
DAY 1 PROBLEMS

Exercise 1. For a sequence (ak) let sn =
∑n

k=1 ak and σL = 1
L

∑L
n=1 sn. We say that∑∞

k=1 ak is Cesáro summable to S if limL→∞ σL = S.
(1) Prove: sn − σn = (n−1)an+(n−2)an−1+···+a2

n
.

(2) Prove: If
∑∞

k=1 ak is Cesáro summable to S and if limk→∞ kak = 0, then
∑∞

k=1 ak
converges and

∑∞
k=1 ak = S.

Exercise 2. Let
Ω = {(x1, x2) ∈ R2 : 0 < x2 < x2

1 ≤ 1/2}.
Define f : R2 → R by

f(x) = (x2
1 + x2

2)
−b/2| log(x2

1 + x2
2)|−γ.

Determine for which values b > 0, γ ∈ R,
∫
Ω
f(x) dx is finite.

Exercise 3. Consider the series
∞∑
n=1

1

n
sin

(x
n

)
.

(1) Does it converge uniformly on [0, 1]?
(2) Does it converge uniformly on [0,∞)?

Exercise 4. Determine if
∞∑
n=1

cos(k)

k

converges.

Exercise 5. For a, b ≥ 0, let

F (a, b) =

∫ ∞

−∞

dx

x4 + (x− a)4 + (x− b)4
.

For what values of p ∈ (0,∞) is∫ 1

0

∫ 1

0

F (a, b)p da db < ∞?

Hint: First, consider the case that a ≤ b.

Exercise 6. Let
∑∞

n=1 an be a convergent series. Let bn ∈ R be an increasing sequence with
limn→∞ bn = ∞. Show that

lim
n→∞

1

bn

n∑
k=1

bkak = 0.
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