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_ Abstract

We study symmetric association schemes and distance-regular graphs ‘which ad-
mit at least one Q-polynomial structure. Qur main result is the classification of
the distance-regular graphs with diameter d > 5 and valency & > 3 which admit
more than one Q-polynomial structure. As a corollary to this classification, we
find that the eigenvalues of a Q-polynomial distance-regular graph with diameter
d > b and valency & >3 are all integers. The bounds on d and k in this result
are tight. We also prove several independent results, which are used in the proof
of the main Theorem described above. These include classifications for dual bi-
partite and almost dual imprimitive distance-regular graphs, and new identities
on the Krein pardmeters of a Q-polynomial symmetric association scheme.
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Chapter 1

Introduction

In this thesis we study symmetric association schemes and distance-regular
graphs which admit at least one Q-polynomial structure. Our central results
are the following:

o classification of the distance-regular graphs with diameter d > 5 and
valency ¥ > 3 admitling more than one Q-polynomial structure (Theo-
rem 8.1.2);

o integrality of the eigenvalues of Q-polynomial distance-regular graphs with
diameter d > 5 and valency k > 3 (Corollary 8.1.3).

We also obtain the following resuits, of independent interest:

e classification of the distance-regular graphs with diameter d > 6 and ve-
lency &£ > 3 admitting a dual bipertite Q-polynomial structure (Theo-
rem 2.1.2);

o classification of the almosi dual imprimitive distance-regular graphs with
diameter d > 4 and valency k > 3 (Theorem 3.1.4)

o the implication qf; # 0 = gl #£0,1<i<d~1"forthe Krein parameters
of a Q-polynomial symmetric association scheme {Theorem 4.1.1);

e the implication p}; = 0 = =0 151 d—1 for the intersection
numbers of a 1-thin P-polynomial symmetric association scheme {Theo-
rem 5.1.1};

s the implication ¢, = 0 = at; = 0, 1 < < d~1 for the Krein parame-

ters of a dual 1-thin Q-polynomial symmetric association scheme (Theo-
rem 5.1.2);

¢ local strong regularity of distance-regular graphs admitting more than one
Q-polynomial structure (Theorem 6.2.3);

e thin-ness of distance-regular graphs admitting more than one Q-polynomial
structure (Theorem 7.1.1).

The results of Chapters 2-7 are proved independently; we apply these results in
Chapter 8. Chapters 2 and 5 present joint work with P. Terwilliger.

For the remainder of this introduction we define terminology and notation
used throughout the thesis, quoting from (1], [2), and [20]. In Chapter § we
describe each of the graphs which are mentioned elsewhere in the thesis.




1.1 Distance-Regular Graphs

Throughout, I' = (X, B} will denote a finite, connected, undirected graph with
vertex set X, edge set R, path-length distance function 8, and diameter d =
max{d(z,y)|z,¥ € X}. The graph T’ is said to be distance-regular if there exist
integers pf} so that for all integers h with 0 < h < d and for all verticesz,y € X
with 8(z,y) = A,

Pf}‘—"{zexla(fﬂ;‘z):h 6(y,Z):J}| 0<4,i<d (11)

The integers p,'.‘j are known as the infersection numbers foi T', and are abbreviated
a; = ply, bi = Py oy, 6 = Phgoy, ki = py, and k= ky = by, with be =0, ¢ = 0.
It is immediate from the definition that by £ 0for 0 < i < d—-1, &; # 0 for
1<i<d, and & #0for 0 <:<d Werefer to k as the valency of T

Note that the distance-regular graphs with valency k = 2 are precisely the
ordinary n-gons.

1.2 Symmetric Association Schemes

By a d-class symmetric association scheme we mean a pair ¥ = (X, {Ri}o<i<d),
where X is a non-empty finite set, and where:

(i) {R"}DSiSd is a partition of X x X;
(i) o= fos|= € X},
(ili) R; = Rt for 0 < i < d, where R} = {yz|zy € R;};

(iv) there exist integers pﬁ‘j such that for all =,y € X with oy € Rp, the number
of z € X with zz € R; and yz € R; is pl;.

We refer to X as the vertez sef of Y, and to the integers pf‘j as the inferseciion
numbers of ¥. For the remainder of the thesis, we abbreviate association scheme
for symmetric association scheme.

Note that any distance-regular graph I' = (X, R) determines an association
scheme Y = (X, {Ri}oci<q), with 2y € R; if and only if 8(z,y) = iin T. In
fact, the association schemes obtained in this way are precisely those with the P-
polynomial property; see Section 1.3, Therefore, the remainder of our discussion
of association schemes applies equally to distance-regular graphs.

Let Y = (X, {Ri}uci<a) denote an association scheme. Let Matx (R) denote
the algebra of matrices over R with rows and columns indexed by X. The
associate matrices for Y are the matrices 4; € Matx (R) defined for 0 <7 < d
by

1 ifzye R,
(Aidey = {0 othgrwisel. nyeX (1.2)

From (i)-(iv) above we obtain

Ap+--+Aa=, (1.3)



AI'OAJ' :5,'in, OSi,JSd (14)
Ao =1, (1.5)
A=A},  0<i<d (1.6)-
d
AiA; = AL 0<ij<d (L.7)
h=0

where J is the all-1s matrix and o denotes the entry-wise matrix product.

By the Bose-Mesner algebra for Y we mean the sub-algebra M of Matx (R)
generated by the associate matrices Ag, ..., Aq. Observe by (1.7) that the as-
sociate matrices form a basis for M. In particular, M is symmetric and closed
under o.

The algebra M has a second basis Ky, .. ., Eg such that

Eod ook Ea=1, (1.8)
EiE; = by; By, 0<i,j<d (1.9)
i
Fo = —~ .
o |X|J’ (1.10)
E; = E} 0<i<d (1.11)

[2, Theorem 2.6.1]. We refer to Eg, ..., Ea as the primitive idempotents of Y.
Since M is closed under o, there exist real numbers qf‘j with

E,-oE‘_,-ﬂ—l—iqf‘th. 0<ij<d (1.12)
The numbers q}"j are the Krein parameters for Y with respect to the ordering
Eq,. .., Eq of the primitive idempotents. It is immediate that
gy =qf.  0<hij<d (1.13)
Furthermore, it is known that
gh 20  0<hij< d {(1.14)

[2, Theorem 2.3.2]. The inequalities (1.14) are referred to as the Krein condi-
tions. It will be useful to note that

cank(E) = tr{E) =k 0<i<d (1.15)

(2, p. 45]. By (1.4), (1.5) and the fact that Ao,..., Ad is a basis for M, the
primitive idempotents have constant diagonal; from (1.15) we obtain

(Ee)x,:g,—l. 0<igd, z€X (1.16)




1.3 P-Polynomial Structures

Lemma 1.3.1 Lel Y denole a d-class associalion scheme, with associale matri-
ces Ag, ..., Aq and inferseclion numbers p,’-‘j. Then the following are equivalent:

(i) for 0 <4,j < d, }
Py=0, Ji>i+1 (1.17)

P #0; j=i41 (1.18)

(i} for 0 < ki, 5-< d,
pg- =0 if one of h,4,J is greater than the sum of the other {wo, (1.19)
p?j # 0 if one of h,i,7 is equal {0 the sum of the other two. ‘ (1.20)

If (i), (11) hold, then Ay, ..., Aq is said o be a P-polynomial structure for Y.
In this case, we abbreviate a; = pi;, b = pi gy, 6 = plig, ke = pf, and
k=k = b

Proof of (i}=>(i1). Immediate from |2, Lemma 2.1.1] and [2, Lemma 4.1.7]. O
Proof of (ii}=(i}. Immediate. 0

Let Y denote a d-class association scheme. We say that Y is P-poelynoemial if
there exists at least one P-polynomial structure for Y.

Suppaose Y is P-polynomial, and fix Ao,..., Ag 2 P-polynomial structure for
Y. We refer to A; as the adjacency mairiz of the structure. Observe by (1.7),
(1.17), and (1.18) that A; may be written as a polynomial in A; of degree exactly
i, for 0 € i < d (20, Lermnma 3.8}. Tt follows that A; generates M, that every
P-polynomial structure has Ag = 7, and that distinct P-polynotnial structures
have distinct adjacency matrices.

Suppose Y is P-polynomial, and fix Ag,..., Aq & P-polynomial structure for
Y. Observe that I' = (X, R;) is & distance-regular graph, with 8(z,y) ={in I’
if and only if zy € R;. Since Ey,..., E4 forms a basis for M, there exist real
numbers 8y, ..., 04 satisfying

d
Ay = Oy Ey. (1.21)
hz=0

Observe that fp,..., 84 are eigenvalues of A;. We refer to fp,...,04 as the
eigenvalues of the structure, or as the eigenvalues of the graph I'. Since A4
generates M, the eigenvalues f,...,04 are distinct [20, Lemma 3.8]. If f5 >
.«» > fly, then we say that Fp,..., Ea is the nafural ordering of the primitive
idempotents.

1.4 Q-Polynomial Structures

Lemma 1.4.1 LelY denote a d-class association scheme, with primitive idem-
polents Ey, ..., By and Kretn paramelers qf; Then the following are equivalent:



(i) for 0 <4, <d, ,
g;=0, j>i+l (1.22)

gi; #0; j=i+1. (1.23)
(ii) for 0 < hii < d,
qf}-\: if one of h, i, ts greater than the sum of the other two, (1.24)

qf‘j # 0 if one of h,4,7 is equal Lo the sum of the other two. (1.25)

If (i), (ii) hold, then Eo,. ., g is said 1o be o Q-polynomial structure for Y.
In ihis case, we abbreviate a} = ¢i;, b} = ¢ ig O = i1 B = gk, end
k*=ki= b5

Proof of (i)=+(i1), Immediate from (2, Lenma 2.3.1} and recurrences dual to
{2, Lemnma 4.1.7]. D

Proof of (i)=>{(i). Immediate. o

Let ¥ denote a d-class association scheme. We say that ¥ is Q-polynomial if
there exists at least one Q-polynomial structure for Y.

Suppose Y is Q-polynomial, and fix Eg,..., E4 a Q-polynomial structure for
Y. We refer to E as the primary idempotent of the structure, and to the corre-
sponding eigenvalue f of A, as the primary eigenvalue of the structure. Observe
by (1.12), (1.22), and (1.23) that E; may be written as an entry-wise polynomial
in E; of degree exactly i, for 0 €7 < d (20, Lemma 3.11}. It follows that E; gen-
erates M by entry-wise multiplication, that every Q-polynomial structure has
Ey = J/1X{, and that distinct Q-polynomial structures have distinet primary
idempotents and primary eigenvalues.

Suppose Y is Q-polynomial, and fix Fo,.. -, E3 a Q-polynomial structure for

Y. Since Aq....,Aa forms a basis for M, there exist real numbers 83, ...,03
satisfying
d
Ey =) 8hAn (1.26)
h=0
Werefer to 83, ..., 03 as the dual eigenvalues of the structure. Since Fy generates
M under entry-wise muitiplication, the dual eigenvalues 83,...,0; are distinet

{20, Lemnma 3.11}.







Chapter 2

Dual Bipartite Distance-Regular Graphs

2.1 Introduction

In this chapter we recall the notion of a dual bipartile Q-polynomial structure
for a distance-regular graph. In Theorem 9.1.2 we classify the distance-regular
graphs with diameter d > 6 and valency k > 3 which admit such structures.
This chapter presents joint work with P, Terwilliger.

Lemma 2.1.1 Let I" denote a distance-regular graph with diameter d > 3. Sup-
pose Ep,..., Eq is a Q-polynomial structure for T, with Krein paramelers qf‘J
Then the following are equivalent:

(i) | |

¢ly=0; lgic<d (2.1)
(i) for 0 < k4,5 < d,

gy=0. h+it] odd (2.2)

If (i}, (ii) hold, then the Q-polynomial siructure is said 1o be dual bipartite; if

T admils af least one dual biparitie Q-polynomial structure, then T' is said to be
dual bipartite,

Proof of (i)=>(ii)., Immediate from recurrences dual to [2, Lemma 4.1.7). O
Proof of (ii)=>(1), Immediate. - 0
Our main result is the following Theorem:

Theovem 2.1.2 Let I' denote @ distance-regular graph with digmeter d > 3 and
valency k > 3. Then T has a dual bipariite Q-polynomial structure if and only
ifbi = cgoi for 0 E S d— 1 and the array {c1,...,ca} for T is one of:

(i) {1,2,3...,k);

(i) {1,6,15,...,2d* —d};
(i) {1,4,9,...,d%);

(iv) {1,k —a1— 1,k};

(u) {1,2y,4y — 1,47}, where y 2 1 is an integer;

(vi) {1, 8n,(8* - 1){2— B8+ 1),13’(211—1—.21][3-—,82)}, where B > 3, n > 38/4 are
integers and 1) divides BB - 1)/2;




(vii) {1,c,k —c,k— 1k}, where k = y(y* + 8y + 1), c = y(y + 1), and v > 2
is an inieger.

The arrays (1), (ii), and (iii) are uniquely realized by the cube H(d,?2), the half-
cube $ H(2d,2), and the Johnson graph J(d,2d), respectively. The graphs with
array (iv) are uniquely realized by the complement of Kpyy x Ky when a; =
0, otherwise these are the Taylor graphs. The graphs with array (v) are the
Hadamard graphs of order 4y. We know of no ezamples with array fvi}. The
array (vii) is uniguely realized for v = 2 by the double cover of the Higman-Sims
graph. We know of no examples with v > 3.

For more information on the graphs in Theorem 2.1.2, see Chapter 9. We prove
Theorem 2.1.2 in Section 2.4, .

2.2 Preliminaries

Lemma 2.2.1 (Terwilliger {19]) Let T = (X, R) denote a distance-regular graph
with diemeler d > 3, and suppose I' has a dual bipartite Q-polynomial structure
with dual efgenvalues 85,...,0. '

Further suppose I' is nefther the cube H(d,2), the half-cube -;«H(Qd, 2), the
Johnson graph J{d,2d), nor the Gossel graph.

Then b; = cq; for 0 < i < d—1, and there exisi complez numbers ¢ # 0
and § with

¢ # 1, 1<j<d (23)
g # -1, 1<j<d-1 (2.4)
s # 1, 2<j<ad (2.5)
{
such that
(2% - 1)(a®* — ¢*}g* + ¢*)(s¢™! + 1) :
. - : : T 1<i<d—1 (2.6
’ (g = g% + g+ 1)(g?F1 + ¢9)(sg* — 1) =t= 29
2i-1(.d A 2328 2d4-2— 24
e+ (e e )P = D) (sy -1) e g
©T T e e eeey 0 Sisde)
d_ d 2 2
oy = W=D+ g)(sg” — 1) (2.8)

g(q? — D{sg?d 1)

g T —d (s — 1)
' (g - ){sg?*? - 1)

0<i<d (2.9}

Proof. By the proof of [19, Theorem 8] and in the notation of [1, Theorem
3.5.1], T is of type (I) with the restrictions ry = —ry, r3 = g7'79, s = »f,
s* = —g~1-9_ This gives the equations {2.6)~{2.9). The inequalities (2.3}, (2.5)

are from [20, Note 2.2(iii}}, and (2.4) follows from the inequality

sfgf#41 2<i<d (2.10)



of the same Note. O
Lemma 2.2.2 Lei T be as in Lemma 2.2.1. Then:
(i) .
G40 0<iigd i#] 2.11)
(i1)
6 #-0;. 0<ii<d i+i#d (2.12)

Proof of (i). The dual eigenvalues of any Q-polynomial structure are distinct
[20, Lemma 3.11(iii)}. ]

Proof of (ii). Fix integers i and j with 0 < 4,7 <d and i +j # d.- Observe
g; = —65_; by (2.9). In particular, if 7 = —f} then we have ] = 83_;, and
j=d—iby(i)fora contradiction. Thus 87 # —0], as desired. o

Let T = (X, R) denote 2 distance-regular graph. By the standard module for T
we mean the column vector space V = RX  with inner product

(u,v) = u'v.  uwveEV (2.13)

For each vertex & € X, let & denote the vector in V with a 1 in the & coordinate
and 0’s elsewhere. Observe that {#{z € X } forms an orthonormal basis for V.

Suppose I' has a Q-polynomial structure with primary idempotent E and
Qual eigenvalues 83, ..., 0. For arbitrary @,y € X it can be seen from (1.26),
(2.13) that

.- 1 .
(E:cly) = 'Xighs (2-14)
where h = d(z, ¥).

Definition 2.2.3 Let I' = (X, R) denote a distance-regular graph with diameter

d. For arbitrary integers 7,] with 0 < 4,7 < d and arbitrary vertices 2,y € X,
define:

(i)
Aji(z,y) = fweX |8z, w) = i,8(y,wy =7} (2.15)
. (i) |
= Y, (2.16)
wedj(z.y)

Lemma 2.2.4 (Terwilliger [19]) Let I' = {X,R) be as in Lemma 2.2.1. Fiz
integersi,j with0 < 4,7 d. Fiz distinct vertices ¢,y € X with 8(z,y) <d—1,
and sel h = 8{(z,y). Then:
(1)
603 — 07 85 9t 0; — 0304
0 (BV, 65 (2,1) — ply St b = ply g )i (@17)
: T 3 832 — 05
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(i)

[
(EV 6”( ’y) pli Bn

Iy &+ y)) (2.18)

Proof of (i}. By (19, Theorem 3(ii)] there exist a;, oy € R with

0= (EV,6i;(z,y) — a:d& — apd). (2.19)

In particular,
(Ei'xéi'j(xly) - alﬁ—Q‘?ﬁ)l s (2.20)
0 = (Eg) {Sl} (m! y) - &‘1@ - 023))- (221)

Evaluating (2.20), (2.21) using (2.14),
0 = p,JB — a1 85 ~ waf}, (2.22)
= p,_,ﬂ 019; — 0'205. (223)
Solving (2.22), (2.23) for a1, ag, we obtain

0;07 — 605

oy g ge7 (2.24)
6105 — 0263 )
ay P?jw, (2.25)

with 0;% ~ 632 # 0 by Lemma 2.2.2 and the assumption h # d. Evaluating (2.19)
using (2 24), (2.25), we obtain (2.17) as desired. D

Proof of (ii). Setting j = in (2.17) and simplifying, we obtain {2.18). - O
2.3 A Diameter Bound

Lemma 2.3.1 Let T be as in Lemma £.2.1. Then the following are equivalent:
(l) @] = 0
{ii) sgitl = -1,

(1) a; =0 for 0 < i < d.

Proof. Immediate from (2.3}, (2.4}, and {2.6). a

Definition 2.3.2 A graph I’ is said to be strongly regular with parametets
(v, k, A, p) if T has v vertices and is regular of degree k, adjacent vertices of
I' have A common neighbors, and non-adjacent vertices of I' have p common
neighbors.
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Lemma 2.3.3 Let I' = (X, R) be as in Lemma 2.2.1, and suppose &1 # 0.
Define 11, 72 by

d+1 4
g°T + g
- =] = e———
Tt qd ¥ qa 1 (226)
delfod fsgd — 1
v, g1 (g? + 9)(sg* - 1) (2.27)

-1+ .
(g7 + ¢°)(sg* — 1)

Fiz g verlez z € X, and let T'y denote the induced graph on the vertices adjacent
tox in T'. Then:

(i) Ty s strongly regular with parameiers (k,a1, A p), for k=by =cqg asin
(2.8), ay as in (2.6), :
A=t e (2.28)
and -
_ i@~ Dlg+ D ) sg*t! + 1)
- (0 + ®2 (s — 1) '

(ii) Ty is connected and is not o clique;

(2.29)

(iii) the distinct eigenvalues of U1 are @i, 71, 72
(iv) ifd >4, then 11,712 € Z.
Proof of (i), Clearly Ty has k vertices and is regular of degree as.

Pick distinct vertices ¥,z € X with 9(z,y) = 1, 8(e,z) = 1, and let h =
My, z). Let o = o(z,y,z) denote the aumber of vertices w € Ay1(y, z) with
Oz, w)= 1. Applying Lemma 2.2.4(ii) and (2.14),

: 6 o
0 = (B#duly?)- P?lmw + ) (2.30)

. . 26"
6 + o1 + (Phy—o— D~ Pl (2.31)
o5, + 03

Solving for o, we have

@ — 03)(0 + 03)
In particular, ¢ = o{z,y, #) depends only on h = 8(y, z). The possible values
for h are 1 and 2; both oceur, since a; # 0 and ¢z # 0. We write o1, oz for these
constants, and observe that T, is strongly regular with parameters (k, a1, A 1),
where A = o and g = 02 Computing A, gt from (2.32) using (2.6), (2.7}, and
" (2.9), we obtain (2.28), (2.29). o

Proof of (i), QObserve ay = b—by—1<k—1,s0that T is not a clique.
Furthermore, no factor in the numerator of (2.29) is zero by (2.3), (2.4), and
Lemma 2.3.1, so that p # 0. It follows that Ty is connected. 0
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Proof of (iii). By (i), (ii), and [2, Theorem 1.3.1], T has exactly three distinct
eigenvalues, and these are a; and the roots of the quadratic
2+ (p— Nz + (4 —a;) =0. (2.33)

Using (2.6) and (2.26)-(2.29) we may check that y; and v, are roots of (2.33).
It is easily shown that 71 # 73, by (2.4) and (2.5). Therefore the distinct
eigenvalues of I'y are a3, 71, 72 as desired. m|

Proof of (iv). Suppose the eigenvalues of I'y are not all integers. Then Ty
is a conference graph, and in particular a; = 2u [2, Theorem 1.3.1). By (2.6)
(2.29),

_ L)) (gt +a*)(sg* 41 o a* = D(a+1) (97 +4%)(s9%+ ! +1)

9(g9+¢*)(sg*? - 1) (8 4+¢%)*(sg*d-1)
{2.34)
Neither side is zero since a; # 0, so {2.34) reduces to
(49 = 9)a% +¢®) = 2™ (¢ - 1). (2.35)
Collecting terms and factoring, ' -
(0’ +9)a"-¢*) =0 (2.36)

Now either ¢4~ = ~1 or ¢%=2 = 1. Since d > 4, this contradicts either (2.4) or
(2.3). Thus Iy is not a conference graph, and the eigenvalues of I; are integers
as desired. O

Lemma 2.3.4 Let I' be as in Lemma 2.2.1, and suppose a; # 0. Then
Proo1 #0.  2<i<d—1 (2.37)

Proof. Fix i with 2 <7 < d—1. By a counting argument (2, Lemma 4.1.7]
and (2.6},

P%,f—1 = %{&i +ai-1 —ai1) {(2.38)

= aile® +a°)(e? +g)(g® + 1)(g¥ 2 = 1) (g% — ¢?¥)(sg™! + 1)

ca{g? + ¢%) (g — 1)@ + g% -2) (g7 + 1) (5?7 — 1)
No factor in the numerator of {2.39) is zero by {2.3), (2.4), and Lemma 2.3.1, so
Ph,_1 # 0 as desired. 0

Lemma 2.3.5 Let I' = (X,R) be as in Lemma 2.2.1, and suppose a, # 0.
Fiz an infeger ¢ with 2 < ¢ < d—1 and vertices z,y,2 € X with 8(z,y) = 1,
Ne,z)=i—1, and 8y, 2) = 2. (Such z,y,z exist by Lemma £.3.4.) Define Ly,
H,‘ by

. (2.30)

’ Li = !{w 5 All(y:z) la(zaw) =i- 1]'{: (240)
H = Hwe Any2)|8(,w) = i}|. | (2.41)
Then:
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(i) .
ey = Li+ Hij (2.42)
(ii)
L ()t AU A g 1)g® ‘
Li = "Gy Y@+ @ + e~ 1) (243)
g, = ot g) (%% + ) sg* 2 — 1)’ (2.44)

[+ ) g? + g% + gD - 1)
In particular, Li and H; are conslants independent of z,¥, 2.
Proof of (1), Observe

Li+ Hy = iA“(y,z)t (245)
= £z (246)
)

Proof of (ii). By Lemma 2.2.4(ii) and (2.14),

6#
0 = (E&,b - b (g+2 .
(B2, 1 (0,5) — 2 g 0+ ) (247)
. . o1 (6; + 67_
= Lif_,+ Hif — CQW' (2.48)
Eliminating H; in (2.48) using (2.42) and solving for L; we obtain
(g 485 ,) — 0105 + 05
;= Ca 91( i + 1—1) 1(92 + 90) (249)

(81, — 6;)(63 + 05)
Applying (2.7} and (2.9) gives (2.48). A similar argument gives (2.44). u]
Lemma 2.3.6 Let T be as in Lemma 2.2.1, and suppose ay # 0. Let Ly, Hi be
as in Lemma £.3.5. Then: :

{i) Li 20 and H; £0 for2<i<d =1,

(i) if d = 4 then Ly < Ls.

Proof of (i). Each term in the numerator of (2.43), (2.44} is non-zero by (2.4),
(2.5). , 0
Proof of (ii). Suppose d 2 4. Then by Lemma 2.3.4 there exist vertices
z,y,2z € X with &z, ) = 3, &z, z) = 2, and &y, z) = 2. Since Lz # 0, there
exists a vertex u € Api(y,z) with 8(z,u) = 2. Observe that any vertex w
adjacent to both z and u has 8(y, w) = 2, since &z, y) = 3 and Hu,y)=1In
particular,

H‘LUE A“(m,z)la(u,w)-: 1}‘ (250)
Hw € Az, 2) |0y, w) = 2} ‘ (2.51)
Ls, (2.52)

Lo

N PANI!
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as desired. [m]

Lemma 2.8.7 Let T be as in Lemma 2.2.1, and suppose a; #0andd> 4. Let
B=q+q'. Then:

(i) B?LaH3 = c, where Ly, Hy are as in Lemma 2.3.5;

(ii) 3% € Q;

(iii) B2 > 4;

{iv) g € R.
Proof of (i). Compute 82L,Hy using (2.43) and (2.44), and 3 using (2.7).
The expressions obtained are equal. ]

Proof of (ii). Immediate from (i) and Lemma 2.3.6(i), since ¢3, L, and Lg
are integers, a

Proof of (iii). By (i), (2.42), and Lemma 2.3.6(ii),

2

2 _ Cs

P o= o (2.53)

2

c3
= 2.54
La(cz — Ls) (2:54)

2

c3
2.55
La(cy — Lg) (2.85)
> 4, (2.56)
If 3% = 4 then ¢ = %1, contradicting (2.3) or (2.4). Thus §? > 4, as desired. O
Proof of (iv). Solving 8= ¢+ ¢~ for ¢ we find ¢ € R by (iii). 0

Lemma 2.3.8 Let T be as in Lemma 2.2.1, and suppose a; # 0 and d > 4. Lei
B=g+g71, and define

X = q;—:}gj (2.57)
Then:
(i) x€Z;
(i) Bel;
(iii) d = 4.

Proof of (i), Let v, be as in (2.26). Then x = —1 — ;, and x is an integer
by Lemma 2.3.3(iv). o

Proof of (ii). We split the proof into two cases, according to whether d is odd
or even. In each case we show § is an integer by finding that 8 is an algebraic
integer and that 8 is rational.
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Case d odd. Let m = (d— 1}/2, and observe m > 1. By (2.57),

_ gmHe”
X= qm—l + ql—m' (258)
Define polynomials Tp, 1, - - in the indeterminant ¢ by
To =2, Ty ==z, Tip1 = 2Ty = Tizy, (2.59)
Easy induction arguments show that for i > 0,
T; € Iz}, © (2.60)
T; is monic of degree 4, (2.61)
Ti(-2) = (-1)'Ti(=), (2.62)
i) =¢ +a7" (2.63)
Furthermore, by (2.4) and (2.63)
Ty #0. 0<igm (2.64)
By (2.58) and (2.63),
Tm(B) — xTm-1(8) = 0. (2.65)

Now 8 is an algebraic integer by (2.60), (2.61), and (i). It remains to be shown
that 8 is rational.
By (2.60), (2.62), there exist polynomials 7} with

T!(2) € Z[z], (2.66)
! (2 ]
re) = {20 o, @5
If m is odd, then evaluating (2.65) using (2.67),
BTh(B%) — xTh_1 (%) = 0. (2.68)
Observe BT, (82) = Tm(B8) # 0 bY (2.67), (2.64), and
T 2
g = Eﬁlé%l. (2.69)

Now B € Q by (i}, (2.66), and Lemma 2.3.7(ii).
If m is even, then evaluating (2.65) using (2.67),

T! (B2} ~ XBT -1 (%) = 0. (2.70)
Here T, (%) = Tm(B) # 0 by (2.87), (2.64), so Tt _1 (%) # 0 by (2.70), and
g o) (2.71)

T XTI (B




16

Now f € Q by (i), (2.66), and Lemma 2.3.7(ii).

Case d even. The arguinent is similar. Let n = d/2, and observe n > 2. By
(2.5),

(qrz _ q—-n) - (qn—l - ql—-n)

;= . 2,72
X (@ T —q=r) — (¢" 2 — g2-n) (2.72)
Define polynomials U_1, Uy, ... in the indeterminant z by

U..1 = 0, Uo = 1, U,'+1 = SEU;‘ — U{_l. (273)

Easy induction arguments show that for i > —1,
Ui €[], - (2.74)
Ut is monic of degree i, (2.75)
U;(—m} =4 {—i)fU,-(m), (276)

g+t — gmiml
vi(B) = TrmeT (277}

Furthermore, by (2.3) and (2.77)

Ui(B) + 0. 0<i<n~1 (2.78)

By (2.72) and (2.77),

Un-1(B) = (x + 1)Un-2(8) + xUn—3(8) = 0. (2.79)

Now £ is an algebraic integer by (2.74), {2.75), and (i). It remains to be shown
that & is rational.
By (2.74), (2.76), there exist polynomials U with

Ui(z) € Z[z], (2.80)

o Ule?) even,
U‘(“)”{zyg(xi') i odd,

If n is odd, then evaluating {2.79) using (2.81),
Unwt(B7) = (x 4 1)BU; _5(8°) + XU _5(8%) = 0. (2.82)
Observe y 4+ 1 # 0; otherwise by (2.57) we have

(2.81)°

qd+1 +q2
¢ +¢°
d 2
+e2){g+1
(2 ¢ ){93 ) (2.84)
gd+q

contradicting (2.4). Furthermore SU;_,(8%) = Un_2(B) # 0 by (2.81), (2.78).
Now by (2.82),

0 +1 (2.83)

_ Up_1(8%) + xUi_5(87)

= T D)

(2.85)
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and B € Q by (i), (2.80), and Lemma 2.3.7(11).
If n is even, then evaluating (2.79) using (2.81),

BUL_(B%) — (x + DUn-al#*) + xBUs_5(8*) = 0. (2.86)
Again x + 1 # 0, and Ul _o(8%) = Un—2(B) # 0 by (2.81), (2.78). This gives
(B + xUl_s(B?) # 0 by (2.86), and
Ui (%) + xUi_a(8%)
Now 3 € Q by (i), (2.80), and Lemma 2.3.7(3). 0
Proof of {iii). Observe by (2.57) that

(2.87)

d—1 4
q°* +q
-y = 2.88

and note ¢ € R by Lemma 2.3.7(iv). Suppose for a contradiction that d > 5.
Observe that the right hand side of (2.88) is unchanged when g is replaced by
g~!, so that we may assume lgf > 1. In each of the three cases ¢ < —1 and d
even, g < —land dodd, 1 <g,2 simple argument now shows that |8 — x} < L.
For example, suppose for a contradiction that 1 < g and |8 ~ x| > 1. 1t is clear
from (2.88) and 1 < ¢ that B — x is non-negative, and

d=1 1. g4
¢ 49
ey (289
We also have ¢¢ + ¢ > 0, s0
@tz e (2.90)

Collecting terms and factoring,

02 (g— D(g* ' =) o {291

Each of the terms in the right hand side of (2.91) is positive by (2.3),d > 5, and
1 < gq. This gives a contradiction, so |8 — x| < 1in the case 1 < g. The other
cases are similar. -

Now f — x = 0 by (i), (ii), and g4=5 = —1 by (2.88). This contradicts {2.4),
so d = 4 as desired. o

Note 2.3.9 The polynomials Tj, U; of (2.59), (2.73) are essentially the Tchebi-
chev polynomials of the first and second kind {14, p. 3.

We need one more technical lernma, used in the bipartite case:

Lemma 2.3,10 Let T be as in Lemma 2.2.1, and suppose a3 = 0. Fiz an inleger
i with? < i< d—1, and suppose there exist verlicesz,y,2 € X with 8(z,y) =1,
&z, 2)=1, and 8{y, z) = 2. Define the integer D; by

D= l{wEA“(y,z)lB(:c,w)ﬂiw1}[. (2.92)
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Then * % * 1% I *
6507,1 — 26;6] + 6367, ,

D{ = —Ca . " - . . 293
(071 — 0141 )(03 + 63) @253)
In particuler, D; is o constant independent of z,y, z.
Proof. Observe a; = 0 by Lemma 2.3.1. By Lemma 2.2.4(3i) and (2.14),
_ . 6 ..
0 = (E%,61(y,2)—ca 40 7+ 7)) (2.94)
2810
= D ~ Di)08 — L .
0887, — 2876F -+ 6307
= D0, -6+ co—> Al 2t 2.96
R (e W R
Solving for D;, we obtain (2.93) as desired. O

2.4 Proof of Theorem 2.1.2

Proof of Theorem 2.1.2, Let I denote a distance-regular graph with diameter
d > 3 and valency & > 3, and suppose T has a dual bipartite Q-polynomial
structure, Further suppose I' is neither the cube H(d, 2), the half cube 1H(2d,2),
the Johnson graph J(d,2d), nor the Gosset graph {which has array (iv) with
k = 27, ay = 16). Then Lemma 2.2.1 applies. In particular, b; = ¢4..; for
0 <i<d-1. I d=3, then the restrictions ¢y = by =k—a1~1,eg=by=k
give I array (iv), so we may assume d > 4.

Suppose a1 = 0. By Lemma 2.3.1, we have ¢; = 0 for 1 < i < d By
Lemma 2.3.10, I' is 2-homogeneous in the sense of Nomura. In particular, No-
mura’s classification of bipartite and almost bipartite 2-homogeneous distance-
regular graphs applies [13]. The only possibilities with diameter d > 4, valency
k > 3, and ag = 0 are the graphs with intersection arrays (v), {vii).

Suppose a; # 0, and let # = g+ ¢~!. By Lemma 2.3.8 we have 8 € 7 and
d = 4. Setting = Lz, we compute from (2.7}, (2.8), (2.43) that T has array
(vi). Recallg = Ly > 0 by Lemma 2.3.6 and ¢; = By, so that § > 0. By
Lemma 2.3.7(iii) we have 82 > 4, so that 8 > 2; by 8 € Z, we have § > 3. We
may calculate from (2.28), (2.43) that A = 4n — 38, so that by ) > 0 we have
n > 35/4. Finally, we compute from the intersection array using the formulas
of [2, Section 4.1] that, the eigenvalues of T are k, k/f, a3/, —8, — 5% with the
multiplicity f of k/f given by

fe _B(F® ~mp? "277277!3 - B+ 271)' (2.97)

From f € Z we conclude 7 divides A2(8% — 1)/2. Thus I has intersection array
(vi). '
Uniqueness of the graphs with arrays (i)-(iii) is by [16], [18]. The Q-poly-
nomial structures on (i)-(v) are well-known; see Chapter 9. The graphs with
arrays (v), (vii) have a dual bipartite Q-polynomial structure by computation
of the Krein parameters, using the formulas of (2, Section 4.1). [
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Chapter 3

Almost Dual Imprimitive Distance-Regular
Graphs

3.1 Introduction

In this chapter we introduce the notions of almoest dual bipartite and almost dual
antipodal Q-polynomial structures for a distance-regular graph, and show that
such structures co-exist, A distance-regular graph with guch structures is said
to be almost dual imprimitive. In Theorem 3.1.4 we classify the almost dual
imprimitive distance-regular graphs with diameter d > 4 and valency k 2 3.

Lemma 3.1.1 Let T denote a distance-regular gfaph with diameterd > 3. Sup-

pose Eo, ..., Ba s a Q-polynomial structure for T, with Krein parameters qf‘J
Then the following are equivalend:
(i) : |
2 =0, 1€i<d-1 7 (3.1)
gfa 7 0; (3.2)

(ii) for 0 < 4,5 < d,
gi;=0, i+vi=htl 0<h<d=1 (3.3)
gl # 0. ipj=d+ 1 (3.4)

If (i), (it} hold, then the Q-polynomial strueture is said io be almost dual bipar-
tite.

Proof of (1)=>(ii). Immediate from recurrences dual to [2, Lemma 4171 O

Proof of (ii)=(i). Immediate from {1.13}. o
Lemma 3.1.2 Let T' denote a distance-regular graph with diamelerd > 3. Sup-
pose Eo,.. ., Ed is a Q-polynomial structure for T, with Krein paramelers qf-’j.
Then the following are equivalent;
(i)
gh=0, 2gigd (3.5)

i) for0<ii<d
qu-_"o, i-—i—j)d*{-l (37)

gl # 0. itj=d+1 (3.8)

|
|
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If (i), (ii) hold, then the Q-polynomial siruciure is said 1o be almost dual an-
tipodal.

Proof of (i)=(ii}, Fix n maximal such that there exist integers 1, § with
gy # 0,1+ 7 =mn,and 0 < ¢,j < d. By the maximality of n, (1.13}, {2,

Lemma 2.3.1(iv)}, and recurrences dual to {2, Lemma 4.1.7),

l‘-—l —_— b.;kl, 1 3 9
U1 = by kr_, (3.9)
1%
. bkt .
ol = %_b}‘_; k}“ gl (3.10)

In particular, ¢ |, # 0, and by (1.13), (3.5) we have n < d + 1. By (1.13),
(3.6) we have n = d+ 1. Now (3.7), (3.8) are immediate from (3.9), (3.10), and
the maximality of =, 8]

Proof of (ii)={i). Immediate from (1.13). 0

Lemma 3.1.3 Let I' denole a distance-regular graph with diameter d > 3. For
each ordering By, ..., Ky of the primitive idempotents of T, the following are
equivalent;

(i) Eo,...,Eq is an almost dual bipartite Q-polynomial structure Jor I';

(1) Eo, By, Eq,...,Es, Es, By is an almost dual aniipodal Q-polynomial
structure for T,

If (i}, (ii) hold for some ordering Ey,. .., E4 of the primitive idempotents of T,
then T is said to be almost dual imprimitive.

Proof of (i}=(ii). Equations (1.24), (1.25), (3.3}, (3.4) with respect to the
ordering Fy, ..., Eg imply (1.22), (1.23), (3.5), (3.6) with respect to the ordering
By, Ey By, ... Es, E3, Ey. O

Proof of (ii)=(i). Equations (1.24), (1.25), (8.7), (3.8) with respect to the
ordering Ey, By, By, ..., Es, E3, Ey imply (1.22), (1.23), (3.1}, (3.2) with respect
to the ordering ky, ..., Ey. o

Our main result is the foliowing Theorem:

Theorem 3.1.4 Let T' denote a distance-regular graph with diameter d > 4 and
valency k > 3. Then I' is almost dual imprimitive if and only if T is one of:

(i) the half-cube TH(2d +1,2);
(i) the antipodal quotient of the cube H(2d +1,2);

(ii1) the dual polar graph on [2A34.1(r)}, r > 2 a prime power.
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In particular, if T is almost dual imprimitive then I' has precisely one almost
dual bipartile Q-polynomial structure and precisely one almost dual antipodal
Q-polynomial structure. For the graph (i), the natural ordering of the primitive
idempotents is the almost dual bipartite Q-polynomial structure. For the graphs
(ii) and (1ii), the nalural ordering of the primative idempotents is the almost dual
antipodal Q-polynomial structure.

For more information on the graphs in Theorem 3.1.4, see Chapter 9. We prove
Theorem 3.1.4 in Section 3.6.

3.2 Preliminaries

Lemma 3.2.1 (Terwilliger [19]} Let L' = (X, R) denote a distance-regular graph
with diameter d > 3, and suppose T has an almost dual bipartite Q-polynomial
struciure with eigenvalues 80, ...,04, dual eigenvalues g,...,0% and primary
idempotent B

Further suppose T is neither the half-cube %H(?d 4+ 1,2) nor the antipodal
quotient of the cube H(2d+1,2).

Then there ezist complez numbers ¢ and s* with

ol =2 L (3.11)
g # 1, 1S (3.12)
¢ # 1, 2gj<d (3.13)
¢ £ -1, 1<j<2d+1 (3.14)
such that
(1)@= D P DE D g
; — — . — 1
“ e e M (2.49)
(24— 1)(s"¢®—1)(s"2*** 1)
- 3.16
4 =TI () (31
o q(qw__qu)(s*qz_,1)(8*q3ﬁ1)(s*2q2i+2_1) ci<de
by = (qﬁ_l)(smq%-{-lml)(sw92i+2_1)(sw2q2d+4_1)’ 1gi<d-l (3.17)
(e O i) Gl )
b= ST e @18
o (qz“—l)(s'q?—l)(s‘ q3_1)(s¢2q2d+2i+2_1) <i< dei )
G = (qﬁ—l)(s“qm’—l)(s"qz"“'l—1)(3*2q2d+4——1)' I<tis (3. 9)
(- 1)(s" g =)l =D g ) 320
Cd (qi’—l)(s‘qz"‘—l)(s'?q?d*‘“—1) ' (3.20)
(qi_1)(q2d+1~i_1)(5.q2_,1)(3-93__1) i
9,- = - (qz—l)(s“zq?d“—l) + bg, 0S1Sd (321)
ay = N Vi it O i (3.22)

- 1P )
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2024+ gl )(s* g1 4 1)
o= ()@ ) (s gt -
i (g— 1)(q?9F T — g7y (57204141}’ 1<i<d-1 (3.23)
. (g~ g)(s"g+])
by = (q-—l)(s‘92d+}~+1)’ : (3.24)
. (qu—q)(q"—1)(s‘q2d‘f+2+1) '
& = (g —1)(?® FF 15 g2+ 14 1) 1<i<d  (3.25)
240\ (s*g2+1 41
g = o)) 0<i<d (3.26)

TV Cr RS

Proof. By the proof of [19, Theorem 3] and in the notation of i1, Theo-
rem 3.5.1], T' is of type (I) with the restrictions r = —&*, rp = —g—d-1,
r3 = ¢~ %%, and s = ¢=24-2, This gives complex numbers g # 0 and s* such that
(3.15)-(3.26) hold. The inequalities (3.13), (3.14) are from [19, Theorem 3(d)],
and (3.12) follows from the inequality '

st £1, 2<i<2d (3.27)

of [20, Note 2.2(ii1)]. It remains to be shown that we can assume (3.11). If
§* = 0, then a; = —1 — ¢, so that ¢ is an integer and (3.11) holds. If s* # 0
and {g| < 1, then we may replace ¢ by ¢=! and s* by s*~1. Observe that the
equations (3.12)-(3.26) are unchanged under this substitution, and that (3.11)

now holds as desired. O
Lemma 3.2.2 Let T be as in Lemma 2.2.1. Then:
{i)
0 #0;  0<ij<d, i#j (3.28) .
(ii)
0 # ~6;. 0<i,j<d (3.29)

Proof of (i}. The dual eigenvalues of any Q-polynomial structure are distinct
[20, Lemma 3.11(ii1)]. )

Proof of (ii), By (3.26),

(=) (st g H 1) (g 4 )
Tl 1)

No factor in the numerator of (3.30) is zero by (3.12) and (3.14). O

07 + 67 = 0<i,j<d (3.30)
7

Let T = (X, R} denote a distance-regular graph. Recall from page 9 the standard
module V, with orthonormal basis { |2 € X}. Recall from Definition 2.2.3 the
set of vertices Ay;(2, ¥} and the vector &;(z,y) € V.

Lemma 3.2.3 {Terwilliger {19]) Let T = (X, R) be as in Lemma 3.2.1. Fiz
integers i, j with 0 <4, < d. Fiz distinct verlices z,y € X, and set h = 8(z, y).
Then:
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(i)
ge0; — 816 gro; — 8184
= " _ph AR T T 0 s ph Uivn — 5700,

0= (EV,8;(z,y) — Pij o 9‘52 & — ‘9;12 — 9;2 gy, (3.31)

(i)
g:
0= (EV,bule,y) — Pl B+ 0 (3.32)
0y + 05
Proof. Similar to the proof of Lemma 2.24. o

3.3 The Parameters ¢ and s* are in R

Lemma 3.3.1 Let T be as in Lemma 9.9.1, Then the following are equivalent:
(l) ay = 0,‘
(ii) g2 = 1,

(iii)a;:ﬂforlgigd—}andadyé{).

Proof. Immediate from (3.15), (3.16), and (3.12)-(3.14). D
Lemma 3.3.2 Let T' be as in Lemma 3.2.1, and suppose ay # 0. Then
phiy#0. 25i<d (3.33)

Proof. By a counting argument,
Py = lata—m),  2SES d (3.34)
2

[2, Lemma 4.1.7]. Evaluating (3.34) using (3.18), (3.16), for 2 < i < d—1 we
have
o :_meJXf“L4xff~nuw%4xffﬂh4xr%ﬂ”—n
= D D 2= D P DD
(3.35)

and in the case i = d we obtain

a __cd(qz+1)(q“'2ﬂl)(s‘qg—l)(s'q?’—l)(S‘zq““—l)
P2.d-1~— ca(q-—1)(5'94—1)(3*?2"”2*1)(3'242‘”4—1) '

No factor in the numerator of (3.35), (3.36) is zero by (3.12)-(3.14) and
Lemnma 3.3.1, 80 ph_, # 0 for 92 < i < d as desired. D

Lemma 3.3.3 LetT = (X, R) be as in Lemma 9.9.1, and suppose a1 F 0. Fiz an
integeri with2 < i< d and verlices z, 9,2 € X with 8z, y) =t Hz,z)=1i-1,
and 8(y,z) = 2. (Such z,y,% erist by Lemma 3.3.2.) Define Li, Hi by

Li Hw € Ay 2)]8(z,0) =i~ 1), (3.37)
Hi = 1{weAu(y.z)13(r‘w)=i}|- (3.38)

(3.36)

il

Then:




24

(i)

ey = L;+ H,‘,‘ (339)
(1)
(3'92—1)(s‘q3—1)(s*q2i+2—1)(3*2q2d+6-—-1)
(0" =1)(s" P =)o 7= 1) (s 228 91)
q2(3192_1)(S;q3__1)(S¢q2i—2_1)(s¢2q2d+ﬁ_1)

H; = (s*q‘i_l)(s*qli,_l)(saqzi_1)(3.2q2d+4__1) . (3.41)

Li

(3.40)

In particular, L; and H; are constanis independent of x,y, 2.

Proof of (i). Observe

L+ H: = [Auy,2)| (3.42)

= ¢ (3.43)
0

Proof of {ii). By Lemma 3.2.3(ii) and (2.14),

. o ...
0 = (E#61(y,2)~ 0295 v {7+ 2)) (3.44)
ar{6; +61.,)
g 0 o, AN T V) ‘
Lib;_y + Hi6} — ¢ s (3.45)
Bliminating H; in (3.45) using (3.39) and solving for L;, we obtain
100 + 81 ) — 6195+ 02
Lt"—_-(.'ggl( i + 1—1) :(92+ 0) (346)

(6, — 01 )(65 + 03)

FEvaluating (3.46) using (3.19) and (3.26), we obtain (3.40). A similar argument
gives (3.41). a

Lemma 3.3.4 Lei T be as in Lemma $.2.1, and suppose ay # 0. Let I;, H; be
as in Lemma 3.3.3. Then:

(1) Li#0and Hi £ 0 for2<i < d;
(2'?') Lg S La.

Proof of (i), FEach term in the numerator of (3.40), (3.41) is non-zero by
(3.13), (3.14), and Lerma 3.3.1. O

Proof of (ii). By Lemma 3.3.2 there exist vertices T, Y,z € X with d(z,y) = 3,
© O(w, 2} = 2, and 8(y, z) = 2. Since Lz # 0, there exists a vertex u € Ay, 2)
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with 8(z,u) = 2. Observe that any vertex w adjacent to both z and u has
8y, w) = 2, since 8(z,y) = 3 and 8(u,y) = 1. In particular,

Ly = t{weAjl(r,z)[a(u,w): 14 (3.47)

< Hwe Anlz2) |00 w) =2} (3.48)

= Ls, (3.49)

as desired. =

Lemma 3.3.5 Let T be as in Lemma 9.2.1, and suppose a1 #0. Letp= g+q L.
Then:

(i) BLyHs = o}, where Ly, Hs are as in Lemma 3.3.3;
(i) B* € Q;
(iii) B2 > 4;

(iv) g€ R.

Proof of (i). Compute f2L2 M3 using (3.40) and (3.41), and c2 using {3.19).
The expressions obtained are equal. |

Proof of (ii). Immediate from (i) and Lemma 3.3.4(i), since ¢z, Lg, and L3
are integers. i}

Proof of (iii). By (i), Lemma 3.3.3(i), and Lemma 3.3.4(i1),

2 - %2
B o= o (3.50)
¢

= ——t 3.51
Lo{es — Ls) (3:51)
> L (3.52)

= Laea — L2) '
> 4, (3.53)
]
Proof of (iv). Solving #=1¢+ g~ for g, we find g €R by (iii). 8]

Lemma 3.3.6 Lei T be as in Lemma 3.2.1, and suppose &1 #0. Then s* € R.
Proof. Let 1 denote the constant

g8 :
=95 1, (3.54)

Since 85,...,05 €R, and ¢ € R by Lemma 3.3.5(iv), we have t € R. Evaluating
(3.54) using (3.26), we obtain

¢* -1

1= -7
s~qf—1

(3.55)




26

In particular, ¢ # 0 by (3.12). Solving (3.55) for s*,

o
RS Rl i

e (3.56)

where the denominator is non-zero by (3.11). Now &* € R as desired. o
3.4 Some Constants

Lemma 3.4.1 Let T = (X, R) be as in Lemma 9.2.1. Fiz an integer i with
1 < ¢ < d and vertices z,y,z € X with O(z,y) = 4, 8(z,2) = i— 1, and
Oy, z) = 1. Define z by

w=HweAu( )| w)=i-1}. (3.57)

Then .
S¢q2(q2:—2_1)

n=a G a1y {3.58)
In particular, z; is a constant independent of z,y, 2.
Proof. By Lemma 3.2.3(ii) and (2.14),
- oy ..
0 = (EBz,6,(y2) - a;m(y + 2)) (3.59)
. L B0+ 0 )
259{_1 + (0.1 - Z;‘)ei — a3 I—BI—%M—H:;_I (3.60)
Solving for z;, we obtain
016 s — 656}
2] = ay " ” et (3.61}
(67, — 67)(67 + 65)
Evaluating (3.61) using (3.28), we obtain (3.58) as desired. o
Lemma 3.4.2 Let T be as in Lemma 3.2.1. Then:
(i)
, 1 .
phy = c—(a,2 + bicigr + bi_1e; — ajay — k) 1<1<d (3.62)
2

where cgyy 1s an indelerminant;
(i)

g q(qu—l)(qm"g—l)(s'qzu1)(3"‘g5—1)(3’2(12‘“'2—1)(3‘2q2d+3—1)
Pea = (g+1)(g—1)*(s* 241 = 1)(s* g27 ~ 1) (s 22+ T) (s* 22045 1)
(3

63)
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Proof of (). Immediate from the recurrence [2, Lemma 4.1.7]. al
Proof of (ii). Evaluate (3.62) using (3.15)-(3.20}), recalling bg = 0. o

Lemma 3.4.3 Let I' = (X, R) be as in Lemma 8.2.1. Fiz an integer i wilh
1 <i<d and verlices 2,y € X with 8{(z,y) = i. For each verlez z € Agi(y, z),
define D;(z) and Ui(z) by

Di(z) = |{weA“(y,z)[6(z,w)=i—1}!, (364)
Gl = Hwe by )| 8w =i+ 1l (3.65)
Then
Di(2) = oiUi(2) — €0, (3.66)
where
o= a_.l.ﬁ:l (3.67)
iy U
gy — 267 + 95
(= el A 3.68
= ol G TG + ) (3.68)
Proof. Let z be given. By Lemma 3.2.3(ii) and (2.14),
— (Ei 0 (543
0 = (E&buy?) 6295_1_96(94"2)) (8.69)

9% 07
= D)8, + Ui(2)8i4y + (c2 = Di(z) — Ui(2))6; — cam i (3.70)
g3 + 05

65 — 267 + 03

@371
7 + 05 (3.11)

= Di(z)(e;-—l - 9:) - U;(z)(f)f - 9:.{.1) -+ CZB?

Solving for Di(z), we obtain (3.66), as desired. o

Lemma 3.4.4 (Curtin [4]) LetT' = (X, R) be as in Lemma 3.2.1, Fiz an inleger
i with1 < i< d and verlices 2,y € X with 8(z,y) =1, end lel D;, U; be us in
Lemma 8.4.3. Then: ‘

(i) if i = d. then Jor each z € Agaly, &),

05 — 26} + 6

Dylz) = —¢ally ; 3.72
d( ) 2 d(eg_] — 6;)(95 +G(-)) ( )
(i) ifay = 0 and i < d then for each z € A2i(y, ®),

05671 — 20367 + 65071, (3.73)

Diz) = =e2~Ge g (@ +05)
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In particular, if ay = O then Dy(z) is a consiant independent of x,y, z.
Proof of (i). Immediate from (3.66), since Uy is identically zero. 0

Proof of (ii). Let z be given. By Lemma 3.3.1 we have ¢; = 0, so each
w € Ayi(y, 2) has either 8(z,w) = i — 1 or 8z, w) = i + 1. In particular,

Di(z) +Ui(z) = |An(y,2)l (3.74)

- Ca. (375)

Elimirating Ui(z) in (3.66) using {3.75) and solving for D;(z), we obtain (3.73)
as desired. a

Lemma 3.4.5 Let T' = (X, R) be as in Lemma 3.2.1. Fix an inleger i with
1€i<d~-1 and vertices ¢,y € X with 8(z,y) = 4. Let D; and U; be as in
Lemma 8.4.8. Then: '

(1)
> Diz) = eilbicy — ay 4 2 — 1); (3.76)
2€A3,(y,3) - o
(i1)
> Dia)Ui(z) = cibifer — z2 — 1). (3.77)
2€82:(y,7)

Proof of (i}. The sum (3.76) counts pairs w,z € X with 8(z,w) = i — 1,
Oz, z) = 1, d(y,w) = 1, 8(y,2) = 2, and &(w, z) == 1. There are ¢; ways to
choose w with 8(z,w} = 71— 1, 8(y,w) = 1. Fix such a vertex w. We wish to
count the vertices z with 8(z,2) = i, 9(y,2) = 2, and &w,z) = 1. There are
bi_1 vertices z with 8(z,2) = i and 8{w, ) = 1. Of these, one is y, and a; — 2
have 8(y, z) = 1. This leaves b;_1 — ay + z; — 1 with 8(y, z) = 2. The number of
pairs w, z is ¢;{b;_; — a3 4 z; — 1), and (3.76) holds as desired. m]

Proof of (ii). The sum (3.77) counts triples wy, wq, z € X with 8{z, w1) = i-1,
Az, wa} = i4+1, 0y, wy) = 8y, wa) = 8(z,wy) = B(z,w2) = 1, and B(y,2) = 2.
There are ¢; ways to choose wy with 8(z,w;) =1~ 1 and 8(y,w;) = 1, and ¥;
ways to choose wy with &(z, we) = {4+ 1 and 8(y,ws) = 1. Fix such vertices
wy, wy. Of the ¢; common neighbors of wy and ws, one is just y, and zy are
adjacent to y. This leaves ¢y — 29 — 1 common neighbors z of w; and w; with
(y, z) = 2. The nmumber of triples wy, wy, z is e;bi{cz — 29 — 1), and (3.77) holds
as desired. |

Lemma 3.4.6 Leli T = (X, R) be as in Lemma 3.2.1, Fiz an infeger{ with 1 <
i<d-—1 and vertices z,y € X with (z,y) = i. Lel D; be as in Lemma 3.4.3,
and define ®; by

éfzpé;( > D:(z)2)~( > DE(Z))- (3.78)

z682,{y,7) 2€A3i(y,2)
Then:
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(i)
& > 0; (3.79)
(it)

® = —c q2(s‘ qzml)a(s: q3_1)2(8-q2d+1 —1)(8' q2d+2_])(3¢2q2d+3m1)
' ! (q_1)3(q+1)2(3¢qq_1)(5-2q2d+4_1)3(8-24241-1»6,_1)

y (qzi —1)((}2" _q‘l)(q2d_q2f)(5»2q2i+2_1)2(S~2q25+4_.1)
(s-qu—l _1)(3\»(}21‘ _1)2(3-q2i+1 _1)(3- q2‘+2—1)(s'qu+3—1)

(3.80)

where we delete the ferms s* 24t 1, s* g4 t3—1 in the case i=d— 1.

Proof of (i), Let D; denote the average value of [;, given by

- 1 "
D.-—p!.m( 3 D )). (3.81)

ZEAm(!}.f'«')

Then clearly

0< 3 (Dilz) - D)% (3.82)
ZEAQ»(&'J)
Evaluating (3.82) using (3.81), the result follows. 0

Proof of (ii). Evaluating (3.78) using (3.66) and (3.76), (3.77),

2
®; = phy ( Z o Di(2)Ui(2) —c;D{(z)) - ( Z D,-(z)) (3.83)

z€A{Yy.T) zEAn(y,7)

= phici(oibi{ca— 22— 1) — (b —ay+zi—1))— c?(bi1—eatzi— DI (3.84)

Evaluating (3.84) using (3.58), (3.62), (3.67), (3.68), and (3.15)~(3.26), we factor
and obtain (3.80). Note that for ¢ = d—1, we use {3.20) instead of (3.19) in the
expansion of ph;. o

3.5 The Parameter s* is Zero.

Lemma 3.5.1 Let T' be as in Lemma 38.2.1. Then the following are equivalent;
() pha=10;
(i) ply=0 for2<i<d and pd; # 0,

(iii) s*2¢23 =1
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Proof of (i)=>(ii). Observe that ag # 0 by (3.16) and (3.12)-(3.14). Suppose
for a contradiction that pd, # 0 for some integer 7 with 3 <i<d,andfixi>3
minimal with pd, # 0.

Fix vertices z,y,z € X with d(z,y) = d, 8(z,2) = d, and 0y, z) = i.
Observe that each of the ¢; vertices w € A;_y,1(y, z) has either 8(z, w) = d — 1
or d(z,w) = d, and that the latter case is impossible since pt‘-‘_]’d = 0. By
Lemma 3.2.3(3), (2.14), and (3.26),

G167 — 0165 07,67 — 8165

0 = (E.’f:, 6,‘_1,1{3;,2) — 0:2 _ 862 Y — .—9:2 — 652 5) (385)
* 9;9'. _91‘—198 * B;"HIB? _9;96 *
= cigd—l — 6}2 _ ‘382 Gd — Cy 9:2'— 962 gd (386)
051087 +65) ~ 03(6;_, + 67)
= o o (3.87)
2d—1 _ 1/ ¥ g2d—it+]_
= (D@ -1)ste 1) (3.88)

1+ (s )

No term in the numerator of (3.88) is zero by (3.11)-(3.13), and we have a

contradiction. Thus pd; = 0 for 2 < i < d, as desired. 0
Proof of (ii)=(1). Immediate. C
Froof of (i) (iii). Immediate from (3.63) and (3.11)-(3.14). o

Lemma 3.5.2 Let T be as in Lemma 3.2.1, and suppose s* # 0 and ay # 0.
Then:

(i)
n£0; 2<i<d (3.89)
(i)
s < 0. (3.90)
Proof of (i). Immediate from (3.11}, (3.12), and (3.58). 0
Proof of (ii). By Lemma 3.3.4(ii) and (3.15), (3.19), (3.40), (3.58),
2 -
0 ai(Ls — Ly) (3.91)
CaZpza .
1 /s +1Y
= - . 3.92
s ( ¢*+1 ) (362)
The inequality is strict by (3.12), and the result follows immediately. L

Lemma 3.5.3 Let ' be as in Lemma 3.2.1, and suppose s* # 0, a; # 0, and
pa, #C. Then
g < -1, {3.93)
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Proof. By Lemma 3.4.6(1) and (3.19), (3.63), {3.80},
da-y
C4-1P3a

L q2d+1(q2d—4_1)(—swq2d+2_,1) ((s‘q'z—l)(s‘ q3—1)(s‘2q2“~—1) 2
= D e - D e G- i) D) )

(3.95

The inequality is strict by Lemma 3.3.1 and (3.11)-(3.14). )
If g > 1, then g2d—4-1 and ¢?9—1 are positive, and s*g29t?—1, gt -1,
s*¢®—1, and s*q2d-3-1 are negative by (3.90), contradicting (3.95). Thusg # 1,
and g < —1 by (3.11) as desired. o

Lemma 3.5.4 Let T be as in Lemma 3.2.1, and suppose s* F U0, a1 £ 0, and
pdy# 0. Then .

0<

(3.94)

. 1
ls") < Pl (3.96)
Proof. By the Krein conditions (1.14}, (1.25), and {3.25),

0 < & (3.97)

(= (g )L D)
S D D)

The terms ¢4 —1, g+1, ¢ g?d=3 -1 are negative by (3.93), and the term
s g2dt141 is positive by (3.90), (3.93). We are left with

o< s ?+l, (3.99)

(3.98)

il

and the resull ig immediate. O

Lemma 3.5.5 Let T be as in Lemma 3.2.1, and suppose d >4, e £ 0, and
pd; # 0. Then
st =10. (3.100)

proof. Suppose 8 # 0 for a contradiction. BY Lemma 3.5.2(1) and (3.15),
(3.58),

1 < 2 (3.101)

s (¢’ g4 (e e )

- (s‘q‘*-—l)?(s*zq'lﬂ"-—l) . (3.102)
Observe 1s°] < I~ la + 1 < 1gb 7 g? 1] < 1, [st 2211 < lg® + 11, and
|s*g—1] > 1 by (3.90), (3.93), and (3.96). Applying these inequalities to (3.102),

4
g*t—1
I S
1< q4(s'2q25+4—~1)'

(3.103)
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Subtracting 1 and simplifying,
§2g2448_

The terms s72¢24¥8._ 1, 52924491 are negative by (3.96), for a contradiction.
Thus s* = 0 as desired, 0

D < (3.104)

3.6 Proof of Theorem 3.1.4

Definition 8.6.1 LetI' = (X, R) denote a distance-regular graph with diameter
d, vertex set X, and edge set R, Fix an integer { with 0 < i < d. By the distance-
i graph of I' we mean the graph A = (X,5) with zy € S if and only if Oz, y) =i
inT.

Proof of Theorem 3.1.4. Let T denote a distance-regular graph with diameter
d > 4 and valency k > 3, and suppose I' is almost dual imprimitive. Further
suppose I' is neither the graph (i) nor the graph (ii}, so that we may apply
Lemma 3.2.1.

Suppose a; = 0. By Lemma 3.3.1, we have a; = O for 1 < § < d—1 and
ag # 0. By Lemma 3.4.4, T is 2-homogeneous in the sense of Nomura. In par-
ticular, Nomura’s classification of bipartite and almost bipartite 2-homogeneous
distance-regular graphs applies [13]. The only possibility with valency k& > 3
and ag # 0 is the graph (ii), which we have excluded. Thus a; # 0.

Suppose pg; = 0, and let A denote the distance-d graph of I'. Then by
Lemma 3.5.1 and [2, Propesition 4.2.10], A is a distance-regular graph with
diameter d and a; = 0, T is the distance-2 graph of A and T and A have
the same Q-polynomial structures. Observe that A is not the graph (i) since
the graph (i) has a; # 0. Observe that A is not the graph (ii) since then T,
the distance-2 graph of A, is the graph (i) [1, p. 306). Applying the previous
paragraph to the graph A, we have a contradiction. Thus pd, # 0.

Now s* = 0 by Lemma 3.5.5. Setting s* = 0 in (3.15)-(3.20}, we obtain

i d 3.105
s = 1<i<L -
ay ?‘+ 1 1 St e ( )
p2d _ 2 '
b;’ = rTzwa, OS?Sd—i (3106)
20 __
o = -1 1<i<d (3.107)
rd—1
where r = -g, Observe that r = a; + 1, so that r is an integer with r > 2.

In particular, I' has classical parameters (d,7%,0,7) with 72 # 1, and T is not
a Hamming graph. Furthermore, the constant z, is zero by (3.58), so that any
edge of I' is contained in a unique maximal clique and the maximal cliques of
I' are singular lines. Now T is a dual polar graph [2, Theorem 9.4.4], and r is
a prime power. The graph (ii) is the unique dual polar graph with intersection
numbers as in (3.105)-(3.107).

The Q-polynomial structures on (i)-(iii) are well known; see Chapter 9. D
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Chapter 4

A Note on the Krein Parameters

4.1 Introduction

Let Y denote a d-class association scheme, with d 2 3. 1t is well-known that if

¥ has a P-polynomial structure with intersection numbers p?j, then
40 = ph#0 1<igd=l (4.3)
We show that if Y has a Q-poiynomia& structure with Krein parameters qf‘j, then
J#0 = af#0 1Sigd-l (4.2)

The result (4.1) follows from easy combinatorial arguments [2, Theorem 5.5.1].
However, these arguments do not apply to the Krein parameters of a Q-
polynomial structure. Instead, we prove {4.2) using an algebraic approach.
Theorem 4.1.1 is our main result:

Theorem 4.1.1 LetY denote o d-class associaiion scheme, with d > 3. Suppose

Eo,...,Eais e Q-polynomial structure for Y, with Kretn paramelers qf‘J Then

d, 40 = gp#0 1gigd=l (4.3)

4.2 Proof of Theorem 4.1.1
We quote Lemma 4.2.1 without proof:

Lemma 4.,2.1 {Cameron, Goelhals, Seidel [3]) LetY denote a d-class essoci-
alion scheme, with vertes set X, primitive idempotenls Es, ..., Ed, ond Krein
parameters qfy. Then

=0 & YauzeX 3 (BnYus( Beduy(Eibuz = 0 (4.4)
ueX :

for 0 < hyij S d.

Lemma 4.2.2 Let Y dencte a d-class association scheme, with verter set X.

Suppoese Eo,. . Eaisa Q-pofyrwmiaf sirncture for Y, with Krein paramelers
q,’-‘j. Then for each integer i with 1 <1< d— 1 and all vertices a,a b b €X:

(i)
Z(El)ea(Ei+1)eﬂ'(E1)eb(Ei—l)ab
eeX (4'5)

= q—i?f’ Z(El)ea(Ef+l)ﬂﬂ'(E")eb;
eeX
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(it}
(B ealB)ew (Bivs)eb (B )oa
egX (4.6)
= Z (E] )ea(El)e'af(E,'..1)eb(E;+1)erf(E,-)ee, ;
e,e'EX

(iii) if ¢i, =0, then

Z(El )ea(El)ea'(Ei)eb(Et'H)eb'
eEX (4.7}

= Z (E] )ea (El)e"a’(Ei)eb(Ei+])e’b-’(Ea'+J)ee’ .
eeleX

Proof of (i). By (1.12),

Z(El)ea(El'-f-l)ca’(El)eb(E:'-—i)eb (4.8)
1
= Z(El)ea(Ei+l)ea’(El o B 1)et (4.9)
e6 X
d
= Z(El)ea(Em)ea*lji{—lZq?,,-_j(Eh)ea.. (4.10)
e€ X h=0

The terms with & > 7 are zero by (1.24). The terms with & < i are zero by

(1.24) and (4.4). We are left with (4.5), as desired. O
Proof of (ii). By (1.8),
DD calEear (Be 1ol Eip 1o (4.11)
et X
- Z (El)ea(El)e'a‘(Ei—l)eb(Et'-{-l)c’beee' (412)
ee’gX )
p .
= D (BealBaeror(Bic )il Eega)ase S X(En)ewr. (4.13)
e,ele X h=0

The terms with h > i are zero by (1.24) and (4.4) (with respect to the sum over
€). The terms with h < ¢ are zero by (1.24) and (4.4) (with respect to the sum

over e'). We are left with (4.6), as desired. 8]
Proof of (iii). As in the proof of (i),
D (B ealBxear(Eer(Brpr o (4.14)
eEX
d

= Z (El)Bﬂ(El)e‘af(Ei)eb(Es‘+1)e'bfZ(Eh)“r. (4.18)

e e’eX h=0
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The terms with i > i + 1 ate zero by (1.24) and (4.4) (with respect to the sum
over ¢). The terms with h < i are zero by (1.24) and (4.4) (with respect to the
sum over e'). The term with h = i is zero by the hypothesis gt; = 0 and (4.4)
(with respect to the sum over e). We are left with (4.7), as desired. O

Proof of Theorem 4,1,1. Let X denote the vertex set of Y. Observe

h
(Ei o Ej)En = ‘%‘;_‘Eh (4.16)

by (1.12), (1.9).
Suppose gi; = 0 for some integer i,2<i<d—1 Thenby (4.4) and (4.16),
for all z,y,2 € X webave ‘

0= B S BBy (Bhus (1)
p“ weX
= Z(Ei)uz((Ex o Eig1)Ei)uy(Et)us (4.18)
uEX
= Z (Ef)u:(El)uu(Ei-}-l)uu(Ei)uy(El)uz- (4.19)
uUEXN

Rearranging terms and applying (4.7),

= Z(Ei)uy Z(El)uv(El)uz(Ei)ur(Et‘-i-l)uu (4.20)
vEX uex

= ST (B D (B (B s (B Yus(Big1)uv (Big1Jaw: (4.21)
VEX u,weX

Since (4.21) holds with respect to arbitrary z,3# € X, we have

0= Z (E:’—l)::y(Ei)rz(El)yz
T2 EX (4.22)

E: (Ei)vy(El)uu(El)wl(Ei)u:c(Ei-i-l)wu(Ei+1)uw .
uuweX

Rearranging using (1.11) and applying (4.6,

I

(El)yz(Ei)uy(El)wZ(Ef-}-l)wv

vrsweX (4.93)
Z (El)xz(El)uu(Ei—-l)zy(Ei+1)uw(Ei)su
rueX .
= Z (El)yz(Ei)uy(El)wz(Ei-!—l)wu
yir e X (4.24)

2(El)xz(El)zu(Ef_nzy(Em)xw.

zeX
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Rearranging using (1.11) and applying (4.6), (4.5),
= Z (El)wz(E])zz(Ef+1)zw

z.2,weX (425)
Z (El)yz(El)uz(Ei-l)yr(E:'—f-})uw(Ei)yu
yueX
= Z (ES)W(EI)M(EHl)xw Z(EJ)yz(El)yz(E1'~l)yt(Es'+i)yw (4-26)
z,2,WEX yeEX
= %(_i—l Z (El)wz(El)zz(Ei-i-l):w Z(El)yz(EHl)yw(Ei)ya:- (427)
rz2weX yex

Rearranging using (1.11) and applying (4.7,

=R S (B ¥ (B (Br)us (Bilay (Figt)uy (B )ow  (4.28)

EX‘ y.2eX s WwEX
ai i
= ll;(ll Z (El)yz Z(El)rz(Ei)m(Ef)zy(EiH)ry' (4-29)
v E€X g X

Rearranging and applying (4.16),

i
= ;;fil Y. (BioEr)ee(Ei 0 Big1)ay(Er)ys _ (4.30)
Ty, 2E€X
9’. i
= in” Y (10 B )aa((E 0 Eiy1)En)as (4.31)
r,2e€X
9§,.~-193.f+1
= _“I-‘"X'iT—- Z (E] (o] El).’cz(El)IZ' (4.32}
z2eX

Now by {1.11) and (4.16),

i 1
91,1904

=R L (B e BB, (4.33)

reEX

ﬂ.fﬂﬁ’f,fﬂﬁi 4

= Bastllnth $° (., (439

zEX
. GI{,;~1‘I§,:‘+1‘I§1 E

Since £ is a primitive idempotent, we have tr(E) = rk(E,) # 0. By (1.25), all
terms of (4.35) other than g}, are non-zero, and ¢}, = 0. This contradicts our
hypothesis, so ¢i; # 0 for 2 < i < d ~ 1 as desired. ]

e
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Chapter 5
The Thin and Dual Thin Conditions

5.1 Introduction

In this chapter we show that under an additional hypothesis, the converse to
Theorem 4.1.1 holds. We first introduce the subconstituent algebra and the thin
and dual thin conditions of Terwilliger. Our main results are Theorem 5.1.1 and
Theorem 5.1.2. This-chapter ‘presents joint work with P, Terwilliger.

Let Y denote a d-class association scheme with vertex set X, associate ma-
trices Ag, ..., Ay, primitive idempotents Eg,..., B4 and Bose-Mesner algebra
M. Fix a vertex « € X. By the dual associate mairices for Y with respect to ©
we mean the diagonal matrices A} = A}(z) € Matx (R) defined for 0 < i < d by

(A:)yy = !XI(Ei)sy' yEX (51)

By the dual Bose-Mesner algebra for ¥ with respect to z we mean the sub-
algebra M* = M*(z) of Matx(R) generated by the dual associate matrices
Ay, ..., Ay From (1.12) we obtain

d
AAT = ghAL. 024dS d (5.2)
h=0

In particular, the dual associate matrices form a basis for M*. If Ey,.. . Eyis
a Q-polynomial structure for Y, then A} generates M™ {20, Lemma 3.11].

By the dual idempotents for Y with respect to z we mean the diagonal
matrices Ef = E}(z) € Matx (R} defined for 0 < i < d by

(E;}yy = (At')zy' ¥ E X (53)

Note that the dual idempotents form a second basis for M*. From (1.3), (1.4)
we obtain
B4+ Er=1, (5.4)

E}E) =68;E, 0<ij<d (5.5)

The subconstiluent algebra for Y with respect to is the subalgebra T = T(z}
of Matx (R) generated by M and M~ Recall the standard module V = R¥. By
a T-module we mean a subspace of V which is closed under multiplication from
T. A T-module is said to be irreducible if it properly contains no T-modules
other than 0. Recail that T is semi-simple, so that ¥V may be decomposed as a
direct sum of irreducible T-modules [20, Lemma 3.4].

An irreducible T-module W is said to be thin if

dmE;W <1, 0<i<d (5.6)
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and dual thin if
dim E,W < 1. 0<i1<d (6.7}

We say Y is i-thin with respect to z if every irreducible T-module W with
ETW # 0is thin, and i-thin if for every z € X, Y is i-thin with respect to =z.
We say Y is dual i-thin with respect to  if every irreducible T-module W with
EW £ 0 is dual thin, and dual i-thin if for every z.€ X, Y is dual 4-thin with
respect to x.

Our main results are the following:

Theorem 5.1.1 LelY denole a d-class association scheme, with d > 3. Suppose
Ag, . Ay is a P-polynomial structure for'Y, with intersection numbers p?j, and
suppose Y is 1-thin with respecl lo af least one verlez, Then

ph=0 = pi=0 1<i<d-1 (5.8)

We prove Theorem 5.1.1 in Section 5.2.

Theorem 5.1.2 LetY denoie a d-class associaiion scheme, with d > 3. Suppose
By, . By ts 0 Q-polyromial structure for Y, with Krein peramelers q;f‘j, and
suppose Y is dual I-thin with respect 1o at least one verler. Then

=0 = ¢,=0 l1<i<d—1 (5.9)

We prove Theorem 5.1.2 in Section 5.3.

5.2 Proof of Theorem 5.1.1
Define a symmetric bilinear form on Maty (R) by
(B,C)=t(B'C). B,C e Matx(R) (5.10)

Observe that {B,C} is just the sum of the entries of B o . In particular, the
form is positive definite.

Lemma 5.2.1 (Terwilliger [20]) Let Y = (X,{Ri}o<i<a) denote o d-class as-
sociglion scheme, with associale matrices Ap, ..., Ay and inlersection numbers
pf‘J Fiz o vertezx » € X, and write Ef = Ef{2) for 0 <1< d. Then:

(i) for 0 < hW.4,1,4,4' < d,

(E:Ah E;, E;fAhlE}l) = 6hhf(5ﬁf6jjfkhp?j; (5.11)

(ii) for 0 < hyi,j < d,

EyAE; =0 & ph=0. (5.12)
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Proof of (i). Observe

(E;AhE;)yz = (E:)yy(Ah)yz(E;)zz (5'13)
= (Ai):y(Ah)yz(Aj):z: ’ (5'14)

so that (Ef Ay ET)y. # 0 if and only if zy € Ri, ¥z € Ry, and zz € R;. Bince
the relations Ro, . .., fla are disjoint, the matrices Ef Ay, BY and E:,Ah,EJ'-‘, have
no non-zero entries in common unless h = k' i =1i,j=j. Ib this case there
are precisely khpf’j non-zero entries, each equal to 1. The result follows. 0

Proof of (ii). Immediate from (i). o

Let Y denote a d-class association scheme, with vertex set X. Suppose
Ag,.. . Agis a P-polynomial structure for Y, with intersection numbers pi‘J
Fix a vertex z € X, and write T = T(z), M* = M*(=), and E} = Ej(z) for
0<i<d

There are three matrices in T which are of particular interest to us {their
duals will be used in Section 5.3). These are the lowering matrix L = L{z), the
flat matrix F = F(z), and the raising matrix R = R(z), defined by

d

L o= Y Bl AEL (5.15)
i=1
d

F = Y EAE, _ (5.16)
§=0
d-1

R = D EBinAEl (5.17)
i=0

1t is easily shown using (1.17), (6.4), and (5.12) that
A =L+F+R (5.18)

Recall that A, generates the Bose-Mesner algebra M, s0 that A, and B3, ..., Fa
generate T'. In particular, L, F, &, and Ej,..., Ej generate T by (5.18).

Lemma 5.2.2 Let Y denote a d-class associalion scheme, with vertez set X.
Suppose Ag, . .- JAgise P-polynomial structure for Y, with intersection numbers
ply. Fiz a verler & € X, and write L = L(z) and E} = Ef(z) for0< i s d. If
Y'is 1-thin with respect 10 Z, then:

(i) for W any irreducible T-module with ETW £0,
LEIW=0 = BW=90 9<i<d (5.19)

(ii) for w € TETV,
LE}w=0 = Elw=0; 2<i<d {5.20)
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(iit) for B € TE},
LE{B=0 = E!B=0. 2<i<d (5.21)

Proof of (i}, Let W be given. Fix an integer { with 2 < i < d, and suppose
LE;W = 0. Let W’ denote the subspace of W defined by

W= EBfW 4+ ESW. (5.22)

Observe by (5.15)~(5.17) and (1.9) that W' is closed under multiplication by L,
F R and E;,..., E}. Since T is generated by these matrices, W’ is a T-module.
Since EfW' =0 and E;W £ 0, W’ is a proper submodule of W. Since W is
irreducible, we now have W' = 0, and EYW C W' is zero as desired. G

Proof of (ii). Since V may be decomposed into a direct sum of irreducible
T-modules, it suffices to show that the result holds for w € TEtW where W
is an irreducible T-module. Fix an integer 1 with 2 <7 < d and an irreducible
T-module W, and suppose w € TE{W has LE}w = 0.

Suppose Efw # 0. Observe E}W # 0, since 0 # Efw € E!TEIW. Since
Y is I-thin with respect to =, W is thin and dimEfW < I, In particular,
Elw € EfW spans E}W, and LE!W = 0. By (i) we have EfW = 0, and
Efw =0 for a contradiction. Thus Efw =10 as desired. o

Proof of (iii}. Immediate from (i1). 0

Lemma 5.2.3 Let Y denote a d-class association scheme, with verter set X.
Suppose Ay, .. Ay ts a P-polynomial structure for Y, with infersection numbers
ph. Fiz o verter ¢ € X, and write I, = L(z) and Ef = E}z) for 0 < i < d.
Then. ‘

(i) for1<i<d-1,

LE; A EY = b, B!\ A B, (5.23)
(ii) for 1<i<d, ifai_y =0 then
LE} A, B} = a, B} AE}.  (5.24)

Proof of (i). Let ¢ be given. Observe by (5.5}, (1.17), (5.12), (5.4), and (1.7)
that

LEIA; By = Ei \AE!A; E} {5.25)
= E}_ A (i Eg) A1 By (5.26)
h=0
= Bl AA LB} (5.27)
= B, (Zd: P?,;‘+1Ab) E} (5.28)
h=0

= GEY  AEY, (5.29)
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as desired. 0

Proof of (ii). Let i be given, with a;_, = 0. Observe as in (i) that

LE;AE] = T AR AET {56.30)
= E!@ A (zd: E;) AE} {(5.31)
h=0
= E; (AAE] o (5.32)
d
= E, (hE%p?;Ah) B; (5.33)
= at-E,-mlA:E;‘, (5.34) '
as desired. ‘ =]

Proof of Theorem 5.1.1. Suppose Y is 1-thin with respect to z, and write
L = L(z) and Ef = E}(z) for 0 < i < d. Suppose a1 = 0, and suppose for a
contradiction that a; = 0 for some i with 2 <1 < d— 1, Fix ¢ > 2 minimal with
- a; #0. Then by Lemma 5.2.3,
0= L (0B A 7 - b E} AETY, (5.35)
and by Lemma 5.2.2(iii),
0= ﬂfE;A"_l_]E; - b;E:AiEI . (5.36)

The summands in (5.36) are nonzero by (5.12) and orthogonal by (5.11), for a
contradiction. Thus a; = 0 for2<i<d -1, as desired. a

5.3 Proof of Theorem 5.1.2

Lemma 5.3.1 (Cameron, Goethals, Seidel [3)) Let Y denote a d-class assoct-
ation scheme, with verter sel X, primilive idempotents Eg, ..., By, and Krein
paramelers qu Fur o verlez ¢ € X, and write A} = Aj(z) for0 < i <d. Then:

(i) for 0 < h Wi, #,3,5 < d,
(ElAFl Ej, E;;A?‘;Ej:) = 6hh16ﬁ;6jj1k;q{'qj i (537)
(i) for 0 < h,i,i < d,

By AIE; =0 @ =0 (5.38)

Proof of (i). Recall tr(BC) = tr(C'B), and observe by (1.11), (1.9), (5.1),
(1.12), and (1.16) that
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{EtA;]EJ,E‘fA;rE]r) = tI'(EJA;;E'El:AszJJ) (539)
= tT(EJJEJA;EiE..tAL) (5.40)
= 6££r6jj7,tr(EjA?,E,-A'f) (541)
= 6:'1"63'3" Z (Ej)yz(A;z)u(Ei)zy( ;n’)yy (542)
y.zEX

= 6;’1"6_1’3"!X|2 Z (Ej)yz(Eh):cz(El')zy(Eh*)zy (543)

vi2eX
= §ubiul X Z((Ea’ 0 E;)EL)yo(Ent)ay (5.44)

yex

= 6:’:"6jj‘|-X|q£;' Z(Eh)yz(Eh’}xy (545)

yEX
Spne B3 b 501 X gl (B e (5.47)
= 6hhf5ﬁ"5jjrk£qg‘, (5.48)
as desired. O
Proof of (ii). Immediate from (i). =

Let Y denote a d-class association scheme, with vertex set X. Suppose
Eo, ..., By is a Q-polynomial structure for Y, with Krein parameters q;'; Fix a
vertexx € X, and write T' = T'(¢), M* = M*(z), and A} = A}{(z)for 0 <i < d.

The dual lowering matrix L* = L*(z), the dual flat matrix F* = F*(z), and
the dual raising matrix R* = R*(z) are defined by

d

L* = Y E_ AE, (5.49)
i=1 :
4 Y

Fro= N EALE, (5.50)
i=0
d—1

R = 3 E L AYE,. {6.51)
i=0

It is easily shown using (1.22), (1.8), ard (5.38) that

A= L'+ F*' 4 R", (5.52)
Recall that A} generates M™, so that A} and E,..., E; generate T. In partic-
ular, L, F, R, and E3, ..., E} generate T by (5.52).

Lemma 5.3.2 Let Y denole e d-class association scheme, wilh verier sel X.
Suppose Ky, ... | E,; is a P-polynomial struclure for ¥V, with Krein paramelers
qfy. Fiz o verlez ¢ € X, and write L* = L*(X) and A} = A}(z) for 0 < i< d.
IfY is dual 1-thin with respect 1o z, then;
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(1) for W any irreducible T-module with BEyW #0,
PEW=0 = BwW=0; 2<ic<d (5.63)
(ii) for w € TEV,
LEw=0 = Bw=0; 2<i<d (5.54)
(iii) for B € TEy,

UEB=0 = EB=0 25i<d (5.55)

Proof. Similar to the proof of Lemma 5.2.2. o

Lemma 5.3.3 Let Y denote @ d-class associgiion scheme, with verier set X.
~ Suppose Ep .. Eg1s @ P-polynomial siructure for Y, with Krein paramelers
qly. Fizr a verlez 2 € X, and write L* = L*(X) and A} = Al(z) for0 <i<d
Then:

(i} for1<i<d,
L"EA B = b; B 1 AT By (5.56)

(i) for 1 <1< d, if aj_, = 0 then

L*EAE, = ;B AT By (5.57)

Proof. Similar to the proof of Lemma 5.2.3. o

Proof of Theorem 5.1.2. Similar to the proof of Theorem 5.1.1. 0
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Chapter 6

2Q Implies Locally Strohgly Regular

6.1 Introduction.

Let T denote a distance-regular graph. I T admitsa Q-polynomial structure and
the eigenvalues of T are not all integers, then T admits a second Q-polynomial
structure {1, p. 360}. Since the existence of a single Q-polynomial structure
gives us regularity conditions on T [20), [21], [22], we expect that the interaction
of two Q-polynosmnial structures will give us extra regularity conditions. In this
chapter and in chapter 7 we find two such conditions.

Let T = (X, R) denote a distance-regular graph with diameter d > 2. By a
kite of length i and width j we mean a 4-tuple z,y, 2, w € X such that:

(i) the vertices z,y, 2, W € X are distinct;
(i) 8(x,y) =1, #{x,z) =1 and By, 2) =1,
(i) 8z, w) =1, By, w) =11, and 8(z,w)=1—1.

We say that the 3-tuple @,y, z is the base of the kite z,y, 2z, w. By (i), we have
1<j<2and2<i<d

If z,y,2z € X have Az, y) = O(x,z) = 1, then for 2 < i < d define the kile
numbers fi{z, v, z) by

fi(z oy, 2) = Ell-—]{w € X |z, y, z,wis a kite of length i}|—1. - (6.1}

16—

Observe that there are p,l-,l-_l(f,-(a:, y,2) + 1) kites of length i and base z, ¥, 2.
In Theorem 6.2.3 we show that in a distance-regular graph with diameter
d > 3 which admits more than one Q-polynomial structure, the kite number
fi(z,y,z) depends only on i and &y, z). In Corollary 6.2.4 we use Theorem 6.2.3
to ghow that such a graph has all vertex neighborhood graphs strongly regular.

6.2 Results
Let T = (X, R} denote a distance-regular graph, and suppose I' admits a Q-
polynomial structure with primary eigenvalue g and dual eigenvalues 3, .. . 3.
Then
99: = Cgﬂ,f_l + G,‘@f + bi8?+11 0< i< d (6.2)

where 07, and 0., are indeterminants [2, p. 128].
A number of nseful identities follow from (6.2). i weset i =01in (6.2) then,
recalling co = 0, a0 = 0, and b = k,

86y = k6}. (6.3)
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Hweseti=1in (6.2) then, recalling ¢; = 1 and a; + b; + c; =k,
007 = 05 + (k — b; — 1)07 + b165. (6.4)

Since the dual eigenvalues are distinct [20, Lemma 3.11(iii)}, we may combine

(6.3) and (6.4) to obtain

01 - 6

05 — 61

This fact will be useful in the proof of Theorem 6.2.3 and of Theorem 7.2.3.
We quote the following Lemma without, proof:

92b1

-1 (6.5)

Lemma 6.2.1 (Terwilliger [15]) Lei T = (X, R} denote e distance-regular graph
with diameter d > 3. Suppose T' admits a Q-polynomial structure, with dual
ecigenvalues 63,...,03. Fic z,y,2 € X with HMw,y) = 8(z,z) = 1, and let
J=08{y,z). Then the kite numbers fi{z,y, 2) satisfy the relation

fl‘(ﬂi, Y, Z) = Q’.‘(H)fz(x, Y, z) + 'y,‘j(ﬁ), 2<i<d (6.6)
where (6 ; )(9 , ) , )
* __ A% % + * ¢— o
o (9) = M1 27170 1 i-1 i) 6.7
@) G = 0)(61_, — 67 (8.7)
-8
7:1(9) = ——_9:_1 — 93 ; (6.8)
Yi2(6) = bi(0; —07,1) U ba(B3—O3) (05401 67 —0r)  (63—03)(82 _'9:""1).
l b6 —07) bu(05—95)(8;_, —6}) (85——0;)(6;;1—9;() )
6.9

Note 6.2,2 In Terwilliger’s notation, f; is e; — 1 and Yi1(0) is Bi(6) + ci (8) — 1.
We have extended the result to the kites of width 2, calculating ¥;2(0) in a
manner completely analogous to Terwilliger’s caleulation of B:(9).

Theorem 6.2.3 Let T = (X, R} denote u distance-regular graph with diam-
eler d > 3. Suppose T' admits distinci Q-polynomial siructures with primary
eigenvalues 0 and 1, and suppose ay # 0. Fix vertices 2,y,z ¢ X with
HNe,y) = 8(z,2) = 1, and let j = d(y, z). Then referring to (6.7)-(6.9):

()

@3(0)f2(2, ¥, 2) + 75 (8) = as(¥) fo (2,9, 2) + 73;(¥); (6.10)

(1)
as(f) # as(¥); (6.11)

(iii)
folz,y,2) = M. (6.12)
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In particular, the kite numbers fi(z,y, z) depend only on i and 8(y,z). We will
write fij for filz, v, 2}, where § = 8(y, 2).

Proof of (i). Theorem 6.2.1 holds both with respect both Q-polynomial
structures on I'. Equating the expressions for fa(z,y, z) with respect to the
two structures, we obtain (6.10) as desired. A

Proof of (ii}. By a1 # 0, we may choose z, ¥,z 5o that j = 1. Then by (i),

as(0)fa(z, v, 2) + 121 (0) = as(¥)fa(e, 4, 2) + 121{¥). (6.13)

Suppose aa(f) = as(3). Then by (6.13), we have va1{8) = a1 (). We will show
that § is determined by ea(8) and ~a3 (8); since ¥ is determined in the same way
by as(®) and yar(¥), we will have 8 = 1 for a contradiction.

By expanding the definitions (6.7), (6.8) of as(f) and va:(8) we have

(85 — 63)(61 — 03)

aa(f) — yar{f) = m» (6.14)
(65— 86 — 63)
Pya{8) — s} + 1= (92 _93)(3; _92). (6.15)

Since the dual eigenvalues 85,...,0; are distinct, the expression on the left in
(6.15) is not zero. This allows us to write

03(9) — '731{9) = ] — 03

. 6.16
Trl0) —aa@) +1 03— 03 (6-16)
Combining (6.16) with the identity (6.5), we obtain
wa(0) — 7319
=10 -1 6.17
2y (8) — aa(®) + 1 (6.17)

Now # is determined by aa(f) and ya1(f) as desired, and as(f) # as(¥). u|

Proof of (iii). Solving (6.10) for fo(, y, 2), we obtain (6.12) as desired. The
denominator is non-zero by (i), D

Recall from Definition 2.3.2 that a graph I' is said to be sirongly regular with
parameters (v b, A py il T has v vertices and is regular of degree k, adjacent
vertices of T have A common neighbors, and non-adjacent vertices of T have 1
common neighbors.

Corollary 6.2.4 LetT'= {X,R) denole a distance-regular graph with diameter
d > 3, and suppose T admits more than one Q-polynomial structure. Fiz a verlez
z € X, and let I, = (Y,5) denote ihe induced graph on the vertices adjacent
10z inT. Then Ty 1s strongly regular, with no edges if ay s ze70, and with
paramelers

(k. a1. o —hifa+1) -1 eo— by(far + 1) —1) (6.18)
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if a1 is not zero.

Proof. If the intersection number e; of T' is zero, then the graph T'; has no
edges and is trivially strongly regular. So we suppose a1 # 0, and Theorem 6.2.3
applies.

Observe that I'y has k vertices and is regular of degree a;, as desired. Fix
distinct vertices y,z € Y, and let j = 0(y,z). Then y and z have 7}, common
neighbors w in X. Of these, one is z. Those w with O(z,w) = 2 form kites
of length 2, width j, and base z,y, z; there are P3,(f2; + 1) such vertices. This
leaves pl, — P31 f2i + 1) — 1 common neighbors of y and z which are in Y.

If y and z are adjacent in I'y, then j = 1 and y and z have ar—b{far+1)-1
common neighbors in Y, as desired. If y and z are not adjacent in [y, then j = 2
and y and z have ¢y ~ by(fa2 + 1) — 1 common neighbors in ¥, again as desired.
: [m]
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Chapter 7
2Q Implies Thin

7.1 Infroduction.

In this chapter we show that a distance-regnlar graph which admits more than
one Q-polynemial structure is {hin. Our main result is Theorem 7.1.1.

Let T = (X, R) denote a distance-regular graph, and recall the subconstituent
algebra 7' = T(2) {rom page 37. Wesay ihat T is thin if for every vertex z € X,
every T'(x)-module is thin, and that T is dual thin if for every vertex z € X,
every T(z)-module is dual thin., Observe that thin implies i-thin for 0 < i<d,
and dual thin implies dual i-thin for 0 < 1 < d.

Theorem 7.1.1 Let I' = (X, R) denote a distance-reguler graph with diameler
d > 3, and suppose I' admiis more than ane Q-polynomial structure. Then T is
thin and dual thin.

7.2 Proof of Theorem 7.1.1

We break the proof of Theorem 7.1.1 into cases according to the value of the
intersection number ap. Lemma 7.2.2 shows that T is thin in the case ag = 0,
and Lemtna 7.2.4 shows that T is thin in the case @2 £ 0. Lemma 7.2.1 is used
Lo prove both results. Any distance-regular graph which is thin is also dual thin
(22, Theorem 5.1(3i1)).

Recall the matrices L(z), F(z), R(z) from page 39. Note that R is being
used both for the edge set of I and for the matrix R(z); the intended meaning
will be clear from context. Recall the matrix commutator [B,C}= BC - CB.

Lemma T7.2.1 (Terwilliger) Let I' = (X, R) denote ¢ distance-regular graph
with diameter d > 3, and suppose I' has a Q-polynomial siructure with primary
eigenvalue 0 and. dual eigenvalues by, ... 0% Fiz a verlez ¢ € X, and write
L=Lz), F=F() B= R(z), and Ef = Eiz) for 0 i< d. Then:

(i} (22, Lemma 5.5()]
(P LR)E; = (ui(0) ~ DIF RIVEE,  1€isd] (7.1)
where ) p
pi(0) = A 1gigd-] (7.2)
3? - 9;‘-+1
(i) (22, Theorem 5.1{v)] T is thin if and only if

(F,RL)E; =0. 25i<d-] (7.3)
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Lemma 7.2.2 Let T = (X, R) denote a distance-regular graph with digmeter
d > 3. Suppose T has e Q-polynomial siructure with primary eigenvalue 8, and
suppose the intersection number as is zero. Then:

(i) there exist real numbers (8), 9; (0), and g} (6) such thet
g (O)ai~a + ai_1 + g7 (F)a; = (8), 2<i<d (7.4)
GO0, 2<i<d- (75)
(i) a;=0for1<i<d—1;
(iti) T is thin.
Proof of (). Fix a vertex z € X, and write L = L(z), F = F(z), R = R(z),

and E7 = E7(z) for 0 < i < d. Then by (22, Lemma 5.5(iii), Lemma 5.6] there
exist real numbers v(6), g7 (6), and gi () satisfying (7.5) so that

(97 (O)FL> + LFL + g} (0)L*F —4(0)L2) Ef =0. 2<i<d (7.6)

Let §; denote the vector

= > & 0<i<d (7.7)
yeX
a(zy)=i
and observe by (5.15) and (5.16) that
Lby = b6, 1 S i<d (7.8)
F(Sf:a,'é{. OSISd (79)

Applying {7.6) to the vector é; and using (7.8) and (7.9), we obtain
biabioi {g7 (B)aioz + ai—y + g (O)a; — 7(8)) 6i_2 =0, 2<i<d (7.10)
and (7.4} follows immediately, £

Proof of (ii). If a; # 0 then aa,..., @41 # 0 [2, Proposition 5.5.1(1}]. Since
az = 0, we have a; = 0; trivially ap = 0. Setting i = 2 in (7.4), we find that
v{(f)} = 0, and (7.4) becomes

g7 (ajg +a;_y +gi+(t9)a,- =90. 2<i<d (7.11)

Recalling from (7.5) that g7 (8) is not zerofor 2 <i < d— 1, a simple induction
shows that a;,...,a4-; are zero, as desired. i
Proof of (iii). Observe by (ii) and (5.16) that FE! = 0for 1 <i < d — 1.
Also, observe by (5.15) and (5.17) that the matrices RL and E! commute. Now
[F\RLIE} = FRLE} - RLFE} (7.12)

FE!RL — RLFE} (7.13)
0 (7.14)

fl
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for1 < i< d— 1. Applying Lemma 7.2.1(ii) we see that T' is thin, as desired. D

Lemma 7.2.3 Let T = (X, R) denote a distance-regular graph with diameter
d > 3. Supposel has a Q-polynomial structure with primary eigenvalue 8, and
suppose the intersection number az is not zere.

Fiz an infegeri with2<i<d—1, and vertices z,y,z € X with Az, y) = 2,
Aly,z)=1—1, and e, z) =i+ 1. Lelo and o denote the numbers

o = HUEXW(&U)&Z 6(y,u}=1,6(z,u)=i—1]|, (7'15)
o = l{véX]B{m,v)-:l,B(y,u):?, 8(z,v) = i+ 1} (7.16)
e 't ofu(8) =)
— T A O\HIY T
w=0an 0 (1- TR ) (7.17)

where pi(f) is as in (7.2). In particular, the eigenvalue § may be calculaied from
1i(8), the integers o and o', and the intersection numbers by and ag.

Proof. Let § have corresponding primitive idempotent £ and dual eigenval-
ues 83, ...,03. Recall from Definition 2.2.3 the vector b = bij(x,y). By (23,
Theorem 3.3], [17, Theorem 1.1} we have

61 — 0 '
0= {Ef,ém—é]gwag—:——“—z"(ﬂm:ﬁ)). (7.18)
o — 03

There are exactly ag vertices u € X with &z, ) = 2 and 8(y,u) = 1. Of
these, o have 8(z,u) =i~ 1, leaving az — ¢ with d(z,u) = i. Applying (2.14),

|X[{EZ,b21) = obii_, + {az — o). (7.19)

Similarly, of the ay vertices v € X with 8(z,v) = 1 and d(y,v) = 2, exactly o'
have 8(z,v) =i+ 1, leaving a; — o with d(z,v) =1; we have

[X|(E2,612) = 0071 + (ag — o')05 . (7.20)

Evaluating (7.18) using (7.19), (7.20), and (2.14), we obtain

B* —_ » . .
0= (0'9;-’_1 -+‘ ((12 — O')g:) — (0’9;"+1 + (ag —_ UJ)H:) —_ azﬁ (9-_1 —_ 9{+1)
(7.21)
6 — 85 . . .
=o(fi_y — g;) + o' (6] — ‘9:7+1) - 92@1—"—92:(9;'—1 - 5.'-1-1)- (7-22)
. g~ ¥
Rearranging (7.22) and applying (7.2}, we have
85 — 65 az(07_1 — 041)

o' 4 o(uilf) 1) 1)

azjt(0)
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Now by (6.5} and (7.24),

bh = (F+bh+1) (1— g; :zz> (7.25)
o'+ o(ui(6) - 1))
= (@+bh+1) (1= , 7.26
@bt )( az i (f) (7.26)
as desired. ’ 0

Lemma 7.2.4 LetT = (X, R) denole a distance-regular graph with diameter d >
3. Suppose T' admits distinci Q-polynomial structures with primery eigenvalues
8 and 1, and suppose the inlersection number ay is not zero. Then T is thin.

Proof. Suppose for a contradiction that T is not thin. Fix a vertex =€ X, and
write L = L(z}, F = F(z), R = R{z), and Ef = E}(z) for 0 < { < d. Then by
Lemma 7.2.1(ii) there exists an integer ¢ with 2 < i < d— 1 so that [F, RLE}
Is not zero, Fix such an integer 7.

Since [F, RL]E} is not zero, we can solve (7.1) for #1;(6}, obtaining a constant
which does not depend on 6. In particular, u;(8) = pi(1). Now (7.17) applies
to both ¢ and 1, forcing # = 4. This is a contradiction, and I is thin as desired.

]



53

Chapter 8

Twice Q-polynomial Distance-Regular Graphs

8.1 Introduction

In this chapter we classify the distance-reguiar graphs with diameter d > 6 and
valency k > 3 which admit more than one Q-polynomial structure. We use this
classification-and an argument of Bannai and Ito to show that the eigenvalues of
a Q-polyromial distance-regular graph with diameter d > 5 and valency k > 3
are all integers. The bounds on d and k in this result are tight: the Hadamard
graphs and Taylor graphs may have eigenvalues which are not integers, and have
diameter d = 4 and diameter d = 3, respectively; the distance-regular graphs
with valency k = 2 are precisely the ordinary n-gons, which have non-integer
eigenvalues for n = 5 andn > T

Our main results are Theorem 8.1.2 and Corollary 8.1.3. In the proof of
Theorem 8.1.2 we apply the results of Chapters 2, 3, 4, 5, and 7.

Bannai and Ito study distance-regular graphs with diameter d > 34 and va-
lency & > 3 which admit more than one Q-polynomial structure [1, Section 3.7].
They find relations between the two Q-polynomial structures, and use these re-
Jations to show that the eigenvalues of a Q-polynomial distance-regular graph
with diameter d > 34 and valency k > 3 are all integers. Brouwer, Cohen, and
Neumaier conjecture that our result Corollary 8.1.3 holds (2, p. 2471.

Example 8.1.1 The following examples of distance-regular graphs have pre-
cisely two Q-polynomial structures. In each case, Ep, ..., Eq denotes the natural
ordering of the primitive idempotents of the graph. See Lemmas 2.1.1, 3.1.1,
and 3.1.2 for the definitions of dual bipartite, almost dual bipartite, and almost
dual antipodal Q-polynomial structures, respectively.

(i} The cube H{d,2), d even:

Eo,..., Ed dual bipartite;
Eo,Ed_i,Ez,...,Eg,_g,Ei,Ed dual bipartite.

(i) The half-cube H(2d +1,2):

Ep, .. Ea almost dual bipartite;
Eo, E3,E4, ..., 5 Es, Ey almost dual antipodal.

(iii) The antipodal quotient of the cube H(2d + 1,2):

Ey,..., By almost dual antipodal;
Eo. Ed, By, Ea-1, B2, Ba-2,. - almost dual bipartite.
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(iv) The dual polar graph on [2424..1(r)), r > 2 a prime power:
Eo,..., By almost dual antipodal;
Ly, Eg, B\, Eq_1,E0,Eg_», ... almost dual bipartite.

For more information on these graphs, see Chapter 9.

Theorem 8.1.2 Let I' denole a distance-regular graph with diameter d > b and
valency k> 3. ThenT has more than one Q-polynomial siructure if and only if
P 1s one of:

(1) the cube H(d,2), d even;
(u) the hqu cube 1H(2d+ 1,23,

(m) ihe antipodal quotient of the cube H(2d+ 1,2);
(iv) the dual polar graph on [*Aza_1(r)], r > 2 a prime power.,
In particular, T has af mosi two Q-polynomial structures.

We prove Theorem 8.1.2 in Section 8.2. We mention the following corollary to
Theorem 8.1.2, which is of independent interest:

Corollary 8.1.3 Let I' denote a distance-regular graph with diemeter d > 5
and valency k > 3, and suppose I' admils a Q-polynomial structure. Then the
eigenvalues of T' are all infegers.

Proof. Suppose I' has an eigenvalue which is not an integer. Then T has a
second Q-polynomial structure [1, p. 360}, and must be one of Theorem 8.1.2(1)~
(iv). The eigenvalues of these graphs are all integers, for a contradiction. O

8.2 Proof of Theorem 8.1.2

Lemma 8.2,1 Let T' = (X, R) denote a distance-regular graph with diameter
d > 4. Suppose Ky, ., Ed and L‘g, By oare Q- polynomzal struetures for T,
with Krein parameiers qu and § ‘1131 respectwely Ifqt; # 0 and G, # 0, then:

(i) Ey = Ey;
(ii) Eq=Ey;
(iii) d = 4.

Proof of (i). Let i, denote the integers with E; = E; and B, = E Recall

Ey = Iy and E; # E, so that 1,7 > 2. Suppose j £ dfora contradlctlon Then
by Theorem 4.1.1,

0 # (8.1)

= 93'1; (82)
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and i = 2 by (1.24). In particular i # d; switching 4,7 in the above argument,
we obtain j = 2.

Let | denote the integer with Ej = fog. Since i = j = 2, we have E» = Ej
and E; = Fg. Thus [ > 3, and by (1.24),

0 = ah (8.3)

= fan (8.4)

contradicting (1.25). Thus j = d, as desired. 0
Proof of (ii). Similar to (i}. 0

Proof of (iii). Let k denote the integer with Ea = /2. Observe k # 0 by
Eo = Ey and'k # d by (i). By Theorem 4.1.1 and (ii},

0 # g (8.5)
= qn (8.6)
By (1.24) we have d < 4, and d = 4 as desired. D

Proof of Theorem 8,1.2. By Lemma 8.2.1 and our hypothesis d > 5, some Q-
polynomial structure for T has ¢}, = 0. Fix such a structure. By Theorem 7.1.1
and Theorem 5.1.2 this structure has ¢gi; = 0 for 1 < i<d-1 In particular,
this structure is either dual bipartite or almost dual bipartite. In the first case,
I' must be one of the graphs listed in Theorem 2.1.2. The only such graph with
d>5 k>3 anda second Q-polynomial structure is (i). In the second case, T

is one of the grapbs (i), (1ii), (iv) by Theorem 3.14. 0
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Chapter 9

Examples

9.1 Introduction

In this chapter we define the graphs which are mentioned elsewhere in the the-
sis. For each graph, we give the intersection array {bg,...,ba-1;¢1, . .14}, the
eigenvalues 8o, ..., fa, and the Q-polynomial structures. We quote from (1], (2],
and {22].

In each case, the graph is known to be distance-reguiar with diameter d. We
denote the natural ordering of the primitive idempotents by Ep,..., Ed.

9,2 Johnson Graphs
The Johnson Graph J{d,n) = (X, R)is defined for integers n > 2d > 0, and has

¥ = all subsets of {1,...,n} of order d,
R = {myGXxXHmﬂyj:dwl},

b o= (d—in-d—1) 0<i<d
¢ = i 0<i<d
g, = (d—ifn—d—i)—1i 0<i<d

The natural ordering of the primitive idempotents is the unigue Q-polynomial
structure on J{(d,n):

Eoy .. B dual bipartite if n = 2d,

9.3 Hamming Graphs and Cubes

The Hamming Graph H(d,n) = (X, R) is defined for integers d>0,n>1,and
has

X = all d-tuples from the set {1,...,n},

R = {ayeXxX|z¥ differ in exactly 1 coordinate },
b = (d-)n-1), © o pg<igd-1
c;y = ‘i, 1Si5d
o, = n(d—i)—d. 0<i<d

Note that H{d, 2} is just the vertex graph of the d-cube. The natural ordering
of the primitive idempotents is a Q-polynomial structure on H(d,n):

Eo, ..., B dual bipartite if n = 2.
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The cube H(d,2) has a second Q-polynomial structure if d is even:

. Eo, Egey, By, . Ey s, E), E; dual bipartite,

9.4 Half Cubes

The cube H(d,2) is bipartite, with a unique bipartite half. The half-cube
1H(2d,2) has

bi = (d—i)(2d -2 1), 0<i<d-1
¢ = i(2i-1), - 1<i<d
b = 2Ad—i)*-d. 0<i<d

The natural ordering of the primitive idempotents is the unique Q-polynomial
structure on L H(2d,2):

P N OF dual bipartite.
The half-cube 1 H(2d +1,2) has

b = (d—d)(2d—2+1), 0<i<d—1
e = i(2~1), 1<i<d
b = 2d—4)?+d- 2. 0<i<d

There are two Q-polynomial structures on $H(2d + 1, 2):

Eo,..., B4 almost dual bipartite;
Fo, Eo, By, ..., By, F3, By almost dual antipodal.

9.5 Antipodal Quotients of Cubes

The cube H(d,2) is antipodal. For n = 2d and n = 2d + 1, The antipodal
quotient of the cube H({n, 2} has diameter d and

by = n-—1, ' 0<i<d-1
6 = 1, 1<i<d
i = n-—4i 0<i<d

The natural ordering of the primitive idempotents is the unique Q-polynomial
structure on H(2d,2):

Eo, ..., Eq.
There are two Q-polynomial structures on H{2d + 1, 2):

Eg,..., Eq4 almost dual antipodal;
Eo. Eq, B\, Eg 1, Ey, Eq_q, ... almost dual bipartite.
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8.6 Dual Polar Graphs

The Hermilian Dual Polar Graph [2Az4-1(r)) is defined for r > 2 a prime power.
Yet U denote a 2d-dimensiona) vector space over GF(r?), together with a nonde-
generate hermitian form. A subspace of I on which the form vanishes completely
is said to be isotropic. The graph {2A24-1(r)] has '

X = all maximal isotropic subspaces of U,
R = {:cyéXxX\dim(mﬂy):dwl},
p2d _ p2i _
by = 1 1 0<i<d
7.2:‘ -1 )
& = 3 0<i<d
L A ,
8,’ = 1’-«—:"2—__—1—— - -;5'—_‘:—1' 0 S i S d

There are two Q-polynomial structures on [ZAza-1{r)}):

Eo,..., B4 almost dual antipodal;
Eg, Ea, By, Ea-1, B2, Eq-a,. .. almost dual bipartite.

9.7 Hadamard Graphs

The Hadamard Graphs of order 4y are the distance-regnlar graphs with diameter
d = 4 and intersection array

{47, 47— 1, 27, 1 }, 2, 4y — 1, 47},
where 4 > 1 is an integer. These graphs have eigenvalues
4y, 2./, O, —2/7 —47,
and two Q-polynomial structures: )

Eo, By, E», B3, B4 dual bipartite;
Eo, 3, Ea, Et) Ea dua) bipartite.

Infinitely many examples are known to exist, including examples whenever 4y—1
is a prime power [12].

9.8 Taylor Graphs

The Tayler Graphs are ihe distance-regular graphs with diameter d = 3 and
intersection array

{k, k—ar—1 1 1, k—a— 1, k),
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where a; > 1 and k > a; + 2 are integers. These graphs have eigenvalues
kl n, ’_'1) —m,

where n and —m are the roots of 82+ (k—2a; —1)8—k = 0, and two Q-polynomial
structures:

Eo, B\, Ep, E3 dual bipartite;
Ey, By, F, E3 dual bipartite.

Infinitely many examples are known to exist, including graphs with k = 2¢; + 1
whenever 2a; + 1 is a prime power. {Observe that these haven=m = \/}T)
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