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Overview

The concept of a spin model was introduced by V.F.R Jones in
1989.

A spin model is a symmetric matrix over C, that satisfies two
conditions called Type Il and Type IlI.

In this talk, we present a method for constructing spin models.

We start with a distance-regular graph I with diameter D > 3.
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Overview, cont.

We assume that I' is formally self-dual and g-Racah type.

We also assume that for each vertex x of ', the subconstituent
algebra T = T(x) contains a certain central element Z = Z(x).

Using Z, we construct a spin model contained in the
Bose-Mesner algebra of T

This is joint work with Kazumasa Nomura.
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Preliminaries

Let X denote a nonempty finite set.
An element of X is called a vertex.

Let Matx(C) denote the C-algebra of matrices that have rows and
columns indexed by X and all entries in C.

Let the matrix J € Matx(C) have all entries 1.
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Type |l matrices and spin models

Our first general goal is to define a spin model.
There is a family of matrices in Matx(C), said to have Type II.
A spin model is a certain kind of Type Il matrix.

So, we begin by defining a Type Il matrix.
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The Hadamard product

For matrices A, B € Matx(C) let Ao B denote the matrix in
Matx(C) that has (y,z)-entry A, ,B, , for all y,z € X.

We call o the Hadamard product or entrywise product.

For example,
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Some notation

We will use the following notation.
Let W € Matx(C) have all entries nonzero.

Define a matrix W(-) € Matx(C) that has entries

_ 1
wt) = —— b e X).
a,b Wb,a (av € )
Thus
wtow) = J.
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Some notation, cont.

Assume |X| = 2, and write

v-(;2)

Then

Note that
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The definition of a Type Il matrix

We now define a Type Il matrix.

Definition (V.F.R. Jones 1989)

A matrix W € Matx(C) is called Type Il whenever the following
conditions hold:

(i) W has all entries nonzero;
(ii) WW) € Span(/).
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Type Il matrix example

Assume that |X| =2. Let W € Matx(C) have all entries
nonzero. Write

We have

Observe that
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Type Il matrix example, cont.

Example (continued)

The matrix W is Type Il if and only if ru + st = 0. In this case,

ww) =2y,

The above example motivates the following result.
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Some facts about Type Il matrices

Assume that W € Matx(C) is type Il. Then:
1) ww) = |x|I;

(i) W exists;

(iil) W1 = x| tw),
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Type Il matrix characterization

The previous lemma yields the following characterization of the
Type Il matrices.

Corollary

For W € Matx(C) the following are equivalent:
(i) W is type Il
(i) W1 exists and

Wto W=t = |X|71J.
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Type Il matrix examples

Earlier we gave a 2 x 2 example of a Type Il matrix.

Next, we give some larger examples.
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Type Il matrix example

Assume that |X| =5, and let g denote a primitive 5th root of
unity. Define the circulant matrix W € Matx(C) by

1 q q4 q9 q16

g® 1 g g* ¢°
W=F|d¢ ¢° 1 q 4],

q4 q9 q16 1 q

g ¢ ¢ q¢° 1

where 0 # F € C.
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Type Il matrix example, cont.

Example (continued)

Using g°> = 1 we obtain

g q' qg' g
g 1 qg qg' gt
W=F|g?t q 1 q q!
gt gt ¢ 1 g

g gt gt g 1

Note that W is symmetric.
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Type Il matrix example, cont.

Example (continued)

Note that
1 qfl q q qfl
B AT A
W(_) = F q q—l 1 q—l q
g g qg' 1 gt
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Type Il matrix example, cont.

Example (continued)

Using

-1

q—lzo

1+9+q°+q° +q* =

we obtain
ww) =51,

Therefore, W is Type II.
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Type |l matrix example, cont.

We just constructed a Type |l matrix of order 5.

The construction still works if we replace 5 any odd positive
integer N.

The resulting Type Il matrix is called the odd cyclic model of
order N.

This example is due to V.F.R Jones (1989).
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The odd cyclic model is a spin model

The odd cyclic model has some extra algebraic structure that
makes it a spin model for certain values of F.

The spin model concept is defined on the next slide.

Let |X|'/? denote the positive square root of | X|.
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Spin models

Definition ( V.F.R. Jones 1989)
A matrix W € Matx(C) is called a spin model whenever the
following (i)—(iii) hold:
(i) W is symmetric;
(ii) W is Type II;
(iii) for all a, b,c € X,

Z We,bWe,c _ |X|1/2 Wb,c
ecX We,a Wa,b Wc,a
Item (iii) is called the type Ill condition or the star-triangle
condition.
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Spin models and algebraic graph theory

Our next general goal is to explain how algebraic graph theory is
relevant to spin models.

To see the relevance, we return to the odd cyclic model with
N = b5:
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Spin models and algebraic graph theory, cont.

We can write
W= F(le + A+ q*lAz),

where Ap = | and

01001 00110
10100 00011
Ai=10 1 0 1 0f, A=|1 00 01
00101 11000
10010 01100
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Spin models and algebraic graph theory, cont.

Observations:
o We view the 5-cycle as an undirected graph I;

e A; is the adjacency matrix of [;

A, is the “distance 2" matrix of I;

A2 = Ay +2Ag and A1 Ay = A; + Ag;

Ao, A1, Ay form a basis for a commutative algebra M;
e We M.
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Spin models and algebraic graph theory, cont.

The graph I belongs to a family of graphs said to be
distance-regular.

The algebra M is called the Bose-Mesner algebra of .

As we will see, a good strategy for finding spin models is to look
inside the Bose-Mesner algebra of a distance-regular graph.

This approach is due to Francois Jaeger (1992).
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Distance-regular graphs

Our next general goal is to review the definition and basic features
of a distance-regular graph.

Let I = (X,R) denote a finite, undirected, connected graph,
without loops or multiple edges, with vertex set X and adjacency
relation R.

Let O denote the path-length distance function for I', and define
D = max{d(y, )|y, z € X}.

We call D the diameter of I.
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Distance-regular graphs, cont.

For y € X and 0 </ < D define the set

Fi(y) ={z € X[0(y, 2) = i}.
The graph T is called distance-regular whenever for all integers

h,i,j (0 < h,i,j<D)andall y,ze€ X with 9(y, z) = h, the
number

Pl = ITi(y) NTi(2)]

is independent of y and z.

The p;’J are called the intersection numbers of I'.
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The distance matrices of

For the rest of this talk, we assume that I is distance-regular with
diameter D > 3.

Next, we recall the distance matrices of I.

For 0 < i < D define A; € Matx(C) that has (y, z)-entry

o)L if oy, z) =i z
(Aidy.z = {O, if d(y,z) #i v,z € X).

We call A; the ith distance matrix of [. We abbreviate A = A;
and call this the adjacency matrix of I'.
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The Bose-Mesner algebra M

The distance matrices {A;}2 , satisfy
(i) Ao =1,
(ii)) J= Z 0 A
) Al = A (O <i< D)
(v) A& = A; (0 < i < D)
(v) AiAj = Eh oP,dAh (0<i,j<D).

(iii

Consequently the matrices {A,-},-D:O form a basis for a commutative
subalgebra M of Matx(C), called the Bose-Mesner algebra of T

The matrix A generates M.
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The primitive idempotents of I

The matrices {A,-},D:O are symmetric and mutually commute, so
they can be simultaneously diagonalized over the real numbers.

Consequently M has a second basis {E;}P  such that
(i) Eo=[X]"1J;

(ii) 1= Z,DOEH

(iii =E (0<i<D);

E-E (0 <i< D),

E,'Ej = (5,'7J'E,' (0 <i,j< D)

(iv

)
) E
)
(v)

We call {E;}2, the primitive idempotents of T".
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The first and second eigenmatrices for I

Since {A;}2, and {E;}2, are bases for M, there exist matrices
P, Q € Matp.1(C) such that for 0 < j < D,

D D
A=Y PijE,  E=IX|TY ] QA
i=0 i=0
Note that
PQ = QP = |X|I.

We call P (resp. Q) the first eigenmatrix (resp. second
eigenmatrix) of I'.
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The Krein parameters of I

Next, we recall the Krein parameters of I'.

Note that A; o AJ' = (Si’jA,' (0 <i,j< D)

Therefore M is closed under o. Consequently, there exist qf’J eC
(0 < h,i,j < D) such that

D
EioE=|X|"") qfE (0<i,j<D).
h=0

It is known that q;’j is real and nonnegative (0 < h,i,j < D).

The scalars q,f’J are called the Krein parameters of .
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The dual primitive idempotents

Until further notice, fix a vertex x € X. We call x the base
vertex.

For 0 </ < D let Ef = E(x) denote the diagonal matrix in
Matx (C) that has (y, y)-entry

1, ifo(x,y)=1;
0, ifd(x,y)#i

We call E/ the jth dual primitive idempotent of [ with respect
to x.

(y € X).

(E)yy = {
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The dual Bose-Mesner algebra

The dual primitive idempotents satisfy
(i) 1 =20 EF
(ii) (1) =E (0<i<D);
(iii) Ef = Er (0 <i< D),
(iv) EfEf =6 ;E7 (0<i,j < D).
Consequently the matrices {Ei*},-D:O form a basis for a commutative
subalgebra M* = M*(x) of Matx(C).

We call M* the dual Bose-Mesner algebra of I with respect to
X.
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The dual distance matrices

We recall the dual distance matrices of I'.

For 0 <i < D let Af = A¥(x) denote the diagonal matrix in
Matx(C) that has (y, y)-entry

(AD)yy = IXI(E)xy (y € X).

It turns out the matrices {A?}2 ) form a basis for M*.
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The dual distance matrices, cont.

We have

(i) As=1,

(i) 2 Ar = |X|E5:

(iii) ( 0t=AT(0<i<D),

(iv) Af =Ar (0<i< D)

(v) A*A* Yhoali Ay (0<i,j < D).

We call A7 the ith dual distance matrix of [ with respect to x
and the ordering {£}7.
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The dual distance matrices, cont.

The dual distance matrices and dual primitive idempotents are
related as follows.

For0<; <D,

D D
5= Qs 5 -IXITY R
i=0 i=0

Kazumasa Nomura, Paul Terwilliger Spin models and distance-regular graphs of g-Racah type



The subsconstituent algebra T

Let T = T(x) denote the subalgebra of Matx(C) generated by M
and M*.

The algebra T is finite-dimensional and noncommutative.

We call T the subconstituent algebra (or Terwilliger algebra) of
I with respect to x.
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The triple-product relations

The algebras M and M* are related as follows.

Lemma (Ter 1992)

For0 < h,i,j < D we have
(i) EhAE*—Olfandon/y/fpl’Jzo
(ii) E,ATE; =0 if and only lfq,-d 0.

The above relations are called the triple-product relations.

Kazumasa Nomura, Paul Terwilliger Spin models and distance-regular graphs of g-Racah type



Formal self-duality

The ordering {E;}2, is said to be formally self-dual whenever
P=Q.

It is known that in this case,
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Formal self-duality, cont.

Assume that the ordering {E;}2 , is formally self-dual.

Define
0i=Pi1= Qi1 (0<i<D).
Note that
D D
A=Y 6E, AT = 0iE,
i—0 i—0

where we abbreviate A* = Aj(x).
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Formal self-duality, cont.

Assume that the ordering {E,-},-DIO is formally self-dual. Then:

(i) the scalars {0;}2, are mutually distinct;
(ii) M* is generated by A*;
(iii) T is generated by A, A*.
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g-Racah type

Assume that the ordering {E;}2 , is formally self-dual.

This ordering is said to have g-Racah type whenever there exist
g, a,a,e € C such that

q#ov q27£]_7 q27é_17 304750,
0, = a(ag® P +a1gP"2) 1 ¢ (0<i<D).
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Two assumptions

From now on, we make two assumptions about I.

Assumption 1: We assume that there exists an ordering {E;}2,
of the primitive idempotents of I' that is formally self-dual and
g-Racah type. We fix nonzero a,a € C and € € C such that

0; = a(ag® P +a1qP %) 4 ¢ (0<i<D).

Kazumasa Nomura, Paul Terwilliger Spin models and distance-regular graphs of g-Racah type



Two assumptions, cont.

Recall that A is the adjacency matrix of I.

Assumption 2: We assume that for all x € X,

D

A—ce¢l 0 — 1
Z Ef - E; (1 + - )
i=0

« a q+q1

A* el b —c 1
g2 ¢ E,-<1+ e 1),
«a a qg+q

D
i=0
where A* = Aj(x) and Ef = E/(x) for 0 <i < D.

Let the matrix Z = Z(x) be the common value of (1).
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The main goal

Our goal for the rest of this talk, is to construct a spin model
We M.

We will construct W using the matrix Z.
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Some notation

As we discuss the matrix Z, the following abbreviations will be
convenient.

Define
Vi = ag? P+ a7 1gP? (0<i<D).

By construction,
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The matrices A, B

Define
A A— esl7
o
By construction,
D
A= ¥iE,
i=0
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Assumption 2 reformulated

By Assumption 2 and the definition of Z,

ZE*AE*(H—qﬁ > Z = ZEBE( +Q9q_1>

i=0
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Z is central in T

The following (i)—(iv) hold:
(i) ZeT;
(ii) for0 <i <D,

ZE:EZ:EBB(L% Ui J;
q+q-

(iii) for0 < i <D,

19.
ZE,'* = El*Z = E"*AEI'>|< 1 -+ ! ’
< q+q1)

(iv) Z is central in T.
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Some universal Askey-Wilson relations

The matrix Z is related to A, B as follows. Abbreviate
B=q"+q72

A’B — BABA + BA% + (¢°> — g °)°B
=(*-q*°Z-(q-q")
B2A — BBAB + AB? + (¢° — g 2)
=(-q%?Z-(q—a7")

A
(¢* - g72)ZB.

The above result is obtained using the triple-product relations.
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Some universal Askey-Wilson relations

The relations on the previous slide are a special case of the
universal Askey-Wilson relations (Ter 2011).

The original Askey-Wilson relations (for which Z becomes a scalar)
are due to Alexei Zhedanov (1990).
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The Zs-symmetric Askey-Wilson relations

Next, we put the previous relations in Zs-symmetric form.

Definition
Define

B gAB — g 1BA
P?—-q2

C=27

Note that C & T.
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The Zs-symmetric Askey-Wilson relations

We have
gBC — ¢ 1CB
A+ R =Z,
qCA — g 1AC
B+ - — =2,
gAB — g 1BA
C+ g2 =Z.
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Some scalars

In a moment, we will use the scalars

T = (_1)ia—iqi(D—i)

(0<i<D).

Kazumasa Nomura, Paul Terwilliger

m]

(=)

Spin models and distance-regular graphs of g-Racah type

12N Ge



Some intertwiners

Recall the Bose-Mesner algebra M of I,

Lemma

For an invertible matrix W € M,
W=BW =C
if and only if
D
W=f> rE, 0£fcC
i=0
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Some intertwiners, cont.

Recall the dual Bose-Mesner algebra M* = M*(x) .

Lemma

For an invertible matrix W* € M*,
W*A(W*)~t =C

if and only if

D
W*=f> 7E, 0#fcC.
i=0
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The Boltzmann pair W, W*

Definition
Pick 0 # f € C. Define the matrices

D
W=F> 7E, W*=f> 7Ef.
i=0 i

Note that W € M and W* € M*. We call the pair W, W* the
Boltzmann pair.
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Comments about W, W*

By construction, the matrices W, W* are invertible. Moreover,

AW = WA, W*B = BW*,
BW = WC, W*A = CW*.

We call these equations the intertwining relations.
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The isomorphism p: T — T

There exists an algebra isomorphism p : T — T that sends

S — (W*W)~1s(w*w)

forallSeT.
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The isomorphism p: T — T, cont.

Using the intertwining relations we obtain the following result.

The isomorphism p sends

A— B— C— A.
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The isomorphism p: T — T, cont.

The following hold:
(i) p(E) = Ef (0< i< D)
(i) p(W) = W,
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The braid relation

Using p(W) = W* we obtain the following result.

WW*W = W*WW*.

The above equation is called the braid relation.
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Comment on W, W*

Recall that the distance matrices {A;}2 , form a basis for M, and
the dual distance matrices {A*}D form a basis for M*.

Our next general goal is to express W*! as a linear combination of
{Ai}P,, and (W*)*! as a linear combination of {A*}2.
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The valencies k;

For 0 < i < D define ki = p?,.

Note that k; is equal to the number of vertices in X at distance /
from x.

We call k; the ith valency of I.
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An identity

D D
’X’I ZT,‘/(,‘ ZTi_lk,'
i=0 i=0

The above identity is proved using p(Ep) = Ej.
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An inequality

We have

D
> 7iki #0, > 7 tki #0.
i=0 =
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Comment on W, W*, cont.

We have
_ Z:'D:O Ti_lAi a1 ZiD:O TiA;
W=f D 1 W = D ,
Zi:o T ki f Zi:o Tiki
D -1 D
D 1px 10 1A
W* = fZI[—)O i - i , (W*)—l _ ZIEOT I
Ei:o T ki f Z,’:o Tiki

The first displayed equation is obtained using p(Ep) = E; and

EGEoE; = |X|1A; for 0 <j < D.
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W is type Il

Recall the all 1's matrix J € Matx(C).

The matrix W is type II. \
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W satisfies the star-triangle relation

For a, b,c € X we have

We,bWe,C . f2 Wb,c

We,a Z:D:O T-ﬁlk,' Wa,ch,a

eeX

To prove the above lemma, take x = a and compute the
(b, c)-entry for either side of

WW*W = W*WW*.
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The matrix W is a spin model

We now state our main result.

Theorem (Nom+Ter 2023)

The following are equivalent:
(i) W is a spin model;
(i) £2=|Xx]|1/>2 Z,'Dzo Ti_lki-
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Review of the main results

We review our main results.

Under Assumptions 1, 2 we showed that the matrix

D
W=F> 7k
i=0
is a spin model, where
7= (=1)a"g(P~) (0<i<D),

D
2= |X12> " r k.
i=0
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Review of the main results, cont.

Moreover,

D -1
A;
W:le 0 i -
Z =07, _ki
w-1l— 121 07'/
fF 2o
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Summary

In this talk, we considered a distance-regular graph I with
diameter D > 3.

We assumed that I is formally self-dual and g-Racah type.

We also assumed that for each vertex x of I, the subconstituent
algebra T = T(x) contains a certain central element Z = Z(x).

Using Z, we constructed a spin model W contained in the
Bose-Mesner algebra M of I'.

THANK YOU FOR YOUR ATTENTION!
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