DAY 15 PROBLEMS

Exercise 1. For s > 3, let H*(R™) denote the Sobolev space

H'RY) = {f € L*(R") / (L 4+ [EPYIFE)P du(e) < oo}

n

(where p is the Lebesgue measure and f is the Fourier transform of f). Show that if
u,v € H*(R™) for s > n/2, the wv € H*(R") and

for a constant C' depending only on s and n.

Exercise 2. For s > % let H*(R™) denote the Sobolev space

HR") = {f € I*(R") / L+ €271 F©) du(€) < +oo}

n

(where p is the Lebesgue measure and f is the Fourier transform of f). Use the Fourier
transform to prove that if w € H*(R") for s > n/2, then u € L>*(R"), wih the bound

lull < Cllul

Hs(Rn)

for a constant C' depending only on s and n.

Exercise 3. Let H*(R) be the Sobolev space on R with the norm

]l = / (1+ €[2)°]ae) [ de.

Prove that for non-negative real numbers r < s < ¢, for any € > 0, there exists C' > 0 such
that

ms < ellullgt + C||u|| - whenever u € H'(R).

||l

Exercise 4. Fxtra 721 Problem:
Prove that if K is a subset of R™ such that every continuous real-valued function on K is
bounded, then K is compact.

Exercise 5. Extra 721 Problem:
Let f:]0,1] — R be continuous with ming<,<; f(z) = 0. Assume that for all 0 <a <b <

1, we have fab[f(x) — min,<y<p f(y)] dz < @ Prove that for all A > 0, we have

{z: fz) > A+ 1}|1S sz fl@) > A}
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Exercise 6. Extra 721 Problem:
Consider the sequence of function f, : R — R defined by
" sin(sx)

fale) = | —=
o Vs
(a) Show that f, converges uniformly as n — oo on any interval (o, 5) for 0 < o < 8 <
0.
(b) Show that f,, does not converge uniformly on (0, 1] as n — oc.
(c) Does f, converge uniformly on [1,00) as n — co?

ds.

Exercise 7. Extra 721 Problem: For ¢, € R, say that [ [, c; convergences if limg_, Hszl Cp, =
C exists for C' # 0, oc.
(a) Prove that if 0 < a;, < 1 for all k, or if —1 < a;, < 0, for all &k, then [[,(1 + ax)
converges if and only if ), a; conveges.

b) However, prove that 1+ CD* diverges.
k vk



