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Overview

In this talk, we consider the distance-regular graph I = (X, R) of
the bilinear forms called Hy(D, N — D).

We will fix two vertices x, y € X at distance k (2 < k < D —1).

We will use y to obtain an equitable partition {O;}%_; of the local
graph I'(x).

We will use this equitable partition to obtain a strengthened
version of the balanced set condition for I'.

We will then express this strengthened balanced set condition in
terms of the Norton algebra product.

This is joint work with Jason Williford from U. Wyoming.
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Preliminaries

Let X denote a nonempty finite set.

Let Matx(R) denote the R-algebra consisting of the matrices that
have rows and columns indexed by X and all entries in R.

Let V = RX denote the R-vector space consisting of the column
vectors that have coordinates indexed by X and all entries in R.

The algebra Matx(R) acts on V by left multiplication.
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Preliminaries, cont.

We call V the standard module.

We endow V with a symmetric bilinear form (, ) such that
(u,v) = utv for u,v € V (t denotes transpose).

For x € X let X denote the vector in V that has x-coordinate 1
and all other coordinates 0.

The vectors {X|x € X} form an orthonormal basis for V.
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The diameter of a graph I

Let ' = (X, R) denote a finite, undirected, connected graph, with
vertex set X and adjacency relation R.

Let O denote the path-length distance function for I', and recall the
diameter

D = max{d(x, y)|x,y € X}.
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The adjacency matrix A

Define a matrix A € Matx(R) that has (x, y)-entry

1 ifo =1;
Ay =L 00 Xy €X.
0 ifd(x,y)#1

We call A the adjacency matrix of I
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The primitive idempotents of I

The matrix A is real and symmetric, so A is diagonalizable. By an
eigenvalue of [ we mean a root of the minimal polynomial of A.

Let @ denote an eigenvalue of T.

By the primitive idempotent of [ associated with 6, we mean
the matrix E € Matx(R) that acts as the identity on the
f-eigenspace of A, and as 0 on every other eigenspace of A.

The 6-eigenspace of A is given by

EV = Span{EX|x € X}.
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The subconstituents of

For x € X and 0 </ < D define the set
Fi(x) ={y € X|o(x,y) = i}.
We call I'j(x) the ith subconstituent of [ with respect to x.

We abbreviate I'(x) = '1(x).
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The distance-regular property

The graph T is called distance-regular whenever for all
0<h,i,j <D and x,y € X with d(x,y) = h, the number

Pl = M) N ()|
is independent of x and y.

The pf’J are called the intersection numbers of I
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The intersection numbers

We abbreviate

Ci:P{,i—1 (1<i<D), a,-:pi,- (0<i<D)
bj=pi (0<i<D-1)

The graph T is regular with valency x = bg.
Moreover
¢Gi+a+b==r (OﬁiSD),

where ¢g = 0 and bp = 0.
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The eigenvalues of I

I" has exactly D + 1 eigenvalues, denoted
o >01>--->0p.

It is known that 6y = k.
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The bilinear forms graph I

For the rest of the talk, we consider the following graph
M= (X,R).

Fix a finite field GF(q) with g # 2, and fix integers D, N such that
N>2D > 6.

The vertex set X consists of the D x (N — D) matrices that have
all entries in GF(q).

Two vertices are adjacent whenever their difference has rank one.

The graph T is called the bilinear forms graph Hy(D, N — D).
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The bilinear forms graph [ is distance-regular

The bilinear forms graph I is distance-regular, with diameter D
and intersection numbers

N-D D

~4')(q° - q')

g—1

i-19 —1 __(q

for 0 < i< D. We have

i1 B , .
a,-:q 1(qN D+qD_q1_q:1_1>
qi

for0 <i<D.
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The eigenvalues of I

The eigenvalues of T are

N—i D N—D
1_q0 —
A q1 q (0<i<D).
q_

We remark that the above eigenvalue ordering is Q-polynomial.
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The local graph

Until further notice, we fix a vertex x € X.

The vertex subgraph of I' induced on I'(x) is called the local
graph of [ with respect to x.

The local graph I'(x) is regular with valency aj.

To describe this graph in more detail, we use the notation

=21

q—_l néeN.

It is known that the local graph I'(x) is a (g — 1)-clique extension
of a Cartesian product of complete graphs K[p) X Kn_pj-.
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The local graph, cont.

Lemma (Hobart+Ito 1998)

For the local graph I'(x) the eigenvalues and their multiplicities are

given in the table below:

eigenvalue multiplicity
aa=¢"""+q%-qg-2 1
N-D _ , _ q°—q
A o
g°? —q—1 q — q
1 (C 1)(q"’ P-1)(g-2)
=
_ (g fq) ")‘
q9 (a— 1)2

Paul Terwilliger
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The local graph, cont.

For the rest of the talk, let E = E; denote the primitive
idempotent of I associated with 6.

Lemma (Ter+Williford 2025)

The vectors
Ey y € I'(x)

form a basis for EV .
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The y-partition of '(x)

For the rest of this talk, we fix x,y € X and write k = J(x, y).

To avoid degenerate situations, we always assume
2<k<D-1.

We will use y to obtain an equitable partition {O;}%_; of I'(x).
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The y-partition of '(x), cont.

Lemma (Ter+Williford 2025)
There exists a partition {O;}%_; of [(x) such that:
(i) O1=T(x) N Tk-1(y)-
(ii) The set Oy consists of the vertices z € I(x) N T k(y) such that

IF(x) NT(2) NTi-a(y) = 2671,
IF(x) NT(z) NTg41(y)| = 0.

(iii) The set O3 consists of the vertices z € ['(x) N Tx(y) such that

IF(x)NT(z) NTha(y)] =245t =1,
IF(x) N T(z) N Tk41(y)| = 0.
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The y-partition of '(x), cont.

Lemma (Continued..)

(iv) The set Oy consists of the vertices z € T'(x) N Tx(y) such that

IF)NT(2) NTe-ay)| = ¢,
() NT(2) NTira(y) = ¢° — .

(v) The set Os consists of the vertices z € T(x) N T x(y) such that

IF(x) NT(2) NTea(y) = ¢
IFx)NT(2) N T (y) = ¢V =2 = g*.

(Vi) O = F(x) N Fk+1(y).

We call {O;}%_; the y-partition of I'(x).
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The y-partition of '(x), cont.

The y-partition of I'(x) is roughly described as follows.

The following (i)—(iii) hold:

(i) O1 =T(x)NTk_1(y);

(ii) Oa, O3, O4, Os form a partition of T'(x) N T k(y);
(i) Op = T(x) N Tiy1(y)-
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The y-partition of '(x), cont.

Lemma (Ter+Williford 2025)

We have

k—1 k_l k_l k 1_1
|01,:w, 0o = (" —1)(q )7

g—1 —1

q“ '(¢* =1)(9 - 2) (" " —4")(d" - 1)

O3] ;|04 ;
g—1 g—1

D _ oK\(gk — 1 N—D _ k(D k

05| = (q q_)(f )’ 06| = (g qq_)(lq )

Paul Terwilliger
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The y-partition of '(x), cont.

Theorem (Ter+Williford 2025)

The partition {O;}8_; is equitable. Define a 6 x 6 matrix C as
follows: for 1 <'i,j < 6 the entry C;; is the number of vertices in
O; that are adjacent to a given vertex in O;. We have C =

2(qk_k1 -1) 2£qk_1 —-1) (2q’<_k1 —1)(g—2) qz_g —q~ qg —q~ 0
iq 1*1 2q *kl —2—gq 2¢"" (g - 2) qN*D —a a’—4q, 0
2q;f1 Z(qkillil) k1c3’3 /3; 1 - D0 k
qk* qk* =1 qk*(qf2) ¢ =g=1 b 0 5T,
gkt g1 -1 =Yg -2 0 g —q—1 q 7 —¢q
0 0 0 gk —1 g —1 Co.6
where
k k—1 N—D D k
G,3=29" —4q —q+1, Co,6=q +q° —29" —q.
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The eigenvalues of C

Lemma (Ter+Williford 2025)

The matrix C is diagonalizable. lIts eigenvalues and their
multiplicities are given in the table below:
eigenvalue multiplicity
aa=q""P+4¢"—qg-2 1
qN—D —qg-1 1
qg® —q-1 1
-1 1
—q 2

Strengthening the balanced set condition for the distance-regt
Paul Terwilliger



The eigenvalues of C, cont.

Our next goal is to diagonalize C.

Definition

For notational convenience, define

h=a=q""P+¢°-q-2, ¥ =q"
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The matrix H

Let H denote the following 6 x 6 matrix:

L aPegk goz  ogMTOH_ DR gy (P gh)eN =D gyl
=1 (g—1)2 qk(q—1)

1 "D—fk 0 (quq")((qN;)qu")
q— q(q—

1 qD—fk 1 ktl_gkiq (qD—qk)(qN;D—qk)(qkfl—l)
q— q*(q—1)

1 =gt 0 ,(qD—q&qu—l—l)
a =

1 a~ . 0 _(qN—D—qk)Y:k_l—l)
9— q—
k) b= _q

1 - 0 (g )q(q_1 )
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The matrix H, cont.

Lemma (Ter+Williford 2025)

The columns of H are eigenvectors for C. More precisely,

CH = Hdiag(ﬁl, 192, 193, 194, 195, 196)

The next slide shows how H is “almost orthogonal”.
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The matrix H is almost orthogonal

Lemma (Ter+Williiford 2025)

We have

H'diag(]01],|02l, 103, |Osl, |05, |06|) H = diag(n1,n2, N3, 14> M5, 6) »
(@ -nE" P -1

)

q—1
G (A (C N C Al
(g —1)3
s = (6"=P = ¢)(@* = 1)(¢® — )" P - n

(¢ —1)3
na = (g — 2)d" 1(d" — 1),
(V=P —q)(qP7t — 1) + gV K(gk Tt — 1)(g — 1)

C (q 12
a(d* —1)(¢° - 1" P -1
X )
(¢ — 1)
o — (" P —a)@® 1)+ " K@ )@ —-1)
(g—1)2
o (6" = 1)(d" = —1)(¢° — ) (" P - qk)'
(g —1)q
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The subspace S = S(x, y)

Next, we use the y-partition {O;}%_; of '(x) to obtain a subspace
S =5(x,y) of EV.

For a subset 2 C X define

Q= 22.
zeN
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The subspace S = S(x, y), cont.

The vectors {E 5,-}?:1 are linearly independent. \

Definition

Let S = S(x, y) denote the subspace of EV with basis {E@,-}?:l.

The dimension of S is 6.
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The subspace S = S(x, y), cont.

Lemma

The subspace S contains EX and Ey. Moreover,

6
0Ex =Y EO,
i=1

=l
o
|
=

0=Ep+ %E& _g""XEO, + q**EO,.

Strengthening the balanced set condition for the distance-regt
Paul Terwilliger



Strengthening the balanced set condition

Recall the y-partition {O;}%_; of ['(x).
Let {O/}%_; denote the x-partition of I'(y).

By the original balanced set condition, for i € {1,6} the vector
EO; — EO; is a scalar multiple of EX — E.

We now show that for 1 </ < 6 the vector E@; — E5,’ is a scalar
multiple of EX — Ey.
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Strengthening the balanced set condition

Theorem (Ter+Williford 2025)

For1l < i <6 we have
EO; — EO! = \/(EX — EY),
where
k—2 _ 1 k—1 __ 1 2
Nogd ol e o)
qg—1 qg—1
k—1 . N—D _ _k\( k=1 _
A = g1l De=-2)  ,, _ 9°)(q o)
qg—1 qg—1
(¢° —q")(g"* - 1) _ (4% =" - ¢
As = ; A6 =
qg-1 q(q—1)
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Symmetry

We have S(x,y) = S(y, x).
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Two orthogonal bases for S

Recall the matrix H.

Definition

For 1 < j < 6 define the vectors

Each of {h;}%_,, {W}?_, is a basis for S.
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Two orthogonal bases for S, cont.

Define
_n2 _ . 2N-D-2 _ _N+D-2
51—91, €2=4q ) €3 =4q )

N-1 N-2 N-2
€a=4(g ) €5 =g ) €6 = (q .

Theorem (Ter+Williford 2025)

The vectors {hj}?zl are mutually orthogonal and

18112 = 1X| = ejmy (1<j<6).
Moreover, the vectors {hj’ ?:1 are mutually orthogonal and
105112 = IX|tejm; (1<j<6).
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Two orthogonal bases for S, cont.

We have

h = 61EX, K, = 0,E§.
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Two orthogonal bases for S, cont.

Lemma

We have
6 6
Ey =2 ihy Ex =) ]
=1 j=1
where
. 1 gN—k _ gN-D _ gD 41 Y g' (g —1)
61 (gN-P—-1)(¢P-1) ~ (gN=P —1)(¢gP - 1)’
e @ Ma=1) e
(g"=P —1)(¢" — 1) qg-1
1—k
g “(g—1)
Y5 = - ) v = 0.
(gN=P —1)(qP - 1)

4
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Two orthogonal bases for S, cont.

Theorem (Ter+Williford 2025)

For1 <j <6 we have
by — b = wi(ER — E9)
where
D_ _k
—9 _ _,N-D-19"—4d
p1 =01, H2 q =1
N-D _ .k
1q" P —gq _
pz = —q° 1ﬁa ps = —(q —2)g" 7L,
= g0 P @)@ D)+ ¢" (g~ 1)(g 1)
(g—1)? ’
pe =0

v
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Decomposing S into its symmetric/antisymmetric part

Next, we introduce two subspaces of S, called the symmetric part
and antisymmetric part.

We will show that S is an orthogonal direct sum its symmetric and
antisymmetric part.
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The vectors Oy

Definition

For 1 < i < 6 define the vector

For1<i<®6,

EOY = EOQ; — M\;EX = EO} — NEy.
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The vectors O, cont.

We have

Forl1 <i<6,

(EOY ,E% — Ej) = 0.
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The definition of Sym(S) and ASym(S)

Definition
Define the subspaces

Sym(S) = Span{EO;|1 < i < 6},
ASym(S) = Span{EX — Ey}.

We call Sym(S) (resp. ASym(S)) the symmetric part (resp.
antisymmetric part) of S.
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Decomposing S into its symmetric/antisymmetric part

Theorem (Ter+Williford 2025)

We have
S = Sym(S) + ASym(S) (orthogonal direct sum).

The dimensions of Sym(S) and ASym(S) are 5 and 1, respectively.
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The vectors hJ\-/

Definition

For 1 < j < 6 we define the vector

hjv = hj — ,U,J'E)? = hJ/ — ,LLJ'E}A/.
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The vectors hJ\-/, cont.

Lemma

The following hold:

(1) hf =0

(ii) the vectors {hy}9_, form a basis for Sym(S);
(iii) hY = he = H.
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The Norton algebra EV

Next, we bring in the Norton algebra structure on EV.

We investigate the subspaces S, Sym(S), ASym(S) from the
Norton algebra point of view.
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The entry-wise product o on V

We recall the entry-wise product o on V. Pick u,v € V and write
u= Z u,Zz, v = Z Vy2, Uy, vy € R.
zeX zeX

Then

uov = g UyVyZ.

zeX
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The Norton algebra EV

Definition
The Norton algebra EV is the vector space EV together with
the product

uxv=E(uov) u,veEV.

The Norton algebra EV is commutative and nonassociative.
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The Norton product x and S

We have

ExxSCS, EyxSCS.
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The vectors h;, hJ’- as eigenvectors

For1 <j <6 we have

E% % hj = |X|7*0;hj,
Ey x W, = |X|9;h.
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Comment on Sym(S)

The subspace Sym(S) contains

EX+ E, E%x Ey.
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Sym(S)/ASym(S) and the Norton algebra

Theorem (Ter+Williford 2025)
We have

ASym(S) x ASym(S) C Sym(S),
Sym(S) x ASym(S) € ASym(S),
(EX+ Ey) » Sym(S) C Sym(S).

Strengthening the balanced set condition for the distance-regt
Paul Terwilliger



Sym(S)/ASym(S) and the Norton algebra, cont.

Theorem (Ter+Williford 2025)
We have

G1(gP + gN-P — 2gk1 — )

EOY  (EX — Ey) = X (Ex — Ey),
EOY « (EX — Ep) = —qu_l(g:l — Y (e - £p),

EOY x (Ex — Eg) = — 9= z)qk&'zq“ — Uiz — 129,

EOY « (EX — Ey) = (7 ~ qujl(;llv_D 4 (E% — E9),

EOY * (EX — Ey) = Gl qk)f’f;le —2q%) (Ex — Ey),

EOY » (Ex — Ey) = i quf;]v_[) — 4 (E% — E9).

v
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Sym(S)/ASym(S) and the Norton algebra, cont.

Theorem (Ter+Williford 2025)

For1<;<6,

h x (Ex — Ey) = |X|7M(0; — 91)p;(EX — EY).
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The vector w

Recall the vector h{ = hg = hi; € S.
For notational convenience, we denote this vector by w.

We decompose S into an orthogonal direct sum
S = Span{w} + wt, where w™ denotes the orthogonal
complement of w in S.

We will describe the above decomposition from a Norton algebra
point of view.
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The vector w, cont.

Lemma

We have
6 ~
W = ZwiEO,
i=1
where
B Gk 0 (Gl 9 [C e IR C ) [ C A )
q“(q-1) ’ (g —1) ’
w3 = (a° = a")(@"® —a")(¢" " 1) o (¢° —q") (gt -1)
q*(q—1) ’ a1 ;
__(@"P =49 -1 (" =1)(¢" 1 -1)
w5 — q 7 1 9 CU6 = q — 1 .

4
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The vector w, cont.

6
w = Zw,-EO,-v.
i=1
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The vector w, cont.

We have w € Sym(S). In other words,

w(x,y) = w(y,x).
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The vector w, cont.

We have

Exxw=—q|X|w, Ep*w=—q|X| lw.
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The subspace w*

Each of the following is an orthogonal basis for w™:
{hi¥3=1, {1
Moreover,
EX € w™, Ey e wt.
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€

The subspace w—, cont.

We have

E)?*wj‘gwj‘, E)'?*wj‘gwl.

Strengthening the balanced set condition for the distance-regt
Paul Terwilliger



L

The subspace w—, cont.

Lemma

The subspace w™ has a basis

EY, EXx EY, EX x (EX EP),
Ex (Ex % (EX*EJ)),  Ex*(E%*(EXx(EXxEy)))

and another basis

ER, Ep « ER, Ep % (EJ * ER),
Eyx(Ey x (Ey x EX)), Eyx(Ey x(Ey = (Ey x ER))).
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€

The subspace w—, cont.

L

The subspace w— is spanned by the vectors

E21 x (E2y x (E23 % % (E2p_1x E2) -+ +)),
nzl, zie{x,y} (1<i<n).

We conjecture that w™ is the subalgebra of the Norton algebra EV
generated by EX, Ey.
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Two decompositions of S

So far, we considered two orthogonal direct sum decompositons:

S = Sym(S) + ASym(S),
S = Span{w} + w™.

Next, we consider how these two decompositions are related.
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Two decompositions of S, cont.

Lemma

The following sums are orthogonal and direct:
S = Span{w} + Span{ER — E¢} + w’ N Sym(S),

Sym(S) = Span{w} + w’ N Sym(S),
wt = Span{EX — Ey} + w® N Sym(S).
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A basis for w' N Sym(S)

The vectors { h}/}?zz form a basis for w N Sym(S).
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Another basis for w' N Sym(S)

The subspace w* N Sym(S) has a basis

B, Bx B, B x (B B), B x (B« (B=*B)),

where B= EX+ Ey.
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A spanning set for w' N Sym(S)

The subspace w* N Sym(S) is spanned by the vectors

B, B« B, B x (B« B), B x (B« (B« B)),

where B = EX+ Ey.

We conjecture that w' N Sym(S) is the subalgebra of the Norton
algebra EV generated by EX + Ey.
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The strengthened balanced set condition, revisited

Recall the strengthened balanced set condition that we discussed
earlier.

In our final result, we express this condition using a Norton algebra
point of view.

The details are on the next slide.
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The strengthened balanced set condition, revisited

Theorem (Ter+Williford 2025)

For an integer n > 1 and 1 < i < n let z;,z; denote a permutation
of x,y. Then

Ezi x(Ezyx (EZzx---x(E2p,_1%x E2p)--+))
—Ez2; x(Ezyx (E23 %+ x (E2p_1 % E2,)--+))
€ Span{EX — Ey}.

The above condition will be called the bbalanced set condition.
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An open problem

Problem

Let ' = (X, R) denote a distance-regular graph with diameter
D > 3.

Let E denote a primitive idempotent of I that is Q-polynomial.

Investigate the case in which the bbalanced set condition holds
for every pair of distinct vertices x,y € X.

If possible, classify the pairs I', E that have this feature.
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Summary

In this talk, we considered the distance-regular graph I = (X, R)
of the bilinear forms called Hy(D, N — D).

We fixed two vertices x,y € X at distance k (2 < k < D —1).

We used y to obtain an equitable partition {O;}%_, of the local
graph '(x).

We used this equitable partition to obtain a strengthened version
of the balanced set condition for I'.

We then expressed this strengthened balanced set condition in
terms of the Norton algebra product; we call the resulting
condition the bbalanced set condition.

It is an open problem to investigate the bbalanced set condition for
any Q-polynomial distance-regular graph.

Strengthening th
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