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Theorem 34.14 [51, Section 10] Assume K is algebraically closed. Let g denote a nonzero
scalar in K that is not a root of unity. Let V denote a vector space over]K with finite positive
dimension. Let A, A* denote a tridiagonal pair on V that has q- geometric type. Then there
exists an irreducible X, -module structure on V such that A acts as a scalar multiple of o, and
A* acts as a scalar multiple of £93. Conversely, let V denote a finite dimensional irreducible
X,-module. Then the generators Tog, T3 act on 'V as a tridiagonal pair of q-geometric type.

- We end this section with a conjecture.

Conjecture 34.15 Assume K is algebraically closed. Let V' denote a vector space over
K with finite positive dimension and let A, A* denote a tridiagonal pair on V. To avoid
_ degenerate situations we assume q is not a root of unity, where B = ¢%+ q 2, and where §
is from Theorem 84.8. Then referring to Definition 34.12, there ezists an irreducible X,-
module structure on V such that A acts as a linear combination of To1, T12, I and A* acts as
a linear combination of Ts3, T30, 1.

35 Appendix: List of parameter arrays

- Tn this section we display a;ll~thevparameter arrays over K. We will use the following notata- . -
tion. ' :

Definition 35.1 Let p = (6,,6],i = 0..d; p;, ¢;,j = 1..d) denote a parametér array over K.
For 0 < i < d we let u; denote the following polynomial in K[A].

" Z O 00)0 = 00) - O ) 6 — 05)(0E = 0) - (01— i)
' —0 P12 Pn '

(134)

We call ug, Uy, .- -, Uq the polynomzals that correspond to p.

We now display all the parameter arrays over K. For each displayed array (6;,6;,¢ =
0..d; ¢j, ¢5,5 = 1..d) we present u;(6;) for 0 < ¢,j < d, where ug,u1,...,uq are the cor-
responding polynomials. Our presentation is organized as follows. In each of Example
35.2-35.14 below we give a family of parameter arrays over K. In Theorem 35.15 we show
every parameter array over K is contained in at least one of these families.

In each of Example 35. 9-35.14 below the following implicit assumptions apply: d denoctes a
nonnegative integer, the scalars (6;, 67,7 = 0..d; ;, ¢;,j = 1..d) are contained in K, and the
scalars ¢, h,h* ... are contained in the algebraic closure of K.

Example 35.2 (g-Racah) Assume

0; = 6o+h(1—q)1—-s¢ g, ' (135)
0; = G+h(1-¢)1-s¢)g™ (136)
for0<i<d and
pi = R - ¢")(1 - ¢ (1 = i) (1 — rod), (137)
¢ = hRTE(1 - @)1= ¢ = 5* ) (re — 5°¢) /s (138)
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for 1 <4 <d. Assume h,h*,q,s,s* 11,719 are nonzero and ryry = ss*gitt
¢, 714%, T2q", S*q* [Ty, $*¢i /Ty is equal to 1 for 1 < i < d and that neither of s¢*,s*q" is equal
to 1 for 2 <i<2d. Then (0;,07,i=0..d;9;,¢;,5 =1..d) is a parameter array over K. The

corresponding polynomials u; satisfy
q, Q)

i i
st gt, g7, s
1g, T2q, ¢

ui(0;) = 4¢§ (q

for 0 <i,5 < d. Theseu; are the g-Racah polynomials.
‘Example 35.3 (g-Hahn) Assume

0; = Oo+h(l—g)g,
o; = 65+h(1-q)1-s¢)

for0<i<d and

o = hh'¢TH(1- )1 - g™ (1 =rq),
¢ = —hh*¢" (1 —¢)(1 — ¢ (r — 57¢")

I

for 1 <4 <d. Assume h,h*,q,s* T are nonzero. Assume none of q¢*,7q, s*q¢*/r is equal to 1
for 1 <i<d and that s*q" # 1 for 2 <'i < 2d. Then the sequence (6;,0;f,i = 0..d; p;,¢;,j =
1..d) is a parameter array over K. The corresponding polynomials u; satisfy

4q, CI>

—1 * i+41 -3 .
s*q, ¢

u;(6;) =3¢2<q )rqv -

for 0 <4,5 <d. These u; are the g-Hahn polynomials.
Example 35.4 (Dual g-Hahn) Assume .

0; = 6o+ h(1—g)(1—sq*)g,
o = GrEA-d

forOSiSdahd

o = hhg (1 —g)(1 - g1 - 1g),
¢i = h,h*qd+2—2i(1 _ qi)(1 _ qi-—d—l)(s._ ,rqz—d—l)

for1 <i<d. Assume h,h*, q,r,s are nonzero. Assume none of q*, g, sq*/r is equal to 1 for
1<1i<dandthat s¢" # 1 for 2 <i < 2d. Then the sequence (6;,0;,i = 0..d; 0;, 5,5 = 1..d)
is a parameter array over K. The corresponding polynomials u; satisfy '

g, Q>

for 0 <i,j <d. These u; are the dual g-Hahn polynomials.-

S
g, sgt

u;(0;) = 3¢2I<q—

- o4

. Assume none of



Example 35.5 (Quantum g-Krawtchouk) Assume

ei = 90 - SQ(l - q‘t),
0; = G+hr(1-¢)"

for0<i<d and

0, = __rh*ql—i(l . ql)(l . qi—d——l), ‘
b = h*qd+2——2i(1 - qi)(l _ qi—d——l)‘(s _ Tqi—d——l)
for1 <i<d. Assume ‘h*, q,T, s are nonzero. Assurne neither of ¢*,sq*/r is equal to 1 for

1 <t < d. Then the sequence (6;,0;,i = 0..d; p;, ¢;,7 = 1..d) is a parameter array over K.
The corresponding polynomials u; satisfy

—i —j
U43ﬁ2=2¢1(q o

g, S,,.——ld]'+1>
for 0<14,j <d. These u; are the quantum q-Krawtchouk polynomials.
Example 35.6 (g-Krawtchouk) Assume

0; = 6o+h(1—q)g™, N
0 = G5 +h(1- )1 - "¢

"fOTOSiSdand

@; = Rhh'¢"H(1-¢)(1—g),
¢ = hh*s*q(1—¢))(1 — ¢4 ) |
Jor1 < i < d. Aés_ume h,h*,q, s* are nonzero. Assume q¢* # 1 for 1 < i < d and that

s*¢* # 1 for 2 < i < 2d. Then the sequence (6;,0F,i = 0..d; @;, ¢;,7 = 1..d) is a parameter
“array over K. The corresponding polynomials u; satisfy ‘
o)

for 0 <14,5 <d. These u; are the q-Krawtchouk polynomials.

—i kil —j
s*¢"™, ¢

u;(0;) = 3¢2(q ’ 0, g

Example 35.7 (Aﬂ‘ihe g-Krawtchouk) Assume

0; = 6o+ h(l—qg")q ",
0 = 6+h(1—q)g"

for0<i<d and

i = h'¢"*(1— )1 —-¢ (A -rg),
¢ = —hh*'rg"(1—¢)(1—-¢ %)
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for1 <i<d. Assume h,h*,q,r are nonzero. Assume neither of ¢*,rq" is equal to 1 for
1 <i < d. Then the sequence (8;,6;,i = 0..d;p;,¢;,5 = 1..d) is a parameter array over K.
The corresponding polynomials w; -satisfy

g% 0, g7
10 = . . )
u;(0;) 3¢2< rq, g |Q Q>

for 0 <1i,j <d. These u; are the affine q-Krawtchouk polynomials. ,

Example 35.8 l(Dual q-Krawtchouk) Assume

0; = 6o+h(l— ) (1 — s¢"™)g 7,
0; = +h(l-q)g"

f0r0,<_i§.d and

¢ = hhgH(1-g)(1 ¢,
¢i — hh*sqd+2—2i(1 _ qz)(l _ qi—d~1)

for 1 <i < d. Assume h,h*,q,s are nonzero. Assume ¢' # 1 for1 <i < d and sqt # 1 for
2 <4 < 2d. Then the sequence (6;,0f,i = 0..d; p;, ¢;,j = 1..d) is a parameter array over K.
The corresponding polynomials u; satisfy : '

q, CI>

for 0 <1i,j <d. These u; are the dual g-Krawtchouk pdlynomials. ,

—i = apdtl
y 7, 8¢

u;(05) :3¢2(q‘ 0, ¢

Example 35.9 (Racah) Assume

0 = Op+hi(i+1+s), (139)
0 = Gp+h'i(i+1+s7) | (140)
for0<i<dand |
0; = hh*(i—d—1)GE+7)E+ ), (141)
¢ = hhYi(i—d—1)(i+s" —r)(i+ 5" —712) ' (142)

for 1 < i < d. Assume h,h* are nonzero and that ry + 19 = s+s* +d+ L Assume the
characteristic of K is 0 or a prime greater than d. Assume none of r1,79,8" — 11, 8* — 19 15
" equal to —i for 1 < i < d and that neither of s, s* is equal to —i for 2 < i < 2d. Then the
sequence (0;,0F,1 = 0..d; ¢, ¢;,7 = 1..d) is a parameter array over K. The corresponding
polynomials u; satisfy
‘1>

i, i+ 148, —j, j+1+s

W@V”R( rAl ra4l, —d

for 0<4,j <d. These u; are the Racah polynomaals.
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Example 35.10 (Hahn) Assume
0,; == Ho+8i,
0 = 03 +h%i(i+1+s")
for0<i<d and
w; = h'si(i—d—1)(i+r),
¢; = —h'si(i—d-1D(E+5 —r1)
for 1 < i < d. Assume h*, s are nonzero. Assume the characteristic of K is 0 or a prime
greater than d. Assume neither of r, s* —r is equal to —i for 1 <1< d and that s* # —i for

2 <i<2d. Then the sequence (6;,07,i = 0..d; Pi» #;,J = 1..d) is a parameter array over K
The corresponding polynomials u; satzsfy

(=i, i+1+s" —f
:(8;) = 3F: 1
awy-on( )
for 0 <4,5 <d. These u; are the Hahn polynomials.
Example 35.11 (Dual Hahn) Assume '
0, = O+ hi(i+1+s),
07 =" 05+ s*
for 0<i1<d and
0; = hs*i(i—d—1)(i+r),
¢; = hs*ii—d—-1)(i+r—s—d—1)
for 1 < i < d. Assume h,s* are nonzero. Assume the characteristic of K is 0 or a prime
greater than d. Assume neither of r,s — 1 is equal to —1 for 1 <14 < d and that s # —i for
2 <i < 2d. Then the sequence (6;,0F,i = 0..d; p;, ¢;,7 = 1..d) is a parameter array over K.
The corresponding polynomials w; satisfy
o . . . 1 . -
Jyj+1+s 1)

[ —i,
Ui(ej) =3F2< r+1. —d

for 0 <i,7 <d. These u; are the dual Hahn polynomzals
: Example 35.12 (Krawtchouk) Assume

91' = 90+8i,
6 = 0 st

forOSiSdand

o, = rifi—d—1)
¢ = (r—ss)i(i—d—-1)

o7



for1 <i<d. Assume r,s,s* are nonzero. Assume the characteristic of K is 0 or a prime
© greater than d. Assume r # ss*. Then the sequence (6;,0;,i = 0..d;;,¢;,7 = 1..d) is a
parameter array over K. The correspondz’ng polynomials u; satisfy

ui(0;) = o Fy (—Z" d_] t r_lss*>

for 0 < 1,5 <d. These u; are the Krawtchouk polynomials.
Example 35.13 (Bannai/Ito) Assume

6 = Oo+h(s—1+(1—s+2)(-1)), | | (143)

0 = O5+h (s —1+(Q—s+2u)(-1)) o (144)
for0<i<d and | |
( —4hh*i(i + h), if 1 even, d even;
) —4hhr(i—d - 1)(i+ 1), if 1 odd, d even; .
i =\ _4hht (¢ — d -1), if 1 even, d odd; (145)
L —_4hh*(z +71)(i +7r2), if 1 odd, d odd,
(4hh*i(i — s* —11), if 4 even, d even;
) 4hRr(i—d - 1)(i— 5" — 1), if i odd, d even; ,
% = —4hh*i(i — d — 1), if i even, d odd; (146)
‘ 1§ "“4hh*(2 —s* — 7'1)(7: - g% — 7‘2); Zf 1 Odd,' d odd

for 1 < i < d. Assume h,h* are nonzero and that ry + 1o = —s — s* +d + 1. Assume
the characteristic of K is either 0 or an odd prime greater than d/2. Assume neither of
r1, —8" — 11 is equal to —i for1 < i < d, d—i-even. Assume neither of vy, —8* — 1y is
equal to —i for 1 < i < d, i odd. Assume neither of s,s* is equal to 2i for 1 < i < d. .
Then the sequence (6;,07,1 = 0. d; 04, 05,7 =1..d) is a parameter array over K. We call the
corresponding polynomials from Definition 35.1 the Bannai/Ito polynomzals [11, p. 260).

'Example' 35.14 (Orphan) For this example assume K has characteristic 2. For notational
convenience we define some scalars 7o, 71, 72,73 in K. We define v = 0 for ¢ € {0,3} and
vi=1 forie {1,2}. Assume

; = 6o+ h(si+ ), | (147)
0: = 65+ h (s"i+7) (148)

for0<i<3. Assume @1 = hh*r, gy = hh*, 3 = hh*(r+s+s*) and ¢y = hh*(r4s(1+s%)),
¢9 = hh*, ¢3 = hh*(r + s*(1 +5)). Assume each of h, h*, s, s*, 7 is nonzero. Assume neither
of s,s* is equal to 1 and that r is equal to none of s + s*, s(1 + s*), s*(1 +s). Then the
sequence (0;,0F,1 = 0..3;;, 5, = 1..3) is a parameter array over K which has diameter 3.
We call the corresponding polynomials from Definition 35.1 the orphan polynomials.

Theorem 35.15 Every parameter array over K is listed in at least one of the Examples
35.2-85.14. .
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Proof: Let p := (0;,6;,i = 0..d; ¢;, ¢;,j = 1..d) denote a parameter array over K. We show
this array is given in at least one of the Examples 35.2-35.14. We assume d > 1; otherwise
~the result is trivial. For notational convenience let K denote the algebraic closure of K. We
define a scalar ¢ € K as follows. For d > 3, we let q denote a nonzero scalar in K such that
g+¢~1+1 is equal to the common value of (82). For d < 3 we let g denote a nonzero scalar
in K such that ¢ # 1 and ¢ # —1. By PAS5, both '

9i—2*§9'—1'+§9i_—91+1 =0, _ _V (149)
o — &0+ &0 -6, =0 (150)

for 2 <i < d—1, where £ = g+ ¢! + 1. We divide the argument into: the following four
cases. (I) ¢# 1, q# —1; (II) ¢ = 1 and char(K) # 2; (III) ¢ = —1 and char(K) # 2; (IV)
g = 1 and char(K) = 2. :

Case I: ¢ #1, ¢ # —1. 3
By (149) there exist scalars 7, u, b in K such that

0, = n-+ug +hg (0<i<d). S (151)
By (150) there exist scalars n*, u*, h* in K such that ’
0; = n*+u¢+hgt 0<i<d). (152)

Observe p, h'are not both 0; otherwise 8; = 6, by (151). Similgrly w*, h* are not both 0. For
1'< 4 < d we have ¢* # 1; otherwise §; = 6, by (151). Setting i = 0 in (151), (152) we obtain

0o = n+u+h | | (153)
65 = 17 + " +h* : (154)
We claim there exists 7 € K such that both ' A ‘
@ = (¢ = D@ — D — g™ - b, (155)
o = (¢ =D -1 —hutg ™ ~ uh*q™) (156)

for 1 <i<d. Since q# 1and ¢ # 1 there exists 7 ek such that. (155) holds for ¢ = 1.
In the equation of PA4, we eliminate ¢y using (155) at ¢ = 1, and evaluate the result using
(151), (152) in order to obtain (156) for 1 < ¢ < d. In the equation of PA3, we eliminate ¢;
using.(156) at i = 1, and evaluate the result using (151), (152) in order to obtain (155) for
1 <4 < d. We have now proved the claim. We now break the argument into subcases. For
each subcase our argument is similar. We will discuss the first subcase in detail in order to
give the idea; for the remaining subcases we give the essentials only.

Subcase g-Racah: u # 0, u* # 0,h # 0, h* # 0. We show p is listed in Example 35.2. Define
s:=ph™'q™! = uh* gt (157)

Eliminating 7 in (151) using (153) and eliminating u in the result using the equation on the
left in (157), we obtain (135) for 0 < ¢ < d. Similarly we obtain (136) for 0 < i < d. Since
K is algebraically closed it contains scalars 7, r9 such that both

rire = ss*g*t, 1+ 71 = TR g4 (158)
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Eliminating g, u*, 7 in (155), (156) using (157) and the equation on the right in (158), and
* evaluating the result using the equation on the left in (158), we obtain (137), (138) for
1 < ¢ < d. By the construction each of h,h*, q,s, s* is nonzero. Each of r1, 7y is nonzero by
the equation on the left in (158). The remaining inequalities mentioned below (138) follow -
from PA1, PA2 and (135)—(138). We have now shown p is listed in Example 35.2.

We now give the remaining subcases of Case I. We list the essentials only.

‘ Sdbcase g-Hahn: =0, u*# 0,h # 0,h* # 0,7 # 0. Definitions:
| ‘ st =t lgt, r=rh TR
Subcase dual ¢-Hahn: p# 0, u* = 0,h # 0,h* # 0, T # 0. Definitions: |
s = ph~ g7, ro=7thth g%
Subcase quantum g¢-Krawtchouk: u 7 0, ut = 0,h =0,k #£0,7#0. Definitions:
§ = uq_i, r=1h* ¢
~ Subcase g-Krawtchouk: p =0, u* #0,h #0,h* # 0,7 = 0. Definition:
‘ ) §* = u*h*—lq—-l.
Subcase aﬂ"me’cj»Krawtohouk: p=0,u*=0h#0h"#0,7#0. Deﬁnitidﬁ:
. r=Th th* g%
Subcase dual q—Kréuwtchouk: p#0,u*=0,h#0, h* # 0,7 = 0. Definition:
| s:=ph g7t

We have a few more comments concerning Case 1. Earlier we mentioned that u,h are not
both 0 and that u*, h* are not both 0. Suppose one of u, h is 0 and one of pu*, h* is 0. Then
7 5 0; otherwise ¢; = 0 by (155) or ¢; = 0 by (156). Suppose u*# 0, k* = 0. Replacing q
by ¢~ we obtain p* = 0, h* # 0. Suppose u* # 0, h* # 0, p# 0, h=0. Replacing q by gt
we obtain u* # 0, h* # 0, u = 0, h # 0. By these comments we find that after replacing q .
by ¢! if necessary, one of the above subcases holds. This completes our argument for Case
[ | . ; _

Case II: ¢ = 1 and char(K) # 2. » )
By (149) and since char(K) # 2, there exist scalars 7, 4, k in K such that

6; = n+(p+h)i+hi (0<i<d). (159)
Similarly there exist scalars n*, pu*, h* in K such that |

0r = o+ (u* +hY)i+ B O<i<d. . (160)
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Observe u, h are not both 0; otherwise 6; = 6. Similarly u*, h* are not both 0. For any
prime i such that i < d we have char(K) # ; otherwise §; = 6y by (159). Therefore char(K)
is 0 or a prime greater than d. Setting i = 0 in (159), (160) we obtain

We claim there exists 7 € K such that both _
g = i(d— i+ 1)(7 — (uh* + hu*)i — hh*z’(i + d+1), ' (162)
¢ = i(d—i+1)(7+ pp* 4+ hut(1+d) + (ph* — hp*)i+ hh*i(d —i+ 1)) (163)

for 1 <1 < d. There exists 7 € K such that (162) holds for 7 = 1. In the equation of PA4,
we eliminate ¢; using (162) at i = 1, and evaluate the result using (159), (160) in order to
obtain (163) for 1 < i < d. In the equation of PA3, we eliminate ¢; using (163) at i = 1,
and evaluate the result using (159), (160) in order to obtain (162) for 1 < i < d. We have
now proved the claim. We now break the argument into subcases.

Subcase Racah: h # 0, h* # 0. We show p is listed in Example 35.9. Define
s = phL, §* = u*h*;l. - , (164)

Eliminating 7, 4 in (159) using (161), (164) we obtain (139) for 0 < 4 < d. Eliminating n*, u*
in (160) using (161), (164) we obtain (140) for 0 <4 < d. Since K is algebralcally closed it
contams scalars 71, 9 such that both

rire = —Th 'R* 7, ri+ro=s+s+d+1. ' (165)

Eliminating u, u*, 7 in (162), (163) using (164) and the equation on the left in (165) we obtain
(141), (142) for 1 < i < d. ‘By the construction each of h, h* is nonzero. The remaining
inequalities mentioned below (142) follow from PA1, PA2 and (139) (142) We have now
shown p is hsted in Example 35.9. :

We now give the remaining subcases of Case II. We hst the essen’mals only
Subcase Hahn: h = 0, h* # 0. Definitions:

S = U, §* = p*h* = —T,Ll,_‘lh*—l.A
Subcase dual Hahn: | h # 0, h* = 0. Definitions:

5= pht, st =u", ro= —7h L.
Subca;se Krawtchouk: h = 0, h* = 0. Definitions: |

S = U, st = u, ro= —T.

Case III q = —1 and char(K) # 2.

We show p is listed in Example 35.13. By (149) and since char(K) # 2, there exist scalars
7, 46, b in K such that '

0, = n+ @(-1)@' + 2hi(—1)° (0<i<d). | (1‘66)
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Similarly there exist scalars n*, u*, h* in K such that

0F = 1+ pt(—1) + 2h"i(—1)’ (0<i<d). - (167)

Observe h # 0; otherwise f5 = 6y by (166). Similarly h* # 0. For any prime ¢ such that
i < d/2 we have char(K) # ¢; otherwise 6y; = 6, by (166). By this and since char(K) # 2 we
find char(K) is either 0 or an odd prime greater than d/2. Settlng i =01in (166), (167) we
obtain

b = n+p, Og=n"+u" (168)
- We define | ‘ | | , |
s:=1—ph™, s*=1—puh* L. © o (169)

" Eliminating 7 in (166) using (168) and eliminating 4 in the result using (169) we find (143)
holds for 0 <4 < d. Similarly we find (144) holds for 0 <4 < d. We now define 7, 75. First
.assume d is odd. Since K is algebraically closed it contains 7, ry such that

ri+re=—-s—8+d+1 (170)
and such that
4hh*(1 4 1) (1 + 72) = —¢y. o (171)
Next assumne d is even. Deﬁne
‘ . B
, 4hh*d
and define r; so that (170) holds. We have now defined 71,75 for either parity of d. In
the equation of PA4, we eliminate ¢; using (171) or (172), and evaluate the result using
(143), (144) in order to obtain (146) for 1 < 7 < d. In the equation of PA3, we eliminate

¢, using (146) at i = 1, and evaluate the result using (143), (144) in order to obtain (145)
for 1 < ¢ < d. We mentioned each of &, h* is nonzero. The remaining inequalities mentioned

Tg 1= —1+

(172)

below (146) follow from PA1 PA2 and (143)-(146). We have now shown p is listed in

Example 35.13.

Case IV: ¢ = 1 and char(K) = 2. ‘

We show p is listed in Example 35.14. We ﬁrst show d = 3. Recall d > 3 since ¢ = 1
Suppose d > 4. By (149) we have E] —00; =0 and Z -_, 0; = 0. Adding these sums we find
6o = 04 which contradicts PAL. Therefore d=3. We clalm there exist nonzero scalars h, s in
K such that (147) holds for 0 < i < 3. Define h = y +8,. Observe h # 0; otherwise 8y = 0;.
Define s = (6p+03)h L. Observe s # 0; otherwise §; = 5. Using these values for h, s we find
(147) holds for ¢ = 0,2,3. By this and }_;_,6; = 0 we find (147) holds for i = 1. We have
now proved our claim. Similarly there exist nonzero scalars h*, s* in K such that (148) holds
for 0 <4 < 3. Define r := @A th*71. Observe r # 0 and that ¢; = hh*r. In the equation
of PA4, we eliminate ¢; using ¢; = hh*r and evaluate the result using (147), (148) in order
to obtain ¢1 = hh*(r + s(1 + s%)), ¢2 = hh*, ¢3 = hh*(r + s*(1 + s)). In the equation of
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PA3, we eliminate ¢, using ¢; = hh*(r +s(1 +s*)) and evaluate the result using (147), (148)
in order to obtain ¢y = hh*, 3 = hh*(r + s + s*). We mentioned each of h,h*,s,s* r is
" nonzero. Observe s # 1; otherwise 6, = ;. Similarly s* # 1. Observe 7 # s + s*; otherwise
@3 = 0. Observe 7 # s(1 + s*); otherwise ¢; = 0. Observe 1 # s*(1 + s); otherwise ¢3 = 0.
We have now shown p is listed in Example 35.14. We are done with Case IV and the proof
is complete. . ’ a

36 Suggestions for further research
In this section we give some suggestions for further research.

Problem 36.1 Let V' denote a vector space over K with finite positive dimension and let
A, A* denote a tridiagonal pair on V. Let a, o*, 3, 8* denote scalars in K with «, o nonzero,

“and note that the pair a4 4 BI, a*A* + B*I is a tridiagonal pair on V. Find necessary and
sufficient conditions for this tridiagonal pair to be isomorphic to the tridiagonal pair A, A*.
Also, find necessary and sufficient conditions for this tridiagonal pair to be isomorphic to
the tridiagonal pair. A*, A. ‘This problem has been solved for Leonard pairs [81].’

Problem 36.2 Assume K = R. With reference to Definition 15. 1, find a necessary and
sufficient condition on the parameter array of @, for the bilinear form (,) to be positive
definite. By definition the form (, ) is positive definite whenever |lu||> > 0 for all nonzero '
ueV. ’

In order to motivate the next problem we make a definition.

De‘ﬁnition 36.3 Let 1) denoté the Leonard system from Definition 3.2. For 0 < i < d we
define A; = v;(A), where the polynomial v; is from Definition 13.1. Observe that there exist -
scalars pf; € K (0 < h,4,j < d) such that

o | |
AA; = phAyn  (0<4,5<d).
h=0

We call the pg the intersection numbers of ®.

Problem 36.4 Let ® denote the Leonard system from Definition 3.2. For each of the
Examples 35.2-35.14, if possible express each intersection number as a hypergeometric series
or a basic hypergeometric series. Also for K = R, determine those @ for which the intersection
numbers are all nonnegative '

Problem 36.5 Assume K = R and let ® denote the Leonard system from Definition 3.2.
Determine those ® for which the intersection numbers of each of ®, ®', ®¢, ¥ are all
nonnegative. Also, determine those @ for which the intersection numbers of each relative of
® are all nonnegative. ’
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