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Overview

We introduce the notion of a Lowering-Raising triple (or LR
triple) of linear transformations on a nonzero finite-dimensional
vector space.

We show how to normalize an LR triple, and classify up to
isomorphism the normalized LR triples.

We relate the LR triples to the equitable presentation of the Lie
algebra sl and quantum group Ug(sly).
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Section |: LR pairs

Let IF denote a field.
Fix an integer d > 0.

Let V denote a vector space over [F with dimension d + 1.

Paul Terwilliger Lowering-Raising triples and Uq(sl2)



Decompositions

By a decomposition of V we mean a sequence {V;}<_, of one
dimensional subspaces whose direct sum is V.

We represent this decomposition by a sequence of dots:
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Lowering and Raising maps

Let {V;}%, denote a decomposition of V.
Consider a linear transformation A € End(V).

We say that A lowers {V;}%_, whenever AV; = V;_; for 1 < <d
and AV = 0.

We say that A raises {\/,-},9’:0 whenever AV; = V;4 for
0<i<d—1and AV = 0.
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<+~ A lowers

A raises —
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The definition of an LR pair

An ordered pair A, B of elements in End(V) is called
Lowering-Raising (or LR) whenever there exists a decomposition
of V that is lowered by A and raised by B.

We refer to such a pair as an LR pair on V.
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The definition of an LR pair, cont.

Let A, B denote an LR pair on V.

By definition, there exists a decomposition of V that is lowered by
A and raised by B.

It turns out that this decomposition is unique.

We call this decomposition the (A, B)-decomposition of V.
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Example

Here is an example of an LR pair.
Pick a basis {v;}%_, for V.
Define

V; = Fy (0<i<d).

Then the sequence {V;}¢_; is a decomposition of V.
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Example, cont.

Define A € End(V) such that
AV,' = Vi1 (1 < i < d), AVO =0.

With respect to the basis {v,-}f’:O the matrix representing A is

01 0

0 1

A: 0
1
0 0

Observe that A lowers the decomposition {V;}<_,.
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Example, cont.

Pick nonzero scalars {p;}¢_; in F.

Define B € End(V) such that

Bvi = pit1visn (0<i<d-1), Bvg=0.

With respect to the basis {v,-}f’:O the matrix representing B is

0 0
1 O
B: ¥2 O
0 wg O

Observe that B raises the decomposition {V;}¢_.
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Example, cont.

The decomposition {\/,-},‘-’:0 is lowered by A and raised by B.
Therefore the pair A, B is an LR pair on V.

Moreover the decomposition {V;}¢_, is the (A, B)-decomposition
of V.
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Section lla: LR pairs from the Chevalley presentation of

sly

We now recall the Lie algebra sl5.
In this section, assume Char(F) = 0.

The Lie algebra sl = sl>(IF) consists of the 2 x 2 matrices over ¥
that have trace 0:

<a b) a,b,celF
c —a

The Lie bracket is [x, y] = xy — yx.
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The Chevalley basis for sl

The vector space sl has a basis

01 0 0 1 0
e‘(o 0>’ f‘<1 0)’ h_<o—1
called the Chevalley basis. It satisfies

[h, €] = 2e, [h, f] = —2f, [e,f] = h.
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Irreducible sl,-modules

The finite-dimensional irreducible sl>-modules give LR pairs in the
following way.

Assume our V is an irreducible sl>-module.

It is known that V has a basis {v;}%_, such that

hvi = (d —2i)v; (0<i
fv;:(i+1)v,-+1 (OSI'_
ev,-:(d—i—}—l)v,-,l (1§i§d, evp = 0.
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LR pairs from sl;

Define
Vi =TFv; (0<i<d).

The sequence {\/,-}7:O is an h-eigenspace decomposition of V.
This decomposition is lowered by e and raised by f.

Therefore e, f act on V as an LR pair.
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Section Ilb: LR pairs from the Chevalley presentation of
Uq(ﬁ[z)

We now recall the quantum group Uy(sl2).
In this section, assume that the field F is arbitrary.
Fix a nonzero g € FF that is not a root of unity.

For notational convenience define

n

q"—q"

~——  n=012,...
q9-q

[n]g =
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The Chevalley generators for Ug(sl>)

Let Uq(sl2) denote the associative F-algebra with generators
E,F,K*! and relations

KK™1=1, KK =1,

KE = ¢°EK, KF = g %FK,
-1

eF—FE- K=K -

q—q-

We call E, F, K*! the Chevalley generators for U,(sl>).
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Irreducible U, (slz)-modules

The finite-dimensional irreducible Uq(sl>)-modules give LR pairs in
the following way.

Assume that our V' is an irreducible Uq(sl>)-module of type 1.
It is known that V/ has a basis {v;}%_, such that
Kv; = qd_QiV,' (O <i< d),

Evi=[d—i+1]gvi-1 (1<i<d), Ew=
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LR pairs from Uy(sly)

Define
Vi =TFv; (0<i<d).

The sequence {\/,-}7:O is a K-eigenspace decomposition of V.
This decomposition is lowered by E and raised by F.

Therefore E, F act on V as an LR pair.
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Section IlI: LR triples

We now define an LR triple.
In this section, assume the field [F is arbitrary.
Recall our vector space V over F with dimension d + 1.

An LR triple on V is a 3-tuple A, B, C of elements in End(V)
such that any two of A, B, C form an LR pair on V.

This LR triple is said to be over F.

We call d the diameter of the triple.
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A view of LR triples

For diameter d = 4 an LR triple A, B, C looks as follows:

“A, B, C pull toward their corner”
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Isomorphisms for LR pairs and LR triples

Let A, B denote an LR pair on V. Let V denote a vector space
over [ with dimension d + 1, and let A, B denote an LR pair on V.
By an isomorphism of LR pairs from A, B to A, B we mean an
F-linear bijection ¢ : V — V such that cA = Ao and 0B = Bo.
The LR pairs A, B and A, B are called isomorphic whenever there
exists an isomorphism of LR pairs from A, B to A, B.

Isomorphism for LR triples is similarly defined.
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A trivial example of an LR triple

Assume that d = 0, so V has dimension 1.

Then A, B, C € End(V) form an LR triple if and only if each of
A, B, C is zero.

This LR triple is called trivial.
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Section IVa: LR triples from the equitable presentation of
5[2

Earlier we discussed the Chevalley basis e, f, h for sls.

We now bring in another basis. Define

x =2e—h, y = —2f — h, z=h

Then x,y, z is a basis for sl,, and

[x,y] =2x+2y, |y,z]=2y+2z,  [z,x]=2z+2x.

The basis x, y, z is called equitable.
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The nilpotent relatives ny, ny, n,

Define

ny =—f, n, = e, np=e—f—h.

Then ny, ny, n; is a basis for sl,. We have

[y, nx] = 2ny, [z,ny] =2ny, [x, n;] = 2n,,
ly, n;] = —2n,, [z, ny] = —2ny, [x,n/] =—2n,
and also

[nx, ”y] = Nx +ny — ng,
[nya nz] =ny, + nz; — ny,
[nz, ny] = n; + ne —ny.

We call ny, n,, n, the nilpotent relatives of x, y, z.

Paul Terwilliger Lowering-Raising triples and Uq(sl2)



LR triples from sl

Assume that our V is an irreducible sl>-module.
From our earlier discussion ny, n, act on V as an LR pair.

By symmetry n,,n, act on V as an LR pair, and n;, n, act on V
as an LR pair.

Therefore ny, ny,, n; act on V as an LR triple.
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Section IVb: LR triples from the equitable presentation of
Uq(ﬁ[z)

Earlier we discussed the Chevellay presentation of Ug(sly).
We now bring in another presentation, said to be equitable.

We will use this equitable presentation to get LR triples.
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The equitable presentation of Ug(sly)

It is known that Ug(sl2) has a presentation by generators
X,Y,Z*! and relations ZZ71 = z-17 =1,

gXY —q tyYx _q
g—qt ’
qYZ —qtzy )
qg—q1 ’
qZX — g 1XZ _1
q—q1 '

This presentation is called equitable.
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The nilpotent relatives N,, N, N,

The defining relations for Ugy(sly) can be reformulated as follows:

q(1-YZ)=q '(1-2Y),
q(1 - ZX)=q (1 - X2),
q(1 - XY) =g (1 - YX).

Denote these common values by Nx, Ny, Nz respectively.
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The nilpotent relatives Nx, Ny, Nz, cont.

The X, Y, Z are related to Nx, Ny, Nz as follows:

XNy = q*Ny X, XNz = q >Nz X,
YNz = >Nz Y, YNx =g *NxY,
ZNx = ¢°Nx Z, ZNy = g °Ny Z.

We call Nx, Ny, Nz the nilpotent relatives of X, Y, Z.
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The nilpotent relatives Nx, Ny, Nz, cont.

The relationship between X, Y, Z and Nx, Ny, Nz is a bit
complicated, and omitted.

Of interest to us is that Z = K and Ny, Ny are scalar multiples of
E, KF respectively.
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LR triples from U,(sl,)

Assume that our V is an irreducible Uq(sl>)-module of type 1.

From our earlier discussion, a Z-eigenspace decomposition of V is
lowered by Nx and raised by Ny.

Therefore Nx, Ny act on V as an LR pair.

By symmetry Ny, Nz act on V as an LR pair, and Nz, Nx act on
V as an LR pair.

Therefore Nx, Ny, Nz act on V as an LR triple.
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Section V: General LR triples

We just obtained two families of LR triples, using the equitable
presentation of sly or Ug(sly).

Our next goal is to find all the LR triples.
As we will see, there are nine families of LR triples altogether.

Also, as we will see, each family is related somehow to sly or
Uq(5[2).
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General LR triples

Until further notice, assume that A, B, C is an LR triple on V.

As we describe this LR triple, we will use the following notational
convention.

For any object f that we associate with the LR triple A, B, C then
' (resp. f”") will denote the corresponding object for the LR triple
B, C,A (resp. C,A,B).
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The parameter array for an LR triple

Let {V;}%, denote the (A, B)-decomposition of V.
For 1 < i< d we have AV; = V;_1 and BV;_1 = V,.

Therefore, V; is invariant under BA and the corresponding
eigenvalue is a nonzero scalar in F.

Denote this eigenvalue by ;. For notational convenience define
wo =0 and @441 =0.

We call the sequence
d . d . d
iz dvi e {ei 1)

the parameter array of A, B, C.
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The idempotent data for an LR triple

Let {\/,-},‘-’:0 denote the (A, B)-decomposition of V.

For 0 </ < d define E; € End(V) such that (E; — /)V; =0 and
EV;=0for0<j<d, j#i

Thus E; is the projection from V onto V;.

Note that V; = E; V.
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The idempotent data for an LR triple, cont.

We have
Ad—inAi BiAdBd—i
Ei=——, EE=———.
Y1 Pd @Y1 Pd

We call the sequence

({E} o {E} ot {E o)

the idempotent data of A, B, C.
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The Toeplitz data for an LR triple

Let {V;}¢_, denote the (A, B)-decomposition of V.

A basis {v;}%_, of V is called an (A, B)-basis whenever v; € V; for
0<i<dand Av; =v;_; for1 <i<d.

Let {u;}9_, denote a (C, B)-basis of V and let {v;}¢_, denote a
(C, A)-basis of V such that ug = vp.

Let T denote the transition matrix from {u;}%; to {vi}%_,.
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The Toeplitz data for an LR triple, cont.

The matrix T has the form

ao al . . . ad
g o1
(07
T = 0 ,
o
0 Qg

where a; € F for 0 <j < d and ap = 1.

A matrix of the above form is said to be upper triangular and
Toeplitz, with parameters {o;}% .
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The Toeplitz data for an LR triple, cont.

The matrix T~ is upper triangular and Toeplitz; let {5,’}?’20
denote its parameters.

We call the sequence
({O‘i}?:ov {5i}§j:o? {O‘?}?:Oa {5,{}7:0? {04;'/}7:07 {5,{/}7:0)
the Toeplitz data of A, B, C.
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The trace data for an LR triple

For 0 < i < d let a; denote the trace of CE;.
We have Z?:o aj=0.
If A, B, C is trivial then ap = 0.

If A, B, C is nontrivial then a; = o/ (¢}y_; .1 — ¢yy_;) and
ai=af(py i1 — ¢y ;) for0<i<d.

We call the sequence

({ai}o: {ai} i {a7} o)

the trace data of A, B, C.
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A matrix representation of an LR triple

Consider our LR triple A, B, C on V. With respect to an
(A, B)-basis of V the matrices representing A, B, C are:

0 1 0
01
A: 0 ,
1
0 0
0 0
p1 0
B ©2 O 7
0 ©d 0
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A matrix representation of an LR triple, cont.

a  vy/e1 0
o e Yl /eo
Vi
C (pd_l an ’
- 01/ ¢d
0 80’1/ ad

where we recall
" / / / /! /!
ai = al(‘Pd—i+1 — Pd_i) = al(‘Pd—iH — Pd—i)

for0 <ij<d.
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The isomorphism class of an LR triple

Assume that the LR triple A, B, C is nontrivial. Then A, B, C is
determined up to isomorphism by its parameter array and any one
of

/ /. / /. / . / /!
a07‘307301 adaaduady Qaq, O, O, ﬁlaﬁl) 1-
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Section VI: Bipartite LR triples

Definition

The LR triple A, B, C is called bipartite whenever each of

aj, a;, a; is zero for 0 < i < d.
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Bipartite versus nonbipartite LR triples

Assume that the LR triple A, B, C is nonbipartite. Then A, B, C is
nontrivial. Moreover each of

/ " / /!
ala O517 a17 /817 ﬁla 1

is nonzero.
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Bipartite versus nonbipartite LR triples, cont.

Lemma

Assume that the LR triple A, B, C is bipartite. Then the diameter
d is even. Moreover for 0 < i < d, each of

aj, Oé;', a77 /Bh /8;7 /81”

is zero if i is odd and nonzero if i is even.
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Bipartite LR triples

For the rest of this section, assume that the LR triple A, B, C is
bipartite. So d = 2m is even.

There exists a direct sum V = Vi + Vin such that Vi is equal
to each of

Y EyV, S EV, ) B
j=0 j=0 j=0
and V4, is equal to each of

m—1
!
Ezjt1V, Z Eyj1V, Z 2741V
Jj=0

[y

m—

—0

(-
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Bipartite LR triples, cont.

We have

AVout = Viny B Vout = Vim CVout = Viny
Avin g Vout7 BVm - Vout’ CVm g Vout-
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Bipartite LR triples, cont.

For our bipartite LR triple A, B, C on V, define

Aout s Ain, Bout, Bin, Cout Cin
in End(V) as follows.
The map Aoyt acts on Vit as A, and on V4, as zero.
The map Aj, acts on Vi, as A, and on V; as zero.

The other maps in (1) are similarly defined.
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Bipartite LR triples, cont.

By construction

A= Aout + A, B = Byut + Bin,

C= Cout + Cin-
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Section VII: Normalized LR triples

Consider the LR triple A, B, C on V. We now define what it
means for A, B, C to be normalized.

Assume for the moment that A, B, C is trivial. Then A, B, C is
normalized.

Next assume that A, B, C is nonbipartite. Then A, B, C is
normalized whenever a; = o) = af = 1.

Next assume that A, B, C is bipartite and nontrivial. Then A, B, C
is normalized whenever ap = o = o) = 1.
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Properties of normalized LR triples

Assume that the LR triple A, B, C is normalized.

Then for 0 < i < d,

& = of = ol b= Bl =,
If A, B, C is nonbipartite, then ¢; = ¢} = ¢7 for 1 < < d.

If A, B, C is bipartite and nontrivial, then
Pim19i = Pi_1p; = @1} for2<i<d.
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How to normalize an LR triple

An LR triple A, B, C is normalized as follows.

Assume for the moment that A, B, C is trivial. Then A, B, C is
normalized and there is nothing to do.

Next assume that A, B, C is nonbipartite. Then there exists a
unique sequence «, (3, of nonzero scalars in F such that
aA, BB, ~C is normalized.

Next assume that A, B, C is bipartite and nontrivial. Then there
exists a unique sequence «, (3, of nonzero scalars in [F such that

aAout + Ail’U /BBout + Biny 7C0ut + Cin

is normalized.
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Section VIII: The classification of normalized LR triples

Next we classify up to isomorphism the normalized LR triples.
To avoid trivialities, assume that the diameter d > 2.

First we display nine families of solutions, denoted

NBWeylj(F;j, q), NBWeyl, (F;/, q), NBWeyl, (F; t),
NBG(F; q), NBGq(F; 1),

NBNG,(F; t),

By(F;t,p, 0, 0"),  Ba(F1,p,0,0"),  Bal;p, 0, p").

We will show that each normalized LR triple over F with diameter
d is isomorphic to exactly one of these examples.
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The LR triple NBWeyl/ (F; j, q)

The LR triple NBWeyl! (F; j, q) is over F, diameter d,
nonbipartite, normalized, and satisfies

d>2; diseven; JEZ, 0<j<d/2 0+# q€F,

if Char(F) # 2 then q is a primitive (2d + 2)-root of unity;

if Char(F) = 2 then q is a primitive (d 4 1)-root of unity;
- (1 + q2j+1)2(1 _ q—zi) '

YT g (g — g 1) HEiEd)
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The LR triple NBWeyl, (F; j, q)

The LR triple NBWeyl (F; j, g) is over I, diameter d,
nonbipartite, normalized, and satisfies

Char(F) # 2; d>3; d is odd;

JEZ, 0<j<(d-1)/4 0+#qceT;

q is a primitive (2d + 2)-root of unity;
(1+4¢¥™)°(1-q7%) :

P T @ (g - g2 Feisch
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The LR triple NBWeyl (F; t)

The LR triple NBWeyl (F; t) is over F, diameter d,
nonbipartite, normalized, and satisfies

Char(F) # 2; d > 5; d=1 (mod 4);
0#teT, t is a primitive (d + 1)-root of unity;
2t(1 — th) :
= < <d).
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LR triples and U, (sl>)

For an LR triple A, B, C on V of the above three types, up to
normalization

gAB — g 1BA y gBC — g 1CB y

qg—q1 ’ qg—qt ’
qCA — g tAC _
qg—q1 ’

where t = q~2 for NBWeyl; (F; t).

Here V becomes a module for the “reduced” Uq(sl>) algebra
U(’f(ﬁ[z) on which A, B, C act as the equitable generators.
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The LR triple NBGy4(F; q)

The LR triple NBG4(F; q) is over F, diameter d, nonbipartite,
normalized, and satisfies

d>2; 0+#qeT,

qg#1 (1<i<d) g7t £ —1;
q(¢’ = 1)(¢" ' -1) :

P = 1<i<d).

v (g —1)2 ( )
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The LR triple NBG4(TF; g), cont.

For an LR triple A, B, C on V of type NBG4(F; q),

q 3 A’B—(q+q ")ABA+ ¢*BA* = (g + q A,

q *B*C—(q+q ")BCB+q*CB* = (q+q ')B,

g 3C?A—(g+q HCAC + ¢*AC* = (g+q 1)C
and also

q3AB* —(q+q )BAB+¢’B’A=(q+q ")B,

q>BC*—(q+q )CBC+q°C°B=(q+q ")C,

g 3CA% — (g4 g HACA+ ¢*A%C = (g + g HA.

Here V becomes a U;(sly)-module (g = t~2) on which A, B, C act
as the nilpotent relatives of the equitable generators.
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The LR triple NBG4(F; 1)

The LR triple NBG4(F; 1) is over F, diameter d, nonbipartite,
normalized, and satisfies

d>2; Char(F) is 0 or greater than d;
pi=i(i—d—1) (1<i<d).
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The LR triple NBG4(IF; 1), cont.

For an LR triple A, B, C on V of type NBG4(F; 1),

AB—-BA=A+B-C,
BC-CB=B+C—A,
CA-AC=C+A-B.

Here V becomes an sly-module on which the A, B, C act as the
nilpotent relatives of the equitable basis for sl;.
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The LR triple NBNG([F; t)

The LR triple NBNGy(F; t) is over F, diameter d, nonbipartite,
normalized, and satisfies

d > 4; d is even; 0#£tel,
t£1 (1<i<d/2); 9l £ 1,
/2 1 if / is even;
= ' 1<i<d).
v {t(’_d_l)/z—l if 7 is odd (1sisd)
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The LR triple NBNG4(F; t), cont.

For an LR triple A, B, C on V of type NBNG,(F; t),

A2B_ 2 2 2
tBA — A AB tB<A _ B,

1-—1t 1-—t

2~ 2 2 2
B-C — tCB _ B BC tCB:—C,

1-—t 1-—t

2A 2 2 2
CA-wct . RokC

1-—t 1-—t

Here V' becomes a module for the “extended U,(sly) algebra”
U§ (sk2) (t = g~2) on which A, B, C act as the equitable
generators.
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The LR triple B4(F; t, p, ¢, o)

The LR triple B4(F; t, p, o', p”) is over F, diameter d, bipartite,
normalized, and satisfies
d>4; diseven; 0#telF, t'#1 (1<i<d/2);
,0 pp/p// _ —tl_d/2;
p t'/2 if i is even: (1<i<d)
i— (S '
151 e U2 if s odd
/1 t’/2 - -
if 7 is even;
1<i<d);
{pi 02 it is odd HErEd
//1 t"/2 e
if i is even;
— 1<i<d
{i,l HIR e odd ( )
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The LR triple B4(FF; ¢, p, ¢/, p"), cont.

For an LR triple A, B, C on V of type By4(F; t, p, o, p"),

A3B + A2BA — tABA? — tBA3 = (p + t/p) A%,

B3C + B2CB — tBCB? — tCB3 = (' + t/p') B2,

C3A+ C2AC — tCAC? — tAC3 = (p" + t/p") C?
and also

AB3 + BAB? — tB2AB — tB3A = (p + t/p) B2,

BC3+ CBC? — tC?BC — tC3B = (p + t/p')C?,

CA3 + ACA? — tA2CA — tA3C = (p" + t/p") A2

Here V becomes a Uy(slz)-module (t = g~2) on which A% B2 C?
act as the nilpotent relatives of the equitable generators.
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The LR triple By(F; 1, p, o', p)

The LR triple B4(F; 1, p, o/, p") is over I, diameter d, bipartite,
normalized, and satisfies

d > 4, d is even; Char(F) is 0 or greater than d/2;

p,p,p" €F; pp'p" = —1;
iz if 7 is even;
2 1 v . .
— h 1<i<d D
i1 {'—g—l i § 85 @kl (l<i<d)
P
ip if 7 is even;
r_ ]2 ' ' 1<i<d)
i {'—;’,—1 if i is odd (1=isd)
P
ip" if 7 is even;
n_]2 ' 1<i<d).
i {'—2;!,—1 i 7 fis odld (lsi<d)
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The LR triple B4(IF; 1, p, o/, p"), cont.

For an LR triple A, B, C on V of type By4(F; 1, p, ', p"),

A’B + ABA — ABA® — BA® = (p+1/p)A%,

B3C + B2CB — BCB? — CB% = (y +1/)B?,

C3A+ C2AC — CAC? — AC® = (p" +1/p")C?
and also

AB® + BAB? — B2AB — B*A = (p +1/p)B?,

BC®+ CBC? — C*BC — C°B = (v +1/4)C?,

CA> + ACA? — A2CA = A°C = (p" +1/p")A%.

Here V becomes an sly-module on which A%, B?, C? act as the
nilpotent relatives of the equitable basis for sl5.
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The LR triple By(FF; p, o', p")

The LR triple Ba(F; p, p, p”) is over F, diameter 2, bipartite,
normalized, and satisfies

p,p,p" €TF; pp'p" = —1;
o1 =—1/p, o1 =-1/¢, i =-1/p",
P2 = p, 0o =p, 5 =p’
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The classification of normalized LR triples

Each normalized LR triple over F with diameter d > 2 is
isomorphic to exactly one of the LR triples listed in the above nine
families.
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Summary

In this talk, we introduced the notion of an LR triple of linear
transformations.

We showed how to normalize an LR triple, and classified up to
isomorphism the normalized LR triples.

We related the LR triples to the equitable presentation of sl, and
Uq(ﬁ[g).

Thank you for your attention!

THE END
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