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Overview

The Rahman polynomials are a family of two-variable Krawtchouk
polynomials.

We give an interpretation of these polynomials in terms of the Lie
algebra sl3(C).

We will obtain the basic properties of the polynomials, such as the

orthogonality and 7-term recurrence, from the properties of a
certain finite-dimensional irreducible s(3(C)-module V.
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Outline of talk

Here is an outline of the talk.

The definition of the Rahman polynomials

Review of the orthogonality relations

Two Cartan subalgebras H and H of sl3(C)
The antiautomorphism 1 of s(3(C)

The sl3(C)-module V

A bilinear form (, ) on V

The Rahman polynomials and V
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The Rahman polynomials

In what follows {p;}?_; denote complex numbers. They are
essentially arbitrary, although certain combinations are forbidden in

order to avoid dividing by zero.

Define
__(pr+p2)(p1 + p3) , — (PLtps)(ps + pa)
pi(p1 + P2 + p3 + ps)’ p3(p1 + P2 + p3 + pa)’
__(PL+p2)(p2+ pa) W (p2 + pa)(p3 + pa)
p2(p1+ P2+ p3 + pa)’ pa(p1 + p2 + p3 + pa)
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The Rahman polynomials

Fix an integer N > 0 and let a, b, ¢, d denote mutually commuting
indeterminates.

Define
—@)iHi\T —C)jak(—d)jre ;
P(a, b, c,d) = Z (a)Jr_J(_ b)i+e(—¢)iti( )J+et,ujvkwg‘
0<ij k.t MUK (=N it j ke
i+j+k+E<N

We are using the shifted factorial notation

()p=a(a+1)---(a+n—-1) n=0,1,2,...
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The Rahman polynomials

For nonnegative integers m, n whose sum is at most N the
corresponding Rahman polynomial is P(m, n, c,d) in the
variables ¢, d.

The corresponding dual Rahman polynomial is P(a, b, m, n) in
the variables a, b.
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The orthogonality relation for the Rahman polynomials

The Rahman polynomials and their duals satisfy an orthogonality
relation which we now describe.

Define

(p1 + p2)(p1 + p3)(p2 + pa)(p3 + pa)
(PLpa — p2p3)? '
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The orthogonality relation for the Rahman polynomials

Define 179 = v~ ! and
p1p2(p1 + p2 + p3 + pa)

m = 5
(p1+ p2)(p1 + p3)(p2 + pa)
- p3pa(p1 + p2 + p3 + pa)
(P14 p3)(P2 + pa)(p3 + pa)
Define 7jp = v~! and
o= p1p3(p1 + p2 + p3 + pa)
(p1+ p2)(p1 + p3)(p3 + pa)’
i, = p2pa(p1 + p2 + p3 + pa)
(p1 + p2)(p2 + pa)(p3 + pa)

A short computation shows

no+n+m =1, fjo + 71 + 72 = L.
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The orthogonality relation for the Rahman polynomials

(Rahman and Hoare 2007, Mizukawa and Tanaka 2004) Fix
nonnegative integers s, t whose sum is at most N, and

nonnegative integers o, T whose sum is at most N. Then both

] [ o e N 0sg0tr (N -1
Z ’D(]’k757t)P(JvkvaaT)ﬁoﬁné((ijk) - 7 t( )

& /}f/}zf rst
i+j+k=N
a Ssober [ N\
p t i k)P 2 ] k _ soVtr
Z (57 s Js ) (0—77_?17 )77077]1772 (I_jk) kfk2t rst ?
0<i,j,k
i+j+k=N

where r = N — s — t and k; = vij;, ki = ;.
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The connection to sl3(C)

We now relate the Rahman polynomials to sl3(C).

For 0 < /,j <2 let ejj denote the matrix in Mat3(C) that has
(i,j)-entry 1 and all other entries 0.

We will consider two Cartan subalgebras of sl3(C), denoted H and
H.

The subalgebra H consists of the diagonal matrices in sl3(C).
Define

» = diag(—1/3,2/3,-1/3), ¢ = diag(—1/3,-1/3,2/3).
Then ¢, ¢ form a basis for H.

We now describe H.
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The Cartan subalgebra H

Define
H= RHR™,
where
P2p3—p1pa P2p3—p1pa P2p3—p1pa
(P1+p3)(p2+p4) (prtp3)(p2tps)  (Pr+p3)(p2-+pa)
R — p1p3(p1+p2+p3+pa) —p3 p1
- (P1+p3)(P2P3—P1P4; p1+p3 p1+p3
p2pa(p1+p2+p3+ps pa —p2
(p2+pa)(p2p3—p1pa) p2+ps p2+pa

H is a Cartan subalgebra of sl3(C).

It turns out that H, H generate sl3(C).
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The Cartan subalgebra H

Define

5= RpR™1, b= RoR™L.
¢ =Ry

Note that ¢,  is a basis for H.

For 0 <i,j <2 define &; = Re,-J-R_l.
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The antiautomorphism § of sl3(C)

The Cartan subalgebras H, H are related via a certain
antiautomorphism t of sl3(C).

By definition
Bt =Wwptw= v e sl3(C),
where

W = diag(ﬁ(ﬁ ﬁla ﬁ2)
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The antiautomorphism § of sl3(C)

We have

B H €01 €12 €02 ‘ €10 €21 €20 ‘

14
BT ewin/fio enfe/fn  exii2/fo | enfio/fn  ewfit/fa  eo2ilo/f2 | @

and

B & é12 B2 | o &1 & | P
B H &om/mo  E1ma/m Eom2/mMo ‘ &1mo/m  Eam/m2 &2mo/n2 ‘ @

Note that 1 fixes each element of H and each element of H.
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An sl3(C)-module

We now define a certain sl3(C)-module.

Let x, y, z denote mutually commuting indeterminates. Let
C[x, y, z] denote the C-algebra consisting of the polynomials in
X, y, z that have all coefficients in C. We abbreviate A = C|[x, y, z|.

The space A is an sl3(C)-module on which each element of s(3(C)
acts as a derivation and

£ eoré ené enf|ewné enf ent| pf  $&
X 0 0 0 y 0 z —x/3 —x/3
y
z

0 0 0 z 0 2y/3  —y/3
0 y X 0 0 0 —z/3  2z/3
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An sl3(C)-module

Let V denote the subspace of A consisting of the homogeneous
polynomials that have total degree N.

The following is a basis for V:
x"y*zt r>0, s>0, t>0, r+s+t=N.

Call this the monomial basis. The action of s(3(C) on this basis is
described as follows.

§ €01-§ e1.§ €02-§
Xryszt SXrJrlyslet tXrstrthfl r+1yszt 1
§ e10-§ €1-§ €20-§
Xryszt rerlstrth SXrys 1 t+1 rx— lyszt+1

§ ®.§ ¢-£

|
x"yszt H s—N/3)x"y*zt  (t— N/3)x"y*z*

The space V is an sl3(C)-submodule of A which turns out to be
irreducible.
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The H-weight space decomposition of V

We now consider the H-weight space decomposition of V.

Let I denote the set consisting of the 3-tuples of nonnegative
integers whose sum is N.

For A = (r,s,t) € I let V) denote the subspace of V spanned by

r,,s,t

x"y*z". Then

V= Z Vi (direct sum).

This is the H-weight space decomposition of V.

By construction dim(V,) =1 for all A € L.
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The I:I—weight space decomposition of V

We now consider the H-weight space decomposition of V.
To describe this decomposition we make a change of variables.

Recall the matrix R and define

X Roox + Rioy + Raoz,
y = Roix+ Ri1y + Raiz,
Z = Rpx+ Ry + Rz,

Thus R is the transition matrix from x,y,z to X, y, Z.
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The I:I—weight space decomposition of V

The action of sl3(C) on X, ¥, Z is described as follows.

1.6 Bl Bl | 80l Bl &l | §£ $.&

¢ . 0

] o 0 0 y 0 7 | -x/3 —-x/3
gl x 0 0 0 z 0 |2y/3 -y/3
| o y X 0 0 0 | -2/3 23/3
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The I:I—weight space decomposition of V

The following is a basis for V.
gz r>0, s20, t>0, r+s+t=N.

Call this the dual monomial basis. The action of s(3(C) on this
basis is described as follows.

§ | &g &12.§ &02-§
)?r)';sit H Sgr—&—ly/s—lst rys—i-l t—1 r+1yszt 1
¢ | &g 1.8 &20.&
irj}szt H r)?r—lys—l-lzt SXryS I t+1 X lyszt+1

¢ | 3. $.&
x5zt || (s — N/3)x"7°2"  (t— N/3)&"y°%
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The I:I—weight space decomposition of V

For each A = (r,s,t) € I let V denote the subspace of V spanned

Srysst

by X"y°z*.
Observe that
V= Z A (direct sum).
Ael
This is the I:I-weight space decomposition of V.

By construction dim(Vy) =1 for all A € I

Plamen lliev, Paul Terwilliger The Rahman polynomials and the Lie algebra s(3(C)



The action of H, H on each others’s weight spaces

We comment on how H and H act on the weight spaces of the
other one.

A pair of elements (r,s,t) and (r',s’, t') in T will be called adjacent
whenever (r — r';s — s’ t — t') is a permutation of (1,—1,0).

A generic element in I is adjacent to six elements of I.

H and H act on each other’s weight spaces as follows.

For all A €1,
I:IV)\QV)\—F Z VH’ H\N/)\§\~/>\+ Z \N/'u.
pel pel
wadj A woadj A
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A bilinear form on V

We now introduce a symmetric bilinear form (, ) on V.

As we will see, both

<V/\7V,u> = 0 if )‘#M? AaMG]L
(V, ) 0 if X\#p, \pel
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A bilinear form on V

We define (, ) as follows. With respect to (, ) the monomial basis
is orthogonal and

rislt!
W=  r>0 s>0, t>0, r+s+t=N.

0'/17%/2

x"y*z
[x"y

The form (, ) is symmetric and nondegenerate. Moreover

(B¢, ¢) = (€, B7¢) VB €sl3(C), V& CE V.

Consequently with respect to (, ) the dual monomial basis is
orthogonal. Also

risttl ~y

2= —— r>0, s>0, t>0, r+s+t=N.
No"172

1%y
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The Rahman polynomials and the sl3(C)-module V

We now state our main results.

Earlier we defined the monomial basis and dual monomial basis for
the sl3(C)-module V. These bases are related as follows.

Theorem

For nonnegative integers s, t whose sum is at most N, both

P(s,t,p+N/31, 6+ N/3DxN = x"y*zt,
P(o+ N/31,¢+N/31,s, )3V = x'yszt

)

wherer = N — s — t.
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The Rahman polynomials as transition matrix entries

Recall the monomial basis and dual monomial bases for the
5[3(C)-module V.

The next result shows that for each transition matrix the entries
are described by Rahman polynomials and their duals.

Theorem
For nonnegative integers p, o, 7 whose sum is N, both
EP G a2y r.,st
PN x"y>z
xPyozT = NN g P(s,t,o,7) o' XY 2
rlsitl 9N
0<r,s,t
r+s+t=N
rp St orosst
X'y°z
PO ST | N 770771772
xPy%z Ny E P(o,1,s,t) elfl AN
0<r,s,t
r+s+t=N
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The Rahman polynomials as inner products

Referring to the sl3(C)-module V/, the next result shows that for a
vector in the monomial basis and a vector in the dual monomial
basis, their inner product is described by a Rahman polynomial.

For a vector x"y*z" from the monomial basis and a vector Xy z"
from the dual monomial basis,

(x"y$zt,%P5°27) = NV WV P(s, t, 0, 7).
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The orthogonality relations, revisited

At the beginning of the talk we displayed some orthogonality
relations for the Rahman polynomials.

These relations can be recovered from our analysis of V.

The relations reflect the fact that both the monomial basis and
dual monomial basis are orthogonal with respect to (, ).
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Two 7-term recurrence relations

We now show that the Rahman polynomials satisfy some 7-term
recurrence relations.

The significance of the 7 is that 7 — 1 = 6 is the number of roots
in the root system A; associated with sl3(C).
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Two 7-term recurrences

In the next result we display two 7-term recurrence relations
satisfied by the Rahman polynomials, along with similar
recurrences satisfied by the dual polynomials.

Fix nonnegative integers s, t whose sum is at most N, and
nonnegative integers o, T whose sum is at most N. Then the
following hold.
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Two 7-term recurrences

(i) (s — N/3)P(s,t,o0,7) is a weighted sum with the following terms and

coefficients:

term coefficient
P3(p1pa—p2ps)
P(s,z,0 =147) g (p1+p§2(;1:P3)(;3)+P4)
P1(P2ps—p1ps
'D(57 t,0,T — l) v (p1+P2)((P1_~:i-P3_’)_(P3_’-_FP4))
P1P2P3\P1TP2TP3T P4
P(s,t,o+1,7) p (p1+pz)(p1+;;3%(p1prpzps)
—P1p2
P(S, t,o+1,7— 1) v (P1er2£(P1J:rP3JZ )
P1P3P4\P1TP2TP3T P4
P(s,t,0,7 +1) p (p1+p3)(p3+%)p(pzp3—p1p4)
- 4
P(s,t,0 —1,7+1) T Tortps) (o pa)
p2p: __p1ps(p1tp2tpstps)
P(s, t,0,7) (0~ N/3) (Gt — mtaamarass)

In the above tabler =N —s—tandp=N—0c — 7.

P1p3(P1+p2+p3+pa)
+ (T - N/3) ((P1+Pgaf;3+P4) - (P11+1372)(1P1+P3)EP3+P4))
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Two 7-term recurrences, cont.

(ii) (t — N/3)P(s, t,0,7) is a weighted sum with the following terms and

coefficients:

LSl coeflicient

Aleitio=dm) o A

P tor 1) G

P(s,t,o +1,7) p <plil,f§)p(“,fz”$52(;"§;”;fm
P(s,t,c+1,7—1) T%

P(s,t,o,7+1) p (mizgfﬁﬁpizsz(:fsatp;)m)
P(s,t,oc —1,7+1) U%

P(s,t,o,7) (0 — N/3)((P1+PI;;€I§2+/J4) - (p’ff,‘iﬁ;’{,if’f;ff,j;'f;))
+ = N3 (e — k)

In the above tabler =N —s—tandp=N—0c — 7.
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Two 7-term recurrences, cont.

(i) (o — N/3)P(s, t,0,T) is a weighted sum with the following terms

and coefficients:

term coefficient

Ho=Toibens) A

Pls,t—1,0,7) (P1+le)?;?3+;f)lgz)+p4)

Abri) e )
P(s+1,t—1,0,7) t%

Pls,t+1,0,7) A s
P(s—1,t+1,0,7) S i

Pls,t,o,m) (s = N/3) (o — ottt )
+(t = N/3) (P1+P‘273€;2+P4) a (pfzrp;z(g,(i:f;:f(s;i‘;:))

In the above tabler =N —s—tandp=N—0c — 7.
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Two 7-term recurrences, cont.

(iv) (r — N/3)P(s, t,0,T) is a weighted sum with the following terms

and coefficients:

term coefficient

P(s—1,t,0,7) ot oy

P(s,t=1,0,7) R ey

P(s+1,t,0,7) o
P(s+1,t—1,0,7) t%

P(s,t+1,0,7) e S
P(s—1,t+1,0,7) Sm

P(s,t,0,7) (s— N/ 3)((P1+P3)(m+P4) - <p’f?f:§§’€,i§i2:;§’€pti“34>)
+ (6= N/3) (Gt — (RESpeed )

In the above tabler =N —s—tandp=N—0c — 7.
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Summary

We interpreted the Rahman polynomials in terms of the Lie
algebra sl3(C).

Using the parameters of the polynomials we defined two Cartan
subalgebras for sl3(C), denoted H and H.

We displayed an antiautomorphism } of sl3(C) that fixes each
element of H and each element of H.

We considered a certain finite-dimensional irreducible
5[3(C)-module V consisting of homogeneous polynomials in three

variables.

We displayed a nondegenerate symmetric bilinear form (, ) on V

such that (3¢,¢) = (&, 87¢) for all B € sl3(C) and £,¢ € V.
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Summary, cont.

We displayed two bases for V/; one diagonalizes H and the other
diagonalizes H. Both bases are orthogonal with respect to (, ).

We showed that when (, ) is applied to a vector in each basis, the
result is a trivial factor times a Rahman polynomial evaluated at an
appropriate argument.

Thus for both transition matrices between the bases each entry is
described by a Rahman polynomial. From these results we recover
the previously known orthogonality relation for the Rahman
polynomials.

We also obtained two seven-term recurrence relations satisfied by
the Rahman polynomials, along with the corresponding relations
satisfied by the dual polynomials.

Thank you for your attention!

THE END

Plamen lliev, Paul Terwilliger The Rahman polynomials and the Lie algebra s(3(C)



