
DAY 11 PROBLEMS

Exercise 1. Let X = {P : R → R|P is a polynomial}. Prove that there does not exist a
norm || · || on X such that (X, || · ||) is a Banach space.

Exercise 2. For f, g ∈ L2[0, 1], let ⟨f, g⟩ =
∫ 1

0
f(x)g(x) dx and set

gn(x) =
n2/3 sin(n/x)

xn+ 1
.

Does there exists α > 0 such that
∞∑
n=1

|⟨f, gn⟩|α < ∞.

hold for every f ∈ L2? Hint: is ||gn||L2 a bounded sequence?

Exercise 3. Let fn be a sequence of continuous functions on I = [0, 1]. Suppose that for
every x ∈ I there exists an M(x) < ∞ so that |fn(x)| ≤ M(x) for all n ∈ N. Show then
that {fn} is uniformly bounded on some interval, that is there exists M ∈ R and an interval
(a, b) ⊂ I so that |fn(x)| ≤ M for all n ∈ N and x ∈ (a, b).

Exercise 4. Assume that X is a compact metric space and T : X → X is a continuous
map. Let M1(T ) denote the set of Borel probability measures on X such that T∗µ = µ.
Prove:

(1) M1(T ) ̸= ∅.
(2) If M1(T ) = {µ} consists of a single measure µ, then∫

X

f dµ = lim
N→∞

1

N

N−1∑
n=0

f ◦ T n(x)

for every continuous function f : X → R and point x ∈ X.

Exercise 5. Let {xn}∞n=1 be a sequence of elements in a Hilbert space H. Suppose that
xn → x ∈ H weakly in H and that ||xn|| → ||x|| as n → ∞. Show that then ||xn − x|| → 0.
Would the same be true for an arbitrary Banach space in place of H?

Exercise 6. A Hamel basis for a vector space X is a collection H ⊂ X of vectors such
that each x ∈ X can be written uniquely as a finite linear combination of elements in H.
Prove that an infinite dimensional Banach space cannot have a countable Hamel basis. Hint:
Otherwise the Banach space would be first category in itself.

Exercise 7. Show that ℓ1(N) ⊊ (ℓ∞)∗(N). Hint : Consider the sequence of averages

ϕn(x) =
1

n

n∑
j=1

xj, x = (x1, x2, . . . ) ∈ ℓ∞(N).

Show that ϕn ∈ (ℓ∞(N))∗ and consider its weak-* limit points.
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Exercise 8. Extra 721 Problem:
(1) Construct a set E such that on any interval non-empty finite interval I, 0 < |E∩I| <

|I|.
(2) Prove or give a counterexample: there exists α ∈ (0, 1) and a measureable set E such

that α|I| < |E ∩ I| < |I| for every non-empty finite interval.

Exercise 9. Extra 721 Problem: Take a continuous function K : [0, 1]2 → R and suppose
g ∈ C([0, 1]). Show that there exists a unique function f ∈ C([0, 1]) such that

f(x) = g(x) +

∫ x

0

f(y)K(x, y) dy.

Exercise 10. Extra 721 Problem: Let f be a continuous real-valued function on R satisfying
|f(x)| ≤ 1

1+x2 . Define F on R by

F (x) =
∞∑

n=−∞

f(x+ n)

(a) Prove that F is continuous and periodic with period 1.
(b) Prove that if G is continuous and periodic with period 1, then∫ 1

0

F (x)G(x) dx =

∫ ∞

−∞
f(x)G(x) dx.


