Solving Equations: REF and RREF example

Our text, and my lecture the other day, discuss how to apply elementary row operations, one after

have not recovered...)
For our example we start with the matrix

111 -2 1] 8
-110 3 0|4

A= 011 0O0] 1
010 11} 3
-121 3 0|-=3

(This is the same matrix I used in lecture on Monday 1/31, except that I
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consider an associated set of equations after we get to Row Ec-helon Form.)
We want to get this to Row Echelon Form (REF) and eventually to Reduced Row Echelon Form
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But property (b) of REF, that the leading entries move to the rlght as we go down the rows, implies that

all the entries below a |€‘8C|_1D_Cf entry must, be 0. So we proceeq to “clear out” the numbers below that 1.
We can add the first row to the second, a type III elementary row operation, and that will make ag; = 0.
Adding 1 times the first row to the second row we get
111 -2 1| 87
| 0 2 1 1 1] 4|
011 00| 1
010 11| 3
-1 21 3 0|-3

We want to clear out the rest of the first column, making the —2 in the lower left corner into a 0. We can
do that by adding 2 times the first row to the last row, and we get

111 -2 118
021 1 1|4
011 00]1
010 113
03 2 115

Now one of the nice things about proceeding in a somewhat orderly fashion is that we have the first column
set up so that the row operations we need to perform to get to REF (or RREF) won’t mess up that leading
1: We won’t need to swap the first row with any other, we won’t need to multiply the first row by a
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REF and later to RREF so we don’t need that. What we do want is to get a 1 as the leading entry in the

second row, then make all the entries below it into {’'s. We see that the Z in aoo is right now in the Leading
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Second row from the thlrd row: Agaln thls is not the ofﬁ(nal way an elementary row operatlon is deﬁned

matter how you say 1t When we subtract twice the second row fronl the thlrd subtract the second row
from the fourth, and subtract 3 times the second row from the fifth row, we get

11 1 -2 1|8
01 1 00]1
0 0 -1 1 1|2
00 -1 1 1|2
0 0 -1 1 1]|2

Now isn’t that surprising! Those three rows coming out the same is not something you would likely have

onessed Frnm 1nn1zinn‘ at the nvirﬁna] mafviv‘ But it shows there was a lot n{: interrelationshin hetween the
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rows, or equations, and will turn out to say something about the solutions to correspo 0 .
Now we move to the third column. I want a leading entry 1 in the row, at the first non-zero place, i.e.

ass. Now it is —1, so we can just multiply the third row by —1 and get

11 1 -2 1| 8

01 1 0 0| 1

00 1 -1 —-1/|-2

o0 -1 1 1| 2

00 -1 1 1| 2

We proceed to “clear out” the lower elements in the third column, by adding the third row to each of the
fourth and fifth rows, getting

111 -2 1| 8

011 0 0] 1
001 -1 —-1]|-2
000 0 0] O
000 O 0] O

That is in Row Echelon Form. But it is not in Reduced Row Echelon Form, since in each of the second
and third columns, we don’t have all of the column zero except for the leading entries. We could find the



But I Wlll go on to get to Reduced Row Echelon Form before writing out the Solutlons a process called
Gauss-Jordan Elimination, so that we can compare what has to be done to read out the solutions. So that
we can come back to this one later, let’s call it Ap.

As noted, to get to RREF we need to clear out the upper parts of columns two and three. I usually do

that “from the bottom up”. | will first subtract the third row from the second, getiing

111 -2 1] 8
010 1 1| 3
001 -1 —1|-2],
000 O 0| O
000 O 0| O

and then subtract the third row from the first, and the second row from the first, which I will combine
here to get

100 -2 1] 7
010 1 1| 3
001 -1 —1|-2],
000 O 0| O
000 O 0| O

T+ To+x3—204+25 = 8
—x1+x2+0x34+ 024+ 025 = —4
0z1 +22+23+ 024+ 025 =
Ox1 4+ 290 +0x3+24+25 = 3
—x1 +2r9 + a3+ 324+ 025 = —3.

So what we would want are the solutions to those equations. But the whole point to this process is that we
can read off the solutions more easily from the version corresponding to Ag or Arp. I'll use ArR first, it is
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That matrix was

100 -2 1| 7
010 1 1| 3
Arr=1]10 0 1 -1 —-1|-2],
000 O 0] O
000 O 0] O
and the corresponding equations would be 1 —2z4 + 25 =7, 2o + x4 + x5 = 3, and x5 — x4 — 5 = —2.

(We ignore equations that say multiplying all the variables by zero and adding gives zero: Those equations
contribute nothing to finding solutions, since any numbers at all could be substituted for the variables
without changing the truth of the equations.) We see that each of those three equations is easily transformed
into an equation that represents one of x1, x2, or x3 as a combination of x4 and x5 and a constant:
r1 =7+ 2x4 — 5, 220 =3 — x4 — T5, and x3 = —2 + x4 + x5. We can give arbitrary values to x4 and x5
and use those three equations to determine values of z1, x2, and x5 which go with the numbers we chose
for x4 and x5 to make a solution! Also, any solution must be of this form: If a,b, ¢, d, e are five numbers
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Interpreted as an equation, and moving things around a bit, that says x5 = —2 + 2* 4+ 5. That is the
same mformatlon we read out of Agrpg: The third rows of Apr and A RR are the same, since the difference
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111 -2 1|8

Again we interpret it as an equation, xy = 8 — xy — 3+ 224 — 5. Substituting in o = 1— (=2+2% +25) =
3—x4—x5and 13 = 2+ ' + x5 we get x1 = 8 — (3 —wq — x5) — (=2 + 2t + 25) + 224 — 75, and
simplifying we have x1 = 7 + 224 — x5, which is the same as we got from Arr. Again we can let 4 and
x5 take on arbitrary values and determine x1, a2, and z3 from them, and this process, working from the
(non Reduced) Row Echelon Form Ap, got the same answers as before. There was more work to do after
getting the matrix, but less work getting the matrix. The “clearing out” above leading entries gets us to
the point where the variables we did not give arbitrary values (in this case x1, 2, and z3) do not interact.

NOTE: For this example, the leading entries were in the first three columns, and the variables given
arbitrary values were the last two. The definition of “leading entry” tends to make them appear in early
columns, and since arbitrary values are given to variables not going with leading entries they go with the
remaining, hence typically later, columns. But the separation does not have to be this complete! See more
examples in the textbook.
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