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Theorem 34.14 [51, Section 10] Assume K is algebraically closed. Let g denote a nonzero
scalar in K that is not a root of unity. Let V' denote a vector space over K with finite positive
dimension. Let A, A* denote a tridiagonal pair on V that has g-geometric type. Then there
exists an irreducible B, -module structure on' V such that A acts as a scalar multiple of £y and
A* acts as o scalar maltiple of xog. Conversely, let V' denote o finite dimensional irreducible
X,-module. Then the generators xoi, w23 act on V' as a tridiagonal pair of g-geometric type.

We end this section with a conjecture.

Conjecture 34.15 Assume K is algebraicolly closed. Let V' denote a vector space over
K with finite positive dimension and let A, A* denote a tridiagonal pair on V. To avoid
degenerate situations we assume ¢ is not a root of unily, where f = q* + ¢ 2, and where
is from Theorem 34.8. Then referring to Definition 84.12, there exists an irreducible B, -
module structure on 'V such that A acts as o linear combination of o1, 12,1 and A* acts as
a linear combination of za3, Tap, I.

35 Appendix: List of parameter arrays

In this section we display all the parameter arrays over K. We will use the following notata-
tion.

Definition 35.1 Let p = {8;, 05,1 = 0..d; ¢y, ¢y, = 1..d) denote a parameter array over K.
For 0 < ¢ < d we let u; denote the following polynomial in K{A].

3 OO =0 O b )0 0O~ 00) O =)
i n—0 P1pP2 " Pa

(134)

We call ug, us, . .., ug the polynomials that correspond to p.

We now display all the parameter arrays over K. For each displayed array (6,687,171 =
0..d; 05, 5,4 = 1.d) we present u;(0;) for 0 < 4,7 < d, where up,uy, ..., ug are the cor-
responding polynomials. Our presentation is organized as follows. In each of Example
35.2-35.14 below we give a family of parameter arrays over K. In Theorem 35.15 we show
every parameter array over K is contained in at least one of these families.

In each of Example 35.2-35.14 below the following implicit assumptions apply: d denotes a
nonnegative integer, the scalars (6;,05,% = 0..d; @;, ¢;,J = 1..d) are contained in K, and the
scalars ¢, h, h* . .. are contained in the algebraic closure of K.

Example 35.2 (g-Racah) Assume

0; = 6+ h(l—¢)1—sg ), (135}
gr = @4+ h(1—-g)(1-s'¢ g™ (136)
for0<i<d and
o = BPGTH(L = @)1 - ¢~ )1 - red), (137)
$; = RRTHEA - — g (e - s*q")(ry — 8°¢') /8" (138)

53



Ny

Lglp'&

for 1 <i < d. Assume h,h*,q,s,8%, 11,72 are nonzero and riry = ss*qttt. Assume none of
¢ g, rogt, s5¢ 11, 8¢ v is equal to 1 for 1 < i < d and that neither of sqt, s*qt is equal
to 1 for 2 <4< 2d. Then (6;,0f,7=0.d;p;,¢; 7 = 1.d} is a parameter array over K. The
corresponding polynomials u; satisfy

q, Q)

e
gt s'g't, ¢, st
g, 72¢, ¢ ¢

u;(05) = 4053(

for 0 < 4,7 < d. These u; are the q-Racah polynomials.
Example 35.3 (qg-Hahn) Assume

0; = bo-+h{(l—g)g"

0r = 05+ h(1—g)(1 - s* ¢t g™
for0<i<d and

p; = hh*qlmz-i(l _ qi)(l - qi—dml)(l _ ’I‘qi),
951' — _hh*qlwi(l . qt')(l . qifdwl)(,r . S*Qi)

for 1 <i<d. Assume h,h*, ¢, s*,7 are nonzero. Assume none of ¢t,vq*, s%q' [ is equal to 1
forl <i<d and that s*¢* # 1 for 2 < i < 2d. Then the sequence (6;,0F,1 =0.d;05,¢5,7 =
1..d) is a parameter array over K. The corresponding polynomials u; satisfy

4, "I>

g~ s*gttt, g7
rg, ¢¢

w(fy) = m(

for 0 <i,5 <d. Theseu; are the g-Hahn polynomials.
Example 35.4 (Dual g-Hahn) Assume

0; = 8p+h(1—a)(1—s¢g ™,
0 = G+ i —q)g
for0<i<dand
o = bl F(1 - g1 -1 ),
¢i — hh*qd-{-2~25(1 _ qz)(l _ qiﬁdél)(s . ?,qt'——ciml)

forl <i<d. Assume h,h*,q,r,s are nonzero. Assume none of ¢t, rqt, sq* /v 1s equal to 1 for
1 <i<d andthat sgt # 1 for 2 < i < 2d. Then the sequence (0,0} ,% = 0..d; @;,¢5, = 1..d)
is o parameter array over K. The corresponding polynomials u; satisfy

g, Q‘)

for 0 < 4,5 <d. Thesew; are the dual g-Hahn polynomials.

gt g9, sgi™
rq, ¢4

u;(0;) = 3@52(
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Example 35.5 (Quantum g-Krawtchouk) Assume

0; = 6 —sq(l—q),
0 = & +h(l-d)g
for0<i<d and

pi = —rh*g (1)1 g™,
qs?: . h*qd-I-Z—?i(l _ qﬁ)(l . qi—d—l)(s - 'rq'l'ﬁ*d—l)
fort < i< d. Assume h*,q,7,s are nonzero. Assume neither of ¢, sq'/r is equal to 1 for

1 <4 <d. Then the sequence (0;,0f,i = 0.d;¢;, ¢;,5 = 1..d) is a parameler array over K.
The corresponding polynomials u; satisfy

B
ui{0;) = 261 (q q’j

g, sr%qi"“)
for 0 < 4,7 <d. These w; are the quantum g-Krawtchouk polynomials.
Example 35.6 (qg-Krawtchouk) Assume

91’ = 90 ‘i" h(l —_ qi)q—i,
0r = 6+ h(1-g)(A—s*¢ g

for0<:<d and

o = B¢ - )1 -,
g = hh's"q(l—g)(1 -
for1 < i < d. Assume h,h* q,8* are nonzero. Assume ¢ # 1 forl <i<d and that

s*qt # 1 for 2 < i < 2d. Then the sequence (8;,07,1 = 0..d; 4, ¢5,5 = 1..d) is a parameter
array over K. The corresponding polynomials u; satisfy
4, (I)

for 0 <1,j <d. Theseu; are the g-Krawtchouk polynomials.

S*qi-l_l, qﬁj

g,
ui(ﬂj)=3¢52(1 0,

Example 35.7 (Affine g-Krawtchouk) Assume

0; = 6+h(l—qg)q,
5 = G+ g)

for0<i<d and

©; = hh*qi—z-a'(l _ qi)(l . qi_d_l)(l _ ?.qi),
@. — _hh*,rql—‘i(l - qz)(l . qi—d—l)
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for 1 <4 < d. Assume h,h* q,r are nonzero. Assume neither of gt rqt is equal to 1 for
1 <4 < d. Then the sequence {0;,0%,4 = 0..d,p4,¢;,7 = 1..d) is a parameter array over K.
The corresponding polynomials u; satisfy

4, CI)

for 0 < 4,5 <d. These u; are the affine g-Krawtchouk polynomials.

i

ui(0;) = 3¢bs (q;

)
q, ¢¢

Example 35.8 (Dual g-Krawtchouk) Assume

0; = bo-+h(l—g¢)1—sd™g,
6’: = 93 + h*(l e qé)q“i
for0<i<dand
i = hh*¢TE(1 - g1 - ¢,
b = Rhh*sg®2%(1— )1 — ¢+

for 1 <i<d. Assume h,h*,q,s are nonzero. Assume ¢ # 1 for 1 <i<d and sqt # 1 for
2 < i < 2d. Then the sequence (0;,0F,1 = 0..d;p;, ¢;, 7 = 1..d) is a parameter array over K.
The corresponding polynomials u; satisfy

4, Q)

g st
NOEFACEN
for0<i,7 <d. These u; are the dual g-Krawtchouk polynomials.

0, ¢

Example 35.9 (Racah) Assume

6; = O+ hi(i+1+s), (139)
gF = G+ h*ii+ 148 (140)
for 0 <i<d and
W, = hh*'i(i —d— 1)(’& + ?‘]_)('i: + Tz), (14}.)
$d = hh'(i—d—DE+s —r)i+ s —ro) (142)

for1 <i<d. Assume h,h* are nonzero and that ri +7r2 = s+s*+d+ 1. Assume the
characteristic of K is 0 or a prime greater than d. Assume none of r1,72,8" — 71, s — 13 18
equal to —i for 1 < i < d and that neither of s,s* is equal to —i for 2 < i < 2d. Then the
sequence (8;,6F,1 = 0.d; @, ¢4, ] = 1..d) is a parameter array over K. The corresponding
polynomials u; satisfy

)

i it 14st —j j 1 +s
; ) R F ] 1 3
'U:(GJ) 4 3( r+1, ro+1, —d

for 0 <i4,5 <d. These u; are the Racah polynomaials,
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Example 35.10 (Hahn) Assume

91' = 90 + S’Z:,
0F = O5+h"(i+1+5%)
for0<i<dand
p; = h'sifi—d—1){i+r),
¢; = —h'sili—d—1)(i+s" —7)

for 1 < i < d. Assume h*,s are nonzero. Assume the characteristic of K s 0 or a prime
greater than d. Assume neither of v, s* — 1 is equal to —i for 1 <i < d and that s* # —1 for
2 <1< 2d. Then the sequence (6;,07,1 = 0..d; @;, ¢;,1 = 1..d) is a parameter array over K.
The corresponding polynomials u; satisfy ‘

—i, it 18, —j

for 0 <14,5 <d. These u; are the Hahn polynomials.

Example 35.11 (Dual Hahn) Assume

8 = 90+h’i(i+1+8),
g = 6+ s
for 0 <i<d and

w; = hsti(i—d—1)({i+7),

¢; = hs*ii —d—-1)(i+r—s—d—-1)
for 1 <i < d. Assume h,s* are nonzero. Assume the characteristic of K is 0 or a prime
greater than d. Assume neither of r,8 —r is equal to —i for 1 <1 < d and that s = —1 for

2 < < 2d. Then the sequence (6;,0},1 = 0..d;0;, ¢;,7 = 1..d) is a parameter array over K,
The corresponding polynomials u; satisfy
)

w(0) =5

for 0 < 4,5 <d. These u; are the dual Hahn polynomials.

ﬁi: ““j: j+1+5
r+1, —d .

Example 35.12 (Krawtchouk) Assume

91' == 90 + 8'?:,
8 = 05+ s*i
for0<i<d and
w; = ?"’l-.(’l'.-—d—"l)
¢ = (r—ssti{i—d—1)
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for1 <i<d. Assumer,s,s* are nonzero. Assume the characteristic of K is 0 or a prime
greater than d. Assume v 5 ss*. Then the seguence (6;, 07,1 = 0.d;0;,¢;,7 = 1.d) is a
parameter array over K. The corresponding polynomials u; satisfy

7‘—135*)

for 0 < 14,5 < d. These u; are the Krawtchouk polynomials.

Example 35.13 (Bannai/Ito) Assume

0, = 6g+h{s—1+{1—s+2i)(-1)%, (143)
0r = G54 A (s"— 14 (18" +20) (1)) (144)
foro<i<d and
—4hh*i(i 4+ r1), if i even, d even,
) —ARR*(i—d—1)(i+72), if 1 odd, d even;
Yi = N —dhhri(i—d—1), if 4 even, d odd; (145)
—4hh* (i + r1) (3 + 79), if i odd, d odd,
Ahh*i(i — s* — 1), if © even, d even;
) Abhr(i—d = 1){(i — 5" — 72}, if 1 odd, d even;
b = —4hh*i{i — d — 1), if i even, d odd; (146)

—4hh*(i — s* —r1)(i — 8* —7rq), if i odd, d odd

for 1 < i < d. Assume h,h* are nonzero and that r{ + 7 = —s —s* +d+ 1. Assume
the characteristic of K is either 0 or an odd prime greater than d/2. Assume neither of
ry, —8* — 11 45 equal to —i for 1 < ¢ < d, d — 1 even. Assume neither of re, —8* — 12 is
equal to —i for 1 < i < d, i odd. Assume neither of s,s* is equal to 2i for 1 < ¢ < d.
Then the sequence (8;,0%,1 = 0..d, @y, ¢5,7 = 1..d) is a parameter array over K. We call the
corresponding polynomials from Definition 85.1 the Bannai/Tto polynomials [11, p. 260].

Example 35.14 (Orphan) For this example assume K has characteristic 2. For notational

convenience we define some scalars Yo, V1,72, vs in K. We define v, = 0 for ¢ € {0,3} and
v =1 forie {1,2}. Assume

0; = B+ h{si+v), (147)
8 = 05+ h(s"i+v) (148)

for0 < i < 3. Assume @1 = hh*r, g = hh*, @3 = hh*(r+s+s*) and ¢y = hh*(r+s(1+5%)),
by = hh*, ¢3 = hh*(r+s*(1 +5)). Assume each of h, h*,s, s*, 7 is nonzero. Assume neither
of s,s* is equal to 1 and that v is equal to none of s + §*, s(1 -+ s*), s*(1+s). Then the
sequence (0;,07,4=0..3;9;,¢;,7 = 1..3) is a parameter array over K which has diameter 3.
We call the corresponding polynomials from Definition 85.1 the orphan polynomials.

Theorem 35.15 Every parameter array over K is listed in at least one of the Evamples
35.2-35.14.
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