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1 The Miniscule Case

Let \ € A be a miniscule dominant weight (a dominant weight A 7 0 with (A avy e {0,£1} for all
a ¢ ®). By [H, 13 Ex. 13] {s,a") € {0,£1} for all p € WA, and v < A for v € AT implies v = A.
Let L be a k-vector space with basis

B ={z,: pc WAL
Note that, for p € WA and e € 11, if (g, 0¥y = £1,
Caft = pFoa € WA,

80 Zyga € B. 'By convention, set 2,40 = 0if p o ¢ WA, ¥or a € I, define k-endomorphisms of

L by

Eﬂ:’c# = 5((!"57&\,): _1)$,Lb+a Fam,u = 6((.“’) a\/>, 1)1“#701‘
for p € WA If F is the free associative algebra on the set {Ky, Ky 1 By, Fotacmn, we have a
k-algebra map I* — Endg(L). We must check that the defining relations of U (R1-R6) are satisifed

"to obtain a k-algebra map U -+ Endg(L) (hence a U-module structure on L). Bvidently Ko K5' =
1z = K;1K, and Kol(g = Kpgl{o in Endp(L) for o, 8 €11, so (R1) is satisfied.

1.1 Relations (R2) and (R3)
Let o, 8 € Il. Then for 4 € WA,
KoIigz, = 5((M,ﬁv), —I)Ka:cpH,ﬁ
= q(”+ﬁ’a)5(<#>ﬁv)a _1)$;&+,6
— glenf) gl By,
= glef) EgK iy,

s0 KoFpgK,! = ¢ Eg in Endg(L). Similarly, KoFsK3' = ¢ @PFy in Endy (L), as desired
(relations (R2) and (R3) are satisfied in Endg{L)).



1.2 Relation (R4)
1.2.1 case: a=p

‘We must show that
Ky — K, 1

—1
o — o
in Endg(L). Let 4 € WA, Note that, if (g,a¥) =1, {t—a,a") = —1. Similarly, (g, ") = —1
implies { + a, V) = 1. Now
EnFozy = 6((t, &), D Bty o = 6({p, "), Do({ps — o, @V, =Lz = 6({s, ), )z,
FaEamf-L = 6((:”’7 av)z “l)FamI-&+a - 5((”3 a\/), _1}5((JU' +q, a\/)’ 1)9:!-!- = 5((#’: a\/)’ "l)m.ﬂn

[Ea: Fa] =

50
ey, i {p, V) =415

B, Falz, =
Fo Lol {0, otherwise.

Now note that
(o, )

(1 00) = {p, ") =5,

so gla) = g&"’av>. Thus, since {s, 2¥) € {0,£1},
KOE —_ Ka—l q(ﬂ-,(l) — q_(f"’)a’)
I T R R
o — o o — Qo
g — gz

Ty

Ty

Gor — Gax
ey, i (g eV} = £
- 0, otherwise.

= [Echx]m,u.a

as desired.

1.2.2 case: a#j
We must show that [Ey, Fz] = 0 in Endg(L). For p € WA,
Eig gy, = (s, 8, 1) Eayg = 8({1 BY), DO(( = B, ~ Dap—pra
EgBazy = 8({m, @), —1) Fgzppa = 8({p, "), —1)0 ({1 + 0 8Y), Dop—pran
If (o, B) = 0, then (o, 8Y) = 0= (8,a"), and
EoFgry = 5((, 8Y), 1)6({1s, &"), ~ 1)y ppa = FaBamy.
Thus [Ey, Fglz, = 0 for all p € WA, Suppose (o, 8) < 0, and set r := —(8,a") > 0. Then since
{p, V), {1, BY) € {0,+1} and (&, BY) < 0,
b Bra) = (o) +r 271120,
(ot o, V) <{u, %) < 1.
Thus (0 — 3,a¥y # —1 and {(p+a,8Y) #1, so
EyFgz, = 0= FgEyzy,
and [Bo, Eglz, = 0 for all g € WA, as desired.




1.3 Relations (R5) and (R6)
Let o, 8 € T with o # 3. Then (o, ) <0.

1.3.1  case: (o,7) =10
Suppose {«, #) = 0. Then a,z = (8,a") = 0, and we must show that [Eq, Eg] = 0 in Endg(L).
Let 1 € WA. Now

EﬂEﬁxﬂ = 6((}”: ﬁv>> _I)EC!$#+.B = 5(<F”: ﬁv>: "1}5“# + B, CEV): “1)$Lt+,6+a
= 5((.”’: ﬁv): "1)6(0}’; C“V)n —'1)$,u+ﬁ+aa

which is symmetric in « and . Hence [E,, Eglz, = 0 for all p € WA

1.3.2 case: (a,53) <0
Suppose (a, ) < 0. Set v := —{f,a") = —a,p > 0. We must show that
t+r
§S P ] menn o
=0 bl
in Endg(L). Let p € WA If (g, a¥) = —1, then (u+ o, ") =1, s0
E?tw# = 5((”: a\f), —1)Ea$u+a = J((.U'; O—'V>: _1)5{<ﬂ + a, a\/)’ “1)$u+2a =0,

hence E2 = 0 in Endg(L). Thus, since 1 +7 > 2,

14r
1 i . ,
S0 [T B = By - 14 e
=0 a3
= —[1+ T‘]QE(’;EﬁEa

- 2eEaBsly, fr=1,
Q, otherwise;
in Endg(L). Assume r = 1. Then

{u+a+pa’)=(ga’)+1>0

Thus
EO&EﬁEamu = d({p, C‘*V): =1)6{({p -+ c, ﬁv>: —~1)6({p +a + B, CEV)’ “1)33#—{—2&%—;8 =1,
Therefore - ‘
T
Yiwt [ 1] mapie, o
i=0 x

for all 4 € WA, as desired. The argument for the relation (R6) is analogous.




1.4 Conclusion

The k-algebra map F — Endp(L) therefore descends to a k-algebra map U -3 Endg (L), giving L a
U-module structure. By construction, the weight spaces are Ly = kxy for p € WA, In particular,
Ly = kxzy, # 0. Since A is dominant, for o € I, {A\,a¥) > 0, so Eazy) = 0. Thus A is a highest
weight vector in L. By [H, 13.2 Lemma A}, each weight is conjugate to a unique dominant weight,
hence A is the only dominant weight in WA. By 1J, Lemma 5.4], A is the only highest weight vector.
Therefore, since L is finite dimensional, L ~ L{A}, and L is simple.

2 The Case oy

Suppose that @ is irreducible (so g is simple). By {H, 10.4 Lemma C}, there are at most two root
lengths in @, and all roots of a given length are conjugate under W. Let ®; C @ denote the set of
short roots (if ® has only one root length, then ®; = ®, contrary fo the convention in [H]). Since W
preserves lengths, ® is one orbit under the action of W. Recall that & C A (since a = } 5.1y agawp
for & € II). By [H, 13.2 Lemma A], &, contains a unique dominant weight, say ag, and ooy < ap
for all o € W, that is, 8 < ag for all 8 € ®,. Thus ayp is the largest short root {with respect to the

partial order on @).
We will need the following fact.

Lemma 1. I[fa € ®, v € &, and v # *a, then {v,a") € {0,21}. If {y,aV) = %1, then
yEa & P,
Proof. Since 7y is short, ||v]| < |||, so by [H, 9.4 Table 1] (v,a) € {0,£1}. If {y,a") = £1,

se(¥) =7~ (v, aYa =y T aed,

since W preserves length and permutes the roots.

For readability, we will denote the Kronecker delta function d,p by é(a, b) where necessary.

2.1 The Quantum Analogue
Set II; ;= IIN ®,. Let I. denote the vector space over & with basis
B={xy:yc®:}U{hg:pcll}
First we make L into a U/%module. Let o € II, and define k-endomorphisms of L for v € &, and
po€ 1Ly by
KEp, = ¢, Kihy, =hy,. : 1)
Note that KoK =1y, = K K, and [K,, Kg] = 0 in Endg (L), so (1) indeed defines a U%-module

structure on L. Also, L, = kz, for v € @, Ly = @ueﬂs khy, and L is a direct sum of weight

spaces.
Let «y € Oy, o € IL. If ¥ # +ov, By makes sense by Lemma (1). If y = +a, then o € I, so by

makes sense. We adopt the convention that, if v+ o ¢ &, then zyio = 0. Let o € II, and define




k-endomorphisms for v € @, and p € T, by

S((v, &), =)@yt iy # doy {0V}, —Dag, ifacll, o
Boyry =140, fy=uq Ealy = < 2]azq, if o € 1, o = v

P, ify=—o 0, if o ¢ Tlg;

5((% O—'V>: l)mfy—a; if oy 7& +o; 6((1“’} C“V): "‘1}337&) ifac s, i1 # o
Fazy = < hy, if y=q Fohy € 2]aT—q, ifo € Mg, p= oy

0, if vy = —q 0, if ad g

If I denotes the free associative k-algebra on the set {K,, K71, Fy, Fi}ach, we have defined
a k-algebra homomorphism F — Endg(L). To obtain a k-algebra homomorphism U — Endy(L)
(hence a U-module structure on L), we must check that the defining relations for U are satisified.

As noted above, the relations (R1) are satisfied.
Note that, for @ € TI, Byz o = hy € Ly = Ly_o and Bohy € kze — Ly, Thus EpLy, C Lyge

for all weights v of L. Similarly, F,,I, C L,_q for all weights v of L.

2.2 Relation (R2)
Let , 8 € II. We first show that KaEﬁKglmT = g(“’ﬁ)Egmry for v € &,..

2.2.1 case: a€ll;, y=2a
Suppose « € II;. Then, for 8 € 11,
KgBEo Kz o =g COPO K Bon_,

= g PO by,
— q(ﬁ:a’)ha

= q(’s’a)an_a.
Since EaKglcca = q_(“’ﬂ)Eaﬂia w= (0,

KﬁEaKglwa =0= q(ﬁ’o‘)Eaa:Q..

2.2.2 case: v# ta
Suppose -y # L. Then
KpFoKy ey = ¢ AR B,
= 6((v, Ofv): _1)q“(’)’;ﬁ)1(ﬂ$7+a
= 8({v,a"), =1)g Blglr+eably,
= q{ﬁ,a)5(<% aVy, 12yt
= 4fe) Epity,
Now we show that Ko EgK;1hy, = ¢©F Egh, for p € Ti,.
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2.2.3 case: acll;
Suppose « € 1T, and suppose first p # a. Then
Kpbo K g hy = KgFohy,
= 8{{p, V), 1)K gzg
= g(aﬁ}é((y’: aV>, ml)&?a

= ¢ B, h,.
Ifu=uq,
KgBaK  hy = KpLoyhg
= [2]aK o
— q(au@J (2]aZa
— q(a,.@) Eyhg.

2.2.4 case: a¢ll,
Suppose « ¢ II,. Then Eaffgih,,, = Bahy, =0, so for p € I,
KpEoKy they =0 = ¢# B h,.

Thus KgBo K5 = (") E, in Endg(L), and (R2) is satisfied.

2.3 Relation (R3)

The calculations are analogous $o those for relation (R2).

2.4 Relation (R4)
Let o, 8 € IL

2.4.1 case: a=7F

We must show that [Ey, F,] = % in Endg(ZL). Suppose o € Il;. Then

[Ea: Fa]{l?a = B Foty — FalinTy

- Eaha
= [2]a~'30n
B Folteq = BaFat—g — FaBat_o
= —F ah'a
= —[2at—0
Recall that )
7 — 45"
[2]oz = [Z]ch = 1

o — Jov




Thus
(Ko — K3 my = (¢ — g~ (@a))g,
= (62— 4,%)%a
= (Ga — qgl)[zlafﬂa;
(Ko — KgNaq = (g0 20 — g~ Caadyg,
={g2” — 82)za
= ~(ga — ¢ ) [2]a2—0,

T'herefore,
Ky— Kt
[EQ)FQ]QJ:I:Q = ‘a—__aTCE:I:a-

Now let v ¢ ®;, and suppose ¢ # Lo Then v+ a # +a, since otherwise either v = 0 or
¥ = —2a, a contradiction {Carter, Proposition 4.23]. Similarly, y—a # +a. Moreover, (v, ") = 41
it and only if (v F @, ¥} = F1 since (@, aV) = 2. Thus
BaFoty = 6((v,0"),1) Batiy-a = 6({y, "), Dé({y ~ o, @¥), 1)z = 8((y,0¥), D)y,
Faaty = 8((3,0"), 1) Fattrra = ({3, 0}, ~1)0((y + ey a¥), )y = ({3, 0Y), L)

Hence
tuy, i (y,a") = +1;

By, byl =
By LiaJoy {0, otherwise.

Since (v, @) = {7,0¥)(e, 0)/2, ¢ = g{**"), and
(KC\' - KJI)CE,), = (q(")‘,a) — q_(':":a))w’y — (q{g)')afv) . q;('y,cxv))a;?
_ { Hgo — gz )y, I (y,0¥) = £1

0, otherwise.
T'herefore,
‘ K, K1
[Boy Foliy = == "G g
o — o

Now let ps € II,. Then (K, — K3y, = hy — by, = 0. 1f o ¢ T, then Lohy = 0 = Fyhy, so
[Bes Folhy = 0. Now suppose « € I, and suppose p # . Then

BoFohy =610V, —1)Bat_o = 8((, &V, —1) g,
FaEahju, = 6((”) av)a —l)FaiEa = 6((#) av): _1)hm
80 [Euq, Falhy = 0. Lastly,
FEoFahe = 2laBaz—o = [2aha,
FaEcvhar = [2]aFa$o: == [z]aeho:;

s0 again [Ey, £4)hy, = 0. Therefore, for any p € I,

K,— K1
[Ba, Fulhy = q_a_wg%"hm
(a4




which shows that

K,— K
[EEIJFCIJ = ma_——:)]é__
o — Qo
in End(L).
242 a#£p

Suppose a # f (so & # —f3, either). We must show that [Ew, Fg] = 0 in Endy(F). Recall that
@—p5,8—ad¢® so (o, #£1and (8,a") £1, and Zo-p=0=u1mp , by our convention above.
2.4.83 [By, Fglh, =0 for pu €T,
If 8 ¢ I, EqFgh, = 0. Suppose g € II,. Then

Ealphg = [2]pFaz_g = [21p({~F, ), =1)xa_p = 0,

FaFah = 8((j, 8), 1) Bav5 = 5((, B, 1)3((—, 0¥}, ~L)arq_p ~ 0
for p # B in II,. Thus EoFghy, = 0 for all i € II,. By an analogous computation, Fglyhy, = 0 for
all p € I1,.
2.4.4 [B,, Fglay =0 for v€ &,
Suppose 3 € IT,. Then

\AN "f
EoFaxg = Fohg = {gﬂﬁ,a ), —1)zq ;a;ﬁs
JNgad 5

Lo Fgu_g=10.

Suppose v # +8. Now v # —a, since otherwise y=8-a€ P Hy—fF=a,then {y—5,a") =2,
and we may write Eqzy g = 0= d({y — 8,"), ~1)z,_p4q. Thus

BoFgzy = 6((y, %), 1) Bay_g = 6((v, 8Y), 1)8{{y — 8, "), 1)@y pra:

Note that if (, 8V} = 1, then v # 48, and 7 = § implies 3 € II,. Suinmarizing,

Ty, ifoell,y=p0,{(8,a") =—1;
EczFﬁm'y =\ Ty—ptas if (77)8\/) =1, (7 -5, a\/) =-1
0 otherwise,
By analogous computations,
T, ifgells,y=—a, {e, ﬂv) = -1 |
F,ﬁ'EcrfE'y Ty Ty—Btas if (’Y: aV) =—1, (’Y + a, ﬂv> =1
0, otherwise.

Note that, for o € II; and g € IT with (o, 8¥) = —1, B € I, implies

(05718) _ (JBJ CL’) o a\/
(ﬁ,ﬂ)_z(a,a)ﬁw’ )
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—1= (a?ﬂv) =2




