DAY 15 PROBLEMS AND SOLUTIONS

Exercise 1. For s > 1, let H*(R") denote the Sobolev space

H®) = (£ € PE): [ (14 PV dute) < o)

n

(where p is the Lebesgue measure and f is the Fourier transform of f). Show that if
u,v € H*(R™) for s > n/2, the uwv € H*(R") and

||UU| Hs(R™) S C||U’ HS(Rn)||U| Hs(Rn)

for a constant C' depending only on s and n.

Solution 1. Note that wv = 4 * 0. Then
2
b= [ (s iepyate - motn) an) - de

There exists a constant C' sufficiently large so that (1 + |[£[2)*2 < C((1+|¢ —n|*)¥? + (1 +
In|?)*/?). Plugging this inequality in, we can bound the previous integral above by

[|uv]

2
o [ (faste=nprat - mon+ [y ate - mow dn) = Cllr s,

where J(a) = 1+ a?. We now see that ||[uv||%. < C||J*/4 0 + 0% J*/%5||2,, so ||uv||gs <
[ J5/20 % © + @ J/20|| 12 < O||J*20 % 9|2 + |6+ J*/?0|| 2. By Young’s inequality and the
standard fact that ||9||,1 < ||v||gs if s > n/2, we see that ||J*/ 24 0||p2 < ||J*/%4|| 12|02 <
Cul|zs|[v] | s Similarly, ||@* J*25||z2 < C||ul|ms||v||ms, so all together, we have ||uv]||gs <
Cllul|gs||v|| s, as desired.
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Hs

Hs

Exercise 2. For s > 1 let H*(R") denote the Sobolev space

n

H @) = {7 € ®): [ 1+ IEPIFQF duf®) < +oc)
(where g is the Lebesgue measure and f is the Fourier transform of f). Use the Fourier
transform to prove that if u € H*(R"™) for s > n/2, then v € L*(R"), wih the bound
[ullLee < Cllul| s @ny

for a constant C' depending only on s and n.

Solution 2. Recall that ||u||p~ < ||@|[r1. Let’s write a(&) = (1 + [£]2)%/2(1 + |€]?)~*/2a(&).
Then by Holder’s inequality, if we let C = |(|1+]&])~%/2|| 2, which is finite because s > n/2,
we see that

allz < I+ 16212l 1+ 162720l = Clul
Hence, [[ull~ < C|lul

Hs (R”) .

He(rn), as desired.
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Exercise 3. Let H*(R) be the Sobolev space on R with the norm

e = | (L+ [P lag))? de.
2 /R(+|£|HU(€)! ¢

Prove that for non-negative real numbers r < s < t, for any € > 0, there exists C' > 0 such
that

[l

|u|| s < el|ullge + Cllu||z- whenever u € H'(R).

Solution 3. Let’s split up the integral [(1 + |£]*)*|a@(¢)|* d€ into a "large frequency" sub-
domain and a "small frequency" subdomain (this is what you would do to prove that
L* ¢ L' N L", which is how I viewed this problem). Let’s call the large frequency do-
main L = {£ : 1+ |¢|* > n} and the small frequency domain S = {£ : 1 + €12 < n}.
On L, (1+ [¢? ) (L+ &)L+ [EP) < (L + [EP)", so [, (L + [E2)la(§)]* d§ <
n TfL( + |§| |a(€)? d¢ < n*~"||ul|3%,. Taking n sufficiently large, since s —r < 0, we
can get 1" 2 so [ (L4 [€P)|a(§)]* d¢ < €*||ul[F.. Similarly, we see that [ (1 +
€12 a(€)]? df < 775 P IEP) a€) P dE < n°H||ull3y.. Putting this together, we see that
ull3: < |ullFr + C?|ul[3:, where C? = n*~t. Then ||ul|lps < ellul[% + Cllul3: <
ellullgr + C||ul|ge, as desired.
Exercise 4. Extra 721 Problem:

Prove that if K is a subset of R such that every continuous real-valued function on K is
bounded, then K is compact.

Solution 4. Suppose K is not compact. Then since it is a subset of R", it is either not
closed or not bounded. Suppose it is not closed. Take a sequence {x,}>2, converging to
some y € K. Let f(x) = m This is continuous except at y, and in particular on K, but
it is not bounded, since f(x,) — oo. If K is not bounded, take f(x) = || on K. This is
continuous but now bounded because K is not bounded.

Exercise 5. Eztra 721 Problem:
Let f:]0,1] — R be continuous with ming<,<; f(z) = 0. Assume that forall 0 <a <b <

1, we have ff[f(x) — min,<,<p f(y)] do < @ Prove that for all A > 0, we have
{o: fl@) > A+ 1} < gl{z: fl2) > A},

Solution 5. Let A be arbitrary. Since f is continuous, {z : f(x) > A} is a disjoint union of
intervals Iy, I5,.... Since {x : f(z) > A+ 1} C {z: f(x) > A}, UpenUn N{x 2 f2) > A+
1}) ={z: f(z) > M1}. Now suppose |, {z : f(z) > A+1}| > |I,|/2. Then since f(x) > A
for & € 1,, [, [f(a) — minyey, f(u)] de > J, [f(x) A do > [{z: f(2) > A+ 1}] > [L]/2
a contradiction. Hence, |I, N {z : f(x) > A+ 1}| < |[,]/2 for all n. Summing, we see that
{z: flz) > A+ 1} < il{z: f(z) > A}

Exercise 6. Fxtra 721 Problem:
Consider the sequence of function f,, : R — R defined by
" sin(sx)

fn(x) = ; \/E

(a) Show that f,, converges uniformly as n — oo on any interval (o, 3) for 0 < a < f <
0.
(b) Show that f,, does not converge uniformly on (0, 1] as n — oc.
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(c) Does f, converge uniformly on [1,00) as n — co?
Solution 6.

(a) To prove that f, converges uniformly on («, 00), we will prove that
> sin(sx)

N Vs

ds‘ <, N7V2

Integrating by parts in f > Sm ) ds gives (up to some absolute constants) 1 (COS 57) oo Ix

This has magnitude < " \/ﬁ ga T as desired. If f,, converges on a set U and V C U,

then f,, converges uniformly on V', so we have uniform convergence on («, ) as well.
(b) We will prove that for any N, foo o S/N ds > +/N. Substituting « = s/N in that

integral gives N [° <7 “) du = VN N |, i~ COS(“ du > +/N. Tt follows that f,(z) does

not converge umformly on (0,1].
(c) This is what we proved in (a).

Exercise 7. Extra 721 Problem: For ¢, € R, say that [ [, ¢, convergences if limg_, Hle CcL =
C exists for C' # 0, cc.

(a) Prove that if 0 < a < 1 for all k, or if —1 < a < 0, for all k, then [], (1 + ax)

converges if and only if ), aj conveges
1)k

(b) However, prove that [], (1 + 0 f ) diverges.

Solution 7. Taking the logarithm of both sides, we see that in the given range for ay,
limg o0 [T1_y (14 az) = C € (=00, 00) if and only if limg e S 1, log(1 4 ax) = log(C) €
(—00, 00). Hence, it suffices to prove Y ;- log(1 + aj) converges if and only if > 7, ay
converges.

If a;, > 0, then log(2)ay, < log(1l + ag) < ak, so Y _p; log(1 + ay) converges if and only if
> re | @y converges.

If a < 0, note that ap < —% can only happen finitely often if either sum converges.
Removing finitely many terms will not change the convergence of either sum, so we may
assume without loss of generality that ax > —3 for all k. Then —21log(1/2)ax < log(1+ay) <

a,. Again, Y > log(l + ay) converges if and only if > 7, a) converges.

For [[,_,(1+ (:/%)k)’ note that the product converges only if the product

(- om) () "I 25 )

7=1
converges. Using the fact that o +1 — /x < ﬁ, we see that sz/'%l\;ﬁ_l < 2(2;}%1)'

But Zj 2(2_——1H) certainly does not converge, so neither does szl <1 — ﬁ) (1 + ﬁ),

nor [T, (1+ &25).

G2,



