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Lecture 32: The polynomials {p;}¢, in closed form; everything in terms of the pa-
rameter array; expressing u;(6;) (0 < i,j < d) using hypergeometric series and basic
hypergeometric series; a detailed example.

The tetrahedron Lie algebra X (Six Lectures including Lecture 33)

Lecture 33: Motivating X using the Leonard systems from the hypercube; defining
by generators and relations.

Five student presentatons: covering the paper by Brian Hartwig about X.

The g-tetrahedron algebra X, and the quantum group Uq<£'/!\[2> (Lectures 34-37)
Lecture 34: For a tridiagonal pair A, A* of ¢g-geometric type, the split decompositions
yield some maps B, B*, K, K* that together with A, A* satisfy many relations.
Lecture 35: Defining X, by generators and relations; using a tridiagonal pair of ¢-
geometric type to get a X -module; the Chevalley presentation of U,(sls).

Lecture 36: The equitable presentation of U,(sly); the Chevalley and equitable presen-
tations of U, (sl); an algebra homomorphism U, (sly) — X,; using a tridiagonal pair of
g-geometric type to get a Uq(f/;\lg)—module.

Lecture 37: Some algebra homomorphisms O, — X, and O, — Uq(glg).

The universal Askey-Wilson algebra A, (Lectures 38-41)

Lecture 38: Motivating A, via Leonard systems of g-Racah type; a PSL,(Z)-action on
Ay; the Casimir element of Ay; an algebra homomorphism O, — A,.

Lecture 39: The Casimir element of U,(sly); how A, is related to U,(sly); how A, is
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Lecture 40: The Lusztig automorphisms of O,,.

Lecture 41: Sharp tridiagonal systems; statement of their classification.

Topic Summary

Let F denote a field. By a scalar, we mean an element of F. Unless stated otherwise, a
given vector space, algebra, or tensor product is understood to be over [F. Unless stated
otherwise, a given algebra without the Lie prefix is understood to be associative and have
a multiplicative identity. A subalgebra has the same multiplicative identity as the parent
algebra. Unless stated otherwise, a scalar denoted ¢ is understood to be nonzero and ¢* # 1.

The following topics will be discussed in the course.

Definition 2.1. The Lie algebra sl; has a basis I/, F', H and Lie bracket

[H,E] = 2E, [H, F| = —2F, [E,F]=H.

This Lie algebra has another basis X, Y, Z such that

[X,Y] = 2X +2Y, Y, Z] =2Y +2Z, [Z,X] =27 + 2X.

The basis XY, Z is called equitable. Primary [1,2,60].
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Definition 2.2. The sl; loop algebra is the Lie algebra consisting of the vector space sly ®
F[t,t~'] (t an indeterminate) and the following Lie bracket: for u,v € sly and f, g € F[t, 1],

[u® fiv®gl=[uv]® fg.
Definition 2.3. The Onsager Lie algebra O is defined by generators Wy, Wi and relations
[W07 [W07 [W07 Wl]“ = 4[W07 Wl]? [Wla [Wh [Wh WOH] = 4[W17 WO]

There is an injective Lie algebra homomorphism from O into the sl; loop algebra. Secondary

3].
Definition 2.4. The tetrahedron Lie algebra X is defined by generators
{wiglinj € Li # ) I=1{0,1,2,3}
and the following relations.
(i) For distinct 4, j € I,
i+ 2, =0.
(ii) For mutually distinct h,i,j5 € 1,
[Thi, Tij] = 2xh,; + 22 ;.
(iii) For mutually distinct h, i, 7,k € I,
[Thi [This [This k)] = 4ong, 28]

There exists a Lie algebra isomorphism from X to the 3-point sl, loop algebra
sl @ Flt, ¢, (t — 1)7']. Primary [4-6].

Definition 2.5. The ¢g-deformed enveloping algebra U, (sl,) is defined by generators F, F, K, K~!
and relations

KK'=1, KK =1,
KE = ?FK, KF = ¢ °’FK,
K- K
FEF — FFE = -

q—q

This algebra has another presentation with generators X,Y,Y ! Z and relations
YYt=1, Yly =1,
@Y7 —q'ZY _ 1 q¢ZX —q X7 B
q—q! ’ q—q!

gXY —q¢ 'YX B

1.
qg—qt

1,

This presentation is called equitable. Primary [7,8], Secondary [9-11].
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Definition 2.6. The algebra Uq+ is defined by generators Wy, W; and relations
[WOv [WOv [WO’ Wl]q]qfl] =0, [Wlﬁ [Wh [Wb Wo]q]q’l] =0,

where [R,S], = ¢RS — ¢ 'SR. The algebra U/ is called the positive part of the quantum
group Uq(f/!\[g). Primary [12-14], Secondary [15-19].

Definition 2.7. The ¢-Onsager algebra O, is defined by generators Wy, W; and relations
[WO7 [W()? [W07 WILI]Qfl] - <q2 - q_2>2[W17 WO]?
[le [Wb [Wla Wo}q]q—l] = (q2 - qu)Q[Wo, Wﬂ-

The algebra O, is a coideal subalgebra of Uq(glg). The Lusztig automorphism of O, sends

[Wo, [Wo, Wi],]
(=g —q2)

W()HW(), Wi— Wi+

Primary [20], Secondary [21-26].

Definition 2.8. Consider the cyclic group Zy = Z/47Z. The ¢-tetrahedron algebra X, is
defined by generators

{2:li,j €Za, j—i=1lorj—i=2)
and the following relations.
(i) For i,j € Z4 such that j —i = 2,
x50 = 1.
(i) For h,i,j € Z4 such that the pair (i — h,j — 7) is one of (1,1),(1,2),(2,1),

-1
qThiTi5 — 4 X jTh

—1.
q—qt

(ii) For h,i,j,k € Zy such that i —h=j—i=k—j=1,
[xh,iy [xh,ia [$h7i7 gjj,k]q]qfl] = 0.

For nonzero a,b € F there exists an injective algebra homomorphism O, — K, that sends
Wo — axo1 + a 'z15 and Wy +— brgs + b 'az0. Primary [27-30], Secondary [31].

Definition 2.9. For a sequence of scalars 3,7, 7", 9, 0* the corresponding tridiagonal algebra
T =T(B,7v,7", 0,0%) is defined by generators A, A* and relations

0= [A, A2A" — BAA*A + A" A2 — y(AA" + A A) — 0A"],
0= [A%, A"2A — BA*AA* + AA™? — 4" (A"A + AA") — 0" Al.

Special cases of T" include the enveloping algebra U(0O) along with U;” and O,. Primary [32].

5



Definition 2.10. For a sequence of scalars 3,v,7v*, o, 0*,w,n,n* the corresponding Askey-
Wilson algebra AW = AW (5, v,7*, 0, 0*,w,n,n*) is defined by generators A, A* and relations
AZA* — BAA*A + A*A? — y(AA* + A*A) — pA* = v A% + wA + 1l
AP A — BA*AA* + AA™ — y*(A*A + AA*) — 0" A = yA*? + wA* +n*L.

There exists an algebra homomorphism 7" — AW that sends A — A and A* — A*. Primary

[33].

Definition 2.11. The universal Askey-Wilson algebra UAW has three generators A, B, C.
The relations assert that each of the following is central:

qBC — ¢ 'CB
q2 _ q72

qCA — ¢ tAC

gAB — ¢ 'BA
2 —q? :

A+
¢ — g2

; B+ ; ¢+
There is an algebra homomorphism O, - UAW that sends Wy — A and W; — B. The
algebra UAW is generated by its center and the O, image. The modular group PSLy(Z)
acts faithfully on UAW as a group of automorphisms. There exists an injective algebra
homomorphism UAW — U,(sly) ® [a*!, b, ¢*!] (a, b, ¢ indeterminates) that sends

XY -YX
A X®a+Y®@a '+ ———— @b,
q—q
YZ-ZY
B'—>Y®b+Z®bil+—_1®CCLil,
q—4q

ZX - XZ

— ®ab~ '

C—Z0c+X@c '+

Primary [34,35], Secondary [36].

Definition 2.12. The universal double affine Hecke algebra (UDAHA) of type (CY,C4) is
defined by generators

{t;,t; i € T} I=1{0,1,2,3}
and the following relations:

tit; =t =1 i€l
t; +t; ' is central v el
totltgtg = q_l.

There exists an injective algebra homomorphism UAW — UDAH A that sends
A tito + (tlto)_l, B — tsty + (tgt[))_l, Cr tolo + (tzto)_l.

Primary [37,38], Secondary [39,40].



Definition 2.13. Leonard’s theorem (1985) classifies the 3-term recurrent polynomial se-
quences {u;}&, whose duals are also 3-term recurrent polynomial sequences. This phe-
nomenon is sometimes called Askey-Wilson duality or bispectrality. The famous list of so-
lutions consists of the following polynomals: ¢g-Racah, ¢g-Hahn, dual ¢-Hahn, ¢g-Krawtchouk,
dual g-Krawtchouk, quantum ¢-Krawtchouk, affine ¢-Krawtchouk, Racah, Hahn, dual-Hahn,
Krawtchouk, Bannai/Ito. The listed polynomials make up the terminating branch of the
Askey scheme of orthogonal polynomials. These polynomials are traditionally described us-
ing hypergeometric series or basic hypergeometric series. The closely related concept of a
Leonard pair is discussed below.

Definition 2.14. A tridiagonal pair is an ordered pair A, A* of diagonalizable linear maps
on a nonzero finite-dimensional vector space, such that each of A, A* acts on the eigenspaces
of the other one in a block-tridiagonal fashion. Every tridiagonal pair supports a finite-
dimenional irreducible module of a tridiagonal algebra. Primary [41,45,46], Secondary [42—
44, 47-59].

Definition 2.15. A Leonard pair is a tridiagonal pair A, A* such that for each of A, A*
the eigenspaces all have dimension one. The classification of the Leonard pairs amounts
to a linear-algebraic version of Leonard’s theorem. Every Leonard pair supports a finite-
dimensional irreducible module of an Askey-Wilson algebra. Primary [60-64], Secondary

[65-70].

Definition 2.16. Let I' = (X, R) denote a finite, undirected, connected graph, without
loops or multiple edges, with vertex set X and adjacency relation R. The (0/1)-adjacency
matrix A € Matx(R) is symmetric and hence diagonalizable. Fix a vertex z € X, and
note that A acts in a block-tridiagonal fashion on the subconstituents of I" with respect
to x. By a dual adjacency matrix of I' with respect to z, we mean a diagonal matrix
A* € Matx(R) whose eigenspaces are the subconstituents of I' with respect to z, and A*
acts on the eigenspaces of A in a block-tridiagonal fashion. We say that I' is Q-polynomial
with respect to x whenever A* exists. An elementary example is the hypercube graph. There
are many known examples of ()-polynomial graphs that have a combinatorial property called
distance-regularity. Primary [1,71]. Secondary [77-80].

Definition 2.17. Referring to (vii), assume that I' is Q-polynomial with respect to z. The
subconstituent algebra 7" = T'(z) is the subalgebra of Maty(R) generated by A, A*. The
algebra T is semisimple, so the standard module R¥ is a direct sum of irreducible T-modules.
The matrices A, A* act on each irreducible T-module as a tridiagonal pair. Moreover, T is
a homomorphic image of a tridiagonal algebra. Primary [1,71].
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