TOEPLITZ ORDER
A. POLTORATSKI
Abstract. A new approach to problems of the Uncertainty Principle in
Harmonic Analysis, based on the use of Toeplitz operators, has brought
progress to some of the classical problems in the area. The goal of this
paper is to develop and systematize the function theoretic component
of the Toeplitz approach by introducing a partial order on the set of
inner functions induced by the action of Toeplitz operators. We study
connections of the new order with some of the classical problems and
known results. We discuss remaining problems and possible directions
for further research.
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1. Introduction
Toeplitz operator TU with symbol U ∈ L∞ (R) on the Hardy space H 2 in
the upper half-plane C+ is deﬁned as
TU f = P+ U f,
where P+ denotes the orthogonal projection from L2 (R) onto H 2 (see Section 2.3 for further discussion). This standard deﬁnition can be extended to
larger function spaces and more general symbols to accommodate various applications of Toeplitz-type operators in Complex and Harmonic analysis. A
recently developed approach based on the use of Toeplitz operators brought
new progress to the area of Uncertainty Principle in Harmonic Analysis
(UP), see for instance [19, 20, 31]. This note is devoted to further development of the Toeplitz approach.
One of the cases of the Toeplitz operator which appears most often in ap¯ where I and J are inner
plications is the operator with the symbol U = IJ
functions. Recall that a bounded analytic function in the upper half-plane
is called inner if its boundary values are unimodular almost everywhere with
respect to Lebesgue measure on the boundary.
Inner functions constitute arguably the most important collection of functions in the standard one-dimensional complex function theory. Starting
with the seminal result by Beurling, which says that all invariant subspaces
of the shift operator Sf : f 7→ zf in the Hardy space H 2 in the unit disk
have the form θH 2 where θ is inner, these functions became a focal point
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of research for complex analysts. Beurling’s result implies that the invariant subspaces for the operator adjoint to S, the backward shift operator
S ∗ f : f 7→ (f − f (0))/z, have the form Kθ = (θH 2 )⊥ = H 2 ⊖ θH 2 . This
property of the spaces Kθ put them into the foundation of the famous NagyFoias functional model theory whose main claim is that any c0 completely
non-unitary contractive operator in a Hilbert space is unitarily equivalent to
a compression of multiplication by z on one of such Kθ spaces for a properly
chosen inner function θ (in general, such spaces are vector-valued), see [24].
These fundamental results demonstrated the importance of inner functions
and related spaces in function theoretic problems stemming from functional
analysis. Such problems became the main stream of complex function theory
in the last several decades of the 20th century. At present, inner functions
are ﬁrmly established as a key ingredient of complex analysis and appear
in most of its applications, including Harmonic Analysis, Control Theory,
Spectral Theory of diﬀerential operators, Signal Processing and Mathematical Physics. Via the same connections, Toeplitz operators of the type TIJ
¯
where I and J are inner functions, appear in many of such applications.
Problems on injectivity and invertibility of Toeplitz operators with symbols
¯ have been known to play crucial role in the study of Riesz bases, frames
IJ
and completeness in various function spaces, see for instance [12, 19]. As
was mentioned before, recently such operators have become a central object
in the Toeplitz approach to UP [19, 20, 31]. Via the Toeplitz approach, these
and similar operators apply to many ﬁelds of analysis including questions
in Fourier analysis and spectral problems for diﬀerential operators, see for
instance [19, 31, 21, 22].
Intuitively, the property that the Toeplitz operator TIJ
¯ has a non-trivial
kernel means that I is, in some sense, larger than J. Similarly, invertibility
of such an operator indicates that I and J are ’equivalent’ or have roughly
the same ’size’. However, as we will discuss in Section 3.2, neither of these
properties can yield a formal deﬁnition of order or equivalence, since they
lack axiomatic properties of transitivity and reﬂexivity correspondingly.
In this note we attempt to ﬁx this problem and ’lift’ these intuitive notions
to the level of formal order and equivalence. Via the Toeplitz approach the
new order encompasses a variety of problems and applications mentioned
above. It reveals relations between problems of Complex and Harmonic
analysis and helps to systematize some of the well-known questions from
the area of UP and its applications. The goal of this paper is to present the
basic deﬁnitions and properties of Toeplitz order, outline its connections
with known problems, and to suggest further directions for research.
Acknowledgment: This paper is based on a mini-course given at the Universite Paul Sabatier, Toulouse, in October of 2016, as a part of CIMI Thematic Semester in Analysis. I am very grateful to the organizers Serban
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Belinschi, Pascal Thomas and Stefanie Petermichl for giving me a reason
and an opportunity to collect my thoughts on this subject.
2. Preliminaries
2.1. Inner functions. In this note we will mostly concern ourselves with
inner functions in the upper half-plane C+ . Such functions can be represented as a product
I = BΛ Jµ ,
where BΛ is the Blaschke product corresponding to the sequence Λ = {λn } ⊂
C+ of zeros of I and Jµ is a singular inner function corresponding to a positive singular measure µ on R̂ = R ∪ {∞}. The measure can be represented
as µ = ν + cδ∞ where ν is Poisson-ﬁnite on R, i.e.,
∫
dν(x)
< ∞,
1 + x2
and c ≥ 0 is the mass at inﬁnity. The singular function Jµ is deﬁned as
Jµ = e−Sµ = e−Sν+icz ,
where Sµ is the Schwarz integral of µ:
]
∫ [
1
t
1
−
dµ(t).
Sµ(z) =
πi
t − z 1 + t2
The Blaschke Product BΛ for Λ = {λn } is deﬁned as
∏ z − λn
,
BΛ =
cn
z − λ¯n
i−λn
where cn are unimodular constants chosen so that cn i−
> 0. If Λ is an
λ¯n
inﬁnite sequence then the necessary and suﬃcient condition for the normal
convergence of the partial products of BΛ is that Λ satisﬁes the Blaschke
condition
∑ ℑλn
< ∞.
1 + |λn |2

Throughout this paper we will use the notation S a (z) = eiaz for the complex
exponential function, which is the singular inner function corresponding to
the pointmass a > 0 at inﬁnity. Using our notations S a = Jaδ∞ .
Similar statements and formulas are true for the case of the unit disk, see
for instance [10, 14].
A special role in our notes will be played by meromorphic inner functions
(MIF) which are inner functions in the upper half-plane that can be extended
meromorphically to the whole plane. The above formulas imply that an inner
function is a MIF if and only if its Blaschke factor corresponds to a discrete
sequence Λ ⊂ C (a sequence without ﬁnite accumulation points) and the
measure in the singular factor is a point mass at inﬁnity, i.e. Jµ = S a = eiaz
for some non-negative a.
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2.2. Model spaces and Clark theory. For each inner function θ(z) one
may consider a model subspace
Kθ = H 2 ⊖ θH 2
of the Hardy space H 2 = H 2 (C+ ). Here ’⊖’ stands for the orthogonal
diﬀerence, i.e., Kθ is the orthogonal complement of the space θH 2 = {θf |f ∈
H 2 } in H 2 . As was mentioned in the introduction, these subspaces play an
important role in complex and harmonic analysis, as well as in operator
theory, see [24].
Each inner function θ(z) deﬁnes a positive harmonic function
1 + θ(z)
1 − θ(z)
and, by the Herglotz representation, a positive measure σ such that
∫
1 + θ(z)
1
ydσ(t)
ℜ
= py +
,
z = x + iy,
(2.1)
1 − θ(z)
π
(x − t)2 + y 2
for some p ≥ 0. The number p can be viewed as a point mass at inﬁnity.
The measure σ is a singular Poisson-ﬁnite measure, supported on the set
where non-tangential limits of θ are equal to 1. The measure σ + pδ∞ on
R̂ = R ∪ {∞} is called the Clark measure for θ(z).
ℜ

Following standard notations, we will sometimes denote the Clark measure
deﬁned in (2.1) by σ1 . If α ∈ C, |α| = 1, then σα is the measure deﬁned
by (2.1) with θ replaced by ᾱθ. In some settings it is convenient to call the
measue σ−1 the ’Clark dual’ of the measure σ1 .
Conversely, for every positive Poisson-ﬁnite singular measure σ and a number p ≥ 0, there exists an inner function θ(z) satisfying (2.1).
Every function f ∈ Kθ has non-tangential boundary values σ-a.e. and can
be recovered from these values via the formula
∫
∫
1 − θ(z)
p
f (t)
f (z) =
(1 − θ(z)) f (t)(1 − θ(t))dt +
dσ(t) (2.2)
2πi
2πi
t−z
see [27]. If the Clark measure does not have a point mass at inﬁnity, the
formula is simpliﬁed to
f (z) = (1 − θ(z))Kf σ
where Kf σ stands for the Cauchy integral
∫
f (t)
1
dσ(t).
Kf σ(z) =
2πi
t−z

(2.3)

(2.4)

This gives an isometry of L2 (σ) onto Kθ . The Clark measure σ1 has a point
mass at inﬁnity if and only if 1 − θ(t) ∈ L2 (R).
Similar formulas can be written for any σα corresponding to θ. For any
α, |α| = 1 and any f ∈ Kθ , f has non-tangential boundary values σα -a.e.
on R. Those boundary values can be used in (2.2) or (2.3) to recover f .
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In the case of meromorphic θ(z) (MIF), every function f ∈ Kθ also has a
meromorphic extension in C, and it is given by the formula (2.2).
Each meromorphic inner function θ(z) can be written as θ(t) = eiϕ(t) on R,
where ϕ(t) is a real analytic and strictly increasing function. The function
ϕ(t) = arg θ(t) is a continuous branch of the argument of θ(z).
For any inner function θ in the upper half-plane we deﬁne its spectrum specθ
as the closure of the set {θ = 1}, the set of points on the line where the nontangential limit of θ is equal to 1, plus the inﬁnite point if the corresponding
Clark measure has a point mass at inﬁnity, i.e. if p in (2.1) is positive. If
specθ ⊂ R, then p in (2.1) is 0.
Recall that a sequence of real points is discrete if it has no ﬁnite accumulation
points. Note that specθ is discrete if and only if θ is meromorphic. The
corresponding Clark measure is discrete with masses at the points of the set
{θ = 1} given by
2π
σ({x}) = ′
,
|θ (x)|
plus possibly a point mass at inﬁnity (related similarly to the derivative at
inﬁnity).
If Λ ⊂ R (R̂) is a given discrete sequence, one can easily construct a meromorphic inner function θ satisfying {θ = 1} = Λ by considering a positive
Poisson-ﬁnite measure concentrated on Λ and then choosing θ to satisfy
(2.1). One can prescribe the derivatives of θ at Λ with a proper choice of
pointmasses.
The same construction shows that an arbitrary continuous growing function
γ on R can be approximated, up to a bounded function, by the argument
of a meromorphic inner function. If Λ = {γ = 2πn} then θ, constructed as
above with {θ = 1} = Λ, satisﬁes |γ − arg θ| < 2π on R. Furthermore, if
Γ = {γ = (2n + 1)π} one can easily construct θ so that {θ = 1} = Λ and
{θ = −1} = Γ and achieve an even better approximation |γ − arg θ| < π.
For more information and further references on Clark measures see [28].
2.3. Toeplitz kernels. Recall that the Toeplitz operator TU with a symbol
U ∈ L∞ (R) is the map
TU : H 2 → H 2 ,

F 7→ P+ (U F ),

where P+ is the Riesz projection, i.e. the orthogonal projection from L2 (R)
onto the Hardy space H 2 . Passing from a function in H 2 to its nontangential boundary values on R, H 2 can be identiﬁed with a closed subspace
of L2 (R) which makes the Riesz projection correctly deﬁned.
We will use the following notation for kernels of Toeplitz operators (or
Toeplitz kernels) in H 2 :
N [U ] = ker TU .
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An important observation is that N [θ̄] = Kθ if θ is an inner function. Along
with H 2 -kernels, one may consider Toeplitz kernels N p [U ] in other Hardy
classes H p , the kernel N 1,∞ [U ] in the ’weak’ space H 1,∞ = H p ∩ L1,∞ , 0 <
p < 1, or the kernel in the Smirnov class N + (C+ ), deﬁned as
N + [U ] = {f ∈ N + ∩ L1loc (R) : Ū f¯ ∈ N + }
for N + and similarly for other spaces.
If θ is a meromorphic inner function, Kθ+ = N + [θ̄] can also be considered.
For more on such kernels see [31].
2.4. Entire functions and de Branges spaces. Recall that an entire
function F (z) is said to be of exponential type at most a > 0 if
|F (z)| = O(ea|z| )
as z → ∞. The inﬁmum of such a is the exponential type of F . Throughout
the paper we denote by Π the Poisson measure on R, dΠ(x) = dx/(1 + x2 ).
A classical theorem of Krein gives a connection between the Smirnov class
N + (C+ ) and the Cartwright class Ca consisting of all entire functions F (z)
of exponential type ≤ a which satisfy
log |F (t)| ∈ L1Π .
An entire function F (z) belongs to the Cartwright class Ca if and only if
F (z)
∈ N + (C+ ),
S −a (z)

and

F # (z)
∈ N + (C+ ),
S −a (z)

where F # (z) = F (z̄).
Recall that a Paley-Wiener space P Wa is deﬁned as a space of entire functions of exponential type at most a which belong to L2 (R). Equivalently,
P Wa = Ca ∩ L2 (R). As an immediate consequence one obtains a connection between the Hardy space H 2 (C+ ) and the Paley-Wiener space PWa .
Namely, an entire function F (z) belongs to the Paley-Wiener class PWa if
and only if
F (z)
F # (z)
2
∈
H
(C
),
∈ H 2 (C+ ).
+
S −a (z)
S −a (z)
The deﬁnition of the de Branges spaces of entire functions may be viewed as
a generalization of the last deﬁnition of the Paley-Wiener spaces with S −a (z)
replaced by a more general entire function. Consider an entire function E(z)
satisfying the inequality
|E(z)| > |E(z̄)|, z ∈ C+ .
Such functions are usually called de Branges functions. The de Branges
space B(E) associated with E(z) is deﬁned to be the space of entire functions
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F (z) satisfying
F (z)
∈ H 2 (C+ ),
E(z)

F # (z)
∈ H 2 (C+ ).
E(z)

It is a Hilbert space equipped with the norm ∥F ∥E = ∥F/E∥L2 (R) . If E(z)
is of exponential type then all the functions in the de Branges space B(E)
are of exponential type not greater then the type of E(z) (see, for example,
the last part in the proof of lemma 3.5 in [9]). A de Branges space is
called short (or regular) if together with every function F (z) it contains
(F (z) − F (a))/(z − a) for any a ∈ C.
One of the most important features of de Branges spaces is that they admit
a second, axiomatic, deﬁnition. Let H be a Hilbert space of entire functions
that satisﬁes the following axioms:
λ̄)
• (A1) If F ∈ H, F (λ) = 0, then F (z)(z−
∈ H with the same norm;
z−λ
• (A2) For any λ ̸∈ R, point evaluation at λ is a bounded linear
functional on H;
• (A3) If F ∈ H then F # ∈ H with the same norm.

Then H = B(E) for a suitable de Branges function E. This is theorem 23
in [6].
Usually, for a given Hilbert space of entire functions it is not diﬃcult to verify
the above axioms and conclude that the space is a de Branges space (if the
axioms do hold). It is however a challenging problem in many situations
to ﬁnd a generating function E. This problem can be viewed as a deep
and abstract generalization of the inverse spectral problem for second order
diﬀerential operators.
Every de Branges space B(E) is a reproducing kernel Hilbert space, i.e., for
each point λ ∈ C there exists a function kλ ∈ B(E) such that
F (λ) =< F, kλ >
for any F ∈ B(E). It is not diﬃcult to show that for any HB function E
sequences of reproducing kernels {kλ }λ∈Λ where Λ = {αE > 0} for some
constant α, |α| = 1 form orthogonal bases of B(E). Moreover, these are the
only orthogonal bases of reproducing kernels.
De Branges spaces possess the so called nesting property, which makes Kreinde Branges theory especially suitable to study spectral problems for diﬀerential operators. It says that for any two de Branges spaces B(E1 ) and B(E2 )
isometrically embedded into a third de Branges space, either B(E1 ) ⊂ B(E2 )
or B(E2 ) ⊂ B(E1 ). It follows that any space B(E) admits a unique chain
of subspaces B(Et ), 0 ≤ t ≤ 1 monotone by inclusion with E0 = const and
E1 = E (in the case of so-called jump intervals the parameter t may not take
all values from 0 to 1). Moreover, for any positive Poisson-ﬁnite measure
µ on R there is a unique regular chain of de Branges spaces isometrically
embedded into L2 (µ).
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Every de Branges function E(z) gives rise to a MIF
θ(z) = θE (z) = E # (z)/E(z)
and a model space Kθ that this inner function generates. There exists a well
known isometric isomorphism between B(E) and Kθ given by F → F/E.
Conversely, for every MIF θ there exists a de Branges function E such that
θ = θE . Such a function E is unique up to a multiplication by a real entire
function without zeros in C \ R (an entire function is called real if it is real
on R). We call a de Branges function E an Hermite-Biehler (HB) function
if it has no zeros on the real line. For a given MIF θ one can always choose
the corresponding de Branges function E to be an HB function.
As was mentioned above, if θ is a MIF then all Clark measures σα of θ
are discrete and their point masses can be computed by σα (λ) = 2π/|θ′ (λ)|
for λ ∈ {θ = α}. We will call the measures |E|2 σα , where σα is a Clark
measure for θ(z) = E # (z)/E(z), spectral measures of the corresponding
de Branges space. It is well known (and follows from a similar property for
Clark measures) that for any spectral measure ν of a de Branges space B(E)
the natural embedding gives an isometric isomorphism between B(E) and
L2 (ν). This isomorphism generalizes the Parseval theorem.
As we mentioned before, on the real line each inner θ(z) coming from a
de Branges function can be written as θ(t) = eiϕ(t) , t ∈ R, where ϕ(t) is real
analytic strictly increasing function, a continuous branch of the argument
of θ(z) on R. The phase function of the corresponding de Branges space is
deﬁned by ψ(t) = ϕ(t)/2 and is equal to − arg E.
Throughout this paper we will utilize the following notations for the objects
discussed in the last several sections. If E is an HB function we will denote
by θE the corresponding MIF θE = E # /E. If µ is a positive Poisson-ﬁnite
measure on R̂ we denote by θµ the inner function with the Clark measure
equal to µ. Even though for a MIF θ the function E such that θ = θE
is not unique, we will use the notation Eθ for one of such functions. The
reader may think of a function with lowest order and type among all such
HB functions E.
3. Toeplitz Order (TO) and Equivalence (TE)
3.1. Main deﬁnitions. In this section we use Toeplitz operators to deﬁne
partial order and equivalence on the set of inner functions in the upper
half-plane. Our deﬁnitions can be naturally extended to broader classes of
functions and measures (see Section 3.2 below), however in this note we
choose to concentrate on the inner case. Moreover, in most applications
discussed in the rest of this paper, the inner functions are meromorphic
(MIFs).
We begin with the following deﬁnition. Recall that N [U ] denotes the H 2 kernel of the Toeplitz operator with symbol U .
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Deﬁnition 1. If θ is an inner function we deﬁne its (Toeplitz) dominance
set D(θ) as
D(θ) = {I inner | N [θ̄I] ̸= 0}.
Every collection of sets admits natural partial ordering by inclusion. In
our case, we consider dominance sets D(θ) as subsets of the set of all inner
functions in the upper half-plane and the partial order ⊂ on this collection.
This partial order induces a preorder on the set of all inner functions in C+ .
Proceeding in a standard way, we can modify this preorder into a partial
order by introducing equivalence classes of inner functions. The details of
this deﬁnition are as follows.
Deﬁnition 2. We will say that two inner functions I and J are Toeplitz
equivalent, writing I ∼ J, if D(I) = D(J). This equivalence relation divides
the set of all inner functions in C+ into equivalence classes. We call this
relation Toeplitz equivalence (TE).
T

Further, we introduce a partial order on these equivalence classes deﬁning
it as follows.
T

Deﬁnition 3. We write I 6 J (meaning that the equivalence class of I is
’less or equal’ than the equivalence class of J) if D(I) ⊂ D(J). We call this
partial order on the set of inner functions in C+ Toeplitz order (TO).

The following simple examples illustrate our deﬁnitions.
Example 1. Let Bn and Bk be Blaschke products of degree n and k correspondingly. Then Bn ∼ Bk iﬀ n = k and Bn < Bk iﬀ n < k.
T

T

If Jµ and Jν are two singular functions, Jµ 6 Jν if ν − µ is a non-negative
measure. However, there exist µ and ν such that µ ⊥ ν but Jµ 6 Jν , as
follows from an example given in [2].
T

T

It is a good exercise on Toeplitz kernels to establish the statements of the
above example.
3.2. Extensions of TO and other orderings. As was explained in Section 2.2, Clark theory provides a natural one-to-one correspondence between
inner functions in C+ and positive singular Poisson-ﬁnite measures on R̂. Via
this correspondence one may introduce Toeplitz equivalence and order on
the set of all such measures. I.e., for any two positive singular Poisson-ﬁnite
measures µ and ν, µ ∼ ν if Iµ ∼ Iν and µ 6 ν if Iµ 6 Iν . Similarly, Toeplitz
order on inner functions induces an order on Hermit-Biehler functions, de
Branges spaces, canonical systems, model spaces, model contractions, etc.
T

T

T

T

In the same way one can order the set of all unimodular functions on the
real line. If U = eiϕ is a unimodular function on R (and ϕ is a measurable
real function) then one can deﬁned its dominance set D(U ) as the set of
inner functions such that N [Ū θ] is non-trivial. After that, once again using
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the ordering of dominance sets by inclusion, one can introduce equivalence
classes on the set of unimodular functions and partial order on those classes.
In a slightly diﬀerent way, one may view the ordering described above as an
ordering of equivalence classes of real measurable functions ϕ on R deﬁned
as ϕ 6 ψ if eiϕ 6 eiψ . Analogously, TO can be moved from the upper halfplane to the unit disk or even more general domains. Without any changes
in the above deﬁnitions, TO can be extended to bounded analytic functions
in C+ or even unbounded functions if one is willing to deal with unbounded
Toeplitz operators.
T

T

Using quadratic forms one can consider Toeplitz operators with distributional symbols. If m is a distribution on R then D(m) can be deﬁned as
the set of inner functions such that Tθm̄ exists and has a non-trivial kernel.
After ﬁnding a way to overcome obvious technical diﬃculties in this deﬁnition, one can proceed with an extension of TO to this class. In particular,
one obtains a diﬀerent way to extend TO to the set of measures and it may
be interesting to study relations with the extension outlined above.
Perhaps the simplest way to order inner functions is by division, i.e., to say
that I ≤ J if I divides J (if J/I is an inner function). The main ﬂaw of the
order by division is that most pairs of inner functions remain incomparable.
It is easy to see that TO is an extension of the order by division since
I 6 J whenever I divides J, see Section 5.1. While for two functions to be
comparable in the order by division the zero set of one has to be a subset
of the zero set of the other, in TO one zero set only needs to be ’near’ the
other.
T

Another way to deﬁne an order on inner functions is to say that I > J
¯ ̸= 0 or if N + [IJ]
¯ ̸= 0 (the kernel in the Smirnov class N + ).
if N ∞ [IJ]
These orders are diﬀerent from ours. The N + -order is related to (and used
implicitly in) the Beurling-Malliavin theory. This order is meaningful, but
less relevant to problems discussed in these notes. As follows from Lemma
1, TO is a proper extension of the H ∞ -version of the above order.
While all versions of Toeplitz order mentioned in this section seem to be
interesting, in this note we will concentrate on the inner version of TO in
C+ as deﬁned in the last section.
4. Structure of the dominance set D(θ)
The goal of this section is to study the dominance set D(θ), the key element
of Toeplitz order. We will identify two important subsets of D(θ), the sets of
base and total elements, and discuss their relations with adjacent questions.
4.1. Diﬀerence of arguments. Let I, J be two MIFs and let us denote
by ϕ = ϕ(I, J) the diﬀerence of arguments 21 (arg I − arg J). Recall that
the argument of a MIF on the real line can be chosen as a real analytic
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function and therefore the last expression makes sense. If ϕ(I, J) is Poissonsummable then its harmonic conjugate ϕ̃ exists and we will denote by h(I, J)
the outer function exp(ϕ̃ − iϕ). Note that then h(I, J) = 1/h(J, I).
Clearly, a suﬃcient condition for I ∼ J is that ϕ has a bounded harmonic
conjugate, i.e.,
0<c<h<C<∞
˜ iﬀ
on R for some constants c and C. Indeed, in that case f ∈ N [IL]
˜
hf ∈ N [JL], which implies that D(I) = D(J). However, this condition is
not necessary.
T

Example 2. Let I = BΛ , where λn = 2n (1 + i), n ∈ N. Notice that then
|I ′ | = O(1/x) on R as x → ∞. Let us construct J in the following way. For
a rare subsequence nk = 2k , k ∈ N, pull the zeros closer to the real line, i.e.,
deﬁne
)
∏ ( z − (2nk + ick )
z − λ̄nk
dk
J =I
·
,
z − λnk
z − (2nk − ick )
where ck > 0 are positive constants tending to zero and dk are convergence
constants. Then ϕ = ϕ(J, I) satisﬁes 0 < c < exp(ϕ̃) on R, because
∏
1 − z/λ̄nk
exp(ϕ̃) =
qk
1 − z/(2nk − ick )
with proper convergence constants qk . One can show that if ck tend to zero
slow enough (say, ck = 1/k) we also have
exp(ϕ̃) ∈ L2 (R, |I ′ |dx) \ L∞ (R).
¯ for some MIF L then hf ∈ N [JL]
˜ because f belongs to KI
If f ∈ N [IL]
′
1/2
˜ then
and hence is bounded on R by C|I | . Conversely, if f ∈ N [JL]
¯ because 1/h is bounded. Therefore I ∼ J even though ϕ̃ is
f /h ∈ N [IL]
unbounded.
T

4.2. Base and total elements of D(θ). We say that an inner function
I ∈ D(θ) is a base element if it does not divide any other element of D(θ).
In other words, base elements are the maximal elements of D(θ) with respect
to the order by division. We will denote by DB (θ) the set of all base elements
of D(θ).
We denote by ba the Blaschke factor with zero at a ∈ C+ :
ā z − a
ba =
.
a z − ā
If θ(a) = 0 for some a ∈ C+ then θa = θ/ba is a base element of D(θ). More
generally, one can show that if θ(c) = a for some c ∈ C+ , then ma (θ)/bc is
a base element, where ba is the Möbius transform of the unit disk with zero
at a,
z−a
.
ba =
1 − āz
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A general description of the set DB (θ) in terms of θ is an important but
diﬃcult problem. As we will see in Section 7, it generalizes the problem of
describing complete and minimal sequences of reproducing kernels in model
and de Branges spaces.
¯ is purely outer
Let I and J be two inner functions. We say that f ∈ N [IJ]
if f is outer and
¯ = ḡ
IJf
where g is outer. Note that then automatically f = g.
We call an element I of D(θ) total, if N [θ̄I] contains a purely outer function.
We chose this name for such elements because, in a sense, each total element
represents a total inner component of one of the functions from N [θ̄] = Kθ .
Indeed, if If ∈ N [θ̄] for some inner I and outer f , then
θ̄If = J¯f¯
for some inner J. Then
θ̄IJf = f¯
and therefore N [θ̄IJ] contains a purely outer function and IJ is a total
element of D(θ). Moreover, every total element can be obtained this way,
i.e., it is a total inner component of a function from N [θ̄], combining inner
components in both half-planes. We denote by DT (θ) the subset of all total
elements of D(θ).
One can show that together with each function I the set DT (θ) it contains
every J such that I/J is a ﬁnite Blaschke product. It follows that DT (θ)
contains the set of all inner divisors I of θ such that θ/I is a ﬁnite Blaschke
product. Finite products can be replaced is this statement with all Blaschke
products whose arguments ψ satisfy ψ/2 ∈ Log|H 2 |. Here we denote by
Log|H 2 | the set of functions
{f | f = ln |g|, g ∈ H 2 (C+ )}.
In other words, Log|H 2 | consists of real functions f such that f ∈ L1Π and
exp(f+ ) ∈ L2 , where f+ = max(f, 0).
Proposition 1. Every element of D(θ) is a factor of a total element.
To prove the last statement just notice that if θ̄IJf = L̄f¯ for some inner
J, L and outer f ∈ H 2 , then JLI is the desired total element.
In regard to relations between our new sets we have
Proposition 2. For every inner θ
DB (θ) ⊂ DT (θ) ⊂ D(θ).
The sets DT and DB are equal iﬀ θ is a Blaschke factor (in which case they
are also equal to D(θ) and consist of constants).
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Proof. If I is a base element then the relation θ̄If = J¯f¯ implies that f
is outer and J is constant: otherwise I ÷ JI ∈ D(θ), which contradicts
that I is a base element. Hence, f ∈ N [θ̄I] is purely outer and I is also
a total element. The second statement follows from the fact DT contains
base elements divided by any ﬁnite Blaschke sub-products. Notice that DB
cannot consist of singular functions only.

Since together with every element D(θ) contains all of its inner divisors,
the Proposition 1 implies that D(θ) is determined by the set of its total
elements. The inverse statement follows from Theorem 3:
Corollary 1. If I

∼
T

J then DT (I) = DT (J).

To deduce the above corollary note that total elements of D are the total
inner components of the de Branges space. The spaces B(EI ) and B(EJ )
must coincide as sets by Theorem 3.
4.3. D(θ) and DT (θ) in terms of arguments. It is not diﬃcult to describe
elements of DT (θ) in terms of arguments. Let us start with DT (θ) in the
case when θ is a MIF. In this case all functions from DT (θ) are MIFs and
their arguments are real-analytic functions on R (deﬁned uniquely up to
2πn). Recall the notation ϕ(I, J) = 21 (arg I − arg J).
Proposition 3.
I ∈ DT (θ) ⇔ ϕ̃(θ, I) ∈ Log|H 2 |.
As to D(θ), recall that it consists of all divisors of functions from DT (θ).
Corollary 2. I belongs to D(θ) iﬀ ϕ(θ, I) = h̃ + 12 α where h ∈ Log|H 2 | and
α is an argument of an inner function.
To establish the above statement, simply notice that ϕ − 12 α for some argument of a MIF α is the argument of a purely outer element of N [θ̄I].
With some additional eﬀort one can ﬁnd analogs of statements from this
section for general (non-MIF) inner functions.
4.4. Total elements and de Branges’ Theorem 66. A well known theorem by L. Branges, Theorem 66 from [6], page 271, is an important result
in the area of UP. One can ﬁnd a discussion of this result and its applications
in [32], along with further references.
More general versions of this theorem from [29, 30] played important roles
in the study of the Gap and Type problems, see also [31]. Here we present
the statement from [29][Corollary 4] in the settings of TO.
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Theorem 1. Let I, θ be inner functions in C+ , θ ∈ D(I).
Then there exists an inner function J in C+ such that specJ ⊂ specI and
θ ∈ DT (J).
¯ is also
The function J can be chosen so that the purely outer f ∈ N [Jθ]
zero-free on R. If θ is a meromorphic function, then J can be chosen as a
meromorphic function.
If I is a MIF, then f in the statement is analytic through R and the term
’zero-free’ can be understood in the usual sense. In the general case, a
function f ∈ H 2 has a zero at x ∈ R if f /(z − x) ∈ H 2 , and a zero-free
function has no such points.
Let us ﬁnish this section with the following problem. Given a collection of
inner functions, we will call the minimal D(θ) containing these functions the
Toeplitz hull (TH) of our collection. It seems to be an interesting question
to ﬁnd TH for a given collection. In view of our discussion in Section 7,
versions of this problem are equivalent to ﬁnding the minimal de Branges
space or model space for a given collection of zero sets, etc.
5. TO and TE in comparison with other relations
5.1. TO as a proper extension of the order by division. As was
mentioned before, another natural way to introduce a partial order on the
set of inner functions is by division. We say that an inner function I divides
another inner function J if J/I is an inner function. The relation ’divides’
satisﬁes the axioms of a partial order. Toeplitz order introduced above is an
extension of the order by division, i.e. if I divides J then I 6 J.
T

TO is a proper extension because one can easily construct a pair of inner
functions I and J such that I 6 J but J does not divide I. Indeed, chose any
pair such that J divides I and J has at least one zero. Then that zero has
also to be a zero of I. Take that zero of I and move it by a ﬁnite distance
in C+ . It is not diﬃcult to show (an exercise on Toeplitz kernels) that then
we still have I 6 J, although J no longer divides I.
T

T

¯ ̸= 0 for two inner
5.2. TO versus dominance. Intuitively, when N [IJ]
functions I and J it means that I is ’larger’ than J. This relation between
I and J starts to resemble a strict order even more after one recalls that by
¯ and N [JI]
¯ cannot be non-trivial simultaneously.
a lemma of Coburn N [IJ]
Formally, however, this relation does not constitute an order due to the lack
¯ = N [JL]
¯ = 0 does not imply N [IL]
¯ = 0. Accordingly,
of transitivity: N [IJ]
¯ = 0 and
the relation I ≍ J, which can be deﬁned to mean that N [IJ]
¯
N [JI] = 0, fails to produce a formal equivalence. Let us illustrate the last
observation with the following example.
Example 3. Let us construct three MIFs I, J and L such that I ≍ J and
J ≍ L but I ̸≍ L, where the relation ′ ≍′ is deﬁned as above.
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Let C > 0 be a large number and let I be a Blaschke product with zeros at
n + iC, n ∈ Z. Let J be the Blaschke product with zeros at n + iC for n < 0
and at (n + 21 ) + iC for n ≥ 0. Finally, let L be the Blaschke product with
zeros at n + iC, n ∈ Z, n ̸= 0.
Then ψ = 2ϕ(J, I) = arg J − arg I tends to 0 as x → −∞. For large positive
x, |ψ(x) + π2 | < ε, where ε = ε(C) is a small number, ε(C) → 0 as C → ∞.
From basic properties of Toeplitz kernels, since
lim sup ψ(x) − lim inf ψ(x) < π and
x→−∞

x→∞

lim sup −ψ(x) − lim inf −ψ(x) < π,
x→−∞

x→∞

¯ = 0 and N [JI]
¯ = 0, i.e., I ≍ J. Similarly, ψ = arg L − arg J
both N [IJ]
tends to 0 as x → −∞ and |ψ(x) + π2 | < ε near ∞, which implies J ≍ L.
¯ = N [b̄Ci ], where bCi = − z+Ci is the Blaschke
It is left to notice that N [IL]
z−Ci
1
factor, and the kernel contains an H 2 -function z−Ci
. Hence I ̸≍ L.
To study the relations between TO and triviality of kernels further let us
formulate the following statement, showing in particular that TO is an extension of the order mentioned at the end of Section 3.2.
Lemma 1. Let I1 and I2 be non-constant inner functions such that N ∞ [I¯1 I2 ] ̸=
0. Then I1 > I2 .
T

Proof. If θ ∈ D(I2 ) then for f ∈ N [I¯2 θ] and g ∈ N ∞ [I¯1 I2 ] we have
I¯1 θgf = (I¯1 I2 g)(I¯2 θf ) ∈ H̄ 2 .
Therefore θ ∈ D(I1 ).



5.3. TE versus twins. Following [19], we will call two MIFs I and J twins
if specI = specJ . This relation naturally appears in applications to spectral
problems involving isospectral diﬀerential operators.
Clearly, twin relation is an equivalence relation on the set of all MIFs, which
is diﬀerent from the Toeplitz equivalence. It is obvious that I ∼ J does not
imply that I is a twin of J. The opposite implication fails in general as well.
However, we do have the following statement. We use the notation f ≍ g
for two functions f and g if c|f | < |g| < C|f | for some positive constants c
and C and all values of the argument.
T

Lemma 2. Let I and J be two MIF twins with the common spectrum σ ⊂ R̂.
Then I ∼ J iﬀ I ′ ≍ J ′ on σ.
∑
∑
Proof. Let µ = α∞ δ∞ + αn δxn and ν = β∞ δ∞ + βn δxn be the Clark
measures of I and J respectively.
T

Suppose ﬁrst that I ′ ̸≍ J ′ on σ. Then αn ̸≍ βn . WLOG, we can assume
that there exists f ∈ KI (f ∈ L2 (µ)) such that f µ ̸= hν for any h ∈ L2 (ν).
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Let θ ∈ D(I) be the total inner component of f ∈ KI . We can assume that
it is the inner component of f in C+ . Since f = (1 − I)Kf µ, θ is the inner
factor of the Cauchy integral Kf µ. If I ∼ J then θ ∈ D(J) and there exists
g ∈ KJ such that Kgν is divisible by θ in C+ . Moreover, by Corollary 1,
g can be chosen so that θ is its total inner component. Then Kgν/Kf µ
is an entire function of exponential type zero without zeros. Hence it is a
constant, which implies f µ = const · gν and we have a contradiction.
T

It is left to notice that if I ′ ≍ J ′ then L2 (µ) = L2 (ν), which implies D(I) =
D(J) and I ∼ J.

T

5.4. TE and invertibility. Another important relation between inner functions, which resembles equivalence, comes from invertibility of the Toeplitz
¯ Due to the work of Hruschev, Nikolski, and
operator with the symbol IJ.
Pavlov [12], this condition became one of the main tools in the study of
basis properties for systems of reproducing kernels, including the classical
problem on exponential bases as a particular case. Up to some technical
details, a system of reproducing kernels {kλ }λ∈Λ forms a Riesz basis in a
model space KI if and only if TIB
¯ Λ is invertible.
Intuitively, the condition that TIJ
¯ is invertible also tells us that the functions
I and J are similar. This relation is reﬂexive as TIJ
¯ is invertible iﬀ TJI
¯
is. Our next goal is to show that Toeplitz equivalence is not the same
as the invertibility of TIJ
¯ . As a matter of fact, unlike Toeplitz equivalence,
invertibility is not a formal equivalence since, once again, it lacks transitivity.
Example 4. Similar to Example 3, construct I1 , I2 , I3 so that the diﬀerence
of arguments
arg In+1 − arg In , n = 1, 2,
is smooth and close to π/3 at ∞ and to −π/3 at −∞. Then TI¯n In+1 is
invertible but TI¯1 I3 is not. Thus invertibility does not induce an equivalence
relation.
6. Conditions for TE
While we do not see a reasonable ’if and only if’ condition which describes
TE in terms of the arguments or other requisites of inner functions, here
we give some simple ’one-sided’ conditions for two MIFs to be equivalent.
Recall that for two inner functions I and J we denote by ϕ = ϕ(I, J) the
function ϕ = 12 (arg I − arg J). If I ∼ J then ϕ̃ is Poisson summable and
h = h(I, J) stands for the outer function h = eϕ̃−iϕ , |h| = exp ϕ̃.
T

As was mentioned before, if ϕ̃(I, J) is bounded, i.e., |h(I, J)| is bounded
and separated from zero on R, then I ∼ J. This condition is not necessary
as was shown in Example 2.
T

18

A. POLTORATSKI

6.1. Conditions in terms of arguments and derivatives. Our ﬁrst
necessary condition is in terms of the diﬀerence of arguments and derivatives.
Lemma 3. Let I and J be two MIFs, I ∼ J. Then
|J ′ |
exp ϕ̃ ≍ 1
|I ′ |
on R.
T

Proof. By Theorem 4 multiplication by h = h(J, I) is a bounded operator
KJ → KI . Hence,
|h(x)kxJ (x)| =< kxI , hkxJ >KI ≤ ||kxI || ||hkxJ || ≤
≤ C|I ′ (x)|1/2 ||kxJ ||KJ =
( ′ )1/2
( ′ )1/2
|I |
|I |
′
1/2 ′
1/2
′
J
= C|I (x)| |J (x)| ≤ C|J (x)|
= C|kx (x)|
,
′
|J |
|J ′ |
for all x ∈ R, which implies one of the two estimates. Applying similar
argument to the operator KI → KJ we obtain the other.

Further metric properties of h give the following conditions.
Theorem 2. Let I, J be MIFs.
If the functions exp ϕ̃|J ′ |1/2 and exp ϕ̃|I ′ |1/2 belong to L2 (R) then I

If I

∼
T

J then ϕ̃ − log(1 + |x|) ∈

∼
T

J.

Log|H 2 |.

Proof. By Theorem 4, I ∼ J iﬀ multiplication by h(I, J) is a bounded invertible operator from KJ to KI . Note that since every f ∈ KJ satisﬁes
|f | ≤ ||f ||2 |J ′ |1/2 the conditions in the statement imply that hf ∈ H 2 and
therefore hf ∈ KI . Similarly, for every f ∈ KI , f /h ∈ KJ .
T

Note that two singular functions cannot be equivalent unless they are constant multiples of each other. Hence, if I ∼ J then one of them, say I,
has a zero. If I(a) = 0 then I/ba is a base element of D(I), and therefore the base element of D(J). By Proposition 2, it is a total element of
D(J) and by Proposition 3, ϕ̃(J, I/ba ) ∈ Log|H 2 |. It is left to notice that
ϕ̃(J, I/ba ) ∼ ϕ̃(I, J) − log(1 + |x|) as x → ±∞.

T

6.2. TE for functions with comparable derivatives. The condition of
comparability for the derivatives of the inner functions appearing in Section
5.3 is worth exploring a bit further. Such conditions appear in applications.
For instance, inner functions corresponding to Schrödinger equations with
regular potentials, as well as to other similar classes of canonical systems,
will satisfy this condition. Completeness problems for various families of
special functions also lead to MIFs with comparable derivatives, see [19].
Let us provide the following description of Toeplitz equivalence pertaining
to this case.

TOEPLITZ ORDER

19

Lemma 4. Consider two MIFs I and J such that I ′ ≍ J ′ on R. Then I
iﬀ ϕ(I, J) = 12 (arg I − arg J) has a bounded harmonic conjugate.

Proof. If ϕ̃ is bounded then I ∼ J, see Section 6. Assume now that I
ϕ̃ is unbounded. This contradicts Lemma 3.
T

∼
T

∼
T

J

J but


7. TO in terms of model and de Branges spaces
7.1. D(θ) as inner factors in Kθ and B(E). In terms of the model space
Kθ , the set of dominance D(θ) has a natural meaning. It is the set of all
inner components of functions from Kθ .
In case of MIFs, Kθ is directly related to the de Branges space B(E) via
the isometric isomorphism EKθ = B(E). Hence, D(θ) is also the set of all
inner components of functions f /E, f ∈ B(E), in the upper half-plane.
The set DT (θ) can be similarly identiﬁed with the subset of all total inner
components of functions from Kθ or B(E) as was discussed in Section 4.2.
If θ is a MIF and I ∈ DB (θ) then I = BΛ S a for some Blaschke sequence
Λ, λn → ∞ and a ≥ 0. In the case of pure Blaschke product, a = 0, the
sequence Λ is an exact zero set of Kθ , (B(E)). In the case a > 0, for any
Möbius transform bw of the unit disk, bw (S a )BΛ is a Blaschke product from
DB (θ). Hence, Λ ∪ { 2πn
a + iC}, ℜC > 0, is an exact zero set.
We will return to the discussion of zero sets in Section 7.7.
Sets of inner components of functions from Kθ have been studied by other
authors, see for instance [8, 2]. For instance, as follows from our discussion
above, I ∈ D(θ) iﬀ ’I lurks within Kθ ’, using the terminology of [2]. Both
papers contain many basic properties of D(θ).
7.2. Base elements and asymptotics along the imaginary axis.
Lemma 5. Let θ be a MIF, f ∈ Kθ , f (iy) ̸= o(y −3/2 ) as y → ∞. Then the
total inner component of f is a base element of D(θ).
Proof. Suppose that the total inner component I of f is not a base element.
Then there exists inner J and outer g such that I properly divides J and
Jg ∈ Kθ . Let h be an outer component of f . Then the argument of the
outer function g/h is − 12 arg(J/I), i.e., it is a continuous decreasing function
on R which decreases by at least π. By Claim 1 below and the asymptotics
of f this implies that g(iy) ̸= o(y −1/2 ) as y → ∞. This contradicts g ∈ H 2 .

The following can be easily established.
Claim 1. Let h be an outer function in C+ whose argument ψ on R satisﬁes
lim inf ψ(x) − lim sup ψ(x) ≥ π.
x→−∞

x→∞
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Then
y = O(h(iy)) as y → ∞.
Our next statement combined with Lemma 5 shows that functions whose
total inner components are base elements of D(θ) are dense in Kθ .
Proposition 4. For every inner θ, the space Kθ contains a dense subset of
functions f satisfying
1
|f (iy)| ∼ as y → ∞.
y
Proof. Let C(z) be the Cayley transform from the unit disc to the upper
half-plane. Then Φ(z) = θ(C(z)) is an inner function in the unit disc. Recall
that Kθ is obtained from KΦ via the map f (z) 7→ (C −1 (w) − 1)f (C −1 (w)).
Now the statement is equivalent to the statement that functions with ﬁnite
non-zero limits limr→1− f (r) are dense in KΦ .
Let Φn be a sequence of divisors of Φ such that Φn → Φ point-wise in D and
each Φn can be analytically continued through 1 . Then ∪KΦn is dense in
KΦ . But in each KΦn all functions can be continued through 1 and a dense
subset have non-zero values there.

7.3. D(θ) in terms of de Branges spaces. Let E be a de Branges function
and let θ = θE be a corresponding MIF. If F ∈ B(E) then F = I1 f E in
C+ , where I1 is inner and f ∈ H 2 is outer. Similarly, in C− , F = I¯2 f¯E # .
An important property of B(E) is that the inner components can be moved
from one half-plane to the other, i.e., if I3 I4 = I1 then the function G deﬁned
as I3 f E in C+ and as I¯4 I¯2 f¯E # in C− also belongs to B(E). Similarly one
can move inner factors from C− to C+ .
The set of all inner functions I1 (I2 ) appearing this way for a ﬁxed B(E) is
exactly the dominance set D(θ).
If F is an entire function deﬁned as above in C± , we will call the inner
function I1 I2 the total inner component of F . If I is a total inner component
for a function from a de Branges space then the argument of f E on R is
determined by the argument of I up to πn. The argument of MIF I is
a real-analytic function on R, while the argument of f E is piece-wise real
analytic, making a jump of −π at each real zero of f E. All in all we have
1
arg f E = arg I (mod π)
(7.1)
2
Note that total inner components of functions from B(E) are exactly the
elements of DT (θE ).
Denote by DT∗ (θE ) the set of exact total elements, the total elements corresponding to functions from B(E) which have no zeros on the real line.
If f ∈ B(E) is such a function and I ∈ DT∗ is its inner component in C+
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arg I on R for a proper

7.4. dB spaces for inner Toeplitz kernels. The following discussion will
be used in Section 7.7.
¯ ̸= 0. Notice that
Let I and J be two MIFs such that N [IJ]
#

¯ = EI EJ f = ḡ
IJf
EI# EJ
¯ iﬀ EI f can be conwhich shows that an H 2 -function f belongs to N [IJ]
EJ
tinued to the lower half-plane as an entire function (the formula for the
E#
¯
continuation is I# ḡ). Consider the space of entire functions B = EI N [IJ]
EJ

EJ

equipped with the norm
||f EI /EJ || = ||f ||H 2 .
By verifying the axioms one can conclude that B = B(E) is a de Branges
space for some HB function E. We will denote this HB function by EI,J .
¯ ̸= 0 there correTo summarize, to each pair of MIFs I, J such that N [IJ]
sponds an HB function EI,J . Our construction implies the following important property:
Proposition 5. The set JDθEI,J is the set of all functions from D(I) divisible by J
7.5. TE and equality of de Branges spaces. While model spaces Kθ
are equal as sets if and only if the corresponding inner functions are equal
up to a constant multiple, de Branges spaces B(E) and B(Ẽ) can be equal
as sets for two diﬀerent functions E and Ẽ.
Equation of two de Branges spaces as sets of functions, with (possibly) different norms, is an important aspect of spectral theory for diﬀerential equations. The so-called Gelfand-Levitan theory which treats spectral problems
for regular Schrödinger equations and Dirac systems utilizes the fact that
the corresponding de Branges spaces are equal to Paley-Wiener spaces as
sets. This property becomes the key ingredient of the theory allowing one
to use the structure of Paley-Wiener spaces to study relations between the
potential of the original diﬀerential operator and the Fourier transform of
its spectral measure. An extension of Gelfand-Levitan techniques to more
general classes of Krein’s canonical systems, see for instance [22], requires
further understanding of properties of HB functions E and Ẽ which produce
equal, as sets, spaces B(E) and B(Ẽ). Such questions are also equivalent
to problems on sampling measures, see Section 8.4.
Although total description of such pairs of HB functions presents an important open problem, intuitively such functions must be similar to each other,
which raises a natural question on the correspondence of this relation and
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Toeplitz equivalence for the MIFs θ and θ̃. Our next theorem connects this
problem to TO.
We will use the notation B(E) =· B(Ẽ) for the two de Branges spaces equal
as sets. Note that if B(E) =· B(Ẽ) then then norms in the spaces are automatically equivalent.

Theorem 3. Let E and Ẽ be HB functions such that E/Ẽ ∈ N (C+ ). Then
θ ∼ θ̃ for the corresponding MIFs iﬀ B(E) =· B(Ẽ).
T

Conversely, if θ ∼ θ̃ for two MIFs θ and θ̃ then the corresponding HB functions can be chosen to satisfy E/Ẽ ∈ N (C+ ) and B(E) =· B(Ẽ).
T

Proof. Suppose ﬁrst that B(E) =· B(Ẽ). Since D(θ) and D(θ̃) are the sets of
inner components of F/E for the elements F of the corresponding space in
C+ , D(θ) = D(θ̃) and θ ∼ θ̃.
T

Conversely, let D(θ) = D(θ̃). Then the subsets of base elements, DB , coincide as well. If I ∈ DB (θ) = DB (θ̃) then I is a total inner component
for some F ∈ B(E) and for some G ∈ B(Ẽ). Note that then F/G is a
zero-free entire function. Indeed, since the total zero components of F and
G coincide, F/G may only have zeros on the real line. Then F has zeros on
F
the real line, say at a ∈ R. But then (z − i) z−a
is an element of B(E) with
total inner component bi I which contradicts the property that I is a base element. Hence F/G is zero-free. It must be outer in both half-planes because
otherwise I is not a base element in one of the D sets. Hence, F/G = const.
We obtain that the sets of functions in B(E) and B(Ẽ) whose total inner
components are base elements coincide.
Let now F ∈ B(E) \ B(Ẽ). By Proposition 4, there exists H ∈ B(E)
such that (H/E)(iy) ̸= o(y −3/2 ) as y → ∞. By Lemma 5, the total inner
component of H is a base element and therefore H ∈ B(Ẽ) by the argument
above.
Notice that (F/E)(iy) = o(y −3/2 ), because otherwise its total inner component would have been a base element which would imply F ∈ B(Ẽ). Hence,
(F + H)/E ̸= o(y −3/2 ), which implies that F + H has a base total inner
component and therefore belongs to both de Branges spaces. Since H also
belongs to both spaces, so does F and we arrive at a contradiction.

In the process of the last proof we have established the following useful
property.
Proposition 6. If the total inner component I of a function F from B(E)
is a base element of D(θE ) then F has no real zeros. Equivalently, DB (θ) ⊂
DT∗ (θ) for any MIF θ.

TOEPLITZ ORDER

23

7.6. TE and model spaces. In this section we formulate our result for
general inner functions. In order to do that we will need to extend the
notations ϕ(I, J) and h(I, J) introduced in Section 4.1 from the case of
MIFs to the general case.
To make sense of the deﬁnition ϕ(I, J) = 12 (arg I − arg J) in the general case
we understand arg I (J) as a measurable function on R such that I/ei arg I
is positive a.e. on R. It is not diﬃcult to show that if I ∼ J then their
arguments can be chosen in such a way that ϕ̃ exists and h(I, J) = eϕ̃−iϕ is
an outer function. In what follows we will assume that ϕ and h correspond
to the arguments of I and J chosen in such a way.
T

Our statement in this section is
Theorem 4. I ∼ J iﬀ multiplication by h(I, J) is a bounded and invertible
operator KI → KJ .
T

For general I and J this means that if I ∼ J then their arguments can be
chosen so that the outer function h(I, J) exists and multiplication by h(I, J)
is a bounded and invertible operator KI → KJ . Conversely, if the arguments
can be chosen in such way, then I ∼ J.
T

T

Proof. Suppose ﬁrst that I and J are MIFs. Then h = EI /EJ and the
equivalence of I ∼ J and B(EI ) =· B(EJ ) gives the statement.
T

In the general case, if multiplication by h(I, J) is a bounded and invertible
operator KI → KJ then the sets of all inner components of functions from
KI and KJ coincide because h is outer. Hence D(I) = D(J) and I ∼ J. In
the opposite direction, if I ∼ J one can reduce the proof to the case of MIFs
via a limiting argument. We leave the details to the reader.

T

T

7.7. Complete and minimal sequences of reproducing kernels and
zero sets in de Branges spaces. We call a sequence Λ ⊂ C a zero set of a
de Branges space B(E) iﬀ there exists f ∈ B(E) such that f = 0 on Λ. We
call Λ an exact zero set if there exists f ∈ B(E) such that {f = 0} = Λ. A
maximal zero set is a sequence Λ of points such that there exists a non-zero
function from the space vanishing on Λ, but there is no such function for
any set properly containing Λ.
A maximal zero set is exact but not vice versa. Blaschke products corresponding to maximal zero sets are base elements from D(θ) and those
corresponding to exact zero sets are total elements, see Lemma 6 below.
Maximal zero sets are also related to complete and minimal sequences.
We say that Λ is a complete and minimal sequence for B(E) iﬀ the system
of reproducing kernels {kλ }λ∈Λ is complete and minimal (i.e., any proper
subsequence is incomplete) in B(E). Note that a sequence is complete and
minimal iﬀ the same sequence minus any one of its points is a maximal zero
set.

24

A. POLTORATSKI

For sequences Λ ∈ C+ similar deﬁnitions can be given for the model spaces
Kθ .
We will now establish relations between zero sets and the subsets of the
dominance set.
Recall that, as was deﬁned in Section 2.2, the spectrum specI of a MIF I is
the sequence of points from R̂ where the function is equal to 1. If Λ ⊂ C \ R
is a sequence of complex points we denote by BΛ the Blaschke product with
zeros at the points of Λ in C+ and at the points conjugate to the points of
Λ in C− , assuming the Blaschke condition holds.
Lemma 6. Let E be an HB function, θ = θE . Let Λ ⊂ C \ R and Γ ⊂ R be
sequences of points.
1) Λ ∪ Γ is a zero set of B(E) iﬀ there exists an inner I such that specI = Γ
and BΛ I ∈ D(θ);
2) Λ ∪ Γ is an exact zero set of B(E) iﬀ there exists an inner I such that
specI = Γ and BΛ I ∈ DT∗ (θ)
3) Λ ∪ Γ is a maximal zero set of B(E) iﬀ there exists an inner I such that
specI = Γ and BΛ I ∈ DB (θ);
Proof. 1) Suppose that F = 0 on Λ ∪ Γ for some F ∈ B(E). Then there
exists a ﬁnite positive measure µ concentrated on Γ,
∑
µ=
an γn ,
such that an > 0 are small enough to satisfy (F/E)Kµ ∈ H 2 . Then for I =
Iµ (the inner function whose Clark measure is µ) we have (F/(E(1−I)) ∈ H 2
and G = F/(1−I) ∈ B(E). It is left to notice that the total inner component
of G is divisible by BΛ I.
Conversely, let BΛ I ∈ DT∗ (θ) for some inner I such that specI = Γ. Then
B(E) contains a function equal to BΛ If E in C+ , where f is outer from H 2 .
Then B(E) also contains a function equal to BΛ f E in C+ . Subtracting we
obtain a function in B(E) equal to BΛ (1 − I)f E in C+ , which vanishes on
Λ ∪ Γ.
2) and 3) can be proved similarly

Theorem 5. Every element of D(θ) is a divisor of a base element.
Before we prove the last statement let us note that each de Branges space
possesses a large collection of maximal zero sets (complete and minimal
sequences, minus one point). For instance, if one takes an orthogonal basis
of reproducing kernels described in Section 2.4 and deletes one point from
the corresponding sequence, the remaining sequence is a maximal zero set.
By ’perturbing’ this real sequence one can obtain a maximal zero set in C± .
Note that maximal zero sets Λ in C+ , as any zero sets of a de Branges space
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B(E) in C+ , satisfy the Blaschke condition. The corresponding Blaschke
products BΛ are exactly the base elements of D(θE ) which have no singular
divisor.
Proof of Theorem 5. First let us assume that θ is a MIF and let J ∈ D(θ).
Let Λ ⊂ C+ be a maximal zero set of B(Eθ,J ) as deﬁned in Section 7.4.
Then JBΛ is a base element of D(θ). Indeed, if ba JBΛ ∈ D(θ) for some
Blaschke factor ba , a ∈ C+ then by Proposition 5, Λ ∪ {a} is a zero set of
B(EI,J ), which contradicts maximality of Λ. Hence J divides a base element
of D(I).
Finally, in the case of non-MIF θ, notice that θ is a normal limit of MIFs
and apply a limiting argument.

Considering the case when J is a Blaschke product in the statement of
Theorem 5 and using Lemma 6, we obtain the following result by Yu. Belov.
In fact, our last proof is a variation of the proof in [3].
Corollary 3 ([3]). Any incomplete sequence of reproducing kernels in a de
Branges space is contained in a complete and minimal sequence of reproducing kernels.
Denote by Z(B(E)) the collection of all zero sets for the space B(E) and
let Ze stand for the exact zero sets. Then Theorem 5 becomes the following
statement.
Theorem 6. The collection of zero sets Z(B(E)) determines the space
B(E) uniquely within the regularity class of E, i.e., if Z(B(E)) = Z(B(Ẽ))
and E/Ẽ ∈ N (C+ ) then B(E) =· B(Ẽ).

Proof. 1) The collection of sets Λ \ R, Λ ∈ Z(B(E)) determines the set
of Blaschke products from D(θ), θ = θE . For the non-Blaschke elements
we have the simple observation that whenever BS a ∈ D(θ), the Blaschke
product Bbw (S a ) belongs to D(θ) as well for all w ∈ D, which implies that
the sets Λ \ R, Λ ∈ Ze (B(E)) determine D(θ) uniquely. It follows that
Ze (B(E)) determines D(θ) and the statement follows from Theorem 5.

Note that since Z(B(E)) determines B(E), it also determines Ze (B(E)).
Conversely, since zero sets are subsets of exact zero sets, Ze (B(E)) determines Z(B(E)). Even easier one can establish the same connection between
Z and Zm , the collection of maximal zero sets, as each maximal zero set is
a maximal element of Z with respect to inclusion. Hence either of the sets
Ze or Zm can be substituted into the last statement instead of Z. However,
the statement with Z(B(E)) is the strongest of the three.
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7.8. TO and inclusion of de Branges spaces. The last statement raises
a natural question: if TE is equivalent to equation of the corresponding de
Branges spaces, are the relations 6 and > equivalent to inclusions of the
spaces? If the answer were positive we would obtain an equivalent deﬁnition
of TO.
T

T

The relation does hold in one direction:
Proposition 7. If B(E) ⊂ B(Ẽ) then θ 6 θ̃.
T

The statement follows from the fact that the corresponding dominance set
consists of all inner components of F/E, F ∈ B(E) (F/Ẽ, F ∈ B(Ẽ)) in
C+ .
However, as shown by the example below, the opposite direction fails.
Example 5. Consider a sequence λn = (2|n| sign n + 21 )π + ε|n| i, n ∈ Z,
where εn ↓ 0, and the corresponding Blaschke product BΛ . Denote I = BΛ S
and consider the corresponding Cartwright HB function EI .
Let s(z) = sin z/z be the sink function. Then, if εn decays to 0 fast enough,
s/EI ̸∈ L2 . Hence s ̸∈ B(EI ) and B(ES ) ̸⊂ B(EI ) because s ∈ B(ES ) =
P W1 . At the same time, since S is a divisor of I, S < I.
T

7.9. Chains of de Branges spaces and chains in TO. Recall that for a
partial order a chain is a subset where every pair of elements is comparable.
On the other hand, every de Branges space, or every Poisson ﬁnite measure
on the real line, gives rise to a chain of de Branges spaces of entire functions,
see Section 2.4. Although the term ’chain’ is given diﬀerent meanings in
these two situations, we note the following simple connections between de
Branges chains and chains in Toeplitz order.
It follows from Proposition 7 that de Branges chains produce chains in
Toeplitz order: if {B(Et )} is a de Branges chain then θEt is a chain in
TO. Clearly, such chains do not present all possible chains in TO since, for
instance, not all such chains consist of MIFs. Even if we restrict our attention to all TO chains in the subset of MIFs, de Branges chains do not
produce all such chains as follows from Example 5. Finding a way to determine if a chain in TO is a de Branges chain seems like another interesting
problem.
8. TO in problems of Harmonic Analysis
In the rest of the paper we look at connections of Toeplitz order with some
of the classical problems of Harmonic Analysis. Our goal here is to provide
only a brief overview of such connections without going into deeper technical
details.
We start with two completeness problems for families of complex exponentials, the Beurling-Malliavin (BM) problem and its extensions studied in

TOEPLITZ ORDER

27

[19, 20], and the Type problem recently considered in [30]. We then discuss sampling problems in Paley-Wiener and de Branges spaces with some
remarks on the two-weight Hilbert problem, see [26] and [25, 17, 18] for
further references.
8.1. BM problem. Let Λ = {λn } be a sequence of distinct points in the
complex plane and let
EΛ = {eiλn x }
be a sequence of complex exponential functions on R with frequencies from
Λ.
For any complex sequence Λ its radius of completeness is deﬁned as
R(Λ) = sup{a | EΛ is complete in L2 (0, a)}.
The famous BM problem which was solved in [4, 5], asks to ﬁnd a formula
for R(Λ) for an arbitrary Λ ⊂ C.
It is well-known in the theory of completeness that the general problem can
be easily reduced to the case of real sequences Λ. More precisely, if Λ is
a general complex sequence then EΛ is complete in L2 ([0, a]) if and only if
EΛ′ is complete in the same space, where Λ′ is the real sequence deﬁned as
λ′n = 1/ℜ λ1n (WLOG Λ has no purely imaginary points), see for instance
[13]. Also, as will be explained below, one can always assume that Λ is a
discrete sequence, i.e. has no ﬁnite accumulation points.
A system of complex exponentials EΛ is incomplete in L2 ([0, a]) if and only
if there exists a non-zero f ∈ L2 ([0, a]) such that f ⊥ ei2πλn x for all λn ∈ Λ.
Taking the Fourier transform of f we arrive at the equivalent reformulation
that EΛ is incomplete in L2 ([0, 2a)]) if and only if Λ is a zero for P Wa .
One immediate consequence of this connection is that if Λ has a ﬁnite accumulation point then R(Λ) = ∞. Aso since any zero set Λ ⊂ C+ of a
P W -space must satisfy the Blaschke condition, R(Λ) = ∞ for any nonBlaschke Λ ⊂ C+ .
To give the formula for R(Λ) we will need the following deﬁnitions.
If {In } is a sequence of disjoint intervals on R, we call it short if
∑
|In |2
<∞
1 + dist2 (0, In )
and long otherwise.
If Λ is a sequence of real points deﬁne its exterior BM density (eﬀective BM
density) as
D∗ (Λ) = sup{d | ∃ long {In } such that #(Λ ∩ In ) > d|In |}, ∀n}
For a complex sequence deﬁne D∗ (Λ) := D∗ (Λ′ ).
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Theorem 7 (Beurling and Malliavin, around 1961, [4, 5]). Let Λ be a discrete sequence. Then
R(Λ) = D∗ (Λ).
In regard to Toeplitz order, BM theorem is equivalent to the following statements. Recall that any MIF I has the form I = BΛ S a where B is a Blaschke
product and S a = eiaz is the exponential function. Put r(I) = D∗ (Λ) + a.
The most direct equivalent of Theorem 7 is in terms of the dominance set.
Theorem 8. I ∈ D(S b ) if r < b and I ̸∈ D(S b ) if r > b.
The statement can be equivalently reformulated in terms of TO.
Theorem 9. For any MIF I,
I

T

6

S b ⇒ r(I) ≤ b

and
r(I) < b ⇒ I

T

<

Sb.

Note that equivalence of the last two statement no longer holds if S is
replaced with a general inner function. Finding a broader set of functions
for which the equivalence does hold is an open problem.
Proof of Theorem 9. The general case can be trivially reduced to the case
I = BΛ . Suppose ﬁrst that r = D∗ (Λ) > b. Let a ∈ Λ be a zero of I. Then
D∗ (Λ \ {a}) > b and I/ba ̸∈ D(S b ) by BM theorem (Theorem 8). Since
I/ba ∈ D(I), the relation I 6 S b does not hold.
T

To establish the second statement, suppose that r = D∗ (Λ) < b. If J ∈ D(I)
¯
then there exists f ∈ N [IJ],
f ̸≡ 0. Also, since D∗ (Λ) < b, by Theorem 8
there exists g ∈ N [S̄ b I], g ̸≡ 0. Note that Ig ∈ S b/2 P Wb/2 which implies
g ∈ H ∞ . Then
¯ ) ∈ H̄ 2 ,
S̄ b Jgf = (S̄ b Ig)(IJf
which means that J ∈ D(S b ). Hence D(I) ⊂ D(S b ) and I

T

<

Sb.


As we can see, the Beurling-Malliavin formula gives a metric condition for
the relation of TO in the very speciﬁc case when one of the functions to
be compared is the exponential function. Similar descriptions for more general classes of inner functions, especially those appearing in applications to
completeness problems and spectral analysis remain mostly open. Below we
present one of such extensions found in [20].
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8.2. Further generalizations. Reformulations of the BM theorem given
in the last section present a clear direction for generalizations of the BM
theory. While a statement analogous to Theorems 8 and 9 with a general
inner function in place of S a may be out of reach at the moment, one can
attempt to replace the exponential function with an inner function from
a larger class. To determine the right classes of inner functions to study
in these settings one may look at a variety of applications of the Toeplitz
Approach in Harmonic analysis and Spectral Theory.
One of such extensions was recently studied in [19, 20]. As was shown in [19]
the class of MIFs with polynomially growing arguments appears naturally
in a number of applications including completeness problems for Airy and
Bessel functions, spectral problems for regular Schrödinger operators and
Dirac systems, etc. An analog of Theorem 8 proved in [20] can be applied to
some of such problems. Here we present an equivalent reformulation similar
to Theorem 9.
Let γ : R → R be a continuous function such that γ(∓∞) = ±∞. i.e.,
lim γ(x) = +∞,

x→−∞

lim γ(x) = −∞.

x→+∞

Deﬁne γ ∗ to be the smallest non-increasing majorant of γ:
γ ∗ (x) =

max γ(t).
t∈[x,+∞)

The family of intervals BM (γ) = {In } is deﬁned as the collection of the
connected components of the open set
{x ∈ R| γ(x) ̸= γ ∗ (x)} .
Let κ ≥ 0 be a constant. We say that γ is κ-almost decreasing if
∑
(dist(In , 0) + 1)κ−2 |In |2 < ∞.

(8.1)

In ∈BM (γ)

As before, an argument of a MIF I on R is a real analytic function ψ such
that I = eiψ .
Theorem 10. Let U be a MIF with |U ′ | ≍ xκ ,
κ ≥ 0, γ = arg U on R. Let J be another MIF, σ = arg J on R. Then
I) If σ − (1 − ε)γ is κ-almost decreasing, then J ∈ D(U );
II) If σ − (1 + ε)γ is not κ-almost decreasing, then J ̸∈ D(U ).
Let us point out that even ﬁnding an analog for the above statement for κ <
0 presents an open problem. Such MIFs appear in some of the applications
mentioned in [20].
To ﬁnish this section let us reformulate the last theorem using the relations
of TO.
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Theorem 11. In the conditions of Theorem 10,
I) If σ − (1 − ε)γ is κ-almost decreasing, then J

II) If J

T

6

T

<

U;

U then σ − (1 + ε)γ is κ-almost decreasing.

Proof. Once again, The general case can be reduced to the case J = BΛ : otherwise replace the singular factor of J with its Frostman transform bw (S a ).
I) If σ − (1 − ε)γ is κ-almost decreasing, then by Theorem 10 there exists a
non-trivial function f ∈ N [Ū JB], where B is any ﬁnite Blaschke product.
Denote the zeros of B by a1 , ...an . Note that then
h=

f
∈ N [Ū J].
(z − a1 )(z − a2 )...(z − an )

If n = n(κ) is large enough, h is bounded because |f | < C|U ′ |1/2 . Suppose
¯ Then
now that I ∈ D(J), i.e., there exists non-trivial g ∈ N [JI].
¯
Ū Ihg = (Ū Jh)(JIg)
∈ H̄ 2 ,
which implies that I ∈ D(U ). Hence D(J) ⊂ D(U ) and J

T

<

U.

II) If σ − (1 + ε)γ is not κ-almost decreasing then σ ∗ − (1 + ε)γ is not κalmost decreasing where σ ∗ = arg J/ba for some zero a of J. By Theorem
10 it means that J/ba ̸∈ D(U ), while J/ba ∈ D(J). Hence the relation J 6 U
does not hold.

T

8.3. The Type problem. Like the Beurling-Malliavin problem, the Type
problem concerns completeness of complex exponentials in L2 -spaces. This
time one considers L2 (µ) for a general ﬁnite positive measure µ on R and
studies completeness of families of exponential functions with frequencies
from a ﬁxed interval. We deﬁne the Type of µ as
Tµ = inf{a|eist , s ∈ [−a, a], are complete in L2 (µ)}.
The problem is to ﬁnd Tµ in terms of µ. This problem was considered by
N. Wiener (in an equivalent form, [33]) A. Kolmogorov and M. Krein, see
[15, 16] or [31] for further discussion and references. Using the Toeplitz
approach, a formula for Tµ was recently found in [30], see also [31]. The idea
of the Toeplitz approach to the Type problem can be expressed in terms of
Toeplitz order in the following form. Recall that by θµ we denote the inner
function with Clark measure µ.
Theorem 12.
Tµ = sup{a|S a ∈ D(θµ )}.
We say that an inner function θ divides a Cauchy integral Kµ for some
ﬁnite complex measure µ if Kµ/θ ∈ H p for some p > 0. Note that then
Kµ/θ = Kν where ν is another ﬁnite complex measure, ν = θ̄µ [27].
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Proof of Theorem 12. Recall that according to the Clark formula every function from Kθ , θ = θµ can be represented in the form f = (1 − θ)Kf µ. Since
1 − θ is an outer function in C+ ,
sup{a|S a ∈ D(θµ )} = sup{a|S a divides f ∈ Kθ } =
= sup{a|S a divides Kf µ, f ∈ L2 (µ)}.
By a theorem of Aleksandrov [1] S a divides Kf µ iﬀ f ⊥ eist , s ∈ [−a, a].
Such an f exists iﬀ the family of exponentials eist , s ∈ [−a, a] is incomplete
in L2 (µ).

8.4. Sampling measures. Let µ, ν be two positive Poisson-ﬁnite measures
such that the Hilbert (Cauchy) transform is bounded from L2 (µ) to L2 (ν).
Initially one can understand this property in the sense that for a dense
family of functions f ∈ L2 (µ) the Cauchy integral Kf µ in the upper halfplane has non-tangential boundary values f ∗ (x) at ν-a.e. point x and the
norm estimate ||f ∗ ||L2 (ν) ≤ C||f ||L2 (µ) holds for all f from that family with
a uniform C. It follows from a theorem by Aleksandrov [1] that then f ∗
actually exists ν-a.e. for all f ∈ L2 (ν) (and the same norm estimate holds).
The general two-weight Hilbert problem asks to describe pairs of measures
with this property.
Extensive studies of the ’Tauberian’ version of the two-weight Hilbert problem were started in [25] and recently completed in [17, 18]. These important
results produced a real analytic description of pairs µ and ν. Our goal in
this section is to connect this problem with TO.
Once again, if µ is a positive Poisson-ﬁnite measure on R̂ we denote by θµ
the corresponding inner function, i.e., the function whose Clark measure is
µ. By a theorem from [27], every function f from the model space Kθµ
has non-tangential boundary values a.e. with respect to µ. The operator of
embedding Kθµ → L2 (µ) is a unitary operator. As was mentioned before,
this statement generalizes the Parseval theorem from KS and the counting
measure of Z, which is the Clark measure for S, to the arbitrary model space
and Poisson-ﬁnite measure. The function f ∈ Kθ can be recovered from its
boundary values in L2 (µ) via the formula f = (1 − θ)Kf µ.
Some of these connections have already been used in our discussion of TO.
To summarize these relations let us recall that the dominance set of θ = θµ
is the set of all inner divisors of functions from Kθ . As was discussed in the
last section,
D(θµ ) = {I|I is an inner divisor of Kf µ, f ∈ L2 (µ)}.
Let us now return to a pair of Poisson-ﬁnite measures µ and ν such that the
Cauchy transform is bounded from L2 (µ) to L2 (ν). In view of the above, this
is equivalent to saying that Kθµ is embedded (via passing from a function to
its non-tangential boundary values) into L2 (η), η = |Kµ|2 ν (or |1 − θµ |−2 ν).
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Note that under the condition of boundedness of the Cauchy transform,
the integral Kµ, or equivalently the inner function θµ , have non-tangential
boundary values ν-a.e. and the above deﬁnition of η makes sense.
In the case when the measures µ and ν are discrete the condition of boundedness of the Cauchy transform can be reformulated in terms of de Branges
spaces. Recall that we denote by Eµ an Hermite-Biehler function such that
Eµ Kθµ = B(Eµ ). The boundedness of the Cauchy transform is equivalent
to the boundedness of the natural embedding of B(Eµ ) into L2 (γ), γ =
|Eµ Kµ |2 ν. Note that if Eµ = Aµ + iBµ is the standard representation of Eµ
(Aµ , Bµ are real entire functions, 2Aµ = Eµ + Eµ# , 2iBµ = Eµ − Eµ# ) then
|Eµ Kµ | = (A2µ + Bµ2 )/|Bµ |.
We say that a positive measure ν on R̂ is sampling for a Banach space H of
analytic functions in C+ if the non-tangential limits f ∗ (x) exist ν-a.e. for a
dense family of f ∈ H and
||f ||H ≍ ||f ∗ ||L2 (ν) .
An important case of the two-weight Hilbert problem is when
||f ||L2 (µ) ≍ ||Kf µ||L2 (ν) .
In view of our discussion above, this is equivalent to the property that
η = |Kµ|2 ν is a sampling measure for Kθµ . The general property, when the
Cauchy transform is only norm-bounded from above, can be reduced to the
sampling case by adding the Clark measure µ−1 to η. Namely, if µ = σ1 is
the Clark measure for θ, let us denote by µ−1 = σ−1 the Clark dual measure,
see Section 2.2. The Cauchy transform is bounded from L2 (µ) to L2 (ν) iﬀ
τ = η + µ−1 is a sampling measure for Kθ .
Reformulating Clark theory for MIFs in terms the corresponding de Branges
spaces, we may notice that for any Poisson-ﬁnite positive discrete measure
µ on R there exists a unique regular de Branges space B(E) such that
B(E) = L2 (µ) and supp µ = {E = Ē}. We will denote the corresponding
HB function by E µ and the MIF (E µ )# /E µ by I µ . The measure µ is called
a de Branges measure for B(E µ ). Note the following clear connection with
the Clark measure σ for I µ :
µ = σ/|E µ |2 .
Other Clark measures σα , α ∈ T produce other de Branges measures to
form the family of de Branges measures for the given space.
As we saw above, the two-weight Hilbert problem is directly related to the
problem of description of sampling measures for model spaces Kθ . If θ is
a MIF and ν is a discrete Poisson-ﬁnite measure on R then ν is sampling
for Kθ if and only if ν/|Eθ | is sampling for B(Eθ ), where Eθ is any HB
function such that (Eθ )# /Eθ = θ. Thus, in the case of discrete measures,
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the two-weight problem connects to the description of sampling measures
for de Branges spaces.
Finally, for the last problem we have the following reformulation in terms of
TO. Any measure satisfying
||f ||B(E) = ||f ||L2 (µ)
is called a spectral measure for B(E). Any de Branges space B(E) possesses an inﬁnite family of spectral measures with the de Branges measure
deﬁned above being one of them. The spectral measures for a given de
Branges space are de Branges measures for the space, de Branges measures
for larger de Branges spaces in the chain which contains the given space,
and limits of such measures along the chain. The set of spectral measures
of a given de Branges space is quite well understood in Krein-de Branges
theory. Those measures are spectral measures for the corresponding Krein
canonical systems of diﬀerential equations, see [6, 9, 23].
The following statement follows from Theorem 3.
Theorem 13. Let µ, ν be two positive discrete Poisson-ﬁnite measures on
R. TFAE
1) The Hilbert (Cauchy) transform is bounded from L2 (µ) to L2 (ν).
2) The measure η = (ν + µ−1 )/|Eµ |2 is a spectral measure for some B(F )
such tht θF ∼ θµ .
T

Note that the condition θF ∼ θµ means that the inner factors of functions
from B(F ) in C+ are the same as inner factors of Cauchy integrals Kf µ, f ∈
L2 (µ).
T

In [26] a theorem by de Branges from [6] was applied to describe sampling
sequences for the Paley-Wiener space. Recall that the Paley-Wiener space
is a de Branges space with E = S −1 . Using the same ideas we can formulate
the following statement in terms of TO.
Theorem 14. ν is a sampling measure for B(E) iﬀ
F + F #ϕ
F − F #ϕ
for some HB function F such that θF ∼ θE and some ϕ ∈ H ∞ , ||ϕ|| ≤ 1.
Pν = ℜ

T

9. Concluding remarks and further questions
For decades numerous problems in complex function theory were motivated
by Functional and Spectral Analysis. This tradition can be traced to Beurling’s description of invariant subspaces of the shift operator using inner functions, proofs of uniqueness theorems for Schrödinger operators by Borg and
Marchenko, etc. One of the main sources for such problems is the NagyFoias functional model theory mentioned in this text, see [24]. Problems
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appearing in this context are related to inner functions and model spaces
Kθ . The Krein-de Branges theory [6, 9], created to treat spectral problems
for diﬀerential operators, is another source of such problems where the main
objects are entire functions and meromorphic inner functions.
Recent developments in the Toeplitz approach to UP have raised a large
number of new questions. One of the main goals of this paper was to outline
some of such questions and bring them to the attention of the experts in
complex function theory. In conclusion, let us give a brief summary of problems appearing in relation to TO. This is only a small sample of questions
from the area of the Toeplitz approach, and interested reader will be able to
ﬁnd many more challenging problems in other sources, including those cited
in this note.
Giving metric conditions for TO and TE seems to be a natural question.
In particular, producing conditions for two Blaschke products B1 and B2
to satisfy B1 ∼ B2 or B1 6 B2 in terms of their zeros or arguments presents
the main version of this problem. While giving ’if and only if’ conditions
for general inner functions may be out of reach at the moment, solving
this problem for the inner functions from a restricted class like in Theorem
10 or ﬁxing one of the functions like in Theorems 8 and 9 would still be
interesting (and challenging). Let us point out that one of the important
cases in Theorem 10 when κ < 0, which appears in applications (see [20]),
is still open. Such results would provide generalizations of BM theory and
numerous other applications.
T

T

As we saw in the text, study of the structure of the dominance set D(θ), and
in particular providing metric conditions in terms of θ for a given function
I to be a base or total element in D(θ), generalizes problems on completeness, minimality and zero sets in model and de Branges spaces. While such
problems are well understood in the standard Paley-Wiener spaces, where
they become equivalent to BM problem and related problems on exponential families, as well as spectral problems for regular Schrödinger and Dirac
operators (see [19]), they are mostly open for θ ̸= S.
Among questions more speciﬁc to Toeplitz order, let us mention the natural
question of ﬁnding supremum or inﬁmum, with respect to the relations 6
and > , for a given collection of inner functions. Starting with ﬁnite collections and functions from restricted classes, this problem can reach any
desired level of diﬃculty. Even its ﬁrst step, determining the existence of an
upper (lower) bound, which is simple for ﬁnite collections, can be interesting
for the inﬁnite ones.
T

T

Another problem mentioned in the text is the problem of ﬁnding the Toeplitz
hull for a given collection of functions, i.e., the smallest dominance set D(θ)
containing the collection. Some of the cases of this problem are equivalent
to ﬁnding the smallest de Branges or model space for a given collection
of zero sets. A version of the same question corresponds to ﬁnding the
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diﬀerential operator for which the given sequences are (are not) deﬁning, in
the terminology of [20].
Apart from pure function theoretic problems, ﬁnding further connections
from the objects of this note to problems of UP and spectral theory remains
one of natural directions for research.
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