Notes 19 : Martingale CLT

Math 733-734: Theory of Probability Lecturer: Sebastien Roch

References: [Bil95, Chapter 35], [Roc, Chapter 3].

Since we have not encountered weak convergence in some time, we first recall
a number of definitions and results that will be useful to keep in mind throughout
this lecture.

DEF 19.1 (Distribution function) Let X be a RV on a triple (2, F,P). The law
of X is
Lx=PoX 71,

which is a probability measure on (R, B). By the Uniqueness of Extension lemma,
Lx is determined by the distribution function (DF) of X

Fx(x)=PX <z], ze€R.

DEF 19.2 (Convergence in distribution) A sequence of DFs (F},),, converges in
distribution (or weakly) to a DF F' if

F,(z) = F(x),

for all points of continuity x of F. If I}, and F' are the DFs of X,, and X respec-
tively, we write X,, = X.

THM 19.3 (Convergence in distribution v. in probability) Suppose that (X)),
is a sequence of RVs with X,, ~ F,,. The following holds:

1. If X;, = p Xoo, then X, = X.

2. If X, = ¢, where c is a constant, then X,, —p c.

LEM 19.4 (Converging together lemma) If X,, = X and Z,, — X,, = 0, then
Zn = X.

LEM 19.5 (Multiplying by a converging sequence) If X,, = X and Y, = ¢
with'Y,, > 0and c > 0, then X,,Y,, = cX.
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DEF 19.6 (Characteristic function) The characteristic function (CF) of a RV X
is
bx (t) = E[e"™] = E[cos(tX)] + iE[sin(tX)],

where the second equality is a definition and the expectations exist because they
are bounded.

EX 19.7 (Gaussian distribution) Ler X ~ N(0,1). Then
ox(t) =e /2
THM 19.8 If X1 and X5 are independent then

OX1+X, (t) = ¢x, (t)(z)XQ (t)

LEM 19.9 [f DFs F and G have the same CF; then they are equal.

THM 19.10 (Lévy’s Continuity Theorem) Let i, 1 < n < oo be probability
measures (PM) with CFs ¢,,.

1. If pn, = oo then én(t) — Poo(t) for all t.

2. If ¢n(t) converges pointwise to a limit ¢(t) that is continuous at O then the
associated sequence of PMs ., converges weakly to a PM p with CF ¢.

THM 19.11 (CLT) Let (X,,),, be IID with E[X;] = u and Var[X;] = 0? <
+o00.Then if Sy, = Yy Xk

Sn — np
o/

= N(0,1).

1 Martingale CLT

We have seen that MGs are, in some ways, generalizations of unbiased RWs.
Hence, one might expect a CLT to hold under appropriate conditions (namely,
Lindeberg-type conditions). That turns out to be the case, but the situation is more
complex than for sums of independent RVs, as the next example suggests. In brief,
mixtures of unbiased RWs are also MGs, in which case the limit may be a mixture
of Gaussians.
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EX 19.12 (Mixtures of RWs) Recall that, if the bounded process {Cy, } ,>1 is pre-
dictable (i.e. Cy, € Fp_1foralln > 1)and{S,}n>0is a MG, then the martingale
transform {(C e S);, }n>0 with

M, =(CeS),= ZCi(Si - Si-1),

i<n

is also a MG. Suppose S, is SRW on the integers started at O, that is, S, =
S Xi where the X;s are 1ID uniform in {—1,+1}. Hence S; — S;—1 = X.
Let also X be independent uniform in {1,2} and set C; = Xq for all i > 1.
Then, with respect to the filtration F,, = o(Xo,...,n) forn > 0, {Sp}n>0 is
a MG (because E[X;] = 0) and {C),}n>1 is bounded and predictable. Hence
{M,}, as defined above, is a MG. Now note that { M, } is a mixture of two RWs,
in the following sense. On {Xo = 1}, which occurs with probability 1/2, we have
M, =", X; and THM 19.11 implies that M, //n = N(0,1). On the other
hand, on {Xo = 2}, which also occurs with probability 1/2, we have instead
M, =>"" | 2X; and THM 19.11 implies this time that M, /\/4n = N(0,1)—or
M, //n = N(0,4).

To handle this issue, we introduce the conditional variance. Let { M,, } be a MG
in £2 with corresponding MG difference Z,, = M,, — M,,_; and let

02 =E[Z2% | Fn_1).

(Note that this is a RV.) Consider the stopping time (ST)

Tn:inf{mzozzafzn}. (1)

i=1

This is indeed an ST since {7, < m} = {>_I", 02 > n} € Fy_1 C Fpp. Under
the assumption that > 02 = +oo with probability 1, we then have 7, 1 +o0
a.s. when n — +4o0.

THM 19.13 (A CLT for MGs with Bounded Increments) Let {M,} be a MG
with corresponding MG difference Z,, = M,, — M,,_1. Assume there is a constant
K < 400 such that |Z,| < K with probability 1 for all n. Let 02 = E[Z2 | F,,_1]
and assume that ), 02 = +o0 with probability 1. Let 1, be as defined in (1).

Then
M,

NG

= N(0, 1),

as n — +oo.
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Going back to the example above:

EX 19.14 (Mixtures of RWs continued) The conditions of THM 19.13 are satis-
fied with K = 4 by noting that 02> > 1 a.s. for alln. On {Xo = 1} we have 1, = n
for all n, while on { Xy = 2} we have T, = n/4 for all n.

To prove THM 19.13, we establish a generalization of the Lindeberg-Feller
CLT. The setting involves a sequence of MGs {M,, p, }m>0 for n > 1 with respect
to filtrations {7, ,;, }m>0. (If the original MG is only defined for 0 < m < r,, then
one can extend it by letting M,, ,, = M, ., and Fy, ,, = Fp, ., forall m > r,.
More generally, this setting accommodates a MG stopped at a sequence of stopping
times diverging to infinity. See proof of THM 19.13 below.)

THM 19.15 (Martingale CLT) For each n, let { My, m }m>0 be a MG in L? with

respect to filtration {fn,m}mzo with corresponding MG difference Z,, ,, = My, m—
M, m—1 and conditional variance o2, = E[Z2 | Fr,m—1]. Assume that, for

each n, My, ,, and Iy, ,, = 27;1 U?M converge a.s. to a finite limit when m —
~+00. Suppose that

1. Thoo = 20 52 1 in probability as n — 400

m=1"n,m

2. Ve > 0, lim, Y F E[Z2

n

i | Znm| > €] =0
Then
“+00
Moo =Y Znm = N(0,1),

m=1

as n — +oo.

Before giving the proof of the MG-CLT, we use it to establish THM 19.13.
Proof:(of THM 19.13) We construct a sequence of MGs as follows. Let Fy, ,,, =
Fm and

M
Mn,m = \W}%Tn
so that
Zm,
Zn’m = ﬁl{’rn Z m}

This is indeed a MG for each n since 7, is a ST (and multiplying by a constant
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does not affect the MG property). Moreover

onm = E [(\Z/%]I{Tan})2

1
= 5]1{7'” > m} E[Z,Qn | Frn—1]

2
o
= Fm {7, > m},

Fn,m—l]

where we used that {7,, > m} € F,,,_;. Summing over m and using the bound on
Zm, We get

by the definition of 7,,. So as n — +o0, we have I'), .« — 1. Also, for any ¢ > 0,

L, K
| Zn,ml ‘\/ﬁl{Tn > m}‘ =7 < g, m

whenever 7 is large enough so that

400
lim > " B[ Znm|*; | Znm| > €] = 0.

m=1
Therefore, the result follows from the MG-CLT after noting that

M.,
vn'

where we used the fact that 7, < +00 a.s. by the assumption Y, 02 = +c0. =
We move on to the proof of the MG-CLT.

Proof:(of THM 19.15) We first assume that there is a constant ¢ such that I';, o <

c, for all n. We seek to prove that the following is going to 0 as n — +o0:

Mo =

. 2 . . 2 2
E[eth""’O] e t /2‘ ‘E[eltMn’oo ethn,ooe t /26t Fn,oo/Q]
: 42 2 )
E[¢/tMnoog=t/2Tn.o0/2 _ ot /2]’

< EHl - 67t2/26t21“n700/2H + E[eitM”"’oetQF"‘w/Q - 1]’ )

The first term above — 0 by (BDD) and the assumption that I';, o < c.
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To bound the second term we use a telescoping argument. Write

oitMn oo ot?Tnoo/2 _ 1 — Z {eitMn,meﬂrn,m/z _ eitMn,m_letQFn,m_lﬂ}

m>1

_ Z o itMim—1t*Tnm /2 {eitzn,m _ e—tQJﬁ’m/Q}‘

m>1
Hence,

‘E[eitMn,ooetQFn,oo/2 o 1]‘

< Z ‘IE [eitMn,m_letQFn,m/Q {eitzn,m _ e—tQUfhm/Z}”

m>1
. 2 . 42 2
S § ‘]E [eltMn,mflet Fn,m/Q]E [eltzn,m —e t O'n,m/2 ‘ ]:n7m71:|i| ‘
>1

< GCtQ Z E HE [6ith,m - 1‘3_152(772‘””/2 ‘ Jrn,m—l} H

m>1

where we used that M,, ,,,—1, 'y, € Fp m—1 and the assumption that I';, o < c.
We will use the following lemmas proved in a previous lecture.

LEM 19.16 It holds that
) t2
‘E [eX] — <1 + it B[X] — 21@[}@])’ < E [min{|tX]*, [tX*}].
LEM 19.17 If z is a complex number then
le* — (14 2)| < |z[2ell.

By the MG property, E[Z,, ,, | Fnm—1]. Also by definition E[Zﬁm | Fam—1] =
o7 - By LEM 19.16,

. +2

]E [elth,m ‘fn,m—l] — <1 — 20'727,,77’7,) ‘
S E Uth,m’S A ’th,mP ‘]:n,m—l]
< E[|th,m|3? | Znm| < €| Fam—1] + E[|th,m|2; |Znm| > €| Fom—1]
< elt’BIZ] i | Znm| < €| Frm—1) + CEIZ] i | Znm| > €| Fm—1]
<celtfop , + °EIZ2 0 | Znm| > €| Fam-1].

n
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By LEM 19.17,

2 2
‘et2072hm/2 - (1 . ¢ U;mz)

Plugging the previous two displays into the equation above, we get

2.2 2
< (B0 2P %l < 12 (sup o2, ).
m_

s

< 60t2 Z E HE [eitZ"’m - e—t2a,21’m/2 ‘ ]:n,m—1:| H

m>1

m>1

+oo
< et {6|t|3c + t? Z E[ngm; | Zn,m| > €] + theeE [sup Uivm] } .
m=1

(Note that the partial sum in the telescoping argument above, e®*n.m et Tnm/2 _1,

is bounded and therefore we can take the expectation inside by (BDD).) To bound
the supremum, we note that

Q
no
A

e+ E[Z2 ;| Znm| > €| Frym—1]

IN

+o0o
24 ZE[Zii; | Znil > €| Fni-i]
i=1

SO .
E [sup az’m] <el4 ZE[Z?”, | Zn,i| > €.
m21 i=1
Taking n — 400 and € > 0 arbitrarily and using the second condition of the
statement, we get
)E[eitM”*metQF"’m/z — 1]‘ — 0,

for all ¢. That concludes the proof in the case I'), o < c.

To remove the last assumption, multiply the difference Z,, ,,, by the indicator
that {I",,,,, < ¢} € Fy, ;m—1 for some ¢ > 1 and apply the argument above. Then
note that P[I';, .o < ¢] — 1 as n — +oo by the first condition of the statement and
use the converging together lemma. See the details in [B]. |

2 An application: autoregressive processes

Let {W}, },>1 be a sequence of IID RVs with |I¥,,| < ¢ for all n for some constant
¢ < +oo. Assume that E[W;] = 0 and Var[W;] = v2. For p € (0, 1), consider
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the following autoregressive process (of order 1)
Xn = pXno1+ Wy, Vn >1

and Xg = 0. Assume that p is unknown and that we only observe the sequence
{X,,}. To estimate p, we observe that

E[Xan_l] = E[sz—l + Wan—l] = pE[Xg—l]v

where we used the independence of W, and X,,_; € o(W71,...,W,,_1). Hence, a
natural estimator for p from {X,,} is

b = IS Xe Xk
n — 1
n ZZ:I X/%—l

We use the MG-CLT to establish the asymptotic normality of p,,.

VoS 0~ ) = NO),

Proof: Our starting point is the following observation:
n n n
(Pn —p) ZXﬁ_l = ZXka—l - PZ Xl%—l
k=1 k=1 k=1

n
=Y (X — pXp1) Xk
k=1

n
=Y WiXe1.
k=1

CLAIM 19.18 We have

V2

where ¥, = T2

The latter is not a sum of independent RVs, but it turns out to be a MG with respect
to the filtration F,, = o(W7,...,W,,), as we show next.

LEM 19.19 The process
n
My =) WiXp1,  n20
k=1

is a MG.
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LEM 19.20 We have

1 < v?
EfZXk 1—>P725\1100.
— p

3

Before proving the two claims, it will be helpful to write by induction

= Z pn—ka’ (2)

k=1

and define H,(z) = Y_}_; "~ *. Then Var[X,| = E[X2] = v?H,(p?), where
we used that the Wps are independent and have mean 0 and variance v2. Note also
that by (2) and the bound on |W,,|, we have the following bound

Xl <D 0" FIW| < eHn(p). 3)
k=1

Proof:(of LEM 19.19) The process { M, } is adapted by (2) and integrable by the
bounds on |WW,,| and | X,,|. Observe further that, since X;_1 € Fr_1,

E [Z Wi Xp—1 | Fn-
k=1

n—1
] > Wi Xpo1 + Xp B [Wy | Foi] ZWka 1.

k=1
That concludes the proof of the claim. |
Proof:(of LEM 19.20) We use Chebyshev’s inequality. We know that
1 oo 1 5 V2
nZXk_llznZqu_l(p)%l_pz, 4)
k=1 k=1
as HTL (pQ) 1jp2

Var[Xi] < E[X;] < {cHy(p)}".

Moreover, for k < £, we write X, = pe_ka—i—YM where Yy, € o(Wii1, ..., W)
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and Hy(p?) = p>““® Hy(p?) + Hy_1(p?). Hence,
Cov [X,%, XEQ]
= E [(X} — v*Hi(p*))(X] — v’ Hy(p?))]
= E[(X} — v’ Hi(p?))
x (0" " Xk + Yir)® = 20" T Hi(0%) + He—i(p?))]
= E[(X} — v’ Hi(p?))
x (PPCPXE + 20" X0 Yeg + Y3, — 0PV Hy(07) + Her(p7))]
= pPPNEI(XE - v Hi(p))7]
< PR {cHy(p) 1

Therefore
1 & 2
Var nZX131]:ng > PP cH(p)}
k=1 0<k<l<n—1
2c* 2(0—k)
= 5 Z p
n*(1-p) 0<k<l<n—1
2¢*n
Y
= 91 _ \4
n2(1=p)* 2=
2ct

S A=)

3

JE

By Chebyshev’s inequality,
1 ¢ 1 ¢
4|3 IEE N
k=1 k=1

as n — +o0. Together with (4), that proves the claim.
We apply the MG-CLT with

52

z#sKmﬁa

M — Mm/\n
n,m /7?7/\1]00”2;
and 5, ., = Fp,. Then
Mm - Mmfl Wmefl
Z =——I{m<n} = ——1{m < n},
SN = gt =
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and
U?L,m = E[Zgz,m ‘ fmm—l]
= 1{m <n} X EW2 | Fmn-1]
a2 m
X2
-1 < m—1 _ 2
{m < nj n\I/ooy2y ’
and
1 1< g
Thow=c—-Y X2 1=—"—>pl
n,00 \Ijoo n — m—1 \Ijoo P4

as n — 400 by LEM 19.20. To check the second condition in the MG-CLT, we
note that

Wmefl

2
I L{m <} < clcHn(p)) ¢ !
nW oV

VU2 T (1= p)VUsor? n =
for all n large enough. The MG-CLT then says that

‘Zn,m’ =

M,
S N(0,1
N (0.1)

or put differently, that

1
X P
p) o

By LEM 19.5 and LEM 19.20, we finally have

V60— ) = N(O. 1)

That concludes the proof of CLAIM 19.18. n

. 1N
Vn(pn — X ;Xzfl = N(0,1).
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