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1. Introduction

The switching game of Gale and Berlekamp! is played on an n x n grid of light bulbs. The state
(on or off) of each light bulb is individually controlled by a switch in the rear, but there are also 2n
multiple-switches which change the state of each bulb in a row or each bulb in a column of the grid;
call these row switches and column switches, respectively. Starting with an initial on/off pattern ® of
the n? light bulbs arranged by the rear switches, the game is to use the row and column switches to
turn off all the lights or, if that is not possible, to obtain an on/off pattern with the smallest number of
lights on.
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Table 1
Known values of R;.

Rn 0 1 2 4 7 11 16 22 27 35 43 54

Let the weight of a light pattern @ equal the number w(®) of on-lights in ®, and let w*(®) equal
the smallest number of on-lights achievable by row and column switches starting with the pattern ©.
The extremal problem is to determine R, where

Ry, = max{w*(®) : ® ann x n light pattern}.

Thus every light pattern can be reduced by row and column switches to a pattern with at most R,
on-lights, and R, is the smallest integer with this property.

According to [2], the values of R, known exactly are given in Table 1.

As noted in [3,7], R, is the covering radius of the binary code determined by the row and column
switches. This code, the Gale-Berlekamp code, consists of all n x n matrices over the binary field Z,
generated by the 2n n x n (0, 1)-matrices with exactly n 1’s where these 1’s are either in a row or in
a column. The covering radius of the code is by definition the smallest integer r such that everyn x n
matrix over Z;, differs from some codeword in at most r positions.

The Gale-Berlekamp code has dimension equal to 2n — 1. For example, if n = 3, it is generated by

1 1 1 0 0 O 0 0 O
0 0 O|,f1t 1 1(,{0 0 O
0 0 O 0 0 O 1 1 1

and their transposes, where the binary sum of the three displayed matrices equals the binary sum of
their transposes, and thus one is redundant. Additional references include [8] and [4] where a hardness
result for decoding the Gale-Berlekamp code is obtained.

Schauz in [5,6] investigates a generalization of the Gale-Berlekamp switching game to higher
dimensions, namely a g x q x - -- x q grid of lights, where g is a prime power, and where the lights
have k different states. In this paper we introduce a switching game of the Gale-Berlekamp type, but
with different, and many more in number, multiple-switches.

Consider an n x n grid of light bulbs each having k different states 0, 1, ..., k — 1, ranging from 0
(off) to (k — 1) (brightest). Each light bulb is controlled by an individual switch which, as in physical
multi-way bulbs, moves it cyclically one click at a time, from off to brightest and then back to off
again. Let Z, = Z/kZ be the ring of integers modulo k. We then consider the states of each bulb as the
elements of Z,. A grid-state is any setting of the states of all of the light bulbs of a grid achieved by the
individual switches. Thus a grid-state can be viewed as an n x n matrix ® = [6;] over Z, where 6;
is the state of the light bulb in position (i, j) of the grid. We consider two parameters associated with
such a grid-state ®:

(i) The weight w(®) = |{(i,)) : 6; # 0 where 1 < i, j < n}| equal to the number of light bulbs that
are on (any state from 1to k — 1).

(ii) The intensity «(©) equal to Y_}';_, 6;.

Here and in what follows, in order to avoid any confusion, we distinguish arithmetic in Z; from real
arithmetic by using “= mod k” or saying “computed in Z,” when arithmetic is done in the integers
modulo k. Sometimes it is convenient to denote addition modulo k by +. Thus a lack of such identifiers
implies that the arithmetic is real arithmetic. In particular, in (ii) above, the intensity is computed in
real arithmetic. (As one of the referees suggested, there are other candidates for parameters that could
be considered; these include the intensity as computed using arithmetic in Z, or a complex intensity
by regarding Z; as the group of kth roots of unity in the plane.)

In our switching game, there are n! multiple-switches and these correspond to the n x n permu-
tation matrices. Thus for each permutation o = (iy, io, ..., i) of {1, 2, ..., n}, there is a multiple-
switch S, which adds 1 modulo k to the state of the light bulbs in positions (1, i1), (2, i2), ..., (n, iy)
of the grid. Thus a click of a multiple switch acts like a click on the individual switch of each light
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bulb it affects. In terms of the defined parameters, given an initial grid-state ©® = [6;], there are two
quantities to be considered:

(") w*(®), the minimum weight achievable by permutation switches starting with the pattern @.
(ii") *(®), the minimum intensity achievable by permutation switches starting with the pattern ©.

(In case k = 2, the binary case, the two quantities in (i) and (ii) are equal, as are those in (i’) and (ii’).)
These quantities give rise to two extremal problems:

I. Determine R, = max{w*(®) : ® ann x n grid-state}.
II. Determine {, = max{¢*(®) : ® ann x n grid-state}.

There exists a grid-state with R,  lights on (in one of the states 1, 2, .. ., k — 1), so that no sequence
of permutation switches can reduce the number of on-lights. Likewise, there exists a grid state with
intensity Jf,  such that no sequence of permutation switches can reduce the intensity. The numbers
Rn.x and 4, are minimum for these respective properties.

Let M,,(Z,) denote the set of n x n matrices over Z, that is, the set of possible n x n grid-states. Using
matrix addition, M, (Zy) is a finite abelian group, a direct sum of n? copies of Z. The n x n permutation
matrices generate a subgroup P,(Zy), which we can be regarded as a k-ary code. Recall that in coding
theory, the weight wt(x) of an m-vector x € Z]' equals the number of nonzero coordinates of x, and
the distance dist(x, y) between two m-vectors x and y is the number of coordinates in which x and y
differ (the weight of the difference vector x — y). The distance of a vector x to a code C is the smallest
distance of x to a codeword,

min{dist(x, c) : c € C},

and this equals the minimum weight of a vector in the coset x + C containing x. The covering radius of
a code C is the largest distance of a vector in Z} to the code:

max{min{dist(x, c) : c € C} : x € Z}'}.

In this language, w*(®) is the distance of ® to the code P,(Zy), thus the minimum weight of a
matrix in the coset ® + P,(Zy). Rn x equals the covering radius of P,(Zy), thus the maximum of the
minimum weights of its cosets. The quantities (*(®) and J{, are usually not considered in coding
theory. In our context, :*(®) is the minimum intensity of a matrix in the coset ® + P,(Zy), and {, x
is the maximum of the minimum intensities of the cosets. Thus every light pattern ® can be reduced
by permutation switches to a light pattern with intensity at most equal to {, x and 4,  is the smallest
integer with this property.

Our goal in this paper is to determine R, x and 4, x, of which we only partially succeed. It turns
out, perhaps surprisingly, that computing R,  is more difficult than computing £, . This may be due
to the fact that in the case of {4, x, algebra, and not combinatorics, plays a more prominent role. In the
next section, we develop some preliminaries needed to carry out our investigations.

2. Preliminaries

The possible grid-states have been identified with the K" matrices ® = [6;] of the abelian group
M, (Zy). Each ® has a row sum vector R = (rq, 15, . .., Iy) (r; is the sum, computed in Z, of the entries
in row i) and column sum vector S = (s, S, - - . , Sp) defined similarly.

Sequences of permutation switches can be identified with the elements A = [a;] of the subgroup
P,(Zy) of M,(Zy) generated by the n x n permutation matrices. Thus a sequence of permutation
switches applied to ® replaces ® with ® + A:

® — O +A(mod k),

where A is the mod k sum of permutation matrices.
We first consider the subgroup P,(Z) and prove the following lemma.

Lemma 2.1. Let R = (r1,72,...,1y) and S = (s1, S, . . ., Sp) be two n-vectors in Zj. Then there exists a
matrix in My, (Zy) with row sum vector R € Z;, and column sum vector S € Z;, if and only if

r+n+--+m=s+s+--+s, (mod k). (N
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Moreover, when (1) holds, there exists a matrix in My, (Z) with row sum vector R and column sum vector
S having at most 2n — 1 nonzero entries.

Proof. This lemma is well-known if we use real arithmetic rather than “mod k” arithmetic (see e.g. [1]
and also the proof of Lemma 2.6 below for more details). In addition, there is a well-known, simple
recursive algorithm to construct a matrix with at most 2n — 1 nonzero integral entries whose row and
column sum vectors in real arithmetic are R and S, respectively.

The condition (1) is certainly necessary for existence of a matrix in M, (Z;) with row sum vector
R and column sum vector S, since each side is the mod k sum of the entries of such a matrix. Now
suppose this condition holds. Then

rn+r++m=s+s4 - +sn+pk

for some integer p. We assume that p > 0; otherwise, we may interchange R and S. Thus there exists
an n x n matrix A over Z with row sum vector R and column sum vector S’ = (s, S, ..., Sa—1, Sp +pk)
with at most 2n — 1 nonzero entries. Taking the entries of A mod k, we obtain the desired matrix with
at most 2n — 1 nonzero entries in Z,. O

Lemma 2.1 allows us to characterize the matrices in P, (Zy).
Lemma 2.2. Ann x n matrix A € M, (Zy) belongs to P,(Zy) if and only if all its row and column sums
computed in Z equal the same number.

Proof. A matrix in P,(Z;) which is the sum of t permutation matrices has all its row and column sums
equal to t mod k. Now let A be a matrix in M, (Z;) with all row and column sums equal to ¢ mod k.
Considering A as an n x n matrix in Z, we see that its row and column sum vectors are of the form

R=(c+nrkc+nk . ....,c+rk and S = (c+sik,c+sk, ..., c+spk)

where R = (rq,1,...,7;) and S = (s1,S2,...,S,) are nonnegative integral vectors. We have
YL (c+rik) =YL (c +sik), and thus

n n
Z i = Z Si. (2)
i=1 i=1
Let p be an integer with p > max{ry, 2, ..., 'y, S1, S2, . . ., Sp}, and consider the integral vectors

R'=(p—-r,p—r2,....,p—1w) and S"=@—s1,p—52,....0—Sn).

It follows from (2) and Lemma 2.1 that there is a nonnegative integral matrix B with row sum vector
R” and column sum vector S”. The nonnegative integral matrix A + kB has all row and column sums
equal to ¢ + pk and hence is the real sum of ¢ 4+ pk permutation matrices. Since A is equal to A + kB
mod k, it follows that A is the “mod k” sum of permutation matrices and hence belongs to P,(Z,). O

Corollary 2.3. Let ®, @, € My, (Z) where the row sum vectors, respectively, column sum vectors, of ®,
and ©, are equal mod k. Then ®@; and ®, belong to the same coset of M, (Zy) with respect to the subgroup
Pn (Zk)-

Proof. We have that ®; — ©, is in M,(Z;) with all row and column sums equal to 0 mod k. By
Lemma 2.2, ®1 — ®, € P,(Z) and thus @ and &, belong to the same coset. O
Corollary 2.4. For all n and k, we have

Rnk <2n—1.
Proof. Applying Lemma 2.1 and Corollary 2.3, we conclude that each coset contains a matrix with at
most 2n — 1 nonzero entries. Thus R, <2n—1. O

Our problem is to determine the maximum weight and maximum intensity of a coset of M, (Zy)
with respect to the subgroup P,(Zy) generated by the n x n permutation matrices and characterized
in Lemma 2.2; recall the weight and intensity of a coset are, respectively, the minimum weight and
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minimum intensity of the grid-states in the coset. The cosets of M, (Z;) with respect to P,(Zy) are
partially described in Corollary 2.3. We now completely identify the elements in these cosets.

Forr =0,1,...,k — 1, let P/ (Z) be the set of matrices in P,(Z) all of whose row and column
sums equal r mod k. Using Lemma 2.2 we have the pairwise disjoint union

Pu(Zy) = PO(Zy) UPH(Zy) U - - - U PK1(Z).

The sets PO(Zy), P1(Zy), . .., P<"1(Z;) are the cosets of P,(Z) with respect to its subgroup P(Z); in
fact,

PL(Zy) =ty + P2(Zy), (r=0,1,....,k—1),

where I, is the n x n identity matrix. We thus have the following corollary which describes the cosets
of M, (Zy) relative to its subgroup P, (Zy).

Corollary 2.5. Let A be a matrix in M,,(Zy) with row sum vector R = (r1, 13, ..., ;) and column sum
vector S = (s1, S2, ..., Sp) mod k, where thereforery + 1, +---+ 1, =1 + S + - -- + s, mod k. The
coset of P,(Zy) containing A consists of all matrices in M, (Z;) whose row sum and column sum vector
pairs mod k are one of

(R+r(1,1,...,1),S+r(1,1,...,1)) forr=0,1,..., k—1. (3)

The number of matrices in each P} (Zy) equals k("‘”z, since the entries in the leading (n — 1) x
(n — 1) submatrix can be arbitrarily prescribed and then the remaining (2n — 1) entries are uniquely
determined by the condition that all row and column sums equal r mod k. The number of matrices in
Pa(Zx), and thus in each of its cosets in My (Zy) equals k - k=1? = k(n=D*+1,

Those matrices with row sum vector R and column sum vector S (the case r = 0 in (3)) form a
coset of M, (Z,) with respect to its subgroup Pr? (Zy). The intensity of a coset with respect to P,? (Zy) is
easily determined. First we prove the following lemma for the set M;,, ,(Z) of m x n matrices over Z;.

Lemma 2.6. Let R = (ry,12,...,Tm) andS = (s1, S, ..., Sp) bevectorsin Zy withry +r, 4 - -+ 1y =
S1+5S2+- - -+s, mod k. Then there is a matrix in My, ,(Zy) with row sum vector R and column sum vector
S the sum of whose entries in real arithmetic equals

max{r; + 1+ +rm,S1+S2+ -+ Sa} (4)

Proof. We use the constructive algorithm mentioned in the proof of Lemma 2.1. Assume without loss
of generality that the integer r; is at most the integer sy, so that s; — r; isone of 0, 1, ..., k — 1. The
proof is by induction on m 4+ n > 2.If m 4+ n = 2 the result is trivial, so without loss of generality we
assume that m > 2. We construct the desired matrix A in M, (Z;) with row sum vector R and column

sum vector S by setting the first row equal tory, 0, . . ., 0, thereby requiring us to construct the matrix
A’ € Mp—1.2(Zy) in (5) below with row sum vector R’ = (ry, ..., 1) € Z}ZH and column sum vector
S'=(s1—r1,82,...,50) € Z:
rn 0 0 --- 0
(5)
A/

Sincer, + -+ 41y = (51 — 1) + S + - - - + 5, mod k, it follows by induction that such a matrix A’
exists with the sum of its entries in real arithmetic equal to

max{r; +---+ry, (S5 —r) + S+ -+ sp}.

Thus there exists a matrix in My, (Z) with row sum vector R and column sum vector S, the real sum
of whose entries equals

ri4+max{ry 4 - 41, (51— 11) + a4+ 8y}
=max{r; + 12+ + ST+ 524+ Sk

Hence the lemma follows by induction. O
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The following corollary determines the intensity of a coset of M,,(Z;) with respect to its subgroup
Pr? (Zk)-

Corollary 2.7. LetR = (11,72, ..., ) andS = (S, Sz, . . ., Sp) bevectorsin Z; withri+r,+- - -+1, =
S1+ S2 + - - - + 5, mod k. Then the minimum intensity of a matrix in My (Zy) with row sum vector R and
column sum vector S equals

max{ry +ry 4+ 1,51+ S+ -+ 55} (6)

The intensity of the coset containing a matrix with row sum vector R and column sum vector S equals

min {max :Z(n +xT), Z(s,- +k r)} :r=0,1,..., k} . (7)
i=1

i=1

Proof. The integer in (6) is certainly a lower bound on the intensity of a matrix in M, (Z;) with row
sum vector R and column sum vector S mod k. By Lemma 2.6 there exists a matrix with row sum
vector R and column sum vector S with intensity (6). (7) is an immediate consequence of (6) and
Corollary 2.5. O

We can now obtain an expression for the maximum intensity of a grid-state that cannot be reduced
by permutation switching.

Theorem 2.8. For all n and k, we have

Ik :max{min{maxiZ(ri+kr),Z(si+kr)} r=0,1,..., k— ]} :R,S}, (8)
i—1

i=1

where the outer maximum is taken over allR = (1,72, ..., 1) and S = (51, Sa, .. ., Sp) in Zj; such that
rn4+n+--+rm=s1+s;+---+s, modk.

Proof. The theorem is an immediate consequence of (7) of Corollary 2.7 and the definition of 4, x (the
outer maximum). O

3. Computation of £, x

Given n and k, Theorem 2.8 gives an expression for the maximum intensity {,  that cannot be
reduced by permutation switching. We now consider the computation of {, x. First we consider the
simpler binary case (so k = 2 and a light is either on or off) where we know that R, = ;2.

n if nis even,

Theorem 3.1. Foralln > 1, Ry = dp2 = [n_1 if niis odd.

Proof. The row sum vector R and column sum vector S of a matrix ® in M,(Z,) consist of Os and
1s where the number p of 1s in R and the number q of 1s in S have the same parity. It follows from
Corollaries 2.3 and 2.7 that w*(®) = max{p, q} < n.Thus R, < n.

First suppose that n is even, and let

10 --- 0
1 0 --- 0
@ —
1 0 --- 0
whereR = (1,1,...,1), S=1(0,0,...,0) and w(®) = n. Since a permutation matrix has row and
column sum vectors equal to (1, 1, ..., 1), it follows that each matrix in the coset containing ® has

this row sum vector and this column sum vector mod 2, or the row sum vector and column sum vector
are interchanged. Hence w*(®) > n and so w*(®) = n. Therefore R, , = n.

Now suppose that nis odd. IfRand S both equal (1, 1, ..., 1), then I, + @ is in the same coset as ®
and, since it has all row and column sums equal to 0 mod 2, I, + @ is in P,(Z;). Thus ® € P,(Z;) and
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hence w*(®) = 0. Otherwise, at least one of R and S contains a 0, say R contains a 0. If S also contains
a 0, then by Corollary 2.7, w(®) < n — 1. Suppose thatS = (1, 1, ..., 1). Then since n is odd, R also
contains a 1, and hence both the row and column sum vectors of I, + @ contain at least one 0 mod 2.
By Corollary 2.7 again, w*(®) < n — 1and so R, < n — 1. The matrix

00 --- 0
10 --- 0
@ =
1 0 --- 0
has row sum vector (0, 1, ..., 1) and column sum vector (0, 0, ..., 0) mod 2, and each matrix in its
coset has these as row and column sum vectors mod 2 or has row sum vector (1, 0, ..., 0) and column
sum vector (1, 1, ..., 1) mod 2. Thus by Corollary 2.7, w*(®) =n—landso R, =n—1. O
To determine the maximum intensity {, in general, we proceed as follows. Let D =
(dq,d,, ..., dy) be an arbitrary vector in Zy. Fori = 1, 2, ..., k we define D; recursively by: Dy = D
and for 2 < i < k, D; is the vector obtained from D;_; by adding the vector (1, 1,..., 1) mod k. Let
u; equal the real sum of the components of D; (i = 1,2,...,k),and let U = (uy, uy, ..., uy). We

calculate that

k k
Zu,:n(Z), (9)
i=1

since in each of the n coordinates, each of the elements 0, 1, ..., k—1 of Z; occurs once in some order.
Let D be the k x n matrix whose rows from first to last are Dy, D,, ..., Dy. Similarly, given a vector
E € 7}, we define a k x n matrix E withrows E; = E, E, ..., Ex,and V = (vq, v, ..., vx) where v
is equal to the real sum of the components of E; (i = 1, 2, ..., k).

We first consider the case n = k so that in (9) the sum is k (’;) Then D and E are in My (Zy). By

Corollary 2.5, provided uy + up + --- + U = vq + vo + - - - + v, mod k, the pairs (D;, E;) are the
mod k row sum and column sum vectors of a coset of My (Z;) with respect to Py(Zy). We start with an
example.

Example 3.2. Letn =k =8andletD = (4,4,4,4,4,5,6,7). Then

m Dy || up 7 r4 4 4 4 4 5 6 71| 387
Dy || up 5 5 5 5 5 6 7 0]} 38
D3 || us 6 6 6 6 6 7 0 1] 38
Ds || us 0 0 0O OO 1 2 316
Dg || ug 1 1 1 1 1 2 3 4]/ 14
D; || uy 2 2 2 2 2 3 4 51|22
| Dg || ug _| L 3 3 3 3 3 4 5 6130
LetE = (0,0,0,0,0,1,2,3) =Ds,and so E is the 8 x 8 matrix
m Eq || v1 7 ro 0 0 0 0 1 2 3| 6 7
Ey || vy 1 1 1 1 1 2 3 4]/ 14
E3 || v3 2 2 2 2 2 3 4 5|22
[vat]= E4 || vy _ 3 3 3 3 3 4 5 6130
Es || vs 4 4 4 4 4 5 6 7| 38
Eg || vs 55 5 5 5 6 7 0] 38
E; || vy 6 6 6 6 6 7 0 1] 38
| Es|lvs ]l L7 7 7 7 7 0 1 2138

We consider the rows of D and those of E as the potential row and column sum vectors, respectively,
of a coset of matrices in Mg(Zg) with respect to Pg(Zsg). The rows of E are a (cyclic) permutation of
the rows of D, and it follows that u; = v; mod 8 fori = 1, 2, ..., 8. There is a matrix O3 € Mg(Zg)
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with row sum vector D; and column sum vector E; whose coset with respect to Pg(Zg) consists of all
matrices in Mg(Zg) with row and column sum pairs mod k equal to (D;, E;) for somei € {1, 2, ..., 8}.
We calculate that by (7) the minimum intensity of a matrix in the coset containing ®g, the minimum
intensity attainable by applying permutation switches to ®, is the minimum of the eight numbers

max{38, 6}, max{38, 14}, max{38, 22}, max{38, 30},
max{6, 38}, max{14, 38}, max{22, 38}, max{30, 38},

and thus is 38.
Similarly, in the odd case withn =k =7,D = (3,3, 3,3,4,5,6),andE = (0,0, 0,0, 1, 2, 3), we

get

Dy || w 333345 6[27
D, || u 4 4 4456 027
R Ds || u 5555 6 0 127
[D|| Ut ]=| Daffus |=| 6 6 6 6 0 1 2] 27
Ds || us 000012 3|6
D || us 11112 3 413
D7 || uy 2 2 22 3 4 520
and
Eq || vy 000012 3|6
E || v 11112 3 4|13
R Es || vs 2 222 3 4 5|20
[E|| Vi ]=]| Ea|lva |=| 3 3 3 3 4 5 6|27
Es || vs 4 4 4 456 0|27
Es || ve 5555 6 0 127
Er || v 6 6 6 6 0 1 227

Thus the minimum intensity of a matrix in the coset containing a matrix ®; with row sum vector D
and column sum vector V is the minimum of the seven numbers

max{27, 6}, max{27, 13}, max{27, 20}, max{27, 27},
max{6, 27}, max{13, 27}, max{20, 27}

and thusis 27. O

With these examples in mind, we now determine J{y x, but first we prove a lemma.

Let ay, ay, ..., a, be n numbers ordered so that a; < a; < --- < a,. Then their median M is the
[(n + 1)/27 largest number a;(;41y/27. Thus M is the middle number if n is odd and the (n/2 + 1)st
number if n is even. There are at least as many numbers equal to or greater than the median as there
are numbers less than the median. In Example 3.2, the median of the first U and V (n = 8) is 38, and
the median of the second U and V (n = 7) is 27.

Lemma 3.3. Letcq, Cy, ..., cpanddy, dy, ..., d, be two sequences of real numbers each of whose median
is at most «.. Then

min {max{cy, di}, max{c,, d»}, ..., max{c,, d,}} < .
Proof. Suppose to the contrary that max{c;, d;} > « foralli = 1, 2, ..., n. First assume that n is even.
Then there is a partition of {1, 2, ..., n} into two sets K and L such that

¢i>a(ieK) and di>a (iel).
Either |K| > n/2 or |[L| > n/2.1If |[K| > n/2, then the median of ¢y, ¢3, .. ., ¢, is strictly greater than

«, a contradiction. A similar contradiction results if |L| > n/2.
Now suppose that n is odd. Then we have the same situation as above except that either |[K| >

(n+1)/2or|L| > (n+1)/2,and the median of ¢y, 3, . . ., ¢, or the median of dy, da, . . ., d, is strictly
greater than «, a contradiction again. O
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Theorem 3.4. Let k > 2 be an integer. Then

o= (1)

Proof. Consider sequencesD = (dy, d>, ..., dy)andE = (e, €3, ..., €;)in Zﬁ withd;+dy+- - +dy =
e + ey + --- 4+ e, mod k. By Lemma 2.1 and as in Example 3.2, D and E are row and column sum
vectors of a matrix in My (Zy). As in that example let D; = D and let D; be obtained from D;_; by
adding (1, 1,...,1) mod kto D;_; (i = 2,3,..., k). Note that D; is obtained from Dy by adding
(1,1, ..., 1) mod k. Thus we regard D1, D-, ..., Dy as a cyclic sequence with D, following Dy. Define
Ei,E,, ..., Exanalogously. Fori = 1,2, ..., k, let u; be the real sum of the entries of D; with « equal
to the median of uy, uy, ..., ug, and let v; equal the real sum of the entries of E; with o’ equal to the
median of vy, vy, ..., V.

Since D; is obtained from D;_ by adding (1, 1, ..., 1) mod k, we have u;_; > u; — k (indices taken
mod k also) with equality if and only if no entry of D;_; equals k — 1. Let j be any index such that
u; = a. Then

k
U1 >a—ku_>a —2k,...,uj7L%J > o — \JJ k. 11

These inequalities (11), along with (9) and our definition of median, imply that

(0)-

> LHT]J(HQlﬂa—k<1+z+---+EJ))
=ka—k<[k§—|). (12)

Equality holds in (12) if and only if all the inequalities in (11) are equalities. Thus

as(’;)Jr(”;Zﬂ) (13)

equality holds in (13) if and only if, after possibly changing the start of the cyclicorder of uq, us, ..., u,
k
(U, U, ..., up)=la,...,,a —k,aa —2k,...,a— | = | k|,
——— 2
B3 (14)
2
k [5H]
o= (2) n ( ).
Likewise, the median o’ of v1, v,, . .., v satisfies

(7))

with similar conclusions. It now follows from (13) and (15) and the fact that « and o’ are the medians
of the components of U and V, that for each ® € M;(Z;) with row sum vector U and column sum
vector V, we have

k [E1]
i"(©) = min {max {(u;, vi)}} < (2) + ( ; ) : (16)
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If equality holds, then after starting the cyclic order of uy, u,, ..., u; and vy, v, .. ., vy with the same
index, (uq, uy, ..., uy) is given as in (14) and

k k [
W, v, ...,v)=|a—|=|k...,a=2ka—ko, . .. ,af, o= + 2 .
2 —— 2 2
BT

Since this holds for each ®, we have

k1
lk,kf(’2<)+<|—§ -I), (17)

and we know what has to hold to have equality.

To complete the proof, we show by generalizing Example 3.2 that there is a ® for which equality
holds in (17).

First assume that k is even, and let D and E be the vectors in Zﬁ given by

k k k k k
D=]|—-,...,=,=+1,=42,...,k—1 and E=1]0,...,0,1,2,..., = —1

5 o

K Kk k
£+ k1 k1

Let D and E be the matrices in ZX as defined in Example 3.2. Then the row sum vectors of Dand of E
are a permutation of one another and have the respective forms

k 41 k ki
U= 2 2
() () () r (5 e

[STE

and

k
Hence there exists a matrix ® € Z’,j with i*(®) = (’2‘) + ( 2t1 )
Now let k be odd. We then take

k—1 k—1 k—1 ]k—l
2 2 2
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Proceeding as in the case k even, we see that there exists a matrix © € Zf with i*(®) = (’2‘) +
k;il
(7)o

Corollary 3.5. Let k and n be integers such that k > 2 and n is a multiple of k. Then

=2 () (1)

Proof. The argument in Theorem 3.4 generalizes to any multiple of k. A matrix achieving the
maximum intensity is

Jak ® © (o1 © ® Jusik)

where © is the matrix in the proof of Theorem 3.4 that achieves the maximum intensity when
n =k, Jois the (n/k) x (n/k) matrix of all 1s, and ® denotes the tensor product. O

We now consider the case where n is not a multiple of k. The ideas used for n = k can also be used
to estimate J{,  in general but any formula seems to be complicated and not particularly useful. For
instance, a derivation like that done to obtain (12) and (13) shows that the median « satisfies

{047

hence

asg(§)+g(["§1).

Taking half the entries of U very close to the median and the other half as small as possible, we obtain

()0 ([
ln,kf,;<2>+ﬁ< 2 ) (19)

(If nis a multiple of k we have equality as given in Corollary 3.5.) For example, whenn = 6 and k = 12,
the grid-states with

D= (6,6,6,6,8,10) and E =(0,0,0,0,2,4)

cannot be reduced below 42 implying that {5 1 > 42. In general when k is even and a multiple of n,
then with

D= k k k+k k+2k k+<n 1)k
12277722 a2 n2 2 n
241
and
k _k n k
E={0...02- . (5-1)- |
n n 2 n
C+1
we get
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In this case where k is a multiple of n, the upper bound (19) simplifies to

Jok < Enk — E,
T8 4
and we get
5 k 5 n

2k — S < gy < onk— .
8 4 —""k=g 4

If n is bigger than k and n = gk + r with 1 < r < k and r even, then using Corollary 3.5, we get

wma(()+ (7)) 24 (3)

Similar lower bounds for {, x can be obtained when n, k, and r satisfy other parity assumptions. We
do not pursue this here.

4. Computation of R, 3

A formula for R, ; is given in Theorem 3.1. An easily expressible formula for R, x in general does
not seem possible. In this section we obtain a formula for &, ;. The method we use carries over to
Rk but it leads to messy results.

Theorem 4.1. For n > 3, R,3 = n.

Proof. Let ® be a grid-state in M, (Zs), and let R be the row sum vector of ® and let S be its column sum
vector. We seek the largest number w for which there is a @ with weight w which cannot be reduced
by permutation switches, that is, a coset of M, (Z3) with respect to its subgroup P,(Z3) whose weight
w*(®) (the smallest weight of a matrix in the coset containing ®) is as large as possible. It follows
from Corollary 2.5, that the coset C(®) containing ® consists of all matrices in M, (Z3) whose row
sum and column sum pairs are

(R,S); R+(1,1,...,1D),S+(1,1,...,1); R+(2,2,...,2),5+2,2,...,2)).

If R and S are zero vectors, then ® € P,(Z3) and so w*(®) = 0.If R and S are nonzero constant
vectors with the same constant c, then adding (1, 1,...,1) or (2,2,...,2) to R and S we get zero
vectors and conclude again that ® € P,(Z3) and w*(®) = 0.

If there is anywhere a common value (0, 1, or 2) in R and S, then we can put that value at the
intersection of the corresponding row and column, and then Os everywhere else in that row and
column, leaving an (n — 1) x (n — 1) matrix to be specified inductively. Thus we may assume that
R and S contain no common value, and thus without loss of generality that S = (a, a, ..., a) where
a € Zs. Suppose that R has a pair of distinct values b and c (necessarily now different from a). Then
the possibilitiesarea = 0,b = 1,c = 2ora=1,b = 0,c = 2,ora = 2,b = 0,c = 1. Then the
respective 2 x 2 matrices below, with two nonzero entries, at the intersection of pairs of columns and
the rows corresponding to where these values are in R,

1 0 1 1
[2 0] (@a=0,b=1,c=2), [0 O] (a=1,b=2,c=0), and

2 2
[0 0] (@a=2,b=1,c=0)

along with 0s everywhere in the corresponding rows and columns, leave an (n — 2) x (n — 2) matrix
to be specified inductively. Thus the possibilities yet to be considered are:
(i) S=1(0,0,...,0),and eitherR=(1,1,...,1)orR=(2,2,...,2),
(ii)) S=(1,1,...,1),andeitherR=(2,2,...,2)orR=(0,0,...,0),
(iii) S = (2,2, ..., 2),and eitherR = (0,0, ...,0)orR=(1,1,...,1).

Using transposition, we need only consider the first R in each of the three possibilities which we now
refer to only as (i), (ii), and (iii), respectively. In each case we must have that n = 3k in order that
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M, (Z3) # ). Moreover, by adding mod 3 the all 1s vector (1, 1, ..., 1) to both Rand S (recall that this
does not change the coset) in Case (ii) we get case (iii). Thus we only need consider Cases (i) and (iii).
Taking direct sums of the following 3 x 3 matrices with three nonzero entries,

1 0 0 2 2 2
(Case(i)) |1 O O] and (Case(ii)) ([0 O O
1 0 0 0 0 O
we obtain a matrix with weight n in these cases.

The above argument implies that every coset of M, (Z3) with respect to its subgroup P,(Z3)
contains a matrix of weight at most equal to n. It remains to show that there is a ® € M,(Zs),
equivalently an R and an S for which there is a matrix ® € M, (Z3) with these row and column sum
vectors, such that w*(®) = n.TakeR = (0,0,...,0)andS = (1,...,1,a, b) where a and b are
chosenin {1, 2} so that (n —2) - 1+a+b = 0 mod 3. Then the coset consists of all matrices in M, (Z)
with row and column sum vectors

R=(0,0,...,0), S=(1,...,1,a,b) or R=(1,1,...,1),
S=@,...,2,a+31,b+31) or,
R=(2,2,...,2), S=(,...,0,a+32,b+32).
In all cases either R or S has no zero entries, hence the weight of the corresponding coset is at least n
and so exactlyn. O

We have calculated R, > and R, 3. Although we do not have a general formula for Rk, we can
easily get a lower bound.

Theorem 4.2. For n, k > 4,

n<Rpr<2n—1.

Proof. There is a matrix in M,,(Zy) of the form

1
=1 1] o ,
a
b
where a and b are nonzero elements of Zy, and (n —2) - 14+ a+ b = 0mod k (if n — 1 % 0 mod
k we may take a = 1, otherwise we choose nonzero a and b so thata + b = —(n — 2) mod k).
The row sum vector of ® mod k is (1, ..., 1, a, b) and the column sum vector is (0, 0, ..., 0). The

column sum vectors of the matrices in the coset of M, (Z;) with respect to P,(Zy) which contains ®
are (0,0,...,0),(1,1,...,1),...,((k—=1),(k—1),..., (k — 1)). Since the row sum vector of &
is (1,..., 1, a, b) where a and b are nonzero, it follows from Theorem 2.8 that R, y > n. The upper
bound is a consequence of Corollary 2.3. O
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