall basic definitions which lead to the definition of Riemann integrable
functions on [a, b], and the Riemann integral of such functions.

DEFINITION A.20. (i) A partition P = {xy,...,z,} of [a,b] is a finite subset of |a, b]
which includes the points @ and b and is ordered in the following way:
(A.45) a=29< .<T;<Tigg <..<x,=D>0

(ii) If P, P’ are partitions of [a,b] with P C P’ then P’ is called a refinement of P.

DEFINITION A.21. Given a partition P = {a = 29 < -+ < x, = b} of [a,b] and a
bounded function f : [a,b] — R define

mi(f) = inf f(2),

te(zi—1,x]
Mi(f) = P .]f(t)-
(i) The expression
(A.46) L(f.P) =Y mi(f)(x; — xi_1)
i=1

is called the lower sum of f with respect to the partition P.
(ii) The expression

(A.47) U(f,P)= Z Mi(f) (i — wi-1)

is called the upper sum of f with respect to the partition P.
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LEMMA A.22. Let P, P’ be partitions of [a,b], let [ : [a,b] — R be bounded, and let
P’ be a refinement of P. Then

(A.48) (b—a) [inbf]f < L(f,P)<L(f,P)<U(f,P)<U(f,P) < (b—a)sup f.
a, [a,b]

COROLLARY A.23. Let Py, P, be partitions of [a,b]. Then L(f, P1) < U(f, P»).

DEFINITION A.24. Let f : [a,b] — R be a bounded function. The numbers

(A.49) L(f)=swL(f.P),  T,(f) =ifU(f.P)

are called the lower and upper Riemann-Darboux integrals of f on the interval [a, b],
respectively. Here the sup and inf are taken over all partitions of [a, b].

LEMMA A.25. Let f : [a,b] — R be bounded. Then

(A.50) (b—a)inf f <T(f) <To(f) < (b~ a)sup .
a 0,6
We are now ready to define the concept of Riemann integrable functions and the
Riemann integral of such functons.

DEFINITION A.26. (i) Let f : [a,b] — R be bounded. f is called Riemann integrable
b

2 =To()) )
(ii) If f is Riemann integrable the number Z(f) = Z,(f) is called the Riemann
integral of f, denoted by f[a y | or by fff (or even by fab f(tydt ...)

LEmMMA A.27. Let f : [a,b] — R be a bounded function. Then f is Riemann
integrable if and only if for every € > 0 there is a partition P of [a,b] such that

(A.51) U(f,P)— L(f,P) <e.

PROOF. Suppose f is Riemann integrable. Then there are partitions Py, P; of [a, b]
such that L(f, P1) > [ f—¢/2, U(f, P) < [7 f+¢/2 and thus U(f, P,) — L(f, P\) < e.
Let P be the refinement P, U Py. Then U(f, P») > U(f, P) > L(f,P) > L(f, P1) and
hence U(f, P) — L(f, P) < e.

Vice versa assume that for every e there is a partition P. of [a, b] such that

(A.52) U(f, P.) — L(f, P.) < .

Then fi(f) —ZI(f) < U(f,P.) — L(f, P.) < ¢, and since ¢ was arbitrary we conclude
fZ(f) = Z°(f). Hence f is Riemann integrable. O

THEOREM A.28. If f : [a,b] — R is continuous in |a,b] then f is Riemann inte-
grable.

PRrROOF. Recall that a continuous function on a compact set is uniformly continuous.
Hence given € > 0 there exists 0. > 0 such that |f(x) — f(Z)| < €/(b— a) provided that
|z — 2| < 6. Let N be such that (b —a)/N < § and choose the partition P = {z; :=
a+jb_Ta,j =0,...N}. Let I; = [zj_1,24], j=1,...,N. Then

(A.53) (Mi(f) = mi(f) = (sup [ —inf f) < /(b —a)
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fori=1,..., N so that
N

U(f, P) = L(f,P) = > Mf(w; —z;-1) = >_ mi(f)(z; — 2;-1)

i=1 i=1

N N -
= SO0 (F) — mal )y — ;) o= ) = (b= a) =<,
i=1 i1
We can apply Lemma to see that f is Riemann integrable. 0

THEOREM A.29. (i) Let f and g be Riemann integrable functions on [a,b] and

suppose that f(x) < g(x) for all z € [a,b]. Then f f< f qg.
(ii) Let f be Riemann integrable on [a,b]. Then

(A.50) ‘/ | < b~ aysup| ]
[a,b]
EXERCISE A.30. Let f : [a,b] — R be a bounded function. Under each of the

following hypotheses on f show that f is Riemann integrable.

(i) There is a point ¢ € [a, b] such that f is continuous on [a, b] \ {c}.

(ii) f is continuous except possibly at a finite number of points in [a, b].

(ili) f is continuous in [a,b] \ {cx : k € N}, where (cx)ren is a convergent sequence
of points in [a, b],

EXERCISE A.31. Let f:[0,1] — R be defined by

(A.55) flz) = {i iii i([% 1\ Q

Compute T(l)(f) and Z;(f).
5. Further exercises

EXERCISE A.32. Prove or disprove convergence for each of the following series (a
and b are real parameters and convergence may depend on their values).

1 Oo; i N og n) TEloin iii N et/ — ntl
<>;na(log(n)),, ();(l gn) ( );( )
S i -1 N l ' —e 2 vi N —1
(IV) ; COS(TI'n) sm(7m ) <V> ; ((1 + n) ) ( ) ; n(nl/n)mo

. - —(log(n))® - A knk . - 1
(VH);Q (1og(n) (vm); (%(—1) E) (m)% T cos)

EXERCISE A.33. Prove or disprove convergence for each of the following sequences
and in case of convergence, determine the limit:

(i) an, \/n4 + cos(n?) — n?
(i) ap = n? + in — Vn* + n?
(111) Zk:n o

(V) ap =1, apt1 = a?n + i
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(Vi) an = [} %

EXERCISE A.34. For which x € R do the following series converge? On which sets
do these series converge uniformly?

(A.56) 1)) nPa" (1)) BV -1t (i) ) tan(n?)e™
(A.57) i % 3 (vi Z 27" tan(|x| + 1/n)

EXERCISE A.35. (i) Define f by setting f(z) = x for x > 0 and f(z) =0 for z < 0.
Then f is not differentiable at © = 0. Construct an example of a sequence (f,,)nen of
continuously differentiable functions defined on R, uniformly convergent on R to f.
(ii) Let fu(z) = n~Y2sinnz. Show that f, converges uniformly on R, but for every
z € R, the sequence (f](z))nen does not have a limit.

EXERCISE A.36. Give an example of a sequence (f,)neny of continuous bounded
functions on R that converges pointwise to some function f such that f is unbounded
and not continuous.

EXERCISE A.37. Determine the value of the series > n(nlJZl)

EXERCISE A.38. For a positive real number = define

oo

1
A58 I
( ) /(@) ;n(n—i-l)—i-x
(i) Show that f : (0,00) — (0,00) is a well-defined and continuous function.
(ii) Prove that there exists a unique zg € (0,00) such that f(zg) = 2.
(iii) Determine the value of xy. Hint: Recall Leibniz’ formula from Example [A.15]

EXERCISE A.39. Let f: R — R be a smooth function (i.e. derivatives of all orders
exist). Assume that there exist A > 0, R > 0 such that

(A.59) |f™(x)] < A™n!

for |z| < R. Show that there exists r > 0 such that for every |z| < r we have that
_ 0

(A.60) flx) = ZO 1

(That is, prove that the series on the right hand side converges and that the limit is

f(z).)
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