Appendix A

Useful combinatorial formulas

Recall the following facts about factorials and binomial coefficients:

n™ nn—l—l

- en—17

and log (Z) — (1+ o(1))nH (k/n),

where H(p) := —plogp — (1 — p)log(l — p). The third one is the binomial
theorem. The fifth one is Stirling’s formula.
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Appendix B

Measure-theoretic foundations

This appendix contains relevant background on measure-theoretic probability. We
follow closely the highly recommended [Wil91]. Missing proofs (and a lot more
details and examples) can be found there. Another excellent textbook on this topic
is [Dur10].

B.1 Probability spaces

Let S be a set. In general it turns out that we cannot assign a probability to ev-
ery subset of S. Here we discuss “well-behaved” collections of subsets. First an
algebra on S is a collection of subsets stable under finitely many set operations.

Definition B.1.1 (Algebra on S). A collection 3¢ of subsets of S is an algebra on
S if the following conditions hold:

(i) S € Xo;
(ii) F € X implies F° € Yy,
(iii) F,G € Xg implies F UG € X.

That, of course, implies that the empty set as well as all pairwise intersections
are also in Y. The collection Y is an actual algebra (i.e., a vector space with a
bilinear product) with the symmetric difference as its “sum,” the intersection as its
“product” and the underlying field being the field with two elements.
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Example B.1.2. On R, sets of the form

k

U (ai. b

i=1

where the union is disjoint with £ < 400 and —oco < a; < b; < +oo form an
algebra. <

Finite set operations are not enough for our purposes. For instance, we want to
be able to take limits. A o-algebra is stable under countably many set operations.

Definition B.1.3 (o-algebra on S). A collection ¥ of subsets of S is a o-algebra on
S (or o-field on S) if

(i) Se¥;
(ii) F € X implies F° € ¥;
(iii) F, € X, Vn implies U, F,, € X.
Example B.1.4. 25 is a trivial example. <

To give a nontrivial example, we need the following definition. We begin with
a lemma.

Lemma B.1.5 (Intersection of o-algebras). Let F;, i € I, be o-algebras on S
where I is arbitrary. Then N;F; is a oc-algebra.

Proof. We prove only one of the conditions. The other ones are similar. Suppose
A € F; for all i. Then A€ is in F; for all ¢ since each F; is itself a o-algebra. [ ]

Definition B.1.6 (c-algebra generated by C). Let C be a collection of subsets of S.
Then we let o(C) be the smallest o-algebra containing C, defined as the intersection
of all such o-algebras (including in particular 25).

Example B.1.7. The smallest o-algebra containing all open sets in R, denoted
B(R), is called the Borel o-algebra. This is a non-trivial o-algebra in the sense
that it can be proved that there exist subsets of R that are not in B, but that any
“reasonable” set is in B. In particular, it contains the algebra in Example B.1.2. <«

Example B.1.8. The o-algebra generated by the algebra in Example B.1.2 is B(R).
This follows from the fact that all open sets of R can be written as a countable union
of open intervals. (Indeed, for x € O an open set, let I, be the largest open interval
contained in O and containing x. If I,, N I, # () then I, = I,, by maximality (i.e.,
take the union). Then O = U, I, and there are only countably many disjoint ones
because each one contains a rational.) |
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We now define measures.

Definition B.1.9 (Additivity and o-additivity). A non-negative set function on an
algebra Yy
o : 2o — [O,+OO],

is additive if

(i) po(0) = 0;

(ii) F,G € Yo with F NG = 0 implies po(F UG) = po(F) + p1o(G).
Moreover g is said to be o-additive if condition (ii) is true for any countable

collection of disjoint sets whose union is in Y, that is, if F, € Y9, n > 0, all
pairwise disjoint with U, I, € 3o, then po(UnFy) = >, po(Fp).

Example B.1.10. For the algebra in the Example B.1.2, the set function

K K
Ao (U(ai,bi]> =Y (bi—a)

i=1 =1
is additive. (In fact, it is also o-additive. We will show this later.) |

Definition B.1.11 (Measure space). Let ¥ be a o-algebra on S. Then (S,X) is a
measurable space. A o-additive function j on X is called a measure and (S, X, j1)
is called a measure space.

Definition B.1.12 (Probability space). If (2, F, P) is a measure space with P(Q) = 7/0Pabilityspace
1 then P is called a probability measure and (2, F,P) is called a probability space
(or probability triple).

The sets in F are referred to as events. vents
To define a measure on B(R) we need the following tools from abstract mea-
sure theory.

Theorem B.1.13 (Caratheodory’s extension theorem). Let 3y be an algebra on S
and let ¥ = o(30). If po is o-additive on ¥ then there exists a measure p on ¥
that agrees with i on X.

If in addition py is finite, the next lemma implies that the extension is unique.

Lemma B.1.14 (Uniqueness of extensions). Let Z be a w-system on S, that is, a
family of subsets closed under finite intersections, and let ¥ = o (Z). If j1, po are
finite measures on (S, X)) that agree on Z, then they agree on X.
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Example B.1.15. The sets (—oo, z] for 2 € R form a w-system generating 5(R).
That is, B(R) is the smallest o-algebra containing that -system. <

Finally we can define Lebesgue measure. We start with (0, 1] and extend to R
in the obvious way. We need the following lemma.

Lemma B.1.16 (c-additivity of \g). Let Ao be the set function defined above in
Example B.1.10, restricted to (0, 1]. Then X\ is o-additive.

Definition B.1.17 (Lebesgue measure on unit interval). The unique extension of \g
(see Example B.1.10) to (0, 1] is denoted X\ and is called Lebesgue measure.

B.2 Random variables

Let (S, X, ;1) be a measure space and let B = B(R).

Definition B.2.1 (Measurable function). Suppose b : S — R and define
hHA)={sec S : h(s) € A}.

The function h is Y.-measurable if h~'(B) € X for all B € B. We denote by
m (resp., (m2)+, b)) the Y-measurable functions (resp., that are non-negative,
bounded).

In the probabilistic case:

Definition B.2.2. A random variable is a measurable function on a probability
space (Q, F,P).

The behavior of a random variable is characterized by its distribution function.

Definition B.2.3 (Distribution function). Let X be a random variable on a proba-
bility space (2, F,P). The law of X is

Lx =PoX

which is a probability measure on (R, B). By Lemma B.1.14, Lx is determined by
the distribution function (DF) of X

Fx(z)=P[X <z|, zeR

random variable

distribution

function
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Example B.2.4. The distribution function of a constant random variable is a jump
of size 1 at the value it takes almost surely. The distribution function of a random
variable with law equal to Lebesgue measure on (0, 1] is

x x € (0,1],
Fx(z)=40 z<0,
1 z>1.

We refer to such as random variable as a uniform random variable over (0,1]. <
Distribution functions are characterized by a few simple properties.

Proposition B.2.5. Suppose ' = Fx is the distribution function of a random
variable X on (0, F,P). Then the following hold:

(i) F is non-decreasing;
(ii) limy_y o0 F(x) = 1, limy, o F(x) = 0;
(iii) F' is right-continuous.

Proof. The first property follows from the monotonicity of probability measure
(which itself follows immediately from o-additivity).

For the second property, note that the limit exists by the first property. The
value of the limit follows from the following important lemma.

Lemma B.2.6 (Monotone convergence properties of measures). Let (S, %, u) be a
measure space.

(i) If F, € ¥, n > 1, with Fy, 1 F, then u(Fy,) T p(F).

(i) If G, € ¥, n > 1, with G, | G and u(Gy) < +oo for some k, then
1(Gn) & (G).

Proof. Clearly F = U, F,, € ¥. Forn > 1, write H,, = F,,\ F},_1 (with Fy = ().
Then by disjointness

p(Fn) = 3 () TS0 u(Hy) = u(F).

k<n k<400

The second statement is similar. [ |
Similarly, for the third property, by Lemma B.2.6 again
PX <z,] | PIX <z,

if x,, | x. [ |
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It turns out that the properties above characterize distribution functions in the
following sense.

Theorem B.2.7 (Skorokhod representation). Let F' satisfy the three properties
above in Proposition B.2.5. Then there is a random variable X on

(Q, F,P) = ((0,1], B(0,1], A),

with distribution function F'. The law of X is called the Lebesgue-Stieltjes measure
associated to F'.

The result says that all real random variables can be generated from uniform
random variables over (0, 1].

Proof. Assume first that F' is continuous and strictly increasing. Define X (w) =
F~Y(w) forallw € Q. Then, Vz € R,

PIX <z]=P{{w : F Y w) <z} =P}{w : w< F(z)}] = F(x).

In general, let
X(w) =inf{z : F(z) > w}.

It suffices to prove that
Xw)<z <<= w<F(2).

The <« direction is clear by definition of X. On the other hand, by the right-
continuity of F', we have that w < F'(X (w)). Therefore, by monotonicity of F,

Xw)<z = w<F(X(w))<F(z).
That proves the claim. [ |

Turning measurability on its head, we get the following important definition.

Definition B.2.8. Ler (2, F, P) be a probability space. Let Y-, v € T, be a collec-
tion of maps from ) to R. We let

oYy,yeTl),
be the smallest o-algebra on which the Y.,’s are measurable.

In a sense, the above o-algebra corresponds to “the partial information avail-
able when the Y, s are observed.”
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Example B.2.9. Suppose we flip two unbiased coins and let X be the number of
heads observed. Then, denoting heads by H and tails by T,

o(X) = o({{nn}, {HT, TR}, {TT}}),
which is coarser than the full o-algebra 2. |

Note that h~! preserves all set operations. For example, h~'(A U B) =
h~1(A) U h=Y(B). This gives the following important lemma.

Lemma B.2.10 (Sufficient condition for measurability). Suppose C C B with
o(C) = B. Then h™t : C — X implies h € mX. That is, it suffices to check
measurability on a collection generating B.

Proof. Let £ be the sets such that h~}(B) € X. By the observation before the
statement, £ is a o-algebra. But C C £ which implies o(C) C £ by minimality. ®

As a consequence we get the following properties of measurable functions.

Proposition B.2.11 (Properties of measurable functions). Let h, h,, n > 1, be in
md and f € mB.

(i) fohem3.

(ii) If S is a topological space and h is continuous, then h is B(S)-measurable,
where B(S) is generated by the open sets of S.

(iii) The function g : S — RisinmX if forall c € R,

{g <c}eX.

(iv) Ya € R, h1 4+ hs, h1hs, ah € m2.
(v) inf h,,, sup hy, liminf A, lim sup h,, are in mX.

(vi) The set
{s : lim hy,(s) exists in R},

is measurable.

Proof. We sketch the proof of a few of them.
(ii) This follows from Lemma B.2.10 by taking C as the open sets of R.
(iii) Similarly, take C to be the sets of the form (—o0, ¢].
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(iv) This follows from (iii). For example note that, writing the left-hand side as
hl > Cc— h2,

{h1 4+ ha > ¢} = Ugeg[{h1 > ¢} N {g > c— ha}],

which is a countable union of measurable sets by assumption.
(v) Note that
{sup hy, < ¢} = Np{hyn < c}.

Further, note that lim inf is the sup of an inf. ]

B.3 Independence
Let (2, F,P) be a probability space.

Definition B.3.1 (Independence). Sub-o-algebras G1,Go, ... of F are independent
if: forall G; € G;, i > 1, and distinct i1, . . . , i, we have

independence

P[Gi, N+~ NGy, ] = [[PIG,]-

Specializing to events and random variables:

Definition B.3.2 (Independent random variables). Random variables X1, Xa, . ..
are independent if the o-algebras 0(X1),0(X2), ... are independent.

Definition B.3.3 (Independent events). Events E1, Fo, ... are independent if the
o-algebras

gz:{waEszf7Q}7 ZZ 17
are independent.
Recall the more familiar definitions.

Theorem B.3.4 (Independent random variables: familiar definition). Random vari-
ables X, Y are independent if and only if for all x,y € R

PIX <z,Y <y| =PX <z|P[Y <y

Theorem B.3.5 (Independent events: familiar definition). Events E1, E5 are inde-
pendent if and only if
P[El N EQ] = P[El] P[EQ]
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The proofs of these characterizations follow immediately from the following
lemma.

Lemma B.3.6 (Independence and 7-systems). Suppose that G and H are sub-o-
algebras and that T and J are m-systems such that

oI)=6G, o(J)=H.
Then G and H are independent if and only if T and J are as well, that is,
PINJ)=Pl|P[J], VIe€Z JeJ.
Proof. Suppose Z and J are independent. For fixed I € Z, the measures P[] N H]
and P[I|P[H] are equal for H € J and have total mass P[/] < +oco. By the
Uniqueness of Extensions Lemma (Lemma B.1.14) the above measures agree on
o(J) = H.

Repeat the argument. Fix H € H. Then the measures P[G N H] and P[G] P[H]
agree on Z and have total mass P[H| < +oo. Therefore they must agree on o(Z) =
g. u

We give a standard construction of an infinite sequence of independent random
variables with prescribed distributions.

Let (2, F,P) = ((0,1],8(0,1],\) and for w € Q consider the binary expan-
sion

w=0wwsy....
(For dyadic rationals, use the all-1 ending and note that the dyadic rationals have
measure 0 by countability.) This construction produces a sequence of independent
so-called Bernoulli trials. That is, under A, each bit is Bernoulli(1/2) and any finite
collection is independent.

To get two independent uniform random variables, consider the following con-
struction:

U1 = O.W1W3w5 PN

U2 = O.WQW4w6 e
Let A; (resp. As) be the 7-system consisting of all finite intersections of events of
the form {w; € H;} for odd i (resp. even i). By Lemma B.3.6, the o-fields o(.A;)
and o (Az) are independent.

More generally, let
V1 = O.Ldl(,d3w6 N
V2 = O.WQW5WQ PN

V}, = 0.w4w8w13 cen

Bernoulli

trials
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that is, fill up the array diagonally. By the argument above, the V;’s are independent
and Bernoulli(1/2).

Finally let u,,, n > 1, be a sequence of probability measures with distribution
functions F,, n > 1. For each n, define

Xp(w) =inf{x : F(x) > V,(w)}

By the (proof of the) Skorokhod Representation (Theorem B.2.7), X, has distribu-
tion function Fj,.

Definition B.3.7 (I.i.d. random variables). A sequence of independent random vari-
ables (X,,) as above is independent and identically distributed (i.i.d.) if F,, = F
for some n.

Alternatively, we have the following more general result.

Theorem B.3.8 (Kolmogorov’s extension theorem). Suppose we are given proba-
bility measures p,, on (R™, B(R™)) that are consistent, that is,

Mn-‘rl((ala bl] X X (ambn] X R) = Nn((alabl] X X (anabn])'
Then there exists a unique probability measure P on (RN, RN ) with
Plw : w; € (a;,bi],1 <i <n]=py((a1,b1] X -+ X (an, by)).

Here RN is the product o-algebra, that is, the o-algebra generated by finite-dimen-
sional rectangles.

Next, we discuss a first non-trivial result about independent sequences.

Definition B.3.9 (Tail o-algebra). Let X1, Xo, ... be random variables on a prob-
ability space (2, F,P). Define

T={)T
n>1

where
T = 0(Xni1, Xnsa, - -)-

As an intersection of o-algebras, T is a o-algebra. It is called the tail o-algebra of
the sequence (X,,).

Intuitively, an event is in the tail if changing a finite number of values does not
affect its occurence.
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Example B.3.10. If S, = >, _,, X, then

{lim S,, exists} € T,

{limsupn~'S, >0} € T,

but
{limsup S,, >0} ¢ T.

<

Theorem B.3.11 (Kolmogorov’s 0-1 law). Let (X,,) be a sequence of independent
random variables with tail o-algebra T. Then T is P-trivial, that is, forall A € T
we have either P[A] = 0 or 1.

Proof. Let X,, = o(X1,...,X,). Note that &,, and 7,, are independent. More-
over, since 7 C 7,, we have that A, is independent of 7. Now let

Xoo = 0(Xp,n > 1).
Note that

K:oo: U X’m

n>1

is a w-system generating X',. Therefore, by Lemma B.3.6, X, is independent of
T.But 7T C X, and therefore 7T is independent of itself! Hence if A € T,

P[A] = P[AN A] = P[A]?,

which can occur only if P[A] € {0,1}. ]

B.4 Expectation

Let (S, X, 1) be a measure space. We denote by 1 4 the indicator of a set A, that is,

1, ifscA
1a(s) —{

0, o.w.

Definition B.4.1 (Simple functions). A simple function is a function of the form

m
f = Z aklAka
k=1
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where ay, € [0, +00] and Ay, € X for all k. We denote the set of all such functions
by SF*. We define the integral of f by

p(f) = apu(Ax) < +oo.
k=1

We also write uf = u(f).
The following is left as a (somewhat tedious but) immediate exercise.

Proposition B.4.2. Let f,g € SF .

(i) If u(f # g) = 0, then uf = pg. [Hint: Rewrite f and g over the same
disjoint sets. |

(ii) Forallc >0, f + g,cf € SFT and

u(f +9) = pf +upg, plef) =cnf.
[Hint: This one is obvious by definition.]
(i) If f < g then uf < pg. [Hint: Show that g — f € SF™ and use linearity.]
The main definition and theorem of integration theory follows.

Definition B.4.3 (Nonnegative functions). Let f € (mX)™". Then the integral of f
is defined by
u(f) = sup{u(h) : he SF*, h < f).

Again we also write pf = p(f).

Theorem B.4.4 (Monotone convergence theorem). If f,, f € (mX)t, n > 1, with
fn T [, then
pfn T pf.

Many theorems in integration follow from the monotone convergence theorem.
In that context, the following approximation is useful.

Definition B.4.5 (Staircase function). For f € (mX)" andr > 1, the r-th staircase
function (") is

07 l:fx - Oy
a(z) =3 (i—1)27", if(i—1)27" <z <i2T <
r? l.fx > ’r)

We let f7) = o\")(f). Note that (") € SF* and ) 1 f as r — +oc.
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Using the previous definition, we get for example the following properties.

Proposition B.4.6. Let f,g € (mX)™.

(i) If u(f # g) = 0, then p(f) = p(g)-
(ii) Forallc >0, f + g,cf € (mX)" and

p(f+9)=npf+pg, plef) =cuf.

(iti) If f < g then pf < pg.

For a function f, let f™ and f~ be the positive and negative parts of f, that is,

()= f(s)Vv0, f(s)=(=f(s) VO.
Note that |f| = f* + f~. Finally we define

p(f) = p(f") —n(f),

provided u(f) + u(f~) < +oo0, in which case we write f € L'(S, %, u). Propo-
sition B.4.6 can be generalized naturally to this definition. Moreover we have the
following.

Theorem B.4.7 (Dominated convergence theorem). If f,, f € mX, n > 1, with
fn(s) = f(s) forall s € S, and there is a nonnegative function g € L*(S, 3, 1)
such that | f,,| < g, then

N(‘fn - f’) - 07
and in particular
pfn = if,

as n — oQ.

More generally, for 0 < p < +o0, the space LP(S, 3, i) contains all functions
f S — R such that || f||, < +oo, where

1£1lp = w(F17)VP,

up to equality almost everywhere. We state the following results without proof.

Theorem B.4.8 (Holder’s inequality). Let 1 < p,q < oo such that p~! +
q' = 1. Then, for any f € LP(S,%,u) and g € L(S,%, i), it holds that
fg € LY(S, X%, 1) and further

Ifglly < [ fllpllgllq-

The case p = q = 2 is known as the Cauchy-Schwarz inequality (or Schwarz
inequality).

Cauchy-Schwarz

inequality
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Theorem B.4.9 (Minkowski’s inequality). Let 1 < p < +o0. Then, forany f,g €
LP(S,%, ), it holds that f + g € LP(S, X, i) and further

1+ glly < [1fllp + llgllp-

Theorem B.4.10 (L? completeness). Let 1 < p < +o00. If (fn)n in LP(S, %, ) is
Cauchy, that is,

sup an - fm”p — Oa

n,m>

as k — +oo, then there exists f € LP(S, %, u) such that

[fn = fllp =0,

asn — +0oo.
We can now define the expectation. Let (€2, F,P) be a probability space.

Definition B.4.11 (Expectation). If X > 0 is a random variable then we define the
expectation of X, denoted by E[X], as the integral of X over P. More generally
(i.e., not assuming non-negativity), if

E|X|=E[X"]+E[X "] < +oo,
we let
E[X]=E[XT] - E[X].

We denote the set of all such integrable random variables (up to equality almost
surely) by L'(Q, F,P).

integrable
The properties of the integral for nonnegative functions (see Proposition B.4.6)
extend to the expectation.
Proposition B.4.12. Let X, X1, X5 be random variables in L' (Q, F,P).
(LIN) If a1, ag € R, then E[a1 X1 + a2 X2] = a1 E[X1] + aoE[X5].
(POS) If X > 0, then E[X] > 0.

One useful implication of (POS) is that | X| — X > 0 so that E[X] < E|X| and,
by applying the same argument to — X, we have further |E[X]| < E|X]|.

The monotone convergence theorem (Theorem B.4.4) implies the following
results. We first need a definition.

Definition B.4.13 (Convergence almost sure). We say that X,, — X almost surely

(a.s.) if
PX, — X]=1.
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Proposition B.4.14. Let XY, X,,, n > 1, be random variables in L' (2, F,P).
(MON) If 0 < X, 1 X, then E[X,,] 1T E[X] < +o0.
(FATOU) If X,, > 0, then E[lim inf,, X,,] < liminf,, E[X,,].

(DOM) If | Xy| <Y, n > 1, withE]Y]| < 400 and X,, — X a.s., then

E|X, — X|—0,
and, hence,
E[X,] — E[X].
(Indeed,
E[X,] - EX]] = [E[X,—X]|
< EIX, - X|)

(SCHEFFE) If X,, — X a.s. and E|X,,| — E|X| then

E|X, — X| = 0.

(BDD) If X,, — X a.s. and | X,,| < K < 400 for all n then

E|X, — X| — 0.

Proof. We only prove (FATOU). To use (MON) we write the lim inf as an increas-
ing limit. Letting Z;, = inf, > X,,, we have
liminf X,, =1 lim Z,

n k

so that by (MON)
E[lim inf X,,] =1 lilgnIE[Zk].

n

For n > k we have X,, > Z so that E[X,,] > E[Z}] hence

< i .
E[Zx] < inf E[X]

Finally, we get

E[liminf X,,] <t lim inf E[X,,].
n k n>k

The following inequality is often useful. We give an example below.
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Theorem B.4.15 (Jensen’s inequality). Let h : G — R be a convex function on '“"*"°

an open interval G such that P[X € G] = 1 and X, h(X) € L*(Q, F,P) then inequality
E[h(X)] > h(E[X))

The LP norm defined earlier applies to random variables as well. That is, for
p > 1, we let | X, = E[|X|P]*/? and denote by LP(Q, F,P) the collection of
random variables X (up to almost sure equality) such that || X ||, < +oo. Jensen’s
inequality (Theorem B.4.15) implies the following relationship.

Lemma B.4.16 (Monotonicity of norms). For1 < p < r < +o00, we have | X||, <
X1l

Proof. Forn > 0, let
X, = (|X]|An)P.

Take h(z) = x"/Pwhich is convex on (0, +00). Then, by Jensen’s inequality,
(E[Xa])"/? < E[(Xa)""] = E[(|X] An)'] < E[IX]'].
Take n — oo and use (MON). [ ]

This latter inequality is useful among other things to argue about the convergence
of expectations. We say that X, converges to X« in L? if || X;, — X ||, — 0. By
the previous lemma, convergence on L" implies convergence in L forr > p > 1.
Further we have:

Lemma B.4.17 (Convergence of expectations). Assume X,,, Xoo € L'. Then
| Xn — Xooll1 — 0,

implies
E[X,] = E[X].

Proof. Note that

|E[X,] — E[X]| < E|X,, — Xoo| — 0.

So, a fortiori, convergence in LP, p > 1, implies convergence of expectations.
Square integrable random variables have a nice geometry by virtue of forming
a Hilbert space.
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Definition B.4.18 (Square integrable variables). Recall that L*(2, F,P) denotes
the set of all square integrable random variables (up to equality almost surely), that
is, those X with E[X?] < +o0 For X,Y € L*(Q,F,P), define the inner product
(X,Y) := E[XY]. Then the L? norm is || X ||z = \/(X, X).

Theorem B.4.19 (Cauchy-Schwarz inequality). If X, Y € L?(Q, F,P), then XY €
LY(Q, F,P) and
EIXY| < VEXZEYT,

(X, V) < (1 X l2l1Y ]2
Theorem B.4.20 (Parallelogram law). If X, Y € L%(Q, F,P), then parallelogram

law

square

integrable

or put differently

IX + Y3+ 11X = Y3 = 2] X3 + 2/|Y]3.

B.5 Fubini’s theorem

We now define product measures and state (without proof) Fubini’s Theorem.

Definition B.5.1 (Product o-algebra). Let (S, 1) and (Sa, X2) be measure spaces.
Let S = 51 x Sy be the Cartesian product of S1 and Ss. For i = 1,2, let
m; : S — S; be the projection on the i-th coordinate, that is,

Ti(s1,52) = ;.
The product o-algebra > = 331 X Y is defined as
Y =o(m,m).

In words, it is the smallest o-algebra that makes coordinate maps measurable. It
is generated by sets of the form

1 (B1) = By x Sy, my'(Ba) =81 x By, Bj€Xy,By€ Yo
Theorem B.5.2 (Fubini’s Theorem). For F' € X, let f = 1y and define Fubini’s

Theorem
u(B) = [ Hsomds) = [ Hsanaldso)
Sl S2

where

I{(Sl) ::/S f(Sl,SQ)MQ(dSQ) € by,

IQf(SQ) 2:/S f(Sl,SQ)/,Ll(dSl) € bXs.
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(The equality and inclusions above are part of the statement.) The set function
 is a measure on (S,X) called the product measure of p1 and ps and we write

p= 1 X pio and

(5,3, 1) = (S1, 81, 1) x (S2, X2, p2).-
Moreover i is the unique measure on (S, X) for which

p(Ar x Ag) = p(Ar)u(A2), A; €3

If f € (mX)" then

u(f)—/s I{(Sl)ul(dsl)—/ I (s2) pa(dso),

Sa

where I { , Ig are defined as before (i.e., as the sup over bounded functions from
below). The same is valid if f € m¥ and p(|f|) < +oo.

Some applications of Fubini’s Theorem (Theorem B.5.2) follow. We first recall
the following useful formula.

Theorem B.5.3 (Change-of-variables formula). Let X be a random variable with
law L. If f : R — R is such that either f > 0 or E|f(X)| < o0 then

X)) = /R Fw)L(d

Proof. We use the standard machinery.

1. For f = 15 with B € B,
E[15(X)] = £(B) = /R 15(y)L(dy).

2. If f = Zznzl ay1 4, is a simple function, then by (LIN)
m
=Y L (X zak [ twean = [ 5w
k=1

3. Let f > 0 and approximate f by a sequence {f,} of increasing simple
functions. By (MON)

E[f(X)] = Im E[, (X)) = lim / Faly)L(dy) = /R Fw)L(dy
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4. Finally, assume that f is such that E|f(X)| < 4o00. Then by (LIN)
Ef(X)] = E[f"(X)]- [

iy iy
- /Rf(y)ﬁdy

Theorem B.5.4. Let X and Y be independent random variables with respective
laws 1 and v. Let f and g be measurable functions such that either f,g > 0 or
E|f(X)|,E|g(Y)| < 4+oc. Then

E[f(X)g(Y)] = E[f(X)]E[g(Y)].

Proof. From the change-of-variables formula (Theorem B.5.3) and Fubini’s Theo-
rem (Theorem B.5.2), we get

E[f(X)g(Y)] = / F(@)9(y) (e x v)(dz x dy)

= A(Af(x)g(y)u(dw)> v(dy)

- /R (9(w)ELF(X)]) v(dy)
— EOEY)).

Definition B.5.5 (Density). Let X be a random variable with law u. We say that
X has density fx if for all B € B(R)

u(B) = P[X € B] = /B Fx(@)A(dg).

Theorem B.5.6 (Convolution). Let X and Y be independent random variables
with distribution functions F' and G respectively. Then the distribution function,
H of X+Yis

H(z) = / F(z — y)dG(y).

This is called the convolution of F' and G. Moreover, if X and Y have densities f
and g respectively, then X +Y has density

- / £z — )e(y)dy
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Proof. From Fubini’s Theorem (Theorem B.5.3), denoting the laws of X and Y
by w and v respectively,

Py <2 = [ [1peputoray
— [Pl gy
- / F(z - y)dG(y)

See Exercise 2.1 for a proof of the following standard formula.
Theorem B.5.7 (Moments of nonegative random variables). For any nonnegative

random variable X and positive integer k,

“+o0o
E[X*] :/ kz"IP[X > ] da. (B.5.1)
0

B.6 Conditional expectation

Before defining the conditional expectation, we recall some elementary concepts.
For two events A, B, the conditional probability of A given B is defined as

P[AN B

PIA4|B] = “ g

where we assume P[B] > 0.
Now let X and Z be random variables taking values x1, ..., 2, and 21, ..., 2z,
respectively. The conditional expectation of X given Z = z; is defined as

Y =EX|Z=2]=) aP[X=1|Z=z],
%

where we assume P[Z = z;] > 0 for all j. As motivation for the general definition,
we make the following observations.
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* We can think of the conditional expectation as a random variable ¥ =
E[X | Z] defined as follows

Y(w)=yjonGj ={w : Z(w) = z}.

* Then Y is G-measurable where G = o(Z).

* On sets in G, the expectation of Y agrees with the expectation of X. Indeed,
note first that

ElY;G;] = y;PG)]
- ZmiP[X = ;| Z = z|P[Z = z]

= ZQEZP[X = T, Z = Zj]
i
This is also true for all G € G by summation over j.

We are ready to state the general definition of the conditional expectation. Its
existence and uniqueness follow from the next theorem.

Theorem B.6.1 (Conditional expectation). Let X € L'(Q,F,P)and G C F a
sub-o-algebra. Then:

(i) (Existence) There exists a random variable Y € L'(2, G, P) such that
E[Y;G] = E[X;G], VG € G. (B.6.1)

Such a'Y is called a version of the conditional expectation of X given G and
is denoted by E[ X | G].

(ii) (Uniqueness) It is unique in the sense that, if Y and Y' are two versions of
the conditional expectation, then Y =Y’ almost surely.

When G = 0(Z), we sometimes use the notation E[X | Z] := E[X | G]. A similar
convention applies to collections of random variables, for example, E[X | Z;, Z5] :=
E[X |o(Z1, Z2)] and so on.

We first prove uniqueness. Existence is proved below after some more concepts
are introduced.

conditional

expectation
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Proof of Theorem B.6.1 (ii). By way of contradiction, let Y, Y’ be two versions of
E[X | G] such that without loss of generality P[Y" > Y’] > 0. By monotonicity,
there is n > 1 with G = {Y > Y’ + n~!} € G such that P[G] > 0. Then, by
definition,

0=E[Y —Y’;G] > n'P[G] > 0,

which gives a contradiction. [ |

To prove existence, we use the L2 method. In L?(£2, F,P), the conditional
expectation reduces to an orthogonal projection.

Theorem B.6.2 (Conditional expectation: L? case). Let X € L*(Q2, F,P) and
G C F asub-o-algebra. Then there exists an (almost surely) unique Y € L?*(2,G,P)
such that

X = Yo =A:=inf{||X — W]z : W € L*(Q,G,P)},

and, moreover, (Z,X —Y) = 0, VZ € LQ(Q,Q,IP’). In particular, it satis-
fies (B.6.1). Such a'Y is called the orthogonal projection of X on L?(Q2,G, P).

Proof. Take (Y,,) such that || X — Y, ||2 — A. We use the fact that L*(Q2, G, P) is
complete (Theorem B.4.10) and first seek to prove that (Y;,) is Cauchy. Using the
parallelogram law (Theorem B.4.20), note that

2 2

1
I - Y13+ 1X - il =2 x - S+ )

+ﬁ;n—n>

2 2

The first term on the right-hand side is > 2A? by definition of A, so taking limits
r, s = 400 we have what we need, that is, that (Y},) is indeed Cauchy.
Let Y be the limit of (Y,,) in L?(£2, G, P). Note that by the triangle inequality

A<S|X =Yz < IX =Yal2+ Yo = Yl2 = A,
asn — +oo. As aresult, forany Z € L?(Q,G,P) and t € R,
IX =Y —tZ|3 > A= | X - Y3,
so that, expanding and rearranging, we have
—20(Z, X = Y) +1*||Z|]3 > 0,

which is only possible for every t € R if the first term is 0.
Uniqueness follows from the parallelogram law and the definition of A. [ |
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We return to the proof of existence of the conditional expectation. We use the
standard machinery.

Proof of Theorem B.6.1 (i). The previous theorem implies that conditional expec-
tations exist for indicators and simple functions. Now take X € L'(€, F,P) and
write X = X — X, so we can assume X is in fact nonnegative without loss of
generality. Using the staircase function

0, if X =0
XM =4 (i—-127", if(i-1)2"<X<i2"<r
r if X >r,

we have 0 < X() 1 X. Let Y(") = E[X(")|G]. Using an argument similar to
the proof of uniqueness, it follows that U > 0 implies E[U | G] > 0 for a simple
function U. Using linearity (which is immediate from the definition), we then have
Y 1Y := limsup Y") which is measurable in G. By (MON),

ElY;G] =E[X;G], VG € G.
That concludes the proof. [ |
Before deriving some properties, we give a few examples.
Example B.6.3. If X € L'(Q,G,P) then E[X |G] = X almost surely trivially. <
Example B.6.4. If G = {0, Q}, then E[X | G] = E[X]. <
Example B.6.5. Let A,B € F with0 < P[B] < 1. If G = {0, B, B¢,Q} and

X = 14, then

P[ANB
g, onw € B,

PA g == IP)[B]c
[A14] {P[I‘Pfl[g?]], onw € B°.

Intuition about the conditional expectation sometimes breaks down.

Example B.6.6. On (Q2, F,P) = ((0,1],B(0, 1], A), let G be the o-algebra of all
countable and co-countable (i.e., whose complement in (0, 1] is countable) subsets
of (0,1]. Then P[G] € {0,1} for all G € G and

E[X: G] = E[E[X]; G] = E[X]P[C],

so that E[X |G] = E[X]. Yet, G contains all singletons and we seemingly have
“full information,” which would lead to the wrong guess E[X | G] = X. <
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We show that the conditional expectation behaves similarly to the ordinary
expectation. Below all X and X;s are in L' (2, F,P) and G is a sub o-algebra of
F.

Lemma B.6.7 (cLIN). If aj,as € R, then E[a1 X1 + a2 X2 |G] = a1 E[ X1 | G] +
a2E[ X5 | G] a.s.

Proof. Use the linearity of expectation and the fact that a linear combination of
random variables in G is also in G. [ |

Lemma B.6.8 (cPOS). If X > 0 then E[X | G] > 0 a.s.

Proof. Let Y = E[X | G] and assume for contradiction that P[Y" < 0] > 0. There
ism > 1 such that P[Y < —n~1] > 0. But that implies, for G = {Y < —n "1},

E[X;G] =E[Y;G] < —n'P[G] < 0,
a contradiction. n
Lemma B.6.9 (¢cMON). If0 < X, 1 X then E[X,, | G] T E[X | G] a.s.

Proof. Let Y,, = E[X,,|G]. By (cLIN) and (cPOS), 0 < Y,, 1. Then letting
Y =limsupY,, by (MON),

E[X;G] = E[Y; G,
forall G € G. [

Lemma B.6.10 (cFATOU). If X,, > 0 then E[liminf X,, | G] < liminf E[X,, | §]

a.s.

Proof. Note that, for n > m,

so that inf,, >, E[X,, | G] > E[Z,, | G]. Applying (c(MON)

E[llim Z,, |G] = imE[Z,, |G] < lim igf E[X,|G].

Lemma B.6.11 (<cDOM). If X,, <V € L'(Q, F,P) and X,, — X a.s., then

E[X, |G] — E[X | ] a.s.
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Proof. Applying (cFATOU) to W, := 2V — |X,, — X| > 0,
E[2V |G] = E[lin%inf W, | G]
< lin%inf]E[Wn 1G]
=E[2V|G] — lin%inf}EHXn - X||4g],
so we must have
lin%infEHXn — X||g]=0.
Now use that |[E[X,, — X | G]| < E[| X, — X || G] (which follows from (cPOS)). =
Lemma B.6.12 (cJENSEN). If f is convex and E||f(X)|] < 400 then
FE[X]G]) <E[f(X)]G].

In addition, we highlight (without proof) the following important properties of
the conditional expectation.

Lemma B.6.13 (Taking out what is known). If X € L'(Q, F,P) and Z € mg is
bounded or if X is bounded and Z € L'(Q,G,P), then E[ZX |G] = ZE[X | G].
This is also true if X,Z > 0, E[X] < 400 and E[ZX] < +oo, or X €
L*(Q, F,P)and Z € L*(Q,G,P).

Lemma B.6.14 (Role of independence). If X € L'(, F,P) is independent of
H then E[X |H| = E[X]. In fact, if H is independent of o(c(X),G), then
E[X[o(G, H)] = E[X|G].

Lemma B.6.15 (Conditioning on an independent random variable). Suppose X,Y
are independent. Let ¢ be a function with E|¢(X,Y)| < 400 and let g(z) =
E(¢(z,Y)). Then,

E(o(X,Y)|X) = g(X).
Lemma B.6.16 (Tower property). If H C G is a o-algebra and X € L*(Q), F,P)
E[E[X |G]|H] = E[E[X |H]|G] = E[X | H].
That is, the “smallest o-algebra wins.”

An important special case of the latter, also known as the law of total probability
or the law of total expectation, is E[E[X | G]] = E[X].
One last useful property:

Lemma B.6.17. Ler (2, F,P) be a probability space. If Y1 = Ya a.s. on B € F
then E[Y7 | F| = E[Y, | F] a.s. on B.

tower

property
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B.7 Filtered spaces

Finally we define stochastic processes. Let F be a set and let £ be a o-algebra
defined over E.

Definition B.7.1. A stochastic process (or process) is a collection {X;}ic 7 of
(E, &)-valued random variables on a probability space (2, F,P), where T is an
arbitrary index set.

Here is a typical example.

Example B.7.2. When % = Z, (or 7 = Nor J = 7Z) we have a discrete-
time process, in which case we often write the process as a sequence (X¢):>o. For
instance:

e Xy, X1, Xo,...11.d. random variables;
* (St)t>0 where Sy = Zigt X, with X; as above.

We let
]:t = O'(Xo,Xl, e ,Xt),

which can be thought of as “the information known up to time ¢.” For a fixed
we Q, (Xi(w) : te.T)is called a sample path.

Definition B.7.3. A random walk on R? is a process of the form:
t
Se=So+> Xi, t>1
i=1

where the X;s are i.i.d. in RY, independent of Sy. The case X; uniform in {—1, 41}
is called simple random walk on Z.

Filtered spaces provide a formal framework for time-indexed processes. We
restrict ourselves to discrete time. (We will not discuss continuous-time processes
in this book.)

Definition B.7.4. A filtered space is a tuple (2, F, (F;)iez, , P) where:
s (Q, F,P) is a probability space;
* (Ft)tez, is afiltration, that is,
FoCF C- - CFy:=0(UF) CF.

where each F; is a o-algebra.

process

sample path

filtration
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Definition B.7.5. Fix (2, F, (Fi)icz.,P). A process (Wy)i>o is adapted if W; €
Fiforallt.

adapted

Intuitively, in the previous definition, the value of W} is “known at time ¢.”
Definition B.7.6. A process (Cy);>1 is predictable if Cy € F_1 forall t > 1. predictabl
- ediclc e
Example B.7.7. Continuing Example B.7.2. The collection (F¢):>o forms a fil-

tration. The process (S;):>0 is adapted. On the other hand, the process C; =

1{S;—1 < k} is predictable. <
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compact, 376
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gales

Pélya’s theorem, see random walk
Pdlya’s urn, 142
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Parseval’s identity, 352
pattern matching, 155
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definition, 263
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Fubini’s theorem, 519
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process, 528
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Erd6s-Rényi, see Erd6s-Rényi graph
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random projection, 93
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Poisson, 67, 241, 244,250, 252, 420,
496
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random walk
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Pélya’s theorem, 215
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Rayleigh quotient, 330, 336, 384
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Spitzer’s combinatorial lemma, 436
Stirling’s formula, see factorials
stochastic bandits, see bandits
stochastic domination
binomial, 470
coupling, see coupling
Markov chains, 258
monotonicity, 320
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real random variables, 250
stochastic processes
adapted, 529
definition, 528
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predictable, 529
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stopping time
cover time, see Markov chains
definition, 123
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Chernoff bound, 69, 155, 365

Chernoff-Cramér bound, 64, 75, 85

definitions, 28-29

general Bernstein inequality, 76

general Hoeffding inequality, 70, 89
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Hoeffding’s lemma, 72
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method of bounded differences, 153,
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Paley-Zygmund inequality, 46

sub-exponential, 74

sub-Gaussian, 70, 85, 107

Talagrand’s inequality, 179

first return time, see Markov chains

first visit time, see Markov chains

hitting time, 123

strong Markov property, see Markov
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Strassen’s theorem, 325
sub-exponential variable, see tail bounds
sub-Gaussian increments, 91
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submodularity, 325
symmetrization, 71, 106
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Azuma-Hoeffding inequality, 145,
158, 159, 227, 380
Bernstein’s inequality, 78, 493
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threshold phenomena, 37, 41, 47
tilting, 73
total variation distance, 16
tower property, see conditional expecta-
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trees
3-1 tree, 61
Cayley’s formula, 5, 26, 54, 499
characterization, 4-5
definition, 4
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uniform spanning tree, 218-226
type, see recurrence

uniform spanning trees, see trees
union bound, 36, 116
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Varopoulos-Carne bound, see Markov chains
VC dimension, 108, 111

‘Wald’s identities, see random walk
Wasserstein distance, 323
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