
DAY 15 PROBLEMS

Exercise 1. For s > 1
2
, let Hs(Rn) denote the Sobolev space

Hs(Rn) = {f ∈ L2(Rn) :

∫
Rn

(1 + |ξ|2)s|f̂(ξ)|2 dµ(ξ) < ∞}

(where µ is the Lebesgue measure and f̂ is the Fourier transform of f). Show that if
u, v ∈ Hs(Rn) for s > n/2, the uv ∈ Hs(Rn) and

||uv||Hs(Rn) ≤ C||u||Hs(Rn)||v||Hs(Rn)

for a constant C depending only on s and n.

Exercise 2. For s > 1
2

let Hs(Rn) denote the Sobolev space

Hs(Rn) = {f ∈ L2(Rn) :

∫
Rn

(1 + |ξ|2)s|f̂(ξ)|2 dµ(ξ) < +∞}

(where µ is the Lebesgue measure and f̂ is the Fourier transform of f). Use the Fourier
transform to prove that if u ∈ Hs(Rn) for s > n/2, then u ∈ L∞(Rn), wih the bound

||u||L∞ ≤ C||u||Hs(Rn)

for a constant C depending only on s and n.

Exercise 3. Let Hs(R) be the Sobolev space on R with the norm

||u||2Hs =

∫
R
(1 + |ξ|2)s|û(ξ)|2 dξ.

Prove that for non-negative real numbers r < s < t, for any ε > 0, there exists C > 0 such
that

||u||Hs ≤ ε||u||Ht + C||u||Hr whenever u ∈ H t(R).

Exercise 4. Extra 721 Problem:
Prove that if K is a subset of Rn such that every continuous real-valued function on K is

bounded, then K is compact.

Exercise 5. Extra 721 Problem:
Let f : [0, 1] → R be continuous with min0≤x≤1 f(x) = 0. Assume that for all 0 ≤ a ≤ b ≤

1, we have
∫ b

a
[f(x)−mina≤y≤b f(y)] dx ≤ |b−a|

2
. Prove that for all λ ≥ 0, we have

|{x : f(x) > λ+ 1}| ≤ 1
2
|{x : f(x) > λ}|.
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Exercise 6. Extra 721 Problem:
Consider the sequence of function fn : R → R defined by

fn(x) =

∫ n

0

sin(sx)√
s

ds.

(a) Show that fn converges uniformly as n → ∞ on any interval (α, β) for 0 < α < β <
∞.

(b) Show that fn does not converge uniformly on (0, 1] as n → ∞.
(c) Does fn converge uniformly on [1,∞) as n → ∞?

Exercise 7. Extra 721 Problem: For ck ∈ R, say that
∏

k ck convergences if limK→∞
∏K

k=1 ck =
C exists for C ̸= 0,∞.

(a) Prove that if 0 < ak < 1 for all k, or if −1 < ak < 0, for all k, then
∏

k(1 + ak)
converges if and only if

∑
k ak conveges.

(b) However, prove that
∏

k(1 +
(−1)k√

k
) diverges.


