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1  The Adjoint Case for Bs

Here we will describe the quantum adjoint representation for the cases where @ is of rank 2.
Specifically T will describe it when @ is type By and Go because the Az case has already been done
and the Ay x A; case is rather trivial, First, By. We can write II = {«, 8} with o as the long root

and 3 as the short root. The Cartan matrix of Bz is (31 ;2) 5o {0, BY) = —2nd (8,a) = -1,

“Draw picture of By* It is not too hard to see that the largest root in this set is o + 20, so what we
are going to deseribe here is L = L{a -+ 28). Also, each weight of I is conjugate under the action
of the Weyl group to a dominant root less than or equal to o + 23, which means that our weights
are all in ® U {0}. We can also say that the dimension af L, for v € W(x + 28) = {£(a+} Stuff
about L. '

Let 24428 be a basis vector for Ly + 20,

First let us write for all A € A

Ly =FaLlyio +Falyyp
Plugging in « + 3 here for A gives us that
Latg = FgLatap + Fploatp = k(Fpeatas)

because .29 18 the basis for Layop and Lagip =0 (2o + 5 ¢ 9).
Here T will compute EaFgTqy2p, partially to show the computation, and partially for reasons [
will explain in a minute. We have that

Kg—Kg'

EpFyTayep = FplpTatas + P
~

e 2B.8) _ g~ (ok28.8)

g—-g!

= () 4 Tet2p because § short and so gg = qdﬁ = q(ﬁ BY/2 — q

2 —2
qa —q

= T n4-2
q_q_l a+ﬁ

= 2}pTa+28

There will be many other similar computations of this sort, so I will ommit them. They tend
to differ only by something in a bracket product, which might not even make a difference. This
computation is important because it shows that because 2] = g5 + qgl # 0 a¢ ¢ is not a root of
unity, that Fgaze + 28 # 0. Given our earlier formula for Lo g this implies that the dimension of
Loyp and Ly for v € W(« + f) is one. Let ns set

Tatp = FaTatap

and
— ———1 Fgx
Yo T g et
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Applying Ep to each of these gives
Eptarp = [2]pTatas
and
EpSa = Taip

It is easy to see that the x4z and zq are in Loy g and La. These equations also tell us that a4
and 1, are nonzero, and thus that the do actually form bases for Loy 3 and Ly, 1 will be defining
many more basis elements in similar ways, and the same logic can be used to show that they are
indeed basis elements. This gives us two more pieces in describing how the F’s and E’s act on this
module. Now let us set

Tp = Famhlpha+ﬁ

Applying by Eg and doing a similar computation to the one we did earlier gives us that

Bavg = @arp

2 Iy

We will now move on to describing Lg, the only multidimensional weight space of L. From our
equation earlier we have that

Lo =Ialg + Fglpg = k(Faza) + k(Fazg)
50 we can set hy = Faze and hg = Fgxg so that hy, hg span Lg. Now set

1
T_n — @;Fah(x
and 1
_g = ——Fgl
R PR

We can apply E, to the first of these equations and apply Eg to the second
Bot_o = ha

and
Egz_g=hg

These calculations are similar to the ones we performed earlier, and give us another part of our
description for this module. Another set of similar caleulation, this time done by applying E, and
Ejp to the definitions for h, and hg respectively gives

Eughg = 2]a%a
and
Eghg = [2]pxs

which then become another part of our description of L. Now, computing Eyhg and Eghy is easy

because
Eohp = EqFprp = Fplang = Farop = [2]5%c-
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The same sort of calculation gives that Fghy = 2.

Now we do not automatically know that hy and hg form a basis for Ly, only that they generate
it. However, due to the formulas just derived, Eghg = [2]gFzhg, so if hg and hy are no linearly
independent then hg = [2]gha. Appyling B to this equation results in [2]gzq = [2]p]2]a®a, which
in turn implies that 1 = [2)q = ga +¢g !, which can only happen if ¢ is a root of unity. — Argument
that he and hg are linearly independent.

Now we are going to try to compute Fahg and Fhe. To do this we need to employ the quantum
Serre relations, which state that

1—aqp

1— —n
) (1)3{ aaﬁ] B FgFy =0,
8
5=0
Because ang equals either -1 or -2 we get two versions of this relation, one of which (aqp = —1) we

can apply to Ty4.s to get
F2Faa0.p — (2aFaFglarars + FaFovars =10
Now we know that Fuzaig = 3g, that Fgopg = hg, that Fgeays = [2]gTa, that Fata = hq and
that Foha = [2]a%-a, s0 we can simplify this way down into
o215 — [2laPuls = 0
which can be simplified down to
Fahﬁ = [2]'63:40(.

Applying the relation in the case where aag = —2 10 o424 gives a similar equation with 4 terms.
We then know that some of them get mapped out of L, for v € ®, so they are zero, and we can
reduce the others with formulas we atready know o get

Bls[2lsz - + Bs[2)s Fphe = 0
which then gives us
Fﬁhva = ﬂ;_ﬁ.
Now, let us set
m—-(a-HS) = Fﬁﬁ?ua
and
L Fpx
X_ 2 = = .
(@t28) = I TP (ath)
We can do a few things to these to finish our description of L. Applying Ejs to both of these gives

BpT_(a+28) = T-(ath)
and

Fpt_(ayp) = 1257 o
Applying F, to the firs gives

Eaiv_(a_|_ﬁ) = Eofpr o = FgEat_o = Fghe = z_g.
Finally, going back to the definition of z_g = E%EFﬁhﬁ, we can gee that
Fam_ﬁ = a;#(a_{_ﬁ}.

Any application of a generator to a basis element for L., which I have not given a formula for is

equal to zero, because the basis element gets sent outside L, for v € ® U {0} Also applying Ky to
any of our basis vectors is easy because they are weight vectors.

3
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3 The Adjoint Case for G

We can do a very similar thing here as we did when @ is of type G3. For o long and § short we
instead have that {o, 8Y) = =3 and {3, &V) = —1, and the positive roots of ® are o, 8, + b, +
98, v+ 38, 20+ 38. The largest of these is 2o + 33, so we are going to describe L(2a+30). First,
let 2oq 138 be a basis vector for Loqgas. Then, let

Totsg — Fa$2&+3ﬁ'
By applying £, we get
Ea$a+3,6 = T20438:

Now we define
Tai28 = Fplatas

1
Toef = %F BLa-2p

Loy — """'”—_‘1 61:0. g

Applying By to each of these resuits in the formulas
Bgoyap = Blstarsp

Egtoyp = [2]pTaras

Ve

and
Eﬁma = Xa+t8.
Again the computations here are just the same as before, just with differences determined by the
values of our roots taken in our bracket operator. Now if we let 25 = Faqpg, then ancther similar
computation gives that
Eazg = T

3.1 Iy

Now we can work to deseribe the action of our generators on a basis for Lg. For the same reason

as in the By case, we can set
ha = Fala

and
hg = Fgzg
to get a basis for Ly. Applying E, to the first and Ejg to the second gives
Eohg = 2]a2qa

and
Eghp = [2]pzp.

We can also set
= —1 FLh
Tg =
a4 E2]a afboy
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and .
z_g = ——Ighp.

[2]s

Applying E, to the first and Ej to the second gives
Eor_q = ha.
and
Egx_g = hg.

We can add all of these to what we know about how the generators of U, act on L. Similarly to
how we did a few times for By, we can apply Ej and Ey to the formulas for hy and hg respectively
to get

Eohg = [3]gwa

and
Eghg = 3p.

A similar argument as in the By case shows that ke and hg are linearly independent and thus a basis
for Ly, We will now diverge slightly from what we did in the By case to determine Fphp and Fgha
by not using the g-Serre relations. Multiplying the equations Eqhs = [2]azq and Eyhg = [3lgra
by (3]s and [2], respectively shows that

[2]al3lpTa = Eoho3)g = Ecrhﬁ[z]a

and so

We can then apply £, to these to get
[31s ) Ko — Kt ( 3]s )
EoFy| hg — ho ) + ———— | hg = 7la | =0
( g [Q]Ut Ja — qql / {2]0

by (R4). The second term of this sum is just zero, because K hg = hg and Kphe = ho because
both ki, and hg are in Lg. The first term can only be zero if Ey(hg —([315/[2)a)ha) = 0 so we can

say that
Fy (hﬂ = gﬁha) = 0.

Expanding this gives

Fohg = %%Fafla = {3]51‘_0-.

We can do a similar trick with the equations Fghe = 2g and Eghg = [2]gas which show that

Eﬁ(hﬁ - [Q}ﬁhﬂt} = 0.

Applying g and expanding gives
Fahe = @ 5.

Continuing on to other parts of L, let

T_{atp) = Fgx_o
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!
or2g) = TP et

and

1
Tarsp) = LB r2p)

Applying Ep to each of these gives
Bz (orp) = Blp?—a

Egu_(a128) = 217 - (ar)
and
Ept_(cr3p) = T—(a+28)"
Now, let us write
Egr_(atp) = [8]pT-a = Falig.
We can rewrite this as -

FoBigz.pg = Ep%(a+p)

which by (R4) can be again rewritten as
Bgbat—p = EpT_(atp)

S0
Faopg = 2_o4p.

We can finally set

T_(20+38) = Fal—(a+38)
which upon applying E, we get

EaZ(2at3s) = %-(art36):
Again, any formula not given for a generator applied to a basis etement of L for some v € ¢ U {0}
is just 0, because the generator sends the basis element to some L, for some v ¢ @ U {0}, The

action of any K, on some basis element is also well understood because each basis element is a
weight vector we know the weight for.




