The vectors { E;2}9_, form a basis for the primary T-module, so E.y,& # 0. Also K7 # 0.
Therefore

Ee+ilp:(A*)71bY # 0.
On the other hand,

Bt V(A Yy = By  WI(A%) ¢y

d
= Loy WL (A") (Z Ej) Py

J=0

d
= Eep1 W5 (A") Egtpy + Z oyt WE(A™) Bty

F=t+1
The polynomial ¥*(z} has degree e, so by the triple product relations,
EUHAYE; =0 i li—j|>e (0 <i,7 <d).

Consequently

B WA 5y = 0.
Also for t+1 < 5 < d,

Eo 1 V,(ANE; =0
because

j—e—1>2t+1l—-e—-1=ft—e=¢e+ 1.

By these comments

Ee+1‘I’:(A*)"/)Y =0.

This is a contradiction, so ¢ s 2e + 1. We have shown that ¢ = 2e is even. J

Lecture 29

Until further notice, we assume that our association scheme X is the Hamming scheme
H(d,q). Let Y denote a nonempty subset of X. Recall the inner distribution {a;}£, and
the dual distribution {a}}_,. Recall that

d
@ = Z%Qj(i) (0<j<d). (83)
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We bring in some generating functions. Let z,y denote Commuting indeterminates. Define

d
Wiz,y) = Zaim(?"iyi, W*(z,y) Za* T
i=0
We are going to show that

W*(z,y) = W(z+{g— Dy, —y).

As we will see, this identity depends only on (83). So let us state the result a bit abstractly.
Consider any vectors {o;}¢ , and {a o Stuch that

af = Zain(i) (0<j<d). (84)
i=0
Define
d . . d - s
Wiz, y) = Zo:,;md_’yt, W*(z,y) = > ofa®iy (85)
i=0 i=0

Proposition 20.3. Referring to {84), (85) we have
WHz,y) = W(z+{(g— Dy, z—v).

Proof. Recall the Krawtchouk polynomials {/(;(z)}¢_,. Recall that Q;(j) = K;(4) for 0 <
t,7 < d. Recall that for 0 <7 <d,

d
S Ki(j)7t = (1— 2P (14 (a—1)2)"
=0
Observe that

W*(z,y) Za*fz,”’ Toyd

d

= Z 43y ZQJ(
§=0 i=0
d d

=3 0y ) K{@)aty
=0 =0

:deaiZKj(z‘)zj z=ylx
= z¢ Za’i(l — 21+ (g~ l)z)d—3

i=0

= Z ai(w —y){z+{g— 1)9’)#

=W(zx+ (¢ - Dy,x—1y).
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21  Some constraints on the inner distribution and dual
distribution

In this section, we discuss a symmetric association scheme X = (X, {R;}£ ).

Let Y denote a nonempty subset of X. Recall the inner distribution vector {a;}%, of ¥ and
the dual distribution vector {af}¢ , of V.

Theorem 21.1. Assume that the ordering {E;}¢., is Q-polynomial. Then in the vector
{ai}l,, the number of consecutive zero entries is at most 2s, where s is the degree of Y. In
particular, the strength t of Y is afl most 2s.

Proof. We assume that there exists an integer £ (0 < ¢ < d — 2s) such that aj = 0 for
£ < j < €4 2s. We will get a contradiction. For Y we have the inner distribution vector
{a;}¢_,. Define the set

S={i|l <i<d a#0}.
Note that s = |\S|. Abbreviate 8; = Q(z) for 0 < ¢ < d. Define a polynomial
fy=1[E-a).
ieS
The polynomial f(z) has degree s. Note that
183) = [ [ 65 - 67) # 0.
ieS

Fix a vertex z € Y and consider the subconstituent algebra T' = T'(z). Recall the dual
adjacency matrix A* = A¥{z). Recall the characteristic vector ¥y. We have

Py _Iv,by_ZE gby_:wZE Wy

J= 3=1

Therefore

=L

F(A Wy = F(07)8 -+ Z By

For 1 < j < d we have f(8;)Efvy = 0, because Efthy = 0 (if a; = 0) and f(6}) = 0 (if
a; # 0). By these comments,

FA )y = f(65)2.

‘We consider the vector
Ee s f(A" )y

107




from two points of view. On one hand,

Berof (A" )y = [{65) Bessl.

The vectors { F;&}9_ form a basis for the primary T-module, so Fg & # 0. Also f(f5) # 0.
Therefore

Beysf (A" )by # 0.

On the other hand, for £ < j < £+ 2s we have Kppy = 0 because aj = 0. Therefore,

Eeps (A Wy = Eepo f(A") Iy

= Feys f{AY) (Z Ej) hy

3=0
—1

Caal

d
Eeysf (A%)Epby -+ Z Eers f(A") Epthy.

F=E+25+1

J

i
o

The polynomial f(z) hés degree g, so by the triple product relations,
Eif(ANE; =0 if H—j|>s (0 <4,5 <d).

For 0 <j <& —1 we have

Fgys f(A) ;=0
because

Et+s—j2E+s—(E—1)=s+1

For £ +2s+ 1 < j <d we have

Eeis f{ANE; =0
because

j—&—s>2€6+2s+1—-E—s=3+1

By these comments

Lessf (A" by = 0.
This is a contradiction, and the result follows. O

Theorem 21.2. Assume that the ordering {R;}{_q is P-polynomial. Then in the vector
{a;}L,, the number of consecutive zero entries is at most 2s*, where s is the dual degree of
Y. In particular, the minimum distance of Y is af most 28* + 1.
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Proof. We assume that there exists an integer £ {0 < ¢ < d — 2s*) such that a; = 0 for
£ <t <€+ 28 We will get a contradiction. For Y we have the dual distribution vector
{a;}—o. Define the set

S*={j1 <j <d, aj #0}.
Note that s* = |S*]. Abbreviate 6; = P;(%) for 0 <14 < d. Define a polynomial
) =[]0y
jes*
The polynomial f*(z) has degree s*. Note that
f*(80) = 1] (60— 05) # 0.
jes

Recall the adjacency matrix A = A;. Recall the characteristic vector ¢y and the vector
1=73",cx ¥ Note that

v
v,

EOQ)DY - |X|_1J’¢Y - I)L‘ :

‘We have
. v
Py = Dy = ;ijy =15 1+EE 22
Therefore

[ Ay = &l' oyl + Z [0 By

For 1 < j < d we have f*(8;)E;y = 0, because Eppy = 0 (if af = 0) and f*(8;) = 0 (if
o} # 0). By these comments,

g = V]
F(AYby = Jp O

Fix a vertex z € Y and consider the subconstituent algebra 7' = T'(z). We consider the
vector

§+s*f*( )d)Y

from two points of view. On one hand,

};* *
gHJ%)wyx%ﬁfw@@Hd-
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The vectors { B 1}¢_, form a basis for the primary T-module, so B¢, o1 0. Also f*(6o) # 0.
Therefore

Eg+s*f*(A)¢Y 7é 0.

On the other hand, for £ < ¢ < § + 28* we have 9y = 0 because a; == 0. Therefore,

Eg-{—s* f*(A)¢)’ = E"L;f+.ez*f=E= (A)Id)Y

d
= Beyo [7(A) (Z By ) Py
i=0

£=1 d
=SB PN > B JAE
i=0

i=E4+28%+1
The polynomial f*(2) has degree s*, so by the triple product relations,
Eiff(A)E; =0 if [i—j]>s" (0 <4,7<d).

For 0 <4 < & 1 we have

By (A} = 0
because

E+s -1+ —(E—=1)=8"+1.

For £ + 2s* + 1 <4 < d we have

By (A)B] =0
because

i—E—§"2>E8+28"+ 1~ €8 =54 L

By these comments

By (A = 0.

This is a contradiction, and the result follows. O
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