Lecture 12

Proposition 9.14. The following are equivalent:
(i) the association scheme X is imprimitive;
(ii) there exists a subset {0} C Q C {0,1,...,d} such that Rq is an eguivalence relation.

Proof. (i) = (ii) There exists a relation R; (1 < 1 < d) such that the graph (X, R;) is not
connected. Consider the corresponding set {2 from Lemma 9.10. By Lemma 9.8 the relation
Rg is an equivalence relation. By construction {0} € 2 ¢ {0,1,...,d}. '

(it) = (i) There exists ¢ € Q with ¢ # 0. Each equivalence class of Ry, is a disjoint union of
connected components for (X, R;). The relation Ry has more than one equivalence class, so
(X, R;) is not connected. Therefore X is imprimitive. O

FEarlier we used the intersection numbers to define the distribution diagrams of X. Next we
use the Krein parameters to define the representation diagrams of X.

Definition 9.15. For 1 < 4 < d we define a directed graph Ag, with vertex set {0,1,...,d};
vertices j, k satisfy j — k whenever q.f:j > 0. Note that a vertex 7 of Ag, has a loop 7 — j
whenever qf,j > 0. We call Ap, the E;-representation diagram for X.

Lemma 9.16. We refer Lo the representation diagram Ap, from Definition 9.15. For 0 <
a,b < d the following are equivalent:

(i) there exists a path from a to b;
(i) there exists a path from b to a.

Proof. (i) = (ii) Fix z € X, and consider the dual Bose-Mesner algebra M* = M*(z). Since
A% is nonzero and diagonalizable, there exists ¢ € N such that tr{(A7)™') # 0. Recall that
{A3}9_q is a basis for M*. Also recall that Af = I. Tor 1 < j < d we have
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Write (A7)! = 300 oA and (A7 = Y0 BiAL So AT S5 g0 AT = Y5, BiAs. We
have B, # 0 since the trace of {A7)*™ is nonzero. Observe that
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Bo = Zani,j = Z a0 My = Q.
§=0 =0
By these comments o # 0. Without loss, we may assume that a — b in Ag,. So qf‘a # 0.

Observe that g7, # 0, so EpAl L # 0. Therefore

d
B A} B, = a;ByASE, = 0;Fy AL E, + orthogonal terms # 0.
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40




Ohbserve that
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where the sum is over all paths b,b;,b5,...,0-1,a in Ap,. Such a path exists because
Ey(AD)E, # 0. We have shown that there exists a path in Apg, from b to a.
(i) = (i) By symmetry. O

To motivate the next result, we make some observations. Pick an integer ¢ (1 < 4 < d).
Recall that

F;(0) = Ky, Q:(0) = my,
|23 < ki, Qi) < my (0<j<d).

The intersection matrix 13; has all entries real and nonnegative. It is diagonalizable, and
its characteristic polynomial has roots {F;(7)}4_g. The dual intersection matrix B} has all
entries real and nonnegative. If is diagonalizable, and its characteristic polynomial has roots
{Q:(7) ;?:0. Recall the distribution diagram A,, and the representation diagram Apg,. The
following result is a special case of the Frobenius theory for nonnegative matrices.

Proposition 9.17. With the above notation,

(i) the number of connected components of Ay, s equal to

{710 < j < d, B(j) = ki}; (35)
(i1) the number of connected components of Ap, is equal to

{510 <4 < d, Qi(F) = mi}l.

Proof. (i) Let W denote the k;-eigenspace for Bf. The dimension of W is equal to (35). Let
m denote the number of connected components for Ay, We will show that dimW = m.
For 0 < 1,5 < d define v ~ s whenever 7, s are in the same connected component of Ay,.
Let v = (v, vy,...,0g)¢ € CHT. We show that the following are equivalent:

(a) v e W,
() v, =vsifr~s (0 <78 <d).

(a) = (b) Let C' € {0,1,...,d} denote a connected component of A4,. We show that v, = v,
for r,s € C. First assume that v, = 0 for r € C. Then certainly v, = v for 7,5 € C. Next
assume that {v,},ec are not all 0. Multiplying v by a nonzero scalar if necessary, we may
assume that |v,| < 1 for r € C, and also v, = 1 for some r € C. Define C) = {r € Clv, = 1},
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We show that C; = C. Suppose C; € C. Since C is connected, there exists r € ) and
s € C\C, such that s — . We examine the r-coordinate in Bjv = kyv; this gives

d d
k=2 (Bngvj = ) (Bi)jsvs = zpwvﬂ (36)
j=0 3=0

For 0 < j < d we have pj; = 0if j ¢ C and |y;| < 1if j € C; therefore pf;lu;] < p};.
Consequently

Zpe Vi

Combining (36), (37) we obtain v; = 1 for all j € C' such that j — r. This fails for j = s,
so we have a contradiction. Therefore Cy = C, so v, = 1 for r € C. In particular v, = v, for
r,s € C.

(b) => (a) This holds because B} has constant row sum ;.

We have shown that (a), (b) are equivalent. Consequently dimW = m, and the result
follows.

(i) Similar to the proof of (i) above. B

< sz,jh))l < Zpt,g ki, (37)

3=0

Proposition 9.18. The following are equivalent:
(1) there emists ¢ € {1,2,...,d} such that Ay, is disconnected;
(it) there exists j € {1,2,...,d} such that Ap, is disconnected.

Proof. For 1 <14,7 < d we have

ki g

Therefore, P;(5}) = k; if and only if ¢};(¢} = m;. The result follows from this and Proposition
9.17. O

Proposition 9.19. The following are equivalent:
(i) the association scheme X is primitive;
(ii) the distribution diagram Ay, is connected for 1 <4 < d;
(iil) the representation diagram Ag, is connected for 1 <j <d.
Proof. By Definition 9.4, Corollary 9.13, and Proposition 9.18. O
Problem 9.20. For a finite group G, show that the following are equivalent:
(i) the conjugacy—class association scheme for G is primitive;

(i) G is simple.
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