Chapter 5

Spectral methods

In this chapter, we develop spectral techniques. We highlight some applications
to Markov chain mixing and network analysis. The main tools are the spectral
theorem and the variational characterization of eigenvalues, which we review in
Section 5.1 together with some related results. We also give a brief introduction
to spectral graph theory and detail an application to community recovery. In Sec-
tion 5.2 we apply the spectral theorem to reversible Markov chains. In particular
we define the spectral gap and establish its close relationship to the mixing time.
Roughly speaking, we show through an eigendecomposition of the transition ma-
trix that the gap between the eigenvalue 1 (which is the largest in absolute value)
and the rest of the spectrum drives how fast P! converges to the stationary distribu-
tion. We give several examples. We then show in Section 5.3 that the spectral gap
can be bounded using certain isoperimetric properties of the underlying network.
We prove Cheeger’s inequality, which quantifies this relationship, and introduce
expander graphs, an important family of graphs with good “expansion.” Applica-
tions to mixing times are also discussed. One specific technique is the “canonical
paths method,” which bounds the spectral graph by formalizing a notion of con-
gestion in the network.

5.1 Background

We first review some important concepts from linear algebra. In particular, we re-
call the spectral theorem as well as the variational characterization of eigenvalues.
We also derive a few perturbation results. We end this section with an application
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CHAPTER 5. SPECTRAL METHODS 328

to community recovery in network analysis.

5.1.1 Eigenvalues and their variational characterization

When a matrix A € R4 jg symmetric, that is, a;; = aj; for all 7, j, a remarkable
result is that A is similar to a diagonal matrix by an orthogonal transformation.
Put differently, there exists an orthonormal basis of R? made of eigenvectors of A.
Recall that a matrix Q € R**? is orthogonal if QQT = I ;g and QTQ = I;x4,
where [y is the d X d identity matrix. In words, its columns form an orthonormal
basis of R%. For a vector z = (21,. .., zq), we let diag(z) = diag(z1, ..., zq) be
the diagonal matrix with diagonal entries z1, . . ., z4. Unless specified otherwise, a
vector is by default a “column vector” and its transpose is a “row vector.”

Theorem 5.1.1 (Spectral theorem). Let A € RY%d pe q symmetric matrix, that is,
AT = A. Then A has d orthonormal eigenvectors qy, . . . , qq with corresponding
(not necessarily distinct) real eigenvalues \y > Ao > -+ > Aq. In matrix form,
this is written as the matrix factorization

d
A=QAQ" =) Naiq],
i=1

where @) has columns qi,...,qq and A = diag(A1,...,\g). We refer to this
factorization as a spectral decomposition of A.

The proof uses a greedy sequence maximizing the quadratic form (v, Av). For
a hint as to why that might come about, note that for a unit eigenvector v with
eigenvalue A we have (v, Av) = (v, \v) = A.

We will need the following formula. Consider the block matrices

() = (e 3)

wherey € R4,z € R%2, A ¢ Rhxd B ¢ Rhxd ¢ ¢ R¥%X4 and D €
R?*d2 Then it follows by direct calculation that

T
y A B\ (y\_. .7 T T T
(z) (C’ D) (Z)—y Ay +y Bz+z' Cy+z" Dz. (5.1.1)
We will also need the following linear algebra fact. Let vy, ..., v; be orthonor-

mal vectors in R?, with j < d. Then they can be completed into an orthonormal
basis v1, ..., vy of R%.

Proof of Theorem 5.1.1. We proceed by induction.

symmetric

matrix

orthogonal

matrix

spectral

theorem
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A first eigenvector Let A; = A. Maximizing over the objective function (v, A;v),
we let
vy € argmax{(v, A;v) : ||v||2 = 1},

and
A1 = max{(v, A;v) : ||v|2 = 1}.
Complete vy into an orthonormal basis of R?, vy, Vo, ..., Vg, and form the block
matrix
Wl = (V1 Vl)
where the columns of Vl are Vo,...,Vvy. Note that Wl is orthogonal by construc-
tion.

Getting one step closer to diagonalization We show next that Wh gets us one
step closer to a diagonal matrix by similarity transformation. Note first that

R . T
WA W, = <VAV11 ‘2)

where wy := ‘71TA1V1 and Ay = Y71TA1‘71. The key claim is that w; = 0. This
follows from an argument by contradiction.
Suppose wi # 0 and consider the unit vector

A 1 1
V1463 w3 \OW

which achieves objective value

T
1 T
ZTA1Z e YT ( 1 > (Al Wl) ( 1 )
1+ 82|w1]]5 \0w1 w1 Az ) \owy

1

Oy 26w |2+ 02w  Aywy)
1+52HW1||%( 1+ 26||wi |5 + 0°wy Agwy)

where we used (5.1.1). By the Taylor expansion,

1 2 4
1+62:1—e + O(€),

for § small enough,
z' A1z = (A1 + 20[|w[3 + 8*wi Aow1)(1 — 82w 3 + O(6"))
=\ + 25HW1H% + 0(52)
> .
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That gives the desired contradiction.
So, letting W7 := W1,

AL O
wlA W, = (01 A2> .

Finally note that Ay = 171TA1‘71 is symmetric since
AT = (VI AW)T = VEATVE = VT A = A,
by the symmetry of A; itself.
Next step of the induction Apply the same argument to the symmetric subma-

trix Ay € RE-Dx(@=1) et 1, € RA-D*(-1) pe the corresponding orthogonal
matrix, and define As and A3 through the equation

A X X2 O
W§A2W2:<02 Ag).

Define the block matrix

1 O
W= <0 W2>
and observe that
WIwWT AW, Wy = W AL 0
0 A
() 0
—\o W2TA2W2
A 0 O
=10 X O
0 0 Aj

Proceeding similarly by induction gives the claim, with the final ) being the
product of the W;s (which is orthogonal as the product of orthogonal matrices). M

We derive an important variational characterization inspired by the proof of the
spectral theorem. We will need the following quantity.

Definition 5.1.2 (Rayleigh quotient). Let A € R**? be a symmetric matrix. The
Rayleigh quotient of A is defined as

Ra(u) =

which is defined for any u # 0 in R%.

Rayleigh

quotient
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We let the span of a collection of vectors be defined as

n
span(uy, ..., uy,) = {Zaiui DO, ..., 0 € ]R}.
i=1

Theorem 5.1.3 (Courant-Fischer theorem). Let A € R¥*¢ be a symmetric matrix
with spectral decomposition A = Z?Zl )\iviViT where \1 > --- > \q. For each
k=1,...,d, define the subspace

Vi =span(viy,...,vg) and Wi i1 = span(vg,...,vq).
Then, forallk =1,...,d,

A = min Ra(u) = max Ra(u).
ucVy ueEWq—k41

Furthermore we have the following min-max formulas, which do not depend on the

choice of spectral decomposition, forallk =1,...,d
A= max minRa(u) = min max Ra(u).
dim(V)=k uey dim(W)=d—k+1 uew

Note that, in all these formulas, the vector u = vy, is optimal. To derive the “local”
formula, the first ones above, we expand a vector in Vj, into the basis vy, ..., v
and use the fact that R 4(v;) = \; and that eigenvalues are in nonincreasing order.
The “global” formulas then follow from a dimension argument.

We will need the following dimension-based fact. Let ¢4,V C R? be linear
subspaces such that dim(l/) + dim (V) > d, where dim(l{) denotes the dimension
of U. Then there exists a nonzero vector in the intersection &/ N V. That is,

dimU) +dim(V) >d = UNV)\ {0} # 0. (5.1.2)

Proof of Theorem 5.1.3. We first prove the local formulas, that is, the ones involv-
ing a specific decomposition.

Local formulas Since vy, ..., v form an orthonormal basis of Vj, any nonzero
vector u € Vj, can be written as u = Zf:1<u, v;)v; and it follows that

k

(wu) =3 (u,v;)?
i=1
k k
(u, Au) = <u, <u,vi>)\ivi> = Z)\i<U>Vz‘>2-
= i=1

=1

span

Courant-Fischer
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Thus,
<u7 All> Z"Czl )"l<u7 Vi>2 Zk:1 <u7 vi>2
— 2 - 5 Z )\kﬁ — )\k
(u,u) 2 im1 (1, vi) Dz (Vi)

where we used A\; > --- > ), and the fact that (u, v;)? > 0. Moreover R4 (vy) =
M. So we have established

Ra(u) =

A = min R 4(u).

ueVy

The expression in terms of Wy_1 is proved similarly.

Global formulas Since V; has dimension k, it follows from the local formula
that

A = min R4a(u) < max minRa(u).
uevy, dim(V)=k u€y

Let V be any subspace with dimension k. Because W, _ 1 has dimension d—k+1,
we have that dim(V) + dim(Wy—k+1) > d and there must be nonzero vector ug
in the intersection ¥V N W;_x1 by the dimension-based fact above. We then have
by the other local formula that

A\ = R >R > minR 4 (u).
S o alu) > A(UO)_{Jnelg A(u)

Since this inequality holds for any subspace of dimension k, we have

A > max minRa(u).
dim(V)=k uey

Combining with the inequality in the other direction above gives the claim. The
other global formula is proved similarly. [ |

5.1.2 Elements of spectral graph theory

We apply the variational characterization of eigenvalues to matrices arising in
graph theory. In this section, graphs have no self-loop.

Unweighted graphs As we have previously seen, a convenient way of specifying
a graph is through a matrix representation. Assume the undirected graph G =
(V, E) has n = |V vertices. Recall that the adjacency matrix A of G is the n x n
symmetric matrix defined as

1 if{z,y} € E,
Aa:y - .
0 otherwise.
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Another matrix of interest is the Laplacian matrix. It is related to the Laplace
operator we encountered previously. We will show in particular that it contains
useful information about the connectedness of the graph. Recall that, given a graph
G = (V, E), the quantity §(v) denotes the degree of v € V.

Definition 5.1.4 (Graph Laplacian). Let G = (V, E) be a graph with vertices
V ={1,...,n} and adjacency matrix A € R"*"™. Let D = diag(6(1),...,d(n))
be the degree matrix. The graph Laplacian (or Laplacian matrix, or Laplacian for
short) associated to G is defined as L = D — A. Its entries are

5() ifi=J,
lz] =4 -1 lf{Z?]} S8
0 otherwise.

Observe that the Laplacian L of a graph G is a symmetric matrix:
LT =(D-AT=DT - AT =D — A,

where we used that both D and A are themselves symmetric. The associated
quadratic form is particularly simple and will play an important role.

Lemma 5.1.5 (Laplacian quadratic form). Let G = (V, E) be a graph with n =
|V'| vertices. Its Laplacian L is a positive semi-definite matrix and furthermore we
have the following formula for the Laplacian quadratic form (or Dirichlet energy)

xTLx = Z (z; — x5)%,
e={i,j}€E
foranyx = (z1,...,z,) € R
Proof of Lemma 5.1.5. Let B be an oriented incidence matrix of G (see Defini-
tion 1.1.16). We claim that BB” = L. Indeed, for i # j, entry (4, j) of BB is a
sum over all edges containing 7 and j as endvertices, of which there is at most one.
When e = {i,j} € E, that entry is —1, since one of ¢ or j has a 1 in the column

of B corresponding to e and the other one has a —1. For ¢ = j, letting b, be entry
(x,y) of B,

(BB )= Y. b2, =4(i).
e={zy}ckE:ice
That shows that BB” = L entry-by-entry.
For any x, we have (BTx); = z, — x, if the edge e, = {u,v} is oriented as
(u,v) under B. That implies
xT'Lx =xT'BBTx = |BTx|j3 = Z (z; — x5)2.
e={i,j}€E

graph

Laplacian

Laplacian
quadratic

form
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Since the latter quantity is always nonnegative, it also implies that L is positive
semidefinite. u

As a convention, we denote the eigenvalues of a Laplacian matrix L by
0<pr <po <+ < pn,

and we will refer to them as Laplacian eigenvalues. Here is a simple observation.
For any G = (V, E), the constant unit vector

Laplacian

eigenvalues
Y1 = 7(1,...,1),

is an eigenvector of the Laplacian with eigenvalue 0. Indeed, let B be an oriented
incidence matrix of G and recall from the proof of Lemma 5.1.5 that L = BBT.
By construction BTy, = 0 since each column of B has exactly one 1 and one —1.
So Ly = BBy, = 0 as claimed. In general, the constant vector may not be the
only eigenvector with eigenvalue one.

We are now ready to derive connectivity consequences. Recall that, for any
graph G, the Laplacian eigenvalue p; = 0.

Lemma 5.1.6 (Laplacian and connectivity). If G is connected, then the Laplacian
eigenvalue po > 0.

Proof. Let G = (V,E) withn = |[V] and let L = Y | u;y;y? be a spectral
decomposition of its Laplacian L with 0 = 3 < --- < pp. Suppose by way of
contradiction that o = 0. Any eigenvector y = (y1,...,yn) with O eigenvalue
satisfies Ly = 0 by definition. By Lemma 5.1.5 then

0=y"Ly= > (Wwi-y)"
e={i,j}€F

In order for this to hold, it must be that any two adjacent vertices ¢ and j
have y; = y;. Thatis, {4,j} € E implies y; = y;. Furthermore, because G is
connected, between any two of its vertices u and v (adjacent or not) there is a path
u = wg ~ --- ~ wg = v along which the y,,s must be the same. Thus y is a
constant vector.

But that is a contradiction since the eigenvectors y, . . .,y are in fact linearly
independent, so that y; and y2 cannot both be a constant vector. [ |

The quantity u9 is sometimes referred to as the algebraic connectivity of the graph.

The corresponding eigenvector, y2, is known as the Fiedler vector. Fiod [
ledier vector
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We will be interested in more quantitative results of this type. Before proceed-
ing, we start with a simple observation. By our proof of Theorem 5.1.1, the largest
eigenvalue u,, of the Laplacian L is the solution to the optimization problem

pn = max{(x, Lx) : [|x[|l2 = 1}.

Such extremal characterization is useful in order to bound the eigenvalue (i, since
any choice of x with ||x||2 = 1 gives a lower bound through the quantity (x, Lx).
We give a simple consequence.

Lemma 5.1.7 (Laplacian and degree). Let G = (V, E) be a graph with maximum
degree 0. Let iy, be the largest Laplacian eigenvalue. Then

i >0+ 1.
Proof. Letu € V be a vertex with degree 6. Let z be the vector with entries
5 ifi = u,
zi =1 —1 if{i,u} € E,

0 otherwise,

and let x be the unit vector z/||z[|2. By definition of the degree of u, |z||3 =
62 4+6(-1)2=46(6 +1).
Using the Lemma 5.1.5,

(wlg)= Y (z-2)

e={ij}eE

Z (zi — ZU)2

i:{i,u}ek

> (1=
i{i,u}elE
=6(6+1)%

v

where we restricted the sum to those edges incident with u and used the fact that
all terms in the sum are nonnegative. Finally

Z VA

1
@J@_<WMJWM>_W%@J@_56

pn, = max{(x', Lx') : [|X/|l2 = 1} > (x,Lx) = § + 1,

so that

as claimed. [ |
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A special case of Courant-Fischer (Theorem 5.1.3) for the Laplacian matrix is
the following.

Corollary 5.1.8 (Variational characterization of o). Let G = (V, E) be a graph
with n = |V| vertices. Assume the Laplacian L of G has spectral decomposition
L=%", ,uiyiy;fp with0 =1 < po << ppandy; = %(1,...,1). Then

Ty — Ty 2 n
MQ:min{z{u’vgf( = ) s x = (x1,...,25) # 0, Zmu:()}.
u=1"u u=1

Proof. By Theorem 5.1.3,

= min Rp(x).
pp = min L(x)

Since y is constant and W;_1 is the subspace orthogonal to it, this is equivalent
to restrictring the minimization to those nonzero xs such that

0=(x,y1) = —Zwu
Moreover, by Lemma 5.1.5,
(X, Lx) = > (24— 2)°
{uv}er

so the Rayleigh quotient is

<X7 LX> o Z{U,U}EE(xU - :EU)Q

<X, X> ZZ:I ‘Tz%,

That proves the claim. [ |

Rr(x) =

One application of this extremal characterization is a graph drawing heuristic.
Consider the entries of the second Laplacian eigenvector yo normalized to have
unit norm. The entries are centered around 0 by the condition  ,,_; z, = 0.
Because it minimizes the quantity

2
E{u,v}EE(mu - iL‘U)
n 2 M
Zu:l ‘Tu
over all centered unit vectors, yo tends to assign similar coordinates to adjacent

vertices. A similar reasoning applies to the third Laplacian eigenvector, which in
addition is orthogonal to the second one. See Figure 5.1 for an illustration.
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Figure 5.1: Top: A 3-by-3 grid graph with vertices located at independent uni-
formly random points in a square. Bottom: The same 3-by-3 grid graph with ver-
tices located at the coordinates corresponding to the second and third eigenvectors
of the Laplacian matrix. That is, vertex i is located at position (y2,i, ¥3.:)-
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Example 5.1.9 (Two-component graph). Let G = (V, E) be a graph with two
connected components () # Vi, Vo C V. By the properties of connected compo-
nents, we have V1 N V5 = () and V; U Vo = V. Assume the Laplacian L of G has
spectral decomposition L = Y , ,uiyl-yér with0 = 1 < po < -+ < py and
y1 = ﬁ(l, ..., 1). We claimed earlier that for such a graph ps = 0. We prove
this here using Corollary 5.1.8:

,ugzmin{ Z (20 — x4)?

{u,v}€E

n n
x = (x1,...,2,) € R", quzo, Zzi:l}‘
u=1 u=1

Based on this characterization, it suffices to find a vector x satisfying > "', z, = 0
and >__, 22 = 1 such that > (uwyer(@u — 7,)? = 0. Indeed, since 2 > 0 and
any such x gives an upper bound on p2, we then necessarily have that o = 0.

For 3y vyep(Tu — 7,)? to be 0, one might be tempted to take a constant
vector x. But then we could not satisfy "', x, = 0 and Y 1_, 22 = 1. Instead,
we modify this guess slightly. Because the graph has two connected components,
there is no edge between 1} and V5. Hence we can assign a different value to
each component and still get > ¢, 1ep(Tu — 7,)% = 0. So we look for a vector
x = (1,...,%y,) of the form

o ifuel,
Ly = )
g ifu e Vs,

To satisfy the constraints on x, we require

Sau=3Y a+ > = Vila+|1alf=0,
u=1

ueVy u€eVa
and

Z“’z = Z o® + Z B = Vile® +|Va|B% = 1.
u=1

ueVy u€ Vs
Replacing the first equation in the second one, we get

AR V|23
|V1!< A + [V5|B?% = A + [Va|p% =1,

or
V1] A

g2 = =
Val(Val + Vi) ~ V3]
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g JWl s _ [l
n[Val il ~ el

The vector x we constructed is in fact an eigenvector of L. Indeed, let B be an
oriented incidence matrix of G. Then, for e, = {u,v}, (BT x)}, is either z, —z,, or
2y — Ty. In both cases, that is 0. So Lx = BBTx = 0, that is, x is an eigenvector
of L with eigenvalue 0.

We have shown that pi2 = 0 when G has two connected components. A slight
modification of this argument shows that y2 = 0 whenever G is not connected. <«

Take

Networks In the case of a network (i.e., edge-weighted graph) G = (V, E, w),
the Laplacian can be defined as follows. As usual, we assume that w : £ — R, is
a function that assigns positive real weights to the edges. We write w. = wj; for
the weight of edge e = {4, j}. Recall that the degree of a vertex i is,

j{ijleE
the adjacency matrix A of G is the n x n symmetric matrix defined as

Wij if {Z,j} € F,
Aij = )
0 otherwise.

Definition 5.1.10 (Network Laplacian). Let G = (V, E,w) be a network with
n = |V| vertices and adjacency matrix A. Let D = diag(d(1),...,0(n)) be
the degree matrix. The network Laplacian (or Laplacian matrix, or Laplacian for
short) associated to G is defined as L = D — A.

It can be shown (see Exercise 5.2) that the Laplacian quadratic form satisfies in the
edge-weighted case

(x, Ix) = > wij(zi — ;)% (5.1.3)
{ijteE
for x = (x1,...,2,) € R™ (The keen observer will have noticed that we al-

ready encountered this quantity as the “Dirichlet energy” in Section 3.3.3; more
on this in Section 5.3.) As a positive semidefinite matrix (see again Exercise 5.2),
the network Laplacian has an orthonormal basis of eigenvectors with nonnegative
eigenvalues that satisfy the variational characterization we derived above. In par-
ticular, if we denote the eigenvalues 0 = p; < o < -+ < Uy, it follows from



CHAPTER 5. SPECTRAL METHODS 340

Courant-Fischer (Theorem 5.1.3) that

o = min{ Z Wy (Ty — Ty)?

{uv}eE
n n
X = (xl,...,xn)T € R",qu = szxi = 1}_
u=1 u=1

Other variants of the Laplacian are useful. We introduce the normalized Lapla-
cian next.

Definition 5.1.11 (Normalized Laplacian). The normalized Laplacian of G = (V, E
with adjacency matrix A and degree matrix D is defined as

w)

R .
normalized

Laplacian

L=1-—D1'2AD" 12,
The entries of L are

1 ift =7,
Ei,j - Wij

— 2L otherwise.
3(4)3 ()

We also note the following relation to the (unnormalized) Laplacian:
L£=D12LD"1/2, (5.1.4)
We check that the normalized Laplacian is symmetric:

T T _ (D—I/QAD—I/Q)T
—I_ (D—1/2)TAT(D—1/2)T
=1—-DY2AD™1/?
=L

It is also positive semidefinite. Indeed,
xI'Lx =x"D7V2LD~ 2% = (D7V2%x)T (D~ /%) > 0,

by the properties of the Laplacian. Hence by the spectral theorem (Theorem 5.1.1),

we can write
n
Z T
£ = 1i2:;Z; ,
i=1
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where the z;s are orthonormal eigenvectors of £ and the eigenvalues satisfy

0<m <m< - <y

One more observation: because the constant vector is an eigenvector of L with
eigenvalue 0, we get from (5.1.4) that D'/21 is an eigenvector of £ with eigenvalue
0. So 1 = 0 and we set

O R N I U RV
(Zl”‘<||D1/21||2> Sevow el

which makes z; into a unit norm vector. The relationship to the Laplacian implies
(see Exercise 5.3) that

)

2
T Li Ly
x Lx = Z Wi ( = — - > s
e\ VeG)
forx = (x1,...,zyn) € R™ Through the change of variables

T

Courant-Fischer (Theorem 5.1.3) gives this time

2 = min{ Z wuv(yu - yv)2 :
{u,v}eFE
Y= ) R D 6(u)yu =0, > S(u)yh = 1},
u=1 u=1
(5.1.5)

5.1.3 Perturbation results

We will need some perturbation results for eigenvalues and eigenvectors. Recall
the following definition. Define S™ ! = {x € R™ : ||x||2 = 1}. The spectral
norm (or induced 2-norm or 2-norm) of a matrix A € R™*"™ is

x| _
0#£xeRm x| xesm-1

[A]l2 :=

The induced 2-norm of a matrix has many other useful properties.
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Lemma 5.1.12 (Properties of the induced norm). Let A, B € R"*™ and o € R.
The following hold:

(i) (| Ax]l2 < [|A]l2[lx

9, VX € R™
(ii) [|Allz = 0

(iii) ||All2 = 0 ifand only if A =0
(iv) [laAll2 = [o[|All2

(v) |[A+ Bll2 < [|[All2 + || Bll2
(vi) [|ABll2 < [|All2[|B]2.

Proof. These properties all follow from the definition of the induced norm and the
corresponding properties for the vector norm:

¢ Claims (i) and (i1) are immediate from the definition.

» For (ii) note that || A2 = 0 implies || Ax|s = 0,¥x € S™~!, so that Ax =
0,vx € S™ L. In particular, A;; = el Ae; = 0, Vi, j.

« For (iv), (v), (vi), observe that for all x € S™~!
loAx|l2 = |erl| Ax |2
(A + B)x|l2 = | Ax + Bx|ls < [|Ax(|2 + [[Bx]|2 < [|All2 + [| B2
1(AB)x|l2 = [[A(Bx)l2 < [[All2] Bx|[2 < [|All2]| Bl|2-
|
Perturbations of eigenvalues For a symmetric matrix C' € R%*9, we let \;(C),
j =1,...,d, be the eigenvalues of C' in nonincreasing order with corresponding

orthonormal eigenvectors v;(C'), j = 1,...,d. As in the Courant-Fischer theorem
(Theorem 5.1.3), define the subspaces

Vi(C) = span(v1(C), ..., vi(C))
and
Wi—k+1(C) = span(vi(C), ..., v4(C)).
The following lemma is one version of what is known as Weyl’s inequality. Wol's
eyl’s

inequality
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Lemma 5.1.13 (Weyl’s inequality). Let A € R¥? and B € R¥9 be symmetric
matrices. Then, forall j = 1,...,d,

max [A;(B) — A;(A)] < [|B — Al|.
J€ld]

Proof. Let H = B — A. We prove only one upper bound. The other one follows
from interchanging the roles of A and B. Because

dim(V;(B)) + dim(Wy—j+1(4)) =j+(d—j+1)=d+1>d,

it follows from (5.1.2) that V;(B) N Wy_;+1(A) contains a nonzero vector. Let v
be a unit vector in that intersection.
By Theorem 5.1.3,

N(B) < (v, (A+ H)V) = (v, AV) + (v, HV) < Aj(A) + (v, HV).
Moreover, by Cauchy-Schwarz (Theorem B.4.8), since ||v|j2 = 1
(v, Hv) < |[|vl2[| Hvll2 < [[H]]2,

which proves the claim after rearranging. [ |

Perturbations of eigenvectors While Weyl’s inequality (Lemma 5.1.13) indi-
cates that the eigenvalues of A and B are close when || A — B||2 is small, it says
nothing about the eigenvectors. The following theorem remediates that. It is tradi-
tionally stated in terms of the angle between the eigenvectors (whereby the name).
Here we give a version that is more suited to the applications we will encounter.
We do not optimize the constants. We use the same notation as in the previous
paragraph. Recall Parseval’s identity: if wy, . .., ug is an orthonormal basis of R?,
then [[z2 = Y0 (@, ui)2.

Theorem 5.1.14 (Davis-Kahan sin 0 theorem). Let A € R4 and B € R¥*? pe
symmetric matrices. Forani € {1,...,d}, assume that

6= m;nlM(A) —Ai(4)] > 0.
VE=)

Then

: 8]lA — B3
i(A) — svi(B 2 < 2
i ) - sl <
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Proof. Expand v;(B) in the basis formed by the eigenvectors of A, that is,

d
vi(B) = S (vi(B)v;(A)) v (A),

7=1
where we used the orthonormality of the v;(A)s. On the one hand,

(A = Xi(A)Iaxa) vi(B)|3

2
d
- (vi(B), vi(A)) (A — Ni(A) L1xa) vi(A)
Jj=1 2
J 2
= > viB),vi(A)(\(A) — Ai(A)) v;(A)
J=1j#1 2
d
= 3 (vilB), vi(A)2(N(A) — \i(A))?
J=1j#i

> §%(1 — (vi(B), vi(A))?),

where, on the last two lines, we used the orthonormality of the v;(A)s and v;(B)s
through Parseval’s identity, as well as the definition of é.
On the other hand, letting £ = A — B, by the triangle inequality

(A= X(A)D) vi(B)ll2 = (B + E = Ai(A)I) vi(B)]l2
< 1B = Mi(A) ) vi(B) |2 + |1 Evi(B)]2
< A(B) = Ai(A)[[Ivi(B)l2 + [1El2]lvi(B)ll2
= 2[| B2,

where we used Lemma 5.1.12 and Wey!’s inequality.
Combining the last two inequalities gives

(1 i(B). v < 2L

The result follows by noting that, since |(v;(B), v;(A))| < 1 by Cauchy-Schwarz
(Theorem B.4.8), we have

i vi(4) — sviB)? =2 = 2/{vi(B), vi())

< 2(1 — (vi(B),vi(A))?)
811 E]I3
2

IN
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5.1.4 © Data science: community recovery

A common task in network analysis is to recover hidden community structure.
Informally, we seek groups of vertices with more edges within the groups then to
the rest of the graph. More rigorously, providing statistical guarantees on the output
of a community recovery algorithm requires some underlying random graph model.
The standard model for this purpose is the stochastic blockmodel, a generalization
of the Erdos-Rényi graph model with a “planted partition.”

Stochastic blockmodel and recovery requirement We restrict ourselves to the
simple case of two strictly balanced communities. Consider a random graph on n
(even) nodes where there are two communities, labeled +1 and —1, consisting of
n/2 nodes. Each vertex i € V is assigned a community label X; € {1,—1} as
follows: a subset of n/2 vertices is chosen uniformly at random among all such
subsets to form community +1, and the rest of the vertices form community —1.
For two nodes i, j, the edge {i, 7} is present with probability p if they belong to
the same community, and with probability ¢ otherwise. All edges are independent.
The following 2 x 2 matrix describes the edge density within and across the two
communities:

+1 -1
W= *1 [P ‘1].
-1 1q p

We assume that p > ¢, encoding the fact that vertices belonging to the same com-
munity are more likely to share an edge. To summarize, we say that (X,G) ~
SBM,, 4 if:

1. (Communities) The assignment X = (X1,...,X,,) is uniformly random
over

= {x e {+1,-1}": xT1 =0},
where 1 = (1,--- ,1) is the all-one vector.

2. (Graph) Conditioned on X, the graph G = ([n], E') has independent edges
where {4, j} is present with probability W, x, for Vi < j.

We denote the corresponding measure by P, ,, .. We allow p and ¢ to depend on n
(although we do not make that dependence explicit).

Roughly speaking, the community recovery problem is the following: given G,
output X. There are different notions of recovery.

stochastic

blockmodel
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Definition 5.1.15 (Agreement). The agreement between two community assign-
ment vectors X,y € {+1,—1}" is the largest fraction of common assignments
between x and ty, that is,

n

1
a(x = max — 1{z; = sy; ;.
( 7y) se{+1,—-1} n ; { ! yl}
The role of s in this formula is to account for the fact that the community names
are not meaningful.

Now consider the following recovery requirements. These are asymptotic notions,
asn — —+o00.

Definition 5.1.16 (Recovery requirement). Let (X, G) ~ SBM,, p, 4. For any esti-
mator X := X (G) € 11§, we say that it achieves:

- exact recovery if Py, ,, ,[o(X, X) = 1] = 1 — o(1); or
- almost exact recovery if P,, ,, JJa(X, X) =1 —o(1)] = 1 — o(1).

Next we establish sufficient conditions for almost exact recovery. First we describe
a natural estimator X.

MAP estimator and spectral clustering A natural starting point is the maxi-
mum a posteriori (MAP) estimator. Let Q(X) be the balanced partition of [n]
corresponding to X and (G be the one corresponding to X (G). The probability
of error, that is, the probability of not recovering the true partition, is given by

BIO(X) £ QG) = S PQg) £ QX) |G =g BlG =g,  (.16)

where the sum is over all graphs on n vertices (i.e., all possible subsets of edges
present) and we dropped the subscript n, p, ¢ to simplify the notation. The MAP
estimator QMAP () is obtained by minimizing each term P[Q(g) # Q(X) |G =
g] individually (note that P[G = g] > 0 for all g by definition of the SBM,, 5, 4, a
probability which does not depend on the estimator). Equivalently we choose for
each g a partition ~y that maximizes the posterior probability

PG = g|QX) = 1] P[Q(X) = 1]
PG = ¢]

= P[G = g| QX

PI(X) = 7|G =] =

1
] (517
o mEe=g ¢

recovery
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where we applied Bayes’ rule on the first line and the uniformity of the partition X
on the second line.

Based on (5.1.7), we seek a partition that maximizes P[G = ¢ | Q(X) = ~]. We
compute this last probability explicitly. For fixed g, let M := M (g) be the number
of edges in g. For any v, denote by M, := M, (g,7) and Moyt := Mout(g,7)
the number of edges within and across communities respectively, and note that
M;, = M — Moy By definition of the SBM,, ;, , model, the probability of a graph
g given a partition -y is expressed simply as

P[G = g[Q(X) =]
_ qMout(l o q)(%)2_MoutpMin(l _p){(g)f(%)Q}me
— qMout(l _ q)(%)z_MoutpM_Mout(l _ p){(g)*(%)Q}*{MfMout}

Mout
_ e 1-p N2 M () ()2 -M
—[1_q p] {(1 q)'z" p"(1—p)ti2) 2 }

The expression in curly brackets does not depend on the partition . Moreover,

since we assume that p > ¢, we have that [%_q . 1;p ] < 1 (which can be checked
directly by rearranging and cancelling). Therefore, to maximize P[G = ¢ | Q(X) =
~] over v for a fixed g, we need to choose a partition that results in the smallest
possible value of M, the number of edges across the two communities. This
problem is well-known in combinatorial optimization, where it is referred to as
the minimum bisection problem. It is unfortunately NP-hard and we consider a
relaxation that admits a polynomial-time algorithmic solution.

To see how this comes about, observe that the minimum bisection problem can
be reformulated as

minimum
bisection

problem

max x! Ax
xe{+1,—1}7, xT1=0
where A is the n x n adjacency matrix. Replacing the combinatorial constraint
x € {41, —1}" by x € R™ with ||x||]2 = n leads to the relaxation

max 2zl Az
z€R”, z71=0, ||z|]2=n

T
= max <n 2 > A <n z >
0+£z€R", 2T1=0 \ ||Z]|2 1z][2

9 7! Az
=n max T
0#zcR", zT1=0 Z" Z

9

where we changed the notation from x to z to emphasize that the solution no longer
encodes a partition. We recognize the Rayleigh quotient of A as the objective func-
tion in the final formulation. At this point, it is tempting to use Courant-Fischer
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(Theorem 5.1.3) and conclude that the maximum above is achieved at the second
eigenvalue of A. Note however that the vector 1 (appearing in the orthogonality
constraint z' 1 = 0) is not in general an eigenvector of A (unless the graph hap-
pens to be regular). To leverage the variational characterization of eigenvalues in
a statistically justified way, we instead turn to the expected adjacency matrix and
then establish concentration.

Lemma 5.1.17 (Expected adjacency). Let (X, G) ~ SBM,, , 4, let A be the adja-
cency matrix of G and let Ax = E,, ;, [A| X]. Then

+
AX:n]%uluflp+np2 qugug—pI,

where
1 1

—1, w=—X.
Vi
Proof. For any distinct pair 1, 7, the term

ZPta ) _ptaf L 2:p+q
2 ) > \V/n 2
while the term

2
P—q. T p—q (1 P—q

Z7‘7

u; =

The product X; X; is 1 when ¢ and j belong to the same community and is —1
otherwise. In the former case, summing the two terms indeed gives p, while in the
latter case it gives ¢. Finally, the term —pl accounts for the fact that A has zeros
on the diagonal. [ |

Now condition on X and observe that u; and uy in Lemma 5.1.17 are orthog-
onal by our assumption that X corresponds to a balanced partition (i.e., with two
communities of equal size). Hence we deduce that an eigenvector decomposition of
Ax is formed of uj, up and any orthonormal basis of the orthogonal complement
of the span of u; and us, with respective eigenvalues

AT p-a_

n———

92 b, 92 b, —P-

So the second largest eigenvalue of Ax is Aa(Ax) = n 5% — p (independently of
X), and Courant-Fischer implies
z' Axz

max 7— = Aa(Ax).
0#zcR",zT1=0 Z ' Z
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The corresponding eigenvector, up to scaling and sign, is precisely what we are
trying to recover, namely, the community assignment X.
These observations motivate the following spectral clustering approach.

1. Input: graph G with adjacency matrix A.
2. Compute an eigenvector decomposition of A.
3. Let 113 be the eigenvector corresponding to the second largest eigenvalue.
4. Output: X (G) = sgn (3) .
Here we used the notation

{+1 if z; > 0,

(sgn(z))i = :

—1 otherwise.

Because we used A rather than Ax (which we do not know), it is not immediate
that this approach will work. Below, we use Davis-Kahan (Theorem 5.1.14) to
show that, under some conditions, the second eigenvector of A is concentrated
around that of A x—and therefore almost exact recovery holds.

Before getting to the analysis, we make a final algorithmic remark. The “clus-
tering” above, specifically taking the sign of the second eigenvector, works in this
toy model but is perhaps somewhat naive. More generally, in a spectral cluster-
ing method, one uses the top eigenvectors (deciding how many is a bit of an art)
of the adjacency matrix (or of another matrix associated to the graph such as the
Laplacian or normalized Laplacian) to obtain a low-dimensional representation of
the input. Then in a second step, one uses a clustering algorithm, for example,
k-means clustering, to extract communities in the low-dimensional space.

Almost exact recovery We prove the following. We restrict ourselves to the case
where p and ¢ are constants not depending on n.

Theorem 5.1.18. Let (X,G) ~ SBM,, , , and let A be the adjacency matrix of
G. Let pp := min {q, Z?} > 0. Clustering according to the sign of the second
eigenvector of A identifies the two communities of G with probability at least 1 —
e, except for C/u? misclassified nodes for some constant C' > 0.

There are two key ingredients to the proof: concentration of the adjacency matrix
and perturbation arguments.
We start with the former.

spectral

clustering
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Lemma 5.1.19 (Norm of the centered adjacency matrix). Let (X, G) ~ SBM,, p 4,
let A be the adjacency matrix of G and let Ax = E,, , [A| X|. There is a constant
C" > 0 such that, conditioned on X,

|A—Ax|2 < C'V/n,

n

with probability at least 1 — e™ ™.

Proof. Condition on X. We use Theorem 2.4.28 on the random matrix R :=
A — Ax. The entries of R are centered and independent (conditionally on X).
Moreover they are bounded. Indeed, for i # j, A;; € {0,1} while (Ax);; €
{¢,p}. So R;j < [—p,1 — q]. On the diagonal, R;; = 0. Hence, by Hoeffding’s
lemma (Lemma 2.4.12), the entries are sub-Gaussian with variance factor

J0—a— (PP,

Taking ¢ = +/n in Theorem 2.4.28, there is a constant C' > 0 such that with
probability 1 —e™™

A= Ax|2 < CV1(vn+ Vn+ Vn).

Adjusting the constant gives the claim. [ |
We are ready to prove the theorem.

Proof of Theorem 5.1.18. Condition on X. To apply the Davis-Kahan theorem
(Theorem 5.1.14), we need to bound the smallest gap ¢ between the second largest
eigenvalue of Ax and its other eigenvalues. Recall that the eigenvalues are
pbte oopma
2 ) 2 ) )

SO

5:min{np2q,nq} =npu>0.

By Davis-Kahan and Lemma 5.1.19, with probability at least 1 — e~ ", there is
0 € {+1, —1} such that

814 - Axl3 _ 8(C'va)? _ C

Jup — 013 < < =
2 62 (np)?  np

27

by adjusting the constant. Note that this bound holds for any X.
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Rearranging and expanding the norm, we get

S Vit (we): — Vih (a2 < o

p?

If the signs of (us); and 0 (Gi2); disagree, then the i-th term in the sum above is
> 1. So there can be at most C/u? such disagreements. That establishes the
desired bound on the number of misclassified nodes. [ |

Remark 5.1.20. It was shown in [YP14, MNS15a, AS15] that almost exact re-
covery in the balanced two-community model SBM,, 5, 4. with p, = a,/n and
gn = by /n is achievable (and computationally efficiently so) if and only if

(an — bn)? _
(@ tby) w(1).

On the other hand, it was shown in [ABH16, MNS15a] that exact recovery in the
SBM,, p,..q, With p, = alogn/n and g, = flogn/n is achievable and computa-

tionally efficiently so if \/a — /B > 2 and not achievable if \/oao — /B < 2.

5.2 Spectral techniques for reversible Markov chains

In this section, we apply the spectral theorem to reversible Markov chains. Through-
out (X;) is an irreducible Markov chain on a state space V' with transition matrix
P reversible with respect to a positive stationary measure 7w > (. Recall that this
means that 7w(z)P(z,y) = 7(y)P(y,z) for all x,y € V. We also assume that P
is irreducible.

A Hilbert space It will be convenient to introduce a Hilbert space of func-
tions over V. Let ¢2(V,7) be the space of functions f : V' — R such that
> ey m(@) f(z)? < 4o00. Equipped with the following inner product, it forms
a Hilbert space (i.e., a real inner product space that is also a complete metric space
(see Theorem B.4.10) with respect to the induced metric; we will work mostly in
finite dimension where it is merely a slight generalization of Euclidean space). For
f,g € 12(V,7), define

(fr9)m =Y m(@) f()g(a),

zeV

and

117 = (f, fa-
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The inner product is well-defined since the series is summable by Holder’s inequal-
ity (Theorem B.4.8), which implies the Cauchy-Schwarz inequality

{(f:9)r < fll=llgllx-

Minkowski’s inequality (Theorem B.4.9) implies the triangle inequality
1f + gllx < [[fllx + llgll-

The integral with respect to 7 (see Appendix B) reduces in this case to a sum

©(f) =Y (@) f(@),
zeV
provided 7(|f|) < +oo or f > 0. Here |f| is defined as |f|(z) := |f(x)| for all
x € V. We also write 7 f = m(f) to simplify the notation.

We recall some standard Hilbert space facts. The countable collection of func-
tions { f;}$°, in £2(V, ) is an orthonormal basis if: (i) (fi, f;j)» = 0if i # j and =
1ifi = j;and (ii) any f € £?(V, ) can be written as lim,, s 4 o S fis F)nfi=
f where the limit is in the norm. We then have Parseval’s identity: for any
g € ?(V,m)

Parseval’s

00 identity

lgllz => (g, 1;)3- (5.2.1)

j=1
Think of P as an operator on £2(V, 7). That is, let Pf : V — R be defined as

(Pf)(x) =Y Px,y)f(y),

yeVv
forz € V. For any f € (?(V, ), Pf is well-defined and further we have
1P fllw < N1f |- (5.2.2)

Indeed by Cauchy-Schwarz, stochasticity, Fubini and stationarity

2
ZP(:v,y)lf(y)ll
x Y

<Y (@) ZP<x,y>|f<y>|2ZP<x,z>]
=YD (@) P(x,y)f(y)?

y T
=Y () fy)?

= || £l < +o0. (5.2.3)

1PIfIIIE =D ()
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This shows that P f is well-defined since 7 > 0 and hence the series in square
brackets on the first line is finite for all z. Applying the same argument to || P f||2
gives the inequality above.

Everything above holds whether or not P is reversible, so long as 7 is a sta-
tionary measure. Now we use reversibility. We claim that, when P reversible, then
it is self-adjoint, that is,

(f,Pg)x = (Pf,g)x  Yf g€ l*(V,T). (5.2.4)

This follows immediately by reversibility

(f,Pg)x=>_ m(x)f(x) > P(x,y)g(y)

zeV yev

=3 7Py, 2) f(2)9(y)
zeV yeV

=Y wW)gy) > Ply,z)f(z)
yev zeV

= <Pf, 9>7r,

where we argue as in (5.2.3) to justify using Fubini.
Throughout this section, we denote by 0 and 1 the all-zero and all-one functions
respectively.

5.2.1 Spectral gap

In this subsection, we restrict ourselves to a finite state space V. Our goal is to
bound the mixing time of (X}) in terms of the eigenvalues of the transition matrix
P. We assume that 7 is now the stationary distribution, that is, > . 7(z) = 1
(which is unique by Theorem 1.1.24 and irreducibility). We also let n := |V] <
+o0.

Spectral decomposition Self-adjointness generalizes the notion of a symmetric
matrix, with one consequence being that a version of the spectral theorem applies
to P (at least in this finite-dimensional case; see Section 5.2.5 for more discussion
on this). For completeness, we derive it from Theorem 5.1.1. It will be convenient
to assume without loss of generality that V' = [n] and identify functions in £2(V, )
with vectors in R"™.

Theorem 5.2.1 (Reversibility: spectral theorem). There is an orthonormal basis of
(%(V, ) formed of real eigenfunctions { f; 7_1 of P with real eigenvalues {\;}7_.
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Proof. Let D, be the diagonal matrix with 7 on the diagonal. By reversibility,

M(z,y) = (DY*PD;'?),,

So M = (M(z,y))zy = DY?’PD;Y? s a symmetric matrix. By the spectral
theorem (Theorem 5.1.1), it has real eigenvectors {¢; }?:1 forming an orthonormal

basis of R™ with corresponding real eigenvalues {\; };7’:1. Define f; := Dx 1/ 2¢j.
Then
Pf; = PD;'?¢;
=D, '2D}*PD; g,
= D2 Mg,
= \;D;%¢;
= Al

and

(fis [i)e = (D _1/2¢i> _1/2¢j>
= Z )2 gi(a)][m(x) P (x)]

zeV

= 3" 6i(@); (@)

zeV

Because {¢;}}_; is an orthonormal basis of R", we have that {f;}}_; is an or-
thonormal basis of (R™, (-, -),). ]

We collect a few more facts about the eigenbasis. Recall that
1lloo = max | f(2)].

Lemma 5.2.2. Any eigenvalue ) of P satisfies |\| < 1.
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Proof. 1t holds that

Pf=A = lfle = IPflloc = max > P(z,y)f(y)

Y

< [ lleo-

Rearranging gives the claim. [ |

We order the eigenvalues 1 > Ay > --- > ), > —1. The second eigenvalue will
play an important role below.

Lemma 5.2.3. We have \; = 1 and \s < 1. Also we can take f1 = 1.

Proof. Because P is stochastic, the all-one vector is a right eigenvector with eigen-
value 1. Any eigenfunction with eigenvalue 1 is harmonic with respect to P on V'
(see (3.3.2)). By Corollary 3.3.3, for a finite, irreducible chain the only harmonic
functions are the constant functions. So the eigenspace corresponding to 1 is one-
dimensional. We must have A2 < 1 by Lemma 5.2.2. [ |

When the chain is aperiodic, it cannot have an eigenvalue —1. Exercise 5.9 asks
for a proof.

Lemma 5.2.4. If P has an eigenvalue equal to —1, then P is not aperiodic.
Lemma 5.2.5. Forall j # 1, wf; = 0.

Proof. By orthonormality, (f1, fj)= = 0. Now use the fact that f; = 1. [

Let 51(y) = l{x:y}-

Lemma 5.2.6. Forall x, v,
D 1i@)fily) = m(2) 7 6u(y).
j=1

Proof. Using the notation of Theorem 5.2.1, the matrix ® whose columns are the
;s is orthogonal so ®®T = I. That s,

D 6i(@)5(y) = 6a(y),
j=1

or

S~ VAl w ) f() £ (0) = 6 ().
j=1

Rearranging gives the result. [ |
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Using the eigendecomposition of P, we get the following expression for its
t-th power P?.

Theorem 5.2.7 (Spectral decomposition of P?). Let { f; i_1 be the eigenfunctions
of a reversible and irreducible transition matrix P with corresponding eigenvalues
{A; }?:1, as defined previously. Assume \1 > --- > \,. We have the decomposi-
tion \ .
Play) _ + ) fi@) ()AL

m(y) =

Proof. Let F' be the matrix whose columns are the eigenvectors { f; };‘:1 and let
D) be the diagonal matrix with {\; }?:1 on the diagonal. Using the notation in the
proof of Theorem 5.2.1,

DY2P'DLY = M* = (DY2F)Dy(DYF)T,
which after rearranging becomes
P'D;' = FDSFT.
Expanding and using Lemma 5.2.3 gives the result. [ |

Example 5.2.8 (Two-state chain). Let V := {0,1} and

1—a a
zx:< ; 1_6),

for a, B € (0,1). Observe that P is reversible with respect to the stationary distri-

bution
_( P«
e <a+,6”a+5>'

We know that f; = 1 is an eigenfunction with eigenvalue 1. As can be checked by
direct computation, the other eigenfunction (in vector form) is

()

with eigenvalue \p := 1 — o — 3. We normalized f5 so that || f2||2 = 1.
By Theorem 5.2.7, the spectral decomposition at time ¢ is therefore

P'D; = G D +(1—a-p) <_(51 ;1> .

«



CHAPTER 5. SPECTRAL METHODS 357

Or, rearranging,

B _a o __a
(7 ) vaea ().
at+f a+p a+f a+f
Note for instance that the case & + 8 = 1 corresponds to a rank-one P, which

immediately converges to stationarity.
Assume 3 > «. Then, by (1.1.6) and Lemma 4.1.9,

1
i) = mx 5 S IP ) = )| = gl - ol
As aresult,
log (5—a+5) loge™! —log (—OH'B)
t—Jmix(e) — d — d
log|1l —a — 3| log|l —a— |7t

<

Spectral gap and mixing Assume further that P is aperiodic. Recall that by the
convergence theorem (Theorem 1.1.33), for all z, y, P'(x,y) — 7(y) ast — +oo,
and that the mixing time (Definition 1.1.35) is

tmix(€) :=min{t > 0 : d(t) < e},

where d(t) := max,ey || Pt(z,-) — 7(-)||Tv. It will be convenient to work with a
different notion of distance.

Definition 5.2.9 (Separation distance). The separation distance is defined as separation
separ
P ($7 y) :| distance
)

and we let s(t) := maxzcy S5 (t).
Lemma 5.2.10 (Separation distance and total variation distance).
d(t) < s(t).
Proof. By Lemma 4.1.15,
1Pz, ) = 7()llev = > [7(y) - Plx,y)]

y:Pt(z,y)<m(y)

- Y e p-EEY

y: Pt (z,y)<m(y)
< sg(1).

Since this holds for any x, the claim follows. [ |
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It follows that, from the spectral decomposition (Theorem 5.2.7), the speed of
convergence of P!(z,y) to 7(y) is dominated by the largest eigenvalue of P not
equal to 1.

Definition 5.2.11 (Spectral gap). The absolute spectral gap is v, := 1 — A, where
As = |A2| V |An|. The spectral gap is v := 1 — Ao.

absolute
spectral
By Lemmas 5.2.3 and 5.2.4, we have ~, > 0 when P is irreducible and aperiodic. gap
Note that the eigenvalues of the lazy version 3P + 11 of P are {3(\; + DY

which are all nonnegative. So, there, v, = .

Definition 5.2.12 (Relaxation time). The relaxation time is defined as i
relaxation

-1 ime
trel 1= v time

Example 5.2.13 (Two-state chain (continued)). Returning to Example 5.2.8, there
are two cases:

* a+ [ < 1: In that case the (absolute) spectral gap is 7« = 7 = a + § and
the relaxation time is t,e) = 1/(c + f3).

* a+ 3 > 1: In that case the absolute spectral gap is v, = 2 — « — 3 and the
relaxation time is tye) = 1/(2 — a — f3).

<

The following result clarifies the relationship between the mixing and relax-
ation times. Let myi, = min, 7(x).

Theorem 5.2.14 (Mixing time and relaxation time). Let P be reversible, irre-
ducible, and aperiodic with positive stationary distribution . For all ¢ > (),

1 1
(trel - 1) IOg <26) S tmix(s) S log (57Tmin> trel-

Proof. We start with the upper bound. By Lemma 5.2.10, it suffices to find ¢ such
that s(t) < e. By the spectral decomposition and Cauchy-Schwarz,

\Pt( ' <X Zm )| < A ij 23" £, ()2
=2

™(y)
By Lemma 5.2.6, 37, f; (x)? < w(x)~L. Plugging this back above, we get

’Pt@y)
m(y)

AL L—7y)t et
_1’<Ai PO e W M Ul L) M T LY

Tmin Tmin Tmin
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where we used that 1 — z < e for all z € R (see Exercise 1.16). Observe that
the right-hand side is less than € when ¢ > log (ﬁ) trel.

For the lower bound, let f, be an eigenfunction associated with an eigenvalue
achieving A\, := |2V |\, |. Let z be such that | f,(2)| = || f«||co- By Lemma 5.2.5,
7 fr = 0. Hence

Al fu(2)| = [P fu(2)]
> [Pz, 9) fo(y) = 7(y) f(y)]

Y

< felloe Y 1PH(z,9) = m(y)] < [ felloo2d(t),
Yy

so d(t) > %/\i When t = tpix(€), € > d(tmix(e)) > %)\imi"(a). Therefore,
rearranging and taking a logarithm, we get

e (€ (; - 1) > b (¢) log (;) > log (215) ,

where we used z = 1 — A\;lin 1 — z < e~ 7 to get the first inequality. The result

follows from (£ — 1) = (12) " = (22) =t -1
ollows from ( - — =) =li=) =ta—-L u

5.2.2 © Random walks: a spectral look at cycles and hypercubes

We illustrate the results in the previous subsection to random walk on cycles and
hypercubes.

Random walk on a cycle

Consider simple random walk on the n-cycle (see Example 1.1.17). Thatis, V :=
{0,1,...,n—1}and P(z,y) = 1/2ifand only if [z—y| = 1 mod n. We assume
that n is odd to avoid periodicity issues. Let 7 = n~! be the stationary distribution
(by symmetry and |V'| = n). We showed in Section 4.3.2 that (for the lazy version
of the chain) the mixing time is tyix(¢) = O(n?).

Here we use spectral techniques. We first compute the eigendecomposition,
which in this case can be determined explicitly.

Lemma 5.2.15 (Cycle: eigenbasis). Forj = 1,...,n — 1, the function

i
gj(x) Z:\/§COS< WJ:U), x=0,1,...,n—1,
n
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is an eigenfunction of P with eigenvalue

<27Tj)
pj = cos | —= |,
n

and go = 1 is an eigenfunction with eigenvalue 1. Moreover the g;s are orthonor-

mal in (*(V, 7).

Proof. We know from Lemma 5.2.3 that 1 is an eigenfunction with eigenvalue 1.
Letj € {1,...,n—1}. Note that, for all z;, switching momentarily to the complex
representation (where we use ¢ for the imaginary unit)

;P(w,y)gj(y) = % [ﬁcos <2M(i_1)) +v/2cos (WLH))}

\/i e,l:Qﬂ'j(;:_l) + 672'277].(5_1) eiQﬂj(;:+1) + e*iZﬂ—j(’:+1)
2

Pl > +
-2 x - 2mjx - 27j - 27 g
e n +etm e'n +etn
=2

[ ()] [ (2)

e (2 g0

The orthonormality follows from standard trigonometric identities. We prove
only that the g;s have unit norm. We use the Dirichtlet kernel (see Exercise 5.8)

sin((n +1/2)0)
sin(6/2) 7

1+22c03k0:
k=1

for 6 # 0, and the identity cos?(0) = (1 + cos(26)). For j = 0, g; = 1 and the
norm squared is > w(z) = 1. For j # 0, we have ||g;||2 is

, 1& o [ 2mjx
Zﬂ(x)gj(x) = ZQCOS —
eV =0
1 Amjx
=— 1
" Z < + cos < - >>
=0
1 « 47j
=14 kE—
+ o ;cos < - >

1 [Sm((n +1/2)(4mj/n)) 1} :

=1t 2 sin((47j/n)/2)
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which is indeed 1. [ |

From the eigenvalues, we derive the relaxation time (Definition 5.2.12) analyt-
ically.

Theorem 5.2.16 (Cycle: relaxation time). The relaxation time for lazy simple ran-
dom walk on the n-cycle is
1
trel = ————— = O(n?).
rel 1 — cos (2%) ( )
Proof. By Lemma 5.2.15, the absolute spectral gap (Definition 5.2.11) is 1 —
coS (27r ), using that n is odd. By a Taylor expansion,

n
2 42
1 — cos (W) = LQ +0(n~%. m
n n

Since mmin = 1/n, we get tmix(e) = O(n?logn) and tyix(e) = Q(n?) by Theo-
rem 5.2.14.

It turns out our upper bound is off by a logarithmic factor. A sharper bound on
the mixing time can be obtained by working directly with the spectral decomposi-
tion. By Lemma 4.1.9 and Cauchy-Schwarz (Theorem B.4.8), forany z € V,

t T 2
AP ) — 7y = {Zﬂ(y) \P(” - 1\}

" m(y)

™

where we used the spectral decomposition of P! (Theorem 5.2.7) on the third line
and Parseval’s identity (i.e., (5.2.1)) on the fourth line.

Here comes the trick: the total variation distance does not depend on the start-
ing point x by symmetry. Multiplying by 7(«) and summing over z—on the right-
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hand side only—gives

4P, ) =7 () < Y 7(x Z wi'g;(a
n—1
=Y "y w(a)gi(x)’
7=1 x
n—1
=D
j=1

where we used that ||g; /|2 = 1.
We get

. (n—1)/2 o
<Zcos < > 2 cos? <7T‘7>.

For z € [0,7/2), cosz < e~"/2 (see Exercise 1.16). Then

(n 1)/2
Z < 2j2 )
exp t

7j=1

4
S 2 exXp —Tt
n

4
<2exp | — 275

2exp (—47%2275

1 —exp (—%275)

S0 tmix(g) = O(n?).

Random walk on the hypercube

Consider simple random walk on the hypercube V' := {—1,+1}" where x ~ y
if they differ at exactly one coordinate. We consider the lazy version to avoid
issues of periodicity (see Example 1.1.31). Let P be the transition matrix and let
m = 27" be the stationary distribution (by symmetry and |V'| = 2™). We showed
in Section 4.3.2 that ty,ix(¢) = O(nlogn). Here we use spectral techniques.
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For J C [n], we let

W@ =[[wm  rev
Jj€J
These are called parity functions. We show that the parity functions form an eigen-

. .. . parity
basis of the transition matrix.

Jfunction
Lemma 5.2.17 (Hypercube: eigenbasis). For all J C [n], the function xj is an
eigenfunction of P with eigenvalue
n—1J]|

[y = :
n

Moreover the X js are orthonormal in (*(V, ).

Proof. Forz € V and i € [n], let zll be z where coordinate i is flipped. Note that,
for all J, x,

n

> P = o) + 53 el

(1 tn- ) 11J]
—{2+2 - }XJ(»’U) 2nXJ(JU)

_n- |J|Xj(a:).

n

For the orthonormality, note that

Zw(x)xj(:v)Q = Z 2% Hx? = 1.

zeV zeV © jed
For J # J' C [n],
> w(@)xs (@)X (@)
zeV

X BIERIERIE

zeV jeJnJ’  jeJ\J'  jeJ'\J

2\JﬁJ’|

= I 2 w1 2

jeJ\J \z;e{-1,+1} jeJ'\J \z;e{-1,+1}

=0,

since at least one of J \ J' or J' \ J is nonempty. ]
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From the eigenvalues, we obtain the relaxation time.

Theorem 5.2.18 (Hypercube: relaxation time). The relaxation time for lazy simple
random walk on the n-dimensional hypercube is

trel = M.

Proof. From Lemma 5.2.17, the absolute spectral gap is

n—1 1
n n

Note that 7, = 1/2". Hence, by Theorem 5.2.14, we have tyix(¢) = O(n?) and
tmix(£) = ©(n). Those bounds, it turns out, are both off.

As we did for the cycle, we obtain a sharper upper bound by working directly
with the spectral decomposition. By the same argument we used there,

Then

where we used that 1 — x < e™7 for all x (see Exercise 1.16). So, by definition,
tmix(€) < gnlogn + O(n).

Remark 5.2.19. In fact, lazy simple random walk on the n-dimensional hypercube has
a “cutoff” at (1/2)nlogn. Roughly speaking, within a time window of size O(n), the
total variation distance to the stationary distribution goes from near 1 to near 0. See,
e.g., [LPWO06, Section 18.2.2].



CHAPTER 5. SPECTRAL METHODS 365

5.2.3 > Markov chains: Varopoulos-Carne and diameter-based bounds
on the mixing time

If (S) is simple random walk on Z, then Lemma 2.4.3 guarantees that for any
T,y €L ,
Pl(z,y) < e”lemvl?/2t (5.2.6)

where P is the transition matrix of (S;). Interestingly a similar bound holds for any
reversible Markov chain—and Lemma 2.4.3 plays an unexpected role in its proof.
An application to mixing times is discussed below.

Varopoulos-Carne bound

Our main bound is the following. Recall that a reversible Markov chain is equiva-
lent to a random walk on the network corresponding to its positive transition prob-
abilities (see Definition 1.2.7 and the discussion following it).

Theorem 5.2.20 (Varopoulos-Carne bound). Let P be the transition matrix of an
irreducible Markov chain (X;) on the countable state space V. Assume further that
P is reversible with respect to the stationary measure m and that the corresponding
network N is locally finite. Then the following hold

Ve,y € V,Vt € N, Pl(z,y) <2 @e_p(z’y)Q/Qt,
()
where p(x,y) is the graph distance between x and y on N
As a sanity check before proving the theorem, note that if the chain is aperiodic and

« is the stationary distribution then by the convergence theorem (Theorem 1.1.33)

m(y)

Pz, y) = m(y) <2 —

, ast — +o0,

since 7(z), m(y) < 1.

Proof of Theorem 5.2.20. The idea of the proof is to show that

Pl(z,y) <2 wP[St > p(z,y)],

m(x)

where again (S;) is simple random walk on Z started at 0, and then use the Chernoff
bound (Lemma 2.4.3).
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By the local finiteness assumption, only a finite number of states can be reached
by time ¢. Hence we can reduce the problem to a finite state space. More precisely,
letV={z€eV :p(x,z) <t}andforz,w eV

Pl w) = P(z,w) ~ if 2z # 7’4),
P(z,z)+ P(z,V \V) otherwise.
By construction P is reversible with respect to # = 7/7(V) on V. Because

within time ¢ one never reaches a state z where P(z,V \ V) > 0, by Chapman-
Kolmogorov (Theorem 1.1.20) and using the fact that 7(y) /7 (z) = 7(y) /7 (z), it
suffices to prove the result for P. Hence we assume without loss of generality that
V is finite with |V | = n.

To relate (X;) to simple random walk on Z, we use a special representation of
P! based on Chebyshev polynomials. For ¢ = cosf € [—1,1],

Ti (&) = cos kb,

is a Chebyshev polynomial of the first kind. Note that |T;(£)| < 1 on [—1,1] by
definition. The classical trigonometric identity (to see this, write it in complex

form)
cos((k +1)0) + cos((k — 1)8) = 2 cos 0 cos(kb),

implies the recursion

Th41(8) + Tr-1(§) = 26 T (),

which in turn implies that T}, is indeed a polynomial. It has degree & from induction
and the fact that Ty (§) = 1 and T3 (§) = €. The connection to simple random walk
on Z comes from the following somewhat miraculous representation (which does
not rely on reversibility). Let 7). (P) denote the polynomial T}, evaluated at P as a
matrix polynomial.

Lemma 5.2.21.

P! =" P[S, = k] Tjy(P).
k=—t

Proof. 1t suffices to prove

t

=" P[S, = K| T (8),

k=—t

Chebyshev

polynomials
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as an identity of polynomials. By the binomial theorem (Appendix A),
t

¢ = (ela —I—ele> ZQ_t( > £emit)it — Z P[S; = k]e'*?,

k=—t
where we used that the probability that
Sp=—t+20=(+1){+ (—1)(t—0),

is the event of making ¢ steps to the right and ¢ — ¢ steps to the left. Now take
real parts on both sides and use that cos(kf)) = cos(—k#) to get the claim. (Put
differently, (cos #)? is the characteristic function E[e?“¢] of S;.) ]

We bound T (P)(z,y) as follows.
Lemma 5.2.22. It holds that
Tp(P)(z,y) =0,  Vk < p(z,y),
and

Te(P)(z,y) <[ == Yk > p(x,y).

Proof. Note that Ty, (P)(z,y) = 0 when k < p(z,y) because Ti(P)(z,y) is a
function of the entries Pe(x, y) for £ < k, all of which are 0.

We work on /2(V, 7). Let fi1, ..., f, be an eigendecomposition of P orthonor-
mal with respect to the inner product (-, ) with eigenvalues A1, ..., A\, € [-1,1].
Such a decomposition exists by Theorem 5.2.1. Then fi, ..., f, is also an eigen-
decomposition of the polynomial T (P) with eigenvalues

Tk()\l); R ,Tk(/\n) S [—1, 1},

by the definition of the Chebyshev polynomials. By decomposing any function
f =31 i f; over this eigenbasis, that implies that

2
ITw(P)fII7 =

= Za? Tr(M)?
=1
n

<Yl
=1

= || fIIZ, (5.2.7)

T (A

™
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where we used Parseval’s identity (5.2.1) twice and the fact that Ty ()\;)? € [0, 1].
Let 0, denote the point mass at z. By Cauchy-Schwarz (Theorem B.4.8)
and (5.2.7),

To(P)(z,y) = (00, Te(PYy)w _ [0:llelldyllx _ v/7(@)\/7(y) _ [7y)

() - m(x) m(x) m(x)’
for any k (in particular for k£ > p(z,y)) and we have proved the claim. [ |
Combining the two lemmas gives the result. [ |

Remark 5.2.23. The local finiteness assumption is made for simplicity only. The result
holds for any countable-space, reversible chain. See [LP16, Section 13.2].

Lower bound on mixing Let (X;) be an irreducible aperiodic (for now not nec-
essarily reversible) Markov chain with finite state space V' and stationary distribu-
tion 7. Recall that, for a fixed 0 < £ < 1/2, the mixing time is

tmix(€) = min{t : d(t) < e},

where
d(t) = Pl(z,-) — :
(t) gleagH (z,-) = mllTv

It is intuitively clear that tp,ix(g) is at least of the order of the “diameter” of the
transition graph of P. Forx,y € V, let p(x, y) be the graph distance between x and
y on the undirected version of the transition graph, that is, ignoring the orientation
of the edges. With this definition, a shortest directed path from z to y contains at
least p(z,y) edges. Here we define the diameter of the transition graph as A :=
max, ey p(2,y). Let xg, yo be a pair of vertices achieving the diameter. Then we
claim that PLA=1/2 (..} and PLA=D/2](y,..) are supported on disjoint sets.
To see this let
A={z€V : p(zo,2) < p(yo0,2)}

be the set of states closer to x( than yg. See Figure 5.2. By the triangle inequality
for p, any z such that p(zg, z) < |(A —1)/2] is in A, otherwise we would have
p(yo,z) < p(xo,2) < [(A —1)/2] and hence p(zo,y0) < p(20, 2) + p(y0,2) <
2[(A —1)/2] < A, acontradiction. Similarly, if p(yo,2) < [(A — 1)/2], then

z € A°. By the triangle inequality for the total variation distance,

ALA-1)/2)) > [P o, )~ PUAD2) g,

TV
1
— ! plta=1)/2] _ pl(a=1)/2]
> {p (w0, 4) = P (30, 4) }
1 1
= 5{1_0}_5, (5.2.8)

diameter
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Figure 5.2: The supports of PLA=1/2 (2, . ) and PLA=D/2l (4, . ) are contained
in A and A€ respectively.

where we used (1.1.4) on the second line, so that:

Claim 5.2.24.
trnix (5) 2

| >

This bound is often far from the truth. Consider for instance simple random walk
on a cycle of size n. The diameter is A = n/2. But Lemma 2.4.3 suggests that
it takes time of order A? to even reach the antipode of the starting point, let alone
achieve stationarity. More generally, when P is reversible, the “diffusive behavior”
captured by the Varopoulos-Carne bound (Theorem 5.2.20) implies that the mixing
time does indeed scale at least as the square of the diameter.

Assume that P is reversible with respect to m and has diameter A. Letting
n = |V| and iy = mingey 7(z), we then have the following.

Claim 5.2.25. The following lower bound holds

A2
>
~ 12logn + 4| log Tmin|’

tmiX(E)

provided n > ﬁ.
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Proof. The proof is based on the same argument we used to derive our first diame-
ter-based bound, except that the Varopoulos-Carne bound gives a better depen-
dence on the diameter. Namely, let ¢, yo, and A be as above. By the Varopoulos-
Carne bound,

_ P2(wg,2) —1/2 _A2
P'(zg, A°) = Z P'(z0,2 Z 21/ 2 < 2n7rmin/ e st
zEAC zEAC

where we used that | A°| < n and p(z9, z) > % for z € A°. For any

A2
< )
12logn + 4|log Tmin|

(5.2.9)

we get that

min

Pt(wo, A°) < 2n7 % exp <_310g“+ Ilogwmin\> _ 2

2 Vn'

or Pt(z9,A) > 1 — -~ Similarly, P*(yo, A) < — so that arguing as in (5.2.8)

vn

S

d(t) > 1 1 2 2 1 2 S
— U — e — £
-2 vno o \/n 2 n~—
for t as in (5.2.9) and n as in the statement. ]

Remark 5.2.26. The dependence on A and mpy, in Claim 5.2.25 cannot be improved.
See [LP16, Section 13.3].

5.2.4 > Randomized algorithms: Markov chain Monte Carlo and a quan-
titative ergodic theorem

In Markov chain Monte Carlo methods, one generates samples from a probability
distribution of interest 7 over some state space V' in order to estimate some of its
properties, for example, its mean, by designing and then running a Markov chain
with stationary distribution 7. The Metropolis algorithm from Example 1.1.30 is
a standard way of constructing such a chain. These techniques play a central role
in Bayesian statistics in particular where 7 is the so-called posterior distribution
given the data.

We restrict ourselves here to finite V' and, without loss of generality, we assume
that V' = [n]. Let P be an irreducible chain reversible with respect to a stationary
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distribution 7 = (7, )zcy . As previously, we work on £2(V, 7). Let f : V — R be
a function in £2(V, 7). Recall that

nf =Y mf(x).
zeV

Our goal is to estimate 7 f from the sample path of the Markov chain (X} )¢>o with
transition matrix P. Indeed the ergodic theorem guarantees that

1 T
72 f(X0) = f,
t=1

almost surely as T' — +oo for any starting point. We derive a simple, quantitative
version of this statement that provides insights into how long the chain needs to be
run to get an accurate estimate in terms of the spectral gap.

Theorem 5.2.27 (Ergodic theorem: reversible case). Let P = (Py )z ycv be an
irreducible aperiodic transition matrix over a finite state space V' reversible with
respect to the stationary distribution 1 = (7,)zev. Let f : V. — R be a function
in (?(V, 7). Then for any initial distribution ji = (jiz)zev

T
1
72 f(Xt) =,
t=1
in probability as T' — +oc0. Moreover, for any € > 0,

. ] Ot F 1375 7

P <

= (e — il fllocvi t 5)2

1 T
72 f(X) —nf
t=1

as T — +oo, where v, > 0 is the absolute spectral gap of P.

Recall that, by Lemmas 5.2.3 and 5.2.4, we have ., > 0 since P is irreducible
and aperiodic. We will first need the following lemma.

Lemma 5.2.28 (Convergence of the expectation). For any initial distribution p =
(ka)oecv and anyt

|E[f(X)] = mf | < (1= 7 Tgin |l oo

Proof. We have

|E[f(X)] = mf|= D> maPl fly) = > myf )]
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Because ) /i, = 1, the right-hand side is

SN 1Pl W) =YD pamy f(y)
<D ey |PLy—ml1f ()

by the triangle inequality.
Now by (5.2.5) this is

< ZuxZu —w)t;zn\f(y)\
Zﬂy|f

1—’y*

to—1
That proves the claim. [ |

Proof of Theorem 5.2.27. We use Chebyshev’s inequality (Theorem 2.1.2), simi-
larly to the proof of the L? weak law of large numbers (Theorem 2.1.6). In partic-
ular, we note that the X;s are not independent.

By Lemma 5.2.28, the expectation of the time average can be bounded as fol-
lows

1 T

7 D Ef(X0)] - |
t=1

1 T

< 2 (=) ke
t=1

1
m1n”f”<>07 O

1 T
7 f(X >]—7rf

as T' — +o0, since v, > 0.
Next we bound the variance of the sum. We have

T
;E;ﬂxt) TQZVar FXO 42 S Covlf(Xa), F(X0)]

1<s<t<T

Var
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We bound the variance and covariance terms separately.
To obtain convergence, a trivial bound on the variance suffices

0 < Var[f(X;)] < E[f(X)?] < || f]|%-

Hence,

T
Z T

asT' — +o0.

Bounding the covariance requires a more delicate argument. Fix 1 < s <t <
T. The trick is to condition on X and use the Markov Property (Theorem 1.1.18).
By definition of the covariance, the tower property (Lemma B.6.16) and taking out
what is known (Lemma B.6.13),

Cov[f(Xs), f(X)]
=E[(f(Xs ) - E[f<Xs)])(f( t) = E[f(X0)])]

= ZE E[f (X)) (f(Xe) — E[f(Xe)]) | Xs = 2] P[X, = 2]
= ZE X,) — E[f(X))] | Xs = 2] (f(z) — E[f(X.)]) PX, = 1],

We now use the time homogeneity of the chain to note that

E[f(X:) — E[f(X))] | Xs = a]
=E[f(X:) | Xs = 2] — E[f(Xy)]
E[f(Xi—s) | Xo = 2] — E[f(X3)].

By Lemma 5.2.28,

[E[f(Xe) — E[f(Xo)] | Xs = ]|

= |E[f(Xi—s) | Xo = ] = E[f(Xy)]|

= |(E[f(Xi—s) | Xo = 2] =7 f) = (E[f(X;)] = 7f)]

S B [f(Xi—s) | Xo = 2] = wf| + [E[f(X¢)] — 7f]
< (1 =) " Tl flloe + (1= 2) w1l

<201 = %) " gl flloo,
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which does not depend on z. Plugging back above,

|Cov[f(Xs), f(X)]|
<D E[F(Xe) = E[f(X)] | X, = 2]| | f(2) = BIf(X,)]] P[X = 2]

<2(1— )" ;3n||f||ooZ\f X,)]| PLX, = 2]
<2(1 =)t ;3n||f||ooZ2Hf\|oo X, = 1]
<A1 =) Tt f 11

Returning to the sum over the covariances, the previous bound gives

32 > Cov[f(X,), f(Xy)]

1<s<t<T
2
<o DL |Covlf(Xy), F(X)]]
1<s<t<T
2 _
< ﬁ Z 4(1 - ’Y*)t ’ m11n||f”2
1<s<t<T

To evaluate the sum we make the change of variable h = ¢ — s to get that the
previous expression is

T—s

e VIRE S S AL

1<s<T h=1

mlan”2 2 Z Z 1_7*

1<s<T h=0

TRy Z e

l<s<T
11
mlan|’007* T _> 0

as T — +oo.
Combining the variance and covariance bounds, we have shown that

11

T
1 1 -
Var Tzf<xt>]suf||§oT mmnflloov* < O£ 1127
t=1
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Forany e > 0
1 T
Pll =) f(X)—af|>e
'tllT '1 T ] 1 T
=P TZf(Xt)—E TZf(Xt) +<E TZf(&)]—wf) 26]
L t=1 t=1 J t=1
1

> e — il flleos

We can now apply Chebyshev’s inequality to get

I il F 2t 4

(€ = Togin | flloors ' )2

asT — +o0. [ |

P

— 0,

2€]<

1 T
72 f(X) —xf
t=1

5.2.5 Spectral radius

The results in this section have so far concerned finite state spaces. The countably
infinite case presents a number of complications. We start with a few observations:

- Suppose P is irreducible, aperiodic and positive recurrent. Then we know
from the convergence theorem (Theorem 1.1.33) that, if 7 is the stationary
distribution, then for all =

1P (2, ) = 7 ()llTv — 0,

as t — +oo. The convergence rate depends on the starting point x. In the
infinite state space case, one typically needs to make that dependence explicit
to get meaningful results. In particular the mixing time—as we have defined
it—may not be a useful concept.

- In the transient and null recurrent cases, there is no stationary distribution
to converge to by Theorem 3.1.20. Instead, we have the following by The-
orem 3.1.21: if P is an irreducible chain which is either transient or null
recurrent, then we have that

lim P'(z,y) =0,

forall x,y € V.
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- Conditions stronger than reversibility are needed for the spectral theorem—
in a form similar to what we used—to apply. Specifically, one needs that P is
a compact operator: whenever (f,,), € £2(V, ) is abounded sequence, then
there exists a subsequence ( fy,, )x such that (Pf,, ) converges in the norm.
Unfortunately that is often not the case, as the next example illustrates, even
in the reversible, positive recurrent setting.

Example 5.2.29 (A positive recurrent chain whose P is not compact). For p <
1/2, let (X;) be the birth-death chain with V' := {0,1,2,...}, P(0,0) := 1 — p,
P(0,1) = p, P(z,z+1) := pand P(z,x — 1) := 1 —pforall x > 1, and
P(xz,y) := 0if |z — y| > 1. As can be checked by direct computation, P is
reversible with respect to the stationary distribution 7(z) = (1 — )y forz > 0
where v := 1f¥p. For j > 1, define g;(x) := W(j)_l/zl{x:j}. Then ||g;]|2 = 1 for
all j so {g;}; is bounded in ¢*(V, 7). On the other hand,

Pg;(x) = pr() " Lpemjory + (L= p)7() " Lamjiy.

So
1Pg;l7 = p*x() (G = 1) + (1= p)*x(5) ~'w(j + 1)
l-p p
2 2
PRt 2w
=2p(1 = p).
Hence {Pg;}, is also bounded. However, for j > ¢

|Pg; — Pgellz > (1 = p)’n(j)"'w(j + 1) + p*m () 'm(£ — 1)
=2p(1 —p).

So {Pg;}; does not have a converging subsequence. |

We will not say much about the spectral theory of infinite networks. In this
subsection, we establish a relationship between the operator norm of P—which is
related to its spectrum—and the decay of P!(z,y).

Let /o(V') be the set of real-valued functions on V' with finite support. It is
dense in ¢?(V, 7). Indeed let vq,vs,... be an enumeration of V and, for f €
02(V, ), define f,,(v;) :== f(v;)1i<y to be f restricted to vy, . .., v,. Then

o0

If = Flallz = > w(wi) f(v:)* =0, (5.2.10)

1=n-+1

compact

operator
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asn — oo, since || f||2 = >, m(z) f()? < +oo. We will also need the following
1Pf = P(fl)lz = I1P(f = flu)liz < If = flallz =0, (5.2.11)
where we used (5.2.2).

Definition 5.2.30 (Operator norm). The operator norm of P is

operator

P - norm
Pl =sup {12 7 e ey, £ 20}
By definition, for any f € ¢o(V),
1P fllx < (1Pl f]l- (5.2.12)

The same can be seen to hold for any f € ¢2(V,7) by considering the sequence
(fn)n and noting that || fln[lx = [[fllx and [P(f|n)llx= = [P fllx as n — oo
by (5.2.10), (5.2.11) and the triangle inequality. This latter observation explains
why it suffices to restrict the supremum to ¢y in the definition of the norm.

Note that, by (5.2.2), ||P||» < 1. Note further that, if V' is finite or more
generally if 7 is summable, then we have in fact |P||, = 1 by taking f = 1
above. When P is self-adjoint, the norm || P||, is also equal to what is known
as the spectral radius, that is, the radius of the smallest disk centered at O in the
complex plane that contains the spectrum of P. We will not need to define what that
means formally here. (But Exercise 5.5 asks for a proof in the setting of symmetric
matrices.)

Our main result is the following.

spectral

radius

Theorem 5.2.31 (Spectral radius). Let P be irreducible and reversible with respect
tom > 0. Then
p(P) :=limsup P'(z,y)"/" = || P||.
t

In particular, the limit does not depend on x,vy. Moreover, for all t,

Pa,y) < ,/:gnpuz.

In the positive recurrent case (for instance if the chain is finite), we have P!(x,y) —
7(y) > 0 and so p(P) = 1 = || P||x. The theorem says that the equality between
p(P) and || P|| holds in general for reversible chains.
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Proof of Theorem 5.2.31. To see that the limit does not depend on z, y, letu, v, z,y €
V and k,m > 0 such that P™(u, x) > 0 and P*(y,v) > 0. Then
pttmtk (u v)l/(t-&-m-i-k)
> (P™(u,2) P (z, ) Py, 0)) V0
> Pm(u7 ‘r)l/(ter+k)Pt($7 y)l/tpk(y7 v)l/(t+m+k)’

which shows that lim sup, P*(u, v)'/* > lim sup, P*(z, y)'/* for all u, v, z, y.

We first show that p(P) < || P||». Observe that applying (5.2.4) and (5.2.12)
repeatedly gives that P! is self-adjoint and satisfies the inequality || Pt||, < ||P]|t.
Because ||6,]|2 = 7(z) < 1, by Cauchy-Schwarz

(@) P (2,y) = 0z, P'0y)x < | Pl7ll0allxlloyllx = [PlI7v/7

Hence P'(x,y) < (/2% ||P||t and

p(P) = lim sup Pt(x,y)'/t

<hmsup< zu Ht)

= [Pl

To establish the inequality in the other direction, we make a series of observa-
tions. Fix a nonzero f € (V).

- By self-adjointness and Cauchy-Schwarz,
1P IR = (PHS PP e = (PP F P ) < PP F | P F

or

1P e _ [1P2
1P Sl = (1P f |l

t+1 ) . ..
So prz fﬁ [Ex is non-decreasing and therefore has a limit . < +4c0. More-

over, for t = 0, we get

1Pfllx
Ifll= —

so it suffices to prove L < p(P).

<L, (5.2.13)
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- Observe that

HPtwa)”t:CIPf!w P )”t L
<Hf\|7r Il P T

so in fact
L =lim | P4

- By self-adjointness again

IP'FIZ = (f, P f)r =D m(2)f(z) > f(y)P*(z,y).

x y
By definition of p(P), for any € > 0, there is a ¢ large enough that
P*(z,y) < (p(P) +¢)*,

for all z, y in the support of f. For such a ¢, plugging back into the previous
display

1/2t
1P fII* < (p(P) +e) (Zﬁ(w)\f(ﬁ)\ > If(y)|> -

T

The expression in parentheses on the right-hand side is finite because f has
finite support. Since ¢ is arbitrary, we get

L =lim |PtfIIYE < p(P). (5.2.14)

So, combining (5.2.13) and (5.2.14), we have shown that || P||; < p(P) and that
concludes the proof. [ |

Corollary 5.2.32. Let P be irreducible and reversible with respect to . If || P||» <
1, then P is transient.

Proof. By Theorem 5.2.31, P(z,x) < || P||% so

» Piz,z) <) P < +o0.
t t

Let (X}) be a chain with transition matrix P. Because

Z I{Xtét}] )
t

we have that ), 1x,—,) < +00, Py-a.s., and (X;) is transient. ]

Z Pl (z,2) =E,
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This is not an if and only if. Random walk on Z? is transient, yet P?*(0,0) =
O(t=3/?) so there || P||x = p(P) = 1.

In the non-reversible case, our definition of || P||; still makes sense with respect
to any stationary measure 7 (although P is not self-adjoint). But the equality in
Theorem 5.2.31 no longer holds in general.

Example 5.2.33 (Counter-example). Let (X;) be asymmetric random walk on Z

xT
with probability p € (1/2,1) of going to the right. Then both 7o(z) := (1%)
and 7 (x) := 1 define stationary measures, but the transition matrix P is only
reversible with respect to 7.

Under 71, we have || P, = 1. Indeed, let g,,() := 1{j4/<p} and note that

(Pgn)(.’L‘) = 1{|ac|§n—1} +p1{x: —n—1lor—n} + (1 _p)l{ac =norn+1}>

s0 ||gnl|2, = 2n + 1 and || Pg,||2, > 2(n — 1) + 1. Hence

P
g 1P

no lgnllm

> 1,
and || P||z, > 1. But we already showed that || P||r, < 1in (5.2.2), so the claim
follows.

On the other hand, Eq[X;] = (2p—1)¢. So the martingale Z; := X;— (2p—1)¢
(see Example 3.1.29), as a sum of ¢ independent centered random variables in
{-=1—-(2p—1),1—(2p— 1)}, satisfies the assumptions of the Azuma-Hoeffding
inequality (Theorem 3.2.1) with increment bound ¢; := 2. So

P'(0,0)"/" < Py[X; < 0]/
= Po[X; — (2p — 1)t < —(2p — 1)]"/*

_202p—1)%% 1
<e 22¢ t,

Therefore

lim sup P*(0,0)'/* < e~ (=12
t

5.3 Geometric bounds

The goal of this section is to relate the spectral gap to certain geometric proper-
ties of the underlying network, more specifically isoperimetric properties, that is,
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relationships between the “volume” of sets and their “circumference.” The classi-
cal isoperimetric inequality states that the area enclosed by any rectifiable simple
closed curve in the plane is at most the length of the curve squared divided by 4.
Moreover equality is achieved if and only if the curve is a circle.

Remark 5.3.1. Here is an easy proof in the smooth case. Suppose r(s) = (x(s),y(s)),
s € [0,2m], is the parametrization of a positively oriented, smooth, simple closed curve
in the plane centered at the origin with arc-length 2w, where ||r'(s)||l2 = 1 for all s,

fozﬂ r(s)ds = 0 and £(0) = x(27) = 0. By Green’s theorem, the area enclosed by the

curve is

A:A ﬂx(s)y’(s)dsz %/0 ﬂ—[m(s)2+y/(8)2_(‘r(8)_y/(S))2]dS7

where we used that 2ab = a® + b*> — (a — b)2. By the one-dimensional Poincaré inequality
(Remark 3.2.7),

2m 2
A< [Py erlas< g [ W6r v sPlas =

0 0

which is indeed the area of a circle of circumference 27.

Edge expansion We define our isoperimetric quantity of interest. Let (X;) be a
finite, irreducible Markov chain on V' reversible with respect to a stationary mea-
sure 7 > (. (In this section, we do not necessarily assume that 7 is a probabil-
ity distribution.) Let P be its transition matrix. We think of (X;) as a random
walk on the network ' = (G, ¢) where G is the transition graph and ¢(z,y) :=
m(z)P(z,y) = n(y) Py, ).

For a subset S C V', we let the edge boundary of S be

opS:={e={x,y} € E : x € S,y € S°}.

Let g : E — R, be an edge weight function. For F' C F and W C V, we define

|Flg =) g(e).

ecF
and
Wl = > h(v).
veW
Finally, for S C V, we let
S
B (S5 9.h) 1= 222l

S|

isoperimetric

inequality

edge boundary
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Roughly speaking, this is the ratio of the “size of the boundary” of a set to its
“volume.”

Our main definition, the edge expansion constant, quantifies the worst such
ratio. First, one last piece of notation: for disjoint subsets Sy, S1 C V, we let

S(]aSl Z Z .'L'(),.ZUl
x0€Sp T1€S51

Definition 5.3.2 (Edge expansion). For a subset of states S C V, the edge expan-
sion constant (or bottleneck ratio) of S is

|OuSle _ (5,59
|5l m(S)

Op(S;e,m) =

We refer to (S,S¢) as a cut. The edge expansion constant (or bottleneck ratio or
Cheeger number or isoperimetric constant®) of N is

o, = min{@)E(S;c,W) S CV,0<7(S) < ;}

Intuitively, a small value of ®, suggests the existence of a “bottleneck™ in N .
Conversely, a large value of @, indicates that all sets “expand out.” See Fig-
ure 5.3. Note that the quantity @ (S; ¢, 7) has a natural probabilistic interpretation:
pick a stationary state and make one step according to the transition matrix; then
&g (S; ¢, m) is the conditional probability that, given that the first state is in S, the
next one is in S¢.

Equivalently, the edge expansion constant can be expressed as

) (S, 59)
P, = _
o { n(S) A w(S°)
Example 5.3.3 (Edge expansion: complete graph). Let G = K, be the complete
graph on n vertices. Let c(x,y) = 1/n? for all x,y (corresponding to picking

any vertex uniformly at random at the next step) and m(x) = 1/n for all z. For
simplicity, take 7 even. Then for a subset S of size |S| = k,

0eS|.  k(n—k)/n®> n—k

:SQV,O<7r(S)<1}.

B(S;¢,7) |S|x k/n n
Thus, the minimum is achieved for k& = n/2 and
o, -2 _1
n 2

“It is also called “conductance,” but that terminology clashes with our use of the term.

edge
expansion

constant
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Figure 5.3: A bottleneck.

Dirichlet form, Rayleigh quotient, and normalized Laplacian We relate the
edge expansion constant of N\ to the spectral gap of P. Recall that we denote by
A1, ..., Ay the eigenvalues of P in decreasing order. First, we adapt the variational
characterization of Theorem 5.1.3 to the network setting.

The Dirichlet form is defined over £2(V, ) as the bilinear form —
2(f,9) = {f,(I = P)g)x. Jorm

The associated quadratic form, also known as Dirichlet energy,is 2(f) := 2(f, f). Divichier
‘wcnie

energy
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Note that, using stochasticity and reversibility,

(il =P)f)x = (f, f)x = (, Pf)x

= % > w(@)f(x)* + % S w)f)? = w(@)f(x)f(y)P(x,y)

m’y

x Y
= 3 3 @) Y Play)
z Y

53 0P ) Y Py ) — Y w(@) @) (1) Pl y)

Y T,y

- > )Pl o)
45 S w @) P y) ) — 3w Pl ) (@) ()

= 2 Y e )lf@) — F)P,

which is indeed consistent with the expression we encountered previously in The-
orem 3.3.25.
The Rayleigh quotient for I — P over £?(V, ) is then
)

(1= P)f)r _ 3 20y c@y)lf (@) — FW))
(£, f)x >, (@) f(2)?
z Lz

zTz

9

where L is the normalized Laplacian of the network A and we defined the vector
z = (2g)zev With 2, := y/7(z) f(x). Consequently, the Courant-Fischer theorem
(Theorem 5.1.3) in the form (5.1.5) gives the following. Here o = 1 — Ao = v is
the spectral gap of P, which can also be seen as the second smallest eigenvalue of
I — P (which has the same eigenfunctions as P itself). We have

I1-P
(s f)a
The infimum is achieved by the eigenfunction f> of P corresponding to its second

largest eigenvalue A2. (Recall from Lemma 5.2.5 that 7 f = 0.)
We note further that if 7 f = 0 then

(f Pye ={f —nf, f =7 f) = Varz[f],

:7Tf:0,f7é0}.

Rayleigh

quotient
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where the last expression denotes the variance under 7. So the variational charac-
terization of -y implies that

Varg[f] <77 2(f),

for all f such that 7f = 0. In fact, it holds for any f by considering f — 7 f and
noticing that both sides are unaffected by subtracting a constant to f.
We have shown:

Theorem 5.3.4 (Poincaré inequality for ). Ler P be finite, irreducible and re-
versible with respect to w. Then

Var,[f] < v 12(f), (5.3.1)

forall f € *(V 7). Equality is achieved by the eigenfunction f> of P correspond-
ing to the second largest eigenvalue \s.

An inequality of the type
Varz[f] < C2(f), V[, (5.3.2)

is known as a Poincaré inequality, a simple version of which we encountered pre-
viously in Remark 3.2.7. To see the connection with that one-dimensional version,
it will be convenient to work with directed edges. Let E be an orientation of E, that
is, for each e € {z,y}, E includes either () or (y,2) with associated weight
¢(€) := c(e) > 0 For a function f : V — R and an edge € = (z,y) € E, we
define the “discrete gradient”

Vi) = fly) - fx)

With this notation, we can rewrite the Dirichlet energy as

Kf) = 5 S clen)lf@) ~ f)P = S e@VI@P, 633

—

T,y €

hence (5.3.1) is a network analogue of (3.2.7).

5.3.1 Cheeger’s inequality

The edge expansion constant and the spectral gap are related through the following
isoperimetric inequalities. The lower bound is known as Cheeger’s inequality.

Poincaré

inequality

Cheeger’s

inequality
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Theorem 5.3.5. Let P be a finite, irreducible, reversible Markov transition matrix
and let v = 1 — Ay be the spectral gap of P. Then

(1)2
7* <y L2090,

In terms of the relaxation time t,e = 'y_l, these inequalities have an intuitive
meaning: the presence or absence of a bottleneck in the state space leads to slow or
fast mixing respectively. We detail some applications to mixing times in the next
subsections.

Before giving a proof of the theorem, we start with a trivial—yet insightful—
example.

Example 5.3.6 (Two-state chain). Let V' := {0, 1} and, for o, 5 € (0, 1),
11—« «
P =
(157 1%)
which has stationary distribution
(@ a53)
Ti=——].
a+p a+p
Recall from Example 5.2.8 that the second right eigenvector is
« 15} m ™o
fQ = -\ | — T T Al >
p a o m

with eigenvalue A2 := 1 — o — 3, so the spectral gap is o + 3. Assume that § < «.
Then the bottleneck ratio is

c(0,1)
P, = = P(0,1) =
Then Theorem 5.3.5 reads
2
S <a+f<
which is indeed satisfied for all 0 < 8 < « < 1. Note that the upper bound is tight

when o = . <

Proof of Theorem 5.3.5. We start with the upper bound. In view of the Poincaré
inequality for N (Theorem 5.3.4), to get an upper bound on the spectral gap, it
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suffices to plug in a well-chosen function f in (5.3.1). Taking a hint from Exam-
ple 5.3.6, for S C V with w(S) € (0,1/2], we let

LG
fs(x) = ORI
n(S) r eS¢
(S°¢) )

Then
ol 7] [ [59)]
and
(9] 5]
m(z =7 N C w(S¢ il =
S fs(o <s>[ S| s W(SC)] 1
So Var,[fs] = 1. Hence, from Theorem 5.3.4,
2([s)
"= Vars[fs]

= %Zc(m,y)[fs(l“) — fs@))?
z,y

Sc
= C(J}, ) \/ \/ c ]
xes%:esc ’ S

B o (%) +1(5)]”
-2 S =D

as claimed.
The other direction is trickier. Because we seek an upper bound on the edge
expansion constant .., our goal is to find a cut (.S, .S¢) such that
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Because the eigenfunction f5 achieves v in Theorem 5.3.4, it is natural to look to
it for “good cuts.” Thinking of f as a one-dimensional embedding of the network,
it turns out to be enough to consider only “sweep cuts” of the form S := {v :
f2(v) < 6} for a threshold 6. How to pick the right threshold is less obvious.

Here we use a probabilistic argument, that is, we construct a random cut (Z, Z€).
Observe that it suffices that

E[c(Z,Z°)] < V/2VE[x(Z) A7(Z°)], (5.3.5)

since then E [/2y7(Z) A 7(Z°) — ¢(Z, Z¢)] > 0, which in turn implies that we
have P [\/2ym(Z) Am(Z€) — ¢(Z,Z°) > 0] > 0 by the first moment principle
(Theorem 2.2.1); in other words, there exists a cut satisfying (5.3.4).

We now describe the random cut (Z, Z¢):

1. (Cuts from f5) Let again f5 be an eigenfunction corresponding to the eigen-
value Ay of P with || f2||2 = 1. Order the vertices V := {v1,...,v,} in such
a way that

fo(vi) < fa(vit1), Vi=1,...,n—1.

As we described above, the function f naturally produces a series of cuts
(Si, S¢) where S; := {v1,...,v;}. By definition of the bottleneck ratio,

C(S,‘, SC)
¢, < ———— .
- w(Si) Am(SY)

(5.3.6)
2. (Normalization) Let
m :=min{i : ©(S;) > 1/2},
and define the translated function
fi=f2— fa(vm).
We further set g := o f where a > 0 is chosen so that
g(v1)* + g(va)* = 1.

Note that, by construction, g(v,,) = 0 and g(v1) < -+ < g(vp) = 0 <
g(m41) < -+ < g(vy,). The function g is related to + as follows:

Lemma 5.3.7.
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Proof. By Theorem 5.3.4,
9(f2)

7= Vara[fa]

Because neither the numerator nor the denominator is affected by adding a
constant, we have also

L2
Var|[f]
Furthermore, notice that a constant multiplying f cancels out in the ratio so
NI (9)
Var,[g]
Now use the fact that Var[g] < >°_ 7m(z)g(z)?. u

3. (Random cut) Pick © in [g(v1), g(vy,)] with density 2|6|. Note that

g(vn)
| 2l61ds = g0 + gl0a)? = 1.
g(v1)

Finally define
Z =A{v; : g(v;) < ©}.
The rest of the proof is calculations. We bound the expectations on both sides
of (5.3.5).
Lemma 5.3.8. The following hold:
(i)
E[r(Z) Aw(Z)] =) m(x)g(x)*.

(ii)
1/2

1/2
Elc(Z, 2] < (; > el y)(g() —g(y))2> <22W(w)g(w)2>

z,Y

Lemmas 5.3.7 and 5.3.8 immediately imply (5.3.5) and that concludes the proof of
Theorem 5.3.5. So it remains to prove this last lemma.
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Proof of Lemma 5.3.8. We start with (i). By definition of g, © < 0 implies that
m(Z) AN7n(Z€) = w(Z) and vice versa. Thus
Eln(Z) An(Z9) =E | > (v lpezyliocoy + 9 7(ve) ez} lios0}

l<m >m

=B | Y w(v)lgguy<o<o + O m(0r)1j0co<qiwn)

€<m >m
—Z 7 (ve)P [g(ve) <@<O+Z m(ve)P[0 < © < g(vy)]
<m >m
= Z 7(vg)g(ve)® + Z m(ve)g(ve)®
<m >m
=3 r(@)g(@)?, (5.37)

where we integrated over the density of © to obtain the fourth line.

We move on to (ii). To compute E[c(Z, Z¢)], we note that xj, € Z and xy € Z¢
if and only if g(vx) < © < g(v). The probability of that event depends on the
signs of g(vx) and g(ve). If g(vk)g(ve) > 0,

Plg(ve) < © < g(v)] = lg(vi)® — g(ve)?|

|
= |g(vk) — g(ve)llg(vr) + g(ve)|
= |g(vk) — g(ve)|(lg(vi)| + g(ve)l)-
If g(vg)g(ve) <0,
Plg(ve) < © < g(v)] = g(vi)? + g(vp)?
< g(vr)* + g(ve)? — 2g(vi)g(ve)

= (g(vr) = g(ve))?
l9(vi) — g(ve)|(lg(vr)] + [g(ve))-
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We apply Cauchy-Schwarz to get

E[c(Z, Z°)] = c(v,ve)Plg(vx) < © < g(uvg)]

K<t
<> elok,ve)lg(vr) — g(vo)l(lg(ve)| + 1g(ve)l)
k</ "
< (Z c(vk, ve) (g(vk) — 9(%))2)
It

1/2
X <Z (v, ve)(lg(vi)| + [g(ve) |)2> :

k<t

The expression in the first parentheses is equal to 3 > ey (@ y)(g(z) — a(y))%
So it remain to bound the expression in the second parentheses.
Note that

(lg(@)| + 19 = 29(x)* + 29(y)* — (lg9(=)| — lg9(W)])* < 29(x)* + 29(y)*.

Therefore, since 3, c(z,y) = >_, c(y, ) = m(z),

> c(vi, vo)(lg (o) + lg(vo)])* < %ZC(w,y)(\g(w)! +1g(y)))?

k<t T,y
< w(z)g@)® + > w(y)gy)?
z Yy
=2 Z m(x)g(z)?.
That concludes the proof. [ |

5.3.2 © Random walks: trees, cycles, and hypercubes revisited

We use the techniques of the previous subsection to bound the mixing time of
random walk on some simple graphs. In particular we revisit the examples of
Section 4.3.2.

b-ary tree Let (Z:) be lazy simple random walk on the ¢-level rooted b-ary tree,
Tﬁ. The root, 0, is on level 0 and the leaves, L, are on level £. All vertices have
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degree b + 1, except for the root which has degree b and the leaves which have
degree 1. Recall that the stationary distribution is

d(x)

=) (5.3.8)

m(x) =
where n is the number of vertices and d(x) is the degree of x. We take b = 2 to
simplify.

It is intuitively clear that each edge of this graph constitutes a bottleneck, with
the root being the most “balanced” one. Let z( be a leaf of ’fg and let A be the set
of vertices “on the other side of the root (inclusively),” that is, vertices whose graph
distance from z is at least £. See Figure 4.7. Let S be the remaining vertices. Then
by symmetry 7(5) < 1/2. Note that there is a single edge connecting .S and S¢ =
A, namely, the edge linking 0 and the root of the subtree T's formed by the vertices

in S. More precisely, let vg be the root of Ts. From (5.3.8), P(vg,0) = % . % = %
(where the 1/2 accounts for the laziness), m(vs) = 52, and, by symmetry,

(2n—-2-2)/2 n-2

") =y Ty

where in the numerator we subtracted the degree of the root before dividing the
sum of the remaining degrees by 2. Hence

()
B, < 6 52;2 _ ’
gt 2(n—2)
By Theorem 5.3.5,
1 -1
v <20, < and trel =7~ >n—2.

T n—2
Thus by Theorem 5.2.14 and the fact that the chain is lazy

1
t111'1)((5) > (trol - 1) log <2> = Q(n)
3
We showed in Section 4.3.2, using other techniques, that tmix(g) = ©(n).

Cycle Let (Z;) be lazy simple random walk on the cycle of size n, Z, :=
{0,1...,n— 1}, wherei ~ jif |j —i| =1 (mod n). Assume n is even.



CHAPTER 5. SPECTRAL METHODS 393

Consider a subset of vertices S. Note that by symmetry 7(S) = % Moreover,

forall i ~ j, c(i,j) = n(i)P(i,j) = £ - -3 = . Among all sets of size | S|,

consecutive vertices minimize the size of the boundary. So

1
b, = —.
n
By Theorem 5.3.5,
1 P2 2
— = 2 <y <20, = —
m2 2 == n
and n
b < trel = 771 < 2n?
Thus by Theorem 5.2.14
1
tmix(ﬁc:) > (trel - 1) 10g 275 = Q(n),

and

tmix(g) < log < > trer = O(n?logn).

EMmin

We know from exact eigenvalue computations (see Section 5.2.2 where technically
we considered the non-lazy chain; laziness only affects the relaxation time by a
factor of 2) that in fact v = 27%22 + O(n=*). We also showed in that section that
tmix(€) = O(n?). (Exercise 4.15 shows this is tight up to a constant factor.)

Hypercube Let (Z;) be lazy simple random walk on the n-dimensional hyper-
cube Z := {0,1}" where i ~ j if ||i — j|1 = 1.

To get a bound on the edge expansion constant, consider the set S = {x € Z :
z1 = 0}. By symmetry 7(S) = % Foreachi ~ j, c(i,j) = 5 - 5 - = = 7127117+1
Hence

Z  montl -
1 )
5 2n

where in the numerator we used that |S| = 2"~!. By Theorem 5.3.5,

v <28, <

S
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Thus by Theorem 5.2.14

tain(2) > (11 = )10 (5 ) = )

We know from exact eigenvalue computations (Section 5.2.2) that in fact v = %
We also showed in Section 4.3.2 that tyix(c) = ©(nlogn).

5.3.3 © Random graphs: existence of an expander family and applica-
tion to mixing

In many applications, it is useful to construct “bottleneck-free” graphs. In particu-
lar, random walks mix rapidly on such graphs. Formally:

Definition 5.3.9 (Expander family). Let {G),},, be a collection of finite d-regular
graphs with lim,, |V (G,,)| = 400, where V(G,,) is the vertex set of G,. Let

S V(G,
P.(Gp) = min{% S CV(GL), 0< S| < ’(2)‘}

denote the edge expansion constant of G, with unit conductances.” Let o. > 0. We
say that {Gp}r, is a (d, a)-expander family if for all n

d,(Gp) > a.

The key point of the definition is that the edge expansion constant of all graphs in
an expander family is bounded away from 0 uniformly in n. Note that it is trivial
to construct such a family if we drop the bounded degree assumption: the edge ex-
pansion constant of the complete graph K, is 1/2 by Example 5.3.3. On the other
hand, it is far from obvious that one can construct a family of sparse graphs (i.e.,
such that |E(G,)| = O(]V(Gy)|)) with an edge expansion constant uniformly
bounded away from 0. It turns out that a simple probabilistic construction does the
trick.

We will need the following definition. For a subset S C V, we let the vertex
boundary of S be

vertex boundary
OvS:={yeS®: JreSst.x~uy}

"In terms of random walk, this corresponds to choosing a neighbor uniformly at random and
taking the stationary measure equal to the degree. Note that scaling the stationary measure does not
affect the edge expansion constant.
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Figure 5.4: A draw from Pinsker’s model.

Existence of expander graphs For simplicity, we allow multigraphs (i.e., F is
a multiset; or, put differently, there can be multiple edges between the same two
vertices) and consider the case d = 3. We construct a random bipartite multigraph
G = (Ln, Ry, Ey,,) on 2n vertices known as Pinsker’s model. Denote the vertices
by L, = {¢1,...,6,} and R, = {r1,...,7,}. Let o} and o2 be independent
uniform random permutations of [n]. The edge set of G, is given by

E, = {(Ei,m) 11 € [n]} U {(£i7TU}L(i)) T 1€ [n]} U {(ﬁi,TU%(i)) 11 € [n]} .

In words, G, is a union of three independent uniform perfect matchings (and its
vertices are labeled so that one of the matchings is {(¢;,7;)}:). See Figure 5.4.
Observe that, as a multigraph, all vertices of (G,, have degree 3. We show that
there exists a > 0 such that, for all n large enough, with positive (in fact, high)
probability Gz, has an edge expansion constant bounded below by «. In particular,
such a G, exists for all n large enough and, thus, there exists a (3, a)-expander
family.
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Claim 5.3.10 (Pinsker’s model: edge expansion constant). There exists o > 0 such
that
ImP[®,(G,) > o] = 1.
n

Proof. For convenience, assume n is even. We need to show that with probability
going to 1, for any S with |S| < |V(G,)|/2 = n, we have |0gS| > «d|S| for
some a > 0. We first reduce the proof to a statement about sets of vertices lying
on one side of G,,.

Lemma 5.3.11. There is 8 > 0 such that
limP[ovK| > (1 + B8)|K|, VK C L, |[K| <n/2]=1.
n

The same holds for R.

Before proving Lemma 5.3.11, we argue that it implies Claim 5.3.10. Note that
the lemma concerns the vertex boundary of K. To relate the latter to the edge
boundary, let S with |S| < n, and let S;, := SN L and S := S N R. For any
subset K C Sy, the size of the edge boundary of S can be bounded below as
follows
08S| > |ovEK| — |Sal, (5.3.9)

where we took into account that the vertices of 0y K in S do not contribute to the
edge boundary, but the others do as they are incident with at least one edge in O S.
It remains to find a good K.

Assume without loss of generality that |Sz| > |Sg| (in the other case, just
interchange the roles of L and R), and suppose that the event in the lemma holds.
In particular, |Sgr| < |S|/2. We claim that there is a subset K of S, such that

|Sr| < |S]/2 < |K| < n/2. (5.3.10)
There are two cases:
- If S| < n/2, then take K = Sy. It follows that | K| = |SL| > |S]|/2.

- If |SL| > n/2, then let K be any subset of Sy, of size n/2. Since |S| < n, it
follows that |[K| = n/2 > |S]|/2.

Under the event in the lemma, [0y K| > (1 + §8)|K]|.
Going back to (5.3.9), using the lower bound on |0y K| and (5.3.10), we get
p
0e5| 2 (1+ B)IK| — K| = BIK| = 5|5 = alS],

where we set « = (/2. Since this holds for any set S with |S| < n, we have
proved Claim 5.3.10.
It remains to prove the lemma.
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Figure 5.5: Illustration of the main step in proof of the lemma.

Proof of Lemma 5.3.11. Let K C L with k := |K| < n/2. Without loss of
generality assume K = {{1,...,{}. Observe that, by construction, dy K O K’
where K’ = {r1,...,r;}. We analyze the “bad event”

Bk = {|ovK| <k + Bk},

by considering all subsets of {ri41,...,7r,} of size | fk] and bounding the prob-
ability that all edges out of K fall into one of them and K'. Note that there are
(fﬁ_k'j) such subsets. See Figure 5.5.

Since o} and o2 are uniform and independent, they each match K to a uni-
formly chosen subset of the same size in R and we have by a union bound

k—i-LﬂkJ)Q

rse = (1) [ 7] = () T

where we used that (’;) = ( " )

n—s



CHAPTER 5. SPECTRAL METHODS 398

Taking a union bound again, this time over K's, we have
PEK C L, |[K[ <n/2, [ovK] <(1+ B)|K]]
< > e

KCL, |K|<n/2

Ly n D
< ———. (5.3.11)
— (k) (LBM) (1)’

We use the bound % < (7) < €25 < €0 for s < ¢ < n (see Appendix A; to see
the last inequality, note that & log(ei—?t) =log(%) > 0for 0 < ¢t < n). We obtain

that the sum in the last display is bounded as

SS

n/2 K18k 2 e k+ LBkJ)Q

500 B )

n/2 e (k+ k) Pk \ 2

B i (=G#)

> % nk
— (Bk)? e

_ "Z/% E k(1-8) 3(1 + B)2 Bk

- k=1 " 53

= fulk), (5.3.12)
k=1

where we defined

B\ *A-8) /231 2\ Bk
fa(k) == Lip<n/2y <n> <€(ﬁ—gﬂ)> .

=[5 (5]

and notice that for 5 small enough

[fn(B) < g(k),  VEk

-8 /.3 2\ B
e G) <€ (1;36)) “1.

Let also

3|
IN

since
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using that 3% — 1 as 3 — 0. Moreover, for each k,
fn(k) — 0,

as n — +o0o, and

< +00.

> g(k) <
k=1

Hence, by the dominated convergence theorem (Theorem B.4.7), combining (5.3.11)
and (5.3.12) we get

11—

P[AK C L, |K| <n/2, |ovK| < (1+ B)|K| = an

That concludes the proof. [ |
That concludes the proof of Claim 5.3.10. [ |
Claim 5.3.10 implies:

Theorem 5.3.12 (Existence of expander family). For o > 0 small enough, there
exists a (3, «)-expander (multigraph) family.

Proof. By Claim 5.3.10, for all n large enough, there exists G,, with ®,(G,,) > «
for some fixed o > 0. u

Fast mixing on expander graphs As we mentioned above, an important prop-
erty of an expander graph is that random walk on such a graph mixes rapidly. We
make this precise.

Claim 5.3.13 (Mixing on expanders). Let {G} be a (d, o)-expander family. Then
tmix(€) = O(log |V (Gy)|), where the constant depends on € and c.

Proof. Because of the degree assumption, random walk on G, is reversible with
respect to the uniform distribution (see Example 1.1.29). So, by Theorems 5.2.14
and 5.3.5, the mixing time is upper bounded by

)t < 1o (G ) 202 — 010g G,

By the diameter-based lower bound on the mixing time for reversible chains
(Claim 5.2.25), for n large enough

tmix (&) < log (

€T min

A?
Emix 2 )
(E) 121og |V(Gn)| + 4| log 7Tmin|
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where A is the diameter of GG,. For a d-regular graph G,,, the diameter is at least
log |V (Gy,)|. Indeed, by induction, the number of vertices within graph distance
k of any vertex is at most d*. For d* to be greater than |V (G,,)|, we need k >
log, |V (G,,)|. Finally,

o) 5 B[V (G2

> T = Qog V(G

That concludes the proof. [ |

5.3.4 © Ising model: Glauber dynamics on complete graphs and ex-
panders

Let G = (V, E) be a finite, connected graph with maximal degree §. Define X :=
{—1,+1}". Recall from Example 1.2.5 that the (ferromagnetic) Ising model on V'
with inverse temperature (3 is the probability distribution over spin configurations
o € X given by

palo) = e M,
where
H(o) == — ZUina
inj
is the Hamiltonian and
2(8) = Y ),
ceX

is the partition function. In this context, recall that vertices are often referred to as
sites. The single-site Glauber dynamics of the Ising model (Definition 1.2.8) is the
Markov chain on X which, at each time, selects a site ¢ € V' uniformly at random
and updates the spin o; according to 115(0) conditioned on agreeing with o at all
sites in V\{i}. Specifically, for v € {—1,+1},7 € V, and ¢ € X, let ¢ be
the configuration o with the state at ¢ being set to . Then, letting n = |V, the
transition matrix of the Glauber dynamics is

vBS; (o) 1 1 1
e { + = tanh(’yﬂsi(g))} '

) 1
LYY — . - -
Qﬁ(U, o) n e—BSi(o) 4 BSi(o) n

2 2

where

Si(o) := Zaj.

jevi
All other transitions have probability 0. Recall that this chain is irreducible and
reversible with respect to yg. In particular jug is the stationary distribution of ().
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We showed in Claim 4.3.15 that the Glauber dynamics is fast mixing at high tem-
perature. More precisely we proved that t(¢) = O(nlogn) when B < 61
Here we prove a converse: at low temperature, graphs with good enough expan-
sion properties produce exponentially slow mixing of the Glauber dynamics.

Curie-Weiss model

Let G = K, be the complete graph on n vertices. In this case, the Ising model
is often referred to as the Curie-Weiss model. 1t is natural to scale 8 with n. We
define a := B(n—1). Since § = n—1, we have that, when o < 1, 8 = 5 < o1
SO tmix(€) = O(nlogn). In the other direction, we prove:

Claim 5.3.14 (Curie-Weiss model: slow mixing at low temperature). For o > 1,
tmix () = Q(exp(r(a)n)) for some function r(c«) > 0 not depending on n.

Proof. We first prove exponential mixing when « is large enough, an argument
which will be useful in the generalization to expander graphs below.

The idea of the proof is to bound the edge expansion constant and use Theo-
rem 5.3.5. To simplify the proof, assume n is odd. We denote the edge expansion
constant of the chain by ®¥ to avoid confusion with that of the base graph G.
Intuitively, because the spins tend to align strongly at low temperature, it takes
a considerable amount of time to travel from a configuration with a majority of
—1s to a configuration with a majority of +1s. Because the model tends to prefer
agreeing spins but does not favor any particular spin, a natural place to look for a
bottleneck is the set

M:—{UEX:ZUZ'<O},

where the quantity m(o) := ), 0; is called the magnetization. Note that the
magnetization is positive if and only if a majority of spins are +1 and that it forms
a Markov chain by itself. So the boundary of the set M must be crossed to travel
from configurations with mostly —1 spins to configurations with mostly —1 spins.

Observe further that (M) = 1/2. The edge expansion constant is hence
bounded by

o o’ Q ’ ' !
Pt < Loera'gM /;/ffl(;) 50,7 =2 Z pg(o)Qs(o,0'). (5.3.13)
Hp seEM,0'¢M

Because the Glauber dynamics changes a single spin at a time, in order for o € M
to be adjacent to a configuration o’ ¢ M, it must be that

ceM_y:={oeX :m(o)=-1},

Curie-Weiss

model

magnetization
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and that ¢’ = ¢JF for some site j such that
jeTJr={jeV :0;=—-1}

Because the number of such sites is (n 4+ 1)/2 on M_y, thatis, | 7,| = (n+1)/2
for all o € M_1, and the Glauber dynamics picks a site uniformly at random, it
follows that for c € M _;

> us(0)Qs(o,0) = D (o) Y Qplo,0T)

oceEM, 0’ ¢M oEM 1 Jj€Io
(n+1)/2
< ~ s
< Y pslo) - (5.3.14)
ceEM_1
_! 1+l (M_1) (5.3.15)
= 9 n Hp —-1)- ..

Thus plugging this back in (5.3.13) gives

o < <1 + 1) pa(M-1)

—BH

= (1+o(1)) Z (5.3.16)

e <5>
exp( |5 + (F) - 171721))
Z(5) |

= (14001
UEM 1

We bound the partition function Z(8) = >, e #7(?) with the term for the
all-(—1) configuration, leading to

R exp (725 | (5 + (F1) - 1711761 )
oY < (1+ (1))06%1 - (n% [('j{‘)+(U2"C‘)+\~70H~7§!D (5.3.17)
(o) ¥ e ( 17:1)
oceEM_1
= o ((, )y o) e (225 5] [15))
— (1+0(1)) % 27(1 + o(1)) exp <—a(”2+1)>
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for some constant C,, > 0 depending on «, where we used Stirling’s formula
(see Appendix A). Hence, by Theorems 5.2.14 and 5.3.5, for a > 2log 2 there is
r(a) >0

tuni(€) > (tret — 1) log <21> > exp(r(a)n) log (21) .

That proves the weaker result.
We now show that @ > 1 in fact suffices. For this, we need to improve our
bound on the partition function in (5.3.17). Writing

2(g) =) e M

ceX

E Qe[+ (39 wen)
23 (e (6 (15 e

we see that the partition function is a sum of O(n) exponentially large terms and
is therefore dominated by the term corresponding to the largest exponent. Using
Stirling’s formula,

log <Z> = (1 + o(1))nH (k/n),
where H(p) = —plogp — (1 — p) log(1 — p) is the entropy, and therefore

(k/n)? + (1 = k/n)* — 2(k/n)(1 — k/n)
2

log Yo = (140(1))n [H(k:/n) +a

-~

Ka(k/n)
where, for p € [0, 1], we let

(1—2p)?

Ka(p) := H(p) + a——

Note that the first term in K, (p) is increasing on [0, 1/2] while the second term
is decreasing on [0, 1/2]. In a sense, we are looking at the tradeoff between the
contribution from the entropy (i.e., how many ways are there to have k spins with
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value —1) and that from the Hamiltonian (i.e., how much such a configuration is
favored). We seek to maximize K, (p) to determine the leading term in the partition
function.

By a straightforward computation,

Ka(p) = log <1pp> —2a(1 - 2p),

and !
K(p) = ———— + 40
2 p(1—p)

Observe first that, when o < 1 (i.e., at high temperature), K/, (1/2) = 0 and
KZ(p) < 0 forall p € [0,1] since p(1 — p) < 1/4. Hence, in that case, K, is
maximized at p = 1/2.

In our case of interest, on the other hand, that is, when o > 1, K!(p) > 0
in an interval around 1/2 so there is p, < 1/2 with K, (ps) > Ko(1/2) = 1.
So the distribution significantly favors “unbalanced” configurations and crossing
M _1 becomes a bottleneck for the Glauber dynamics. Going back to (5.3.17) and
bounding Z(83) > 2V, |p.n|» We get

@f = O (exp(—n[Ka(ps) — Ka(1/2)])) .

Applying Theorems 5.2.14 and 5.3.5 concludes the proof. [ |

Expander graphs

In the proof of Claim 5.3.14, the bottleneck slowing down the chain arises as a
result of the fact that, when m(o) = —1, there is a large number of edges in
the base graph K, connecting J, and J¢. That produces a low probability for
such configurations under the ferromagnetic Ising model, where agreeing spins are
favored. The same argument easily extends to expander graphs. In words, we
prove something that—at first—may seem a bit counter-intuitive: good expansion
properties in the base graph produces a bottleneck in the Glauber dynamics at low
temperature.

Claim 5.3.15 (Ising model on expander graphs: slow mixing of the Glauber dy-
namics). Let {Gy}, be a (d,~y)-expander family. For large enough inverse tem-
perature B > 0, the Glauber dynamics of the Ising model on G,, satisfies tyix(€) =
Q(exp(r(B)|V(Gp)|)) for some function v(/3) > 0 not depending on n.

Proof. Let pg be the probability distribution over spin configurations under the
Ising model over G, = (V, E) with inverse temperature 3. Let () be the transition
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matrix of the Glauber dynamics. For not necessarily disjoint subsets of vertices
Wo, W1 C V in the base graph G,,, let

E(Wo,Wl) = {{u,v} cu e Wy, ve W, {u, U} S E},

be the set of edges with one endpoint in Wy and one endpoint in W;. Let N =
|[V(G,,)| and assume it is odd for simplicity. We use the notation in the proof
of Claim 5.3.14. Following the argument in that proof, we observe that (5.3.15)
and (5.3.16) still hold. Thus

exp (B E(Ts, To)| + |E(Ts, T5)| — 1 E(Ts, T5)I)

eF < (1+o(1) D Z5)

ceEM_1

As we did in (5.3.17), we bound the partition function Z(8) = 3 e #H()
with the term for the all-(—1) configuration, leading to

R 5 (8 [[B(Jas )| + | BT, TE)| ~ |E (T T
TS0 oD) D B o + B TN T B s T

= (1+0(1)) Y exp(=26E(Jo, T5))

cEM_1

=(1+o(1) Y exp(-260875)

ceEM_1

< (L+0o(1)) ((N i\fl)/Q

>eXp(—257dIJ§|)
= (1 +0(1)) 1 2 2V(1+ o(1)) exp (= Byd(N — 1))

2
< Csp,at/ — exp (=N [Byd —log2]),

for some constant C'g 4 > 0. We used the definition of an expander family (Def-
inition 5.3.9) on the fourth line above. Taking 5 > 0 large enough gives the re-
sult. [ |

5.3.5 Congestion ratio

Recall from (5.3.2) that an inequality of the type

Var[f] < C2(f), (5.3.18)



CHAPTER 5. SPECTRAL METHODS 406

holding for all f is known as a Poincaré inequality. By Theorem 5.3.4, it implies
the lower bound v > C~! on the spectral gap v = 1 — \o. In this section, we
derive such an inequality using a formal measure of “congestion” in the network.

Let NV = (G, ¢) be a finite, connected network with G = (V, E). We assume
that c(z,y) = m(2)P(z,y) and therefore c(z) = 3, _, c(x,y) = m(z), where
7 is the stationary distribution of random walk on . To state the bound, it will
be convenient to work with directed edges—this time in both directions. Let £
contain all edges from E with both orientations, that is, for each e € {xz,y}, E
includes (z,y) and (y, z) with associated weight c(z,y) = c(y,z) = c(e) > 0.
For a function f € /2(V,7) and an edge € = (x,y) € F, we define as before

Vi) = fly) - flx)

With this notation, we can rewrite the Dirichlet energy as

Df) = 5 S elwy)f) — WP = 5 S e@VI@P.  ($5319)

Ty ecE

For each pair of vertices x, y, let v, , be a directed path between x and y in the
digraph G = (V, E), as a collection of directed edges. Let |, , | be the number of
edges in the path. The congestion ratio associated with the paths v = {v; 4}z yev
is

1
Cy, = max — Z V|7 (z)7(y).

ek C(é> T,Y: €€V y

Note that C), tends to be large when many selected paths, called canonical paths,
go through the same “congested” edge. To get a good bound in the theorem below,
one must choose canonical paths that are well “spread out.”

Theorem 5.3.16 (Canonical paths method). For any choice of paths v as above,
we have the following bound on the spectral gap
< 1
,.Y — Cy °
Proof. We establish a Poincaré inequality (5.3.18) with C := C,,. The proof strat-
egy is to start with the variance and manipulate it to bring out canonical paths.
For any f € ¢?(V, ), it can be checked by expanding that

Varg[f] = 3 S w(@)r () (f(2) ~ F0) (53.20)

congestion

ratio

canonical

paths
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To bring out terms similar to those in (5.3.19), we write f(x)— f(y) as a telescoping
sum over the canonical path between z and y. That is, letting €1, ..., €], | be the
edges in v, ,, observe that

‘Vm7y|

fly) = f@) =D V(@)
=1

By Cauchy-Schwarz (Theorem B.4.8),

2
[va,yl

(fly) = f@)?=[ D V@)
=1

[va,yl [va,yl

)| X Ve
=1 =1
= vl 3 V@2

é‘El/xyy

IN

Combining the last display with (5.3.20) and rearranging, we arrive at

Vare[f] < 3 S n@r(y)nyl Y V(@)

5€Vz,y

_ %Z VIE? S |vayln(@)n(y)

ecE T,Y: €€V y
1 9 1
SEPICALICH =R DL LT
écE T,Y: €€V, y
< Cy 2(f).
That concludes the proof. [ |

We give an example next.

Example 5.3.17 (Random walk inside a box). Consider random walk on the fol-
lowing d-dimensional box with sides of length n:

E=A{z,y e’ o-ylh=1}
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1
Hz : 2z ~a}|

{z : 2 ~a)
0B

P(x,y): Vm,ye [n]dv r~Yy,

m(z) =

and

1
cle) = SIE] ,Vee E.
We define E as before.

We use Theorem 5.3.16 to bound the spectral gap. For x = (x1,...,24),y =
(y1,.--,9a) € [n]%, we construct v, ,, by matching each coordinate in turn. That
is, for two vertices w, z € [n]? with a single distinct coordinate, let [w, z] be the
directed path from w to z in G = (V, E) corresponding to a straight line (or the

empty path if w = z). Then
d
Vey = U [(ylv ey Yi1,Tiy T 1y - - ,.Td), (y17 s Yi1,Yiy Tit1, - .,I’d)] .

i=1
(5.3.21)
It remains to bound

Cp=max — > |vayln(z)m(y),
el C é) z,y: eesz

from above.
Each term in the union defining v, , contains at most n edges, and therefore

Vg y| < dn,Vz,y.

Not attempting to get the best constant factors, the edge weights (i.e., conduc-

tances) satisfy
1 1 1

«(é) = 2[E] = 2-2dn _ ddnd’

for all €, since there are n®

wise, for any =,

vertices and each has at most 2d incident edges. Like-

]{z:z~x}]< 2d _ 2
2|E| = 2-(dnd)/2  nd’

m(z) =
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where we divided by two in the denominator to account for the double-counting of
edges. Hence we get

C, < ma 1
v = X T T N
éeE 1/(4dnd)

164
= ——max |[{z,y: €€ vyy}|.
eck

Y. (dn)(2/n?)(2/n)

T,y €€V y
nd—1

To bound the cardinality of the set on the last line, we note that any edge € € E
is of the form

g: ((Zlv ey Ri—15R5y i1y - - 7Zd)7 (Zl7 ey Ri—1,5 %4 + 17 2 P Zd))
that is, the endvertices differ by exactly one unit along a single coordinate. By the
construction of the path v, , in (5.3.21), if € € v, , then it must lie in the subpath

((21, ey Rj—1yRiy Bi41y - - .,zd), (Zl, ey Ri—1, %4 + 1,Zi+1, . .,Zd))

c [(yh ey Yi1, T4 i1y - - - ,J}d), (y17 e Yi—1,Yi Tig1,y - - - 7$d)] .

But that imposes constraints on x and y. Namely, we must have

Y1 =21, -, Yi—1 = Zi—1, Ti4+1 = Zi+1,---,Ld = Z(-

The remaining components of x and y (of which there are ¢ of the former and
d — (i — 1) of the latter) each has at most n possible values (although not all of
them are allowed), so that

i—1) d+1

Hz,y: €€ vy} < nind= =n

This upper bound is valid for any é.
Putting everything together, we get the bound

164> ,

Cy, < 1" = 16d*n?,

so that
1

> ——.

7= 1642n2
Observe that this lower bound on the spectral gap depends only mildly (i.e., poly-
nomially) in the dimension. <

One advantage of the canonical paths method is that it is somewhat robust
to modifying the underlying network through comparison arguments. See Exer-
cise 5.17 for a simple illustration.
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Exercises

Exercise 5.1. Let A be an n X n symmetric random matrix. We assume that
the entries on and above the diagonal, A; ;, ¢ < j, are independent uniform in
{+1, —1} (and each entry below the diagonal is equal to the corresponding entry
above). Use Talagrand’s inequality (Theorem 3.2.32) to prove concentration of the
largest eigenvalue of A around its mean (which you do not need to compute).

Exercise 5.2. Let G = (V, E, w) be a network.

(i) Prove formula (5.1.3) for the Laplacian quadratic form. (Hint: For an orien-
tation G = (V, E?) of G (that is, give an arbitrary direction to each edge
to turn it into a digraph), consider the matrix B € R™*"™ where the column
corresponding to arc (4, j) has —, /wy; in row i and , /w;; in row j, and every
other entry is 0.)

(i) Show that the network Laplacian is positive semidefinite.

Exercise 5.3. Let G = (V, E, w) be a weighted graph with normalized Laplacian
L. Show that

2
T Li Ly
x Lx = wij = — - ,
{%;E <\/5(%) \/5(J)>
forx = (z1,...,2,) € R™
Exercise 5.4 (2-norm). Prove that

sup [|[Ax|2 = sup (Ax,y).
XGS"71 xGS"fl
yESmfl
[Hint: Use Cauchy-Schwarz (Theorem B.4.8) for one direction, and set y =
Ax /|| Ax||2 for the other one.]

Exercise 5.5 (Spectral radius of a symmetric matrix). Let A € R™*" be a sym-

metric matrix. The set o(A) of eigenvalues of A is called the spectrum of A and spectrum

p(A) =max{|A| : A€ o(A4)},
is its spectral radius. Prove that
spectral

p(A) = ||A”27 radius

where recall that

Ax
Al = max 12X
0#£xeRm ||x||
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Exercise 5.6 (Community recovery in sparse networks). Assume without proof the
following theorem.

Theorem 5.3.18 (Remark 3.13 of [BH16]). Consider a symmetric matrix Z. =
[Zi,j] € R™ " whose entries are independent and obey, EZ; ; = 0 and Z; ; < B,
vVl <i,j<mn, Esz < 02 then with high probability we have ||Z|| < o/n +

B+/logn.
Let (X, G) ~ SBM,;,p, 4. Show that, under the conditions p, > %" and , /2> =

~ n

o(pn — qn), spectral clustering achieves almost exact recovery.

Exercise 5.7 (Parseval’s identity). Prove Parseval’s identity (i.e., (5.2.1)) in the
finite-dimensional case.

Exercise 5.8 (Dirichlet kernel). Prove that for 6 # 0

sin((n +1/2)6)
sin(6/2)

1+2Zcosk9:
k=1

[Hint: Switch to the complex representation and use the formula for a geometric
series. |

Exercise 5.9 (Eigenvalues and periodicity). Let P be a finite irreducible transition
matrix reversible with respect to m over V. Show that if P has a nonzero eigen-
function f with eigenvalue —1, then P is not aperiodic. [Hint: Look at x achieving

1/ loo-]

Exercise 5.10 (Mixing time: necessary condition for cutoff). Consider a sequence
of Markov chains indexed by n = 1,2,.... Assume that each chain has a finite

state space and is irreducible, aperiodic, and reversible. Let £ (¢) and ) pe

mix rel
respectively the mixing time and relaxation time of the n-th chain. The sequence

is said to have pre-cutoff if

. e (©)
sup limsup NONP R
0<e<1/2 n—+oo t o (1 —¢)

1X

< +00.

Show that if for some ¢ > 0

(n)

2
sup mix(€) < 400,
n>1 t(n)

rel

then there is no pre-cutoff. In particular, there is no cutoff, as defined in Re-
mark 4.3.8.
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Exercise 5.11 (Relaxation time and variance). Let P be a finite irreducible transi-
tion matrix reversible with respect to 7 over V. Define

Varg[g] = Y 7(z)[g(x) — mg]*.

zeV

Let ~, be the absolute spectral gap of P. Show that
Varg[P'f] < (1 — )" Varz [ f].

Exercise 5.12 (Lumping). Let (X;) be a Markov chain on a finite state space V'
with transition P. Suppose there is an equivalence relation ~ on V' with equiv-
alence classes V¥, denoting by [x] the equivalence class of z, such that [X/] is a
Markov chain with transition matrix P*([z], [y]) = P(z, [y]).

(1) Let f : V — R be an eigenfunction of P with eigenvalue A and assume that
f is constant on each equivalence class. Prove that f#([z]) := f(x) defines
an eigenfunction of P?. What is its eigenvalue?

(ii) Suppose g : V¥ — R is eigenfunction of P? with eigenvalue \. Prove that
¢’ : V — R defined by ¢’(z) := g([z]) is eigenfunction of P. What is its
eigenvalue?

Exercise 5.13 (Random walk on path with reflecting boundaries). Let n be an
even positive integer. Let (X) be simple random walk on the path {1,...,n} with
reflecting boundaries, that is, the transition matrix P is defined by P(z,z — 1) =
P(z,x+1) =1/2forx € {2,...,n— 1}, and P(1,2) = P(n,n — 1) = 1.
Use Exercise 5.12 to compute the eigenfunctions of P. [Hint: Use the results of
Section 5.2.2.]

Exercise 5.14 (Product chain). For j = 1,...,d, let P; be a transition matrix on
the finite state space V) reversible with respect to the stationary distribution 7.
Let w = (wj);e[q be a probability distribution over [d]. Consider the following
Markov chain (X;) on V' := V} x --- x Vg at each step, pick j according to w,
then take one step along the j-th coordinate according to P;.

(i) Compute the transition matrix P and stationary distribution 7 of the chain
(X). Show that P is reversible with respect to 7.

(i) Construct an orthonormal basis of ¢?(V, 1) made of eigenfunctions of P in
terms of eigenfunctions of the P;s. What are the corresponding eigenvalues?

(iii) Compute the spectral gap «y of P in terms of the spectral gaps «y; of the P;s.
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Exercise 5.15 (Hypercube revisited). Use Exercise 5.14 to recover Lemma 5.2.17.

Exercise 5.16 (Norm and Rayleigh quotient). Let P be irreducible and reversible
with respect to ™ > 0.

(i) Prove the polarization identity

(P(f+9), [+ —(P(f—9),f— 9]

PN

<vag>7r =

(i1)) Show that

1Pl —p{<{f}}f;> . Fe (V). f%O}-

Exercise 5.17 (Random walk on a box with holes). Consider the random walk in
Example 5.3.17 with d = 2. Suppose we remove from the network an arbitrary
collection of horizontal edges at even heights. Use the canonical paths method to
derive a lower bound on the spectral gap of the form v > 1/(Cn?). [Hint: Modify
the argument in Example 5.3.17 and relate the congestion ratio before and after the
removal.]
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