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Abstract

Let K be a field of characteristic p > 0, let G be a locally finite group, and let K[G] denote
the group algebra of G over K. In this paper we study the Jacobson radical JK[G] when G has
a finite subnormal series with factors which are either p’-groups, infinite simple, or generated by
locally subnormal subgroups. For example, we show that if such a group G has no finite locally
subnormal subgroup of order divisible by p, then JK[G] = 0. The argument here is a mixture
of group ring and group theoretic techniques and requires that we deal more generally with
twisted group algebras. Furthermore, the proof ultimately depends upon certain consequences of
the classification of the finite simple groups. In particular, we use J.I. Hall’s classification of the
locally finite finitary simple groups.

1991 Math. Subj. Class.: 16834, 20E32, 20F50

0. Introduction

This paper is a continuation of recent work in [8-10]; it concerns group algebras
K[G], where K is a field of characteristic p > 0 and where G is a locally finite
group. Specifically, we show that if G has a particular global structure, then K[G] is
semiprimitive, or equivalently that its Jacobson radical JK[G] is zero. Recall that a
finite subgroup 4 of G is locally subnormal if A <<B for all finite subgroups B of
G containing 4. For example, if G is locally nilpotent, then every finite subgroup of
G is locally subnormal. Furthermore, if G is an f.c. group, then G is generated by
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its finite normal subgroups and hence by its locally subnormal subgroups. The goal of
this paper is to prove

Main Theorem. Let K[G] be the group algebra of a locally finite group G over a
field K of characteristic p > 0. Suppose that G has a finite subnormal series

1=G0<1G1<1"‘<1Gn=G

with each quotient Gi.1/G; either
(i) a p’-group, or
(ii) a nonabelian simple group, or
(iil) generated by its locally subnormal subgroups.
Then K[G] is semiprimitive if and only if G has no locally subnormal subgroup of
order divisible by p.

A twisted generalization of this result is obtained in Section 3 and a brief outline
of its proof is as follows.

First, we can assume that X is algebraically closed. Then we proceed by induction
on the number of factors of the subnormal series for G which are infinite simple but
not a p’-group. It turns out that we can quickly reduce to the case of just one such
factor. Indeed, it suffices to assume that G' has a normal subgroup N with G/N = H an
infinite simple group containing an element of order p, and with [N : Cy(g)| < oo for
all g € G. Furthermore, N is a p’-group and we can suppose that G has no nontrivial
f.c. homomorphic image. In other words, the pair (G,N) is a p’-f.c. cover of H. Now
if N is central in G, then G is a central cover of H and K[G] is a subdirect product
of various twisted group algebras K’[H]. Thus, the main theorems of [9,10] apply here
and yield the result.

On the other hand, if N is not central in G, then we show that H = G/N is a finitary
linear group over the Galois field GF(g) for some prime ¢ involved in the subgroup
N. Furthermore, since H cannot be a linear group, the results of [3—5] imply that H is
isomorphic to one of the stable finitary groups Alte,, FSLoo(F), FSpoo(F), FSU(F),
or FQ(F) for some locally finite field F of characteristic g. As will be apparent, the
bulk of this paper is concerned with these few special cases.

Let W be any locally finite group. We say that W is p-insulated if, for every finite
subset {x,x2,...,x; } of nonidentity elements of W, there exists a p-element z of W
such that no zx; is a p-element. For example, any p’-group is p-insulated and, as is
shown in [10], if W is p-insulated then JK[W] = 0. In fact, the main result of the
latter paper is obtained by proving that any nonlinear locally finite simple group is
p-insulated. In Section 1 of this paper we define a stronger version of this concept and
show that if H is strongly p-insulated, then any p'-f.c. cover G of H is p-insulated
and hence satisfies JK[G] = 0. Thus all that remains is to prove that the stable groups
H are strongly p-insulated, and this is done in Section 2. Note that, since N is a p'-
group, we have g # p. Thus we need only consider the stable groups in characteristic
q # p, and this is a great simplification. Nevertheless, for the sake of completeness
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and for possible later applications, we show in the rather long and unpleasant Section 4
that stable groups in characteristic p are also strongly p-insulated.

1. p-Insulated groups

Let G be a locally finite group and let p be a fixed prime. If {x1,x5,...,x,} is a
set of nonidentity elements of G, then a p-insulator for this set is a p-element z € G
such that no zx; is a p-element. We say that G is a p-insulated group if every finite
subset of G\1 has a p-insulator. This concept, with a somewhat different name, was
used in [2] and later in [10] to prove that certain group algebras are semiprimitive.
Here we need a stronger version to handle larger classes of groups.

We say that G is strongly p-insulated if, for any x;,x,,...,x, € G\l and any integer
r > 1, there exists a homocyclic p-subgroup P of G having rank r such that every
generator z of P is a p-insulator for {x;,x2,...,% }. Note that every p’-group G is
p-insulated, but that no p’-group is strongly p-insulated. In this section we briefly
consider some applications of these concepts.

Let P be a finite abelian p-group and define the rank of P to equal the minimal
number of generators of the group. In particular, if ®(P) denotes the Frattini subgroup
of P and if |P/®(P)| = p", then we know that » = rank P. Furthermore, if Q;(P) =
{x € P|x? =1}, then |Q;(P)| = p" and hence rank Q;(P) = r = rank P. Of course,
z is a generator of P if and only if z € P\ ®(P).

We say that P is homocyclic of type p" if P = Zpp X Zp X -+ X Zp is a direct
product of finitely many copies of the cyclic group Z, of order p". Some basic
properties of such groups are as follows.

(1) If AC P, then 4 C 4 C P where 4 is homocyclic of type p" and rank A = rank A.
Of course, 4 is not uniquely determined by 4.

(2) If ACP, then A is a direct factor of P if and only if 4 is homocyclic of type

]

.
These are easy to prove directly. They also follow from the fact that Z/p"Z is a

self-injective ring. We first need

Lemma 1.1. Let P be a homocyclic group of type p" and let S CR be subgroups of
P. Then there exists a direct factor Q of P with rank P/Q < rank R/S and QNRCS.

Proof. We proceed by induction on |P|, the result being trivial when |P| = 1. There
are two cases to consider according to the relationship between the rank of S and the
rank of P.

Case 1: rank § < rank P.

Proof. Write P = R x ¥ and R = § x X, so that P = § x X x Y. By assumption,
rank § = rank § < rank P and therefore |S| < |P|. Now observe that SDRNS2DS
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and that R D(RNS) x (RNX). Thus R/S 2(RN S)/S x (RN X) and hence
r =rank R/S > rank(R N §)/S + rank(RNX) = s + ¢,

where s = rank(R N §)/S and ¢ = rank(R N X). Since rank R = rank R, it follows
that Q;(R) = Q,(R). In particular, R N XD (R) N X = Q(X), so rankX =
rank(R N X) =1.

By induction applied to the subgroups S CRNS of S, there exists a direct factor U
of § with rank §/U < s and U N (RN S)CS. Finally, set 0 = U x Y so that Qisa
direct factor of P and P/Q = §/U x X has rank

rank P/Q = rank S/U +rank X < s+t < r.
Furthermore, since QQS~ x Y, RCS x X and (,§ X Y)ﬂ(§ X X) =S, it follows that
ONR=QNHNRNS)=UNRNS)CS

and this case is proved. [
Case 2: rank § = rank P.

Proof. If n = 1, then rank .S = rank P implies that § = R = P. Hence rank S/R = 0
and we can take Q = P. Thus we may suppose that n > 2.

If L = ©;(P), then the equality of ranks implies that P D RO .S D L. Furthermore,
LC P(P) since n > 2. Let =P — P/L be the natural epimorphism and note that
PDRDS, R/S = R/S has rank » = rank R/S, and P is homocyclic of type p"~!. By
induction, we can write P = Q x V where rank ¥ < r and Q NRCS. Finally, choose
O,V CP such that rank Q < rank Q, rank ¥ < rank ¥ and QL/L = Q, VL/L = V.
Then QVL = P and, since L C @(P), we have QF = P. By order considerations,
it follows that Q and V are homocyclic of type p” and that P = Q x V. Thus
rank P/Q = rank ¥ < rank ¥V < r. Furthermore, ONRC QO NRCS so, since SDL, we
have QN RCS and the lemma is proved. [

As a consequence, we obtain

Lemma 1.2. Let H = BP where B<H, B is a locally finite p'-group and P is a finite
homocyclic p-group. Furthermore, let A be a finite normal subgroup of B. Then
there exists a direct factor Q of P, with rank P/Q < 2log, |A|, such that za is not a
p-element for any z € Q and 1 £ a € A.

Proof. We proceed by induction on |4|, the case [4| = 1 being clear. Suppose now
that |4] > 1.

We can assume that B = A” is generated by the P-conjugates of 4. Thus B is finite
and H = (4, P). Now choose L C B maximal with respect to LaH and LNA4 = 1.
If *H — HJL is the natural epimorphism, then 4 = A. Furthermore, if Za@ = Za is not
a p-element, then certainly za is not a p-clement. Thus it suffices to work in A, or
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equivalently we can assume that L = 1. In particular, any nonidentity subgroup of B
which is normal in A must meet A nontrivially.

Suppose there is a proper subgroup N of B which is normal in H. Since N # 1,
we know that N N4 # 1. On the other hand, if NN A =4 then NDA4 so ND4 =
B, a contradiction. Thus 1 CN N A4 CA. By induction, P has a direct factor R, with
rank P/R < 2log, |N N 4|, such that za is not a p-element for any z € R and 1 #
a € N N A. Furthermore, by induction working in H/N, R has a direct factor Q, with
rank R/Q < 2log, |4/(N N 4)|, such that za is not a p-element for any z € Q and
a € A\(N N 4). Since

rank P/Q < rank P/R + rank R/Q
< 2log, [N NA| + 2log, |[4/(N N4)| = 2log, |4],

the result follows in this situation.

We can therefore assume that no such N exists. In particular, B has no proper
characteristic subgroup, so B is either an elementary abelian g-group for some prime
q # p or it is semisimple. We consider the two cases separately.

Case 1: B is abelian.

Proof. Notice that any P-stable subgroup of B is normal in H. Thus, by assumption,
P acts irreducibly on B. In particular, if C = Cp(B) then P/C is cyclic. Now, by
Lemma 1.1, there exists a direct factor O of P with rank P/Q < 1 < 2log, |4| and
QCC. Since BQ =B x Q and B is a p/-group, it therefore follows that zb is not a
p-element for any ze Qand 1 £be€ B. O

Case 2: B is semisimple.

Proof. Let {S; |1 <i < v} be the set of normal simple subgroups of B. Then B is
the direct product B =[]} S; and, since 4B, we can assume that 4 = [} S;. Certainly
r < log, |4|. Also P permutes {S;} and the direct product of the factors in any orbit
is a normal subgroup of H. Thus, since H has no normal subgroup N with 1 CN C B,
it follows that P is transitive on {S;}. Indeed, if L is the kernel of this permutation
action then, since P is abelian, P/L acts regularly. For each 1 < i < r, choose x; € P
so that ST = S; and let R be the subgroup of P generated by L and xi,x;,...,x,. Then
rank R/L < r and SR D 4. Moreover, since R is a subgroup of P and RDL, it is easy
tosee that R={yeP|SNSR+£1}.

Now L stabilizes all S;, so L normalizes 4 and we let C = C;(4). In particular, L/C
is an abelian p-group which embeds in the symmetric group Sym,. Since the largest
elementary abelian p-subgroup of Sym, has rank ¢ < log , |4| < log, |4, it follows
that rank L/C < ¢. Thus

rank R/C < rank R/L + rank L/C
<r+t<2log,|dl.
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By Lemma 1.1 applied to P 2 R 2 C, there exists a direct factor Q of P with rank P/Q
< 2log,|A| and RN QCC. In particular, LN QCC so RNQ = L NQ =
cNnQ.

Finally, let z € Q and let 1 # a € A. Say z has order p” modulo RNQ=LNQ
C N Q and observe that

@) =z"'d’ ... d da.

Since z7 ¢ Rfor | < j < p'—land R={yeP|SNSR#T1}, it follows
that @@’ € Sf has all Sf-components equal to ! in the direct product B = []; .
In other words, if we write B = 4 x D, then (za)”" = zPad for some d € D.
Now z?" € L so D < (B,z""). Also z”" € C, so z”" centralizes 4. Thus (B,z"")/D =
A x (z”") and, since 4 is a p’-group, this clearly implies that (za)”' D = z”a? D is
not a p-element in (B,z?")/D. But then (za)?" is not a p-element and therefore neither
isza. O

Our main application is as follows.

Proposition 1.3. Let G be a locally finite group and let B be a normal f.c. subgroup
of G. If G/B is strongly p-insulated and if B is a p’-group, then G is p-insulated. In
particular, if K is a field of characteristic p, then any twisted group algebra K'[G]
is semiprimitive.

Proof. We can write finitely many nonidentity elements of G as
alyaZa L ’aka-xthy e ’xn’

where a),as,...,a; € B\1 and where x),x3,...,x, € G\B. Since B is a locally finite
f.c. group, there exists a finite normal subgroup 4 of B with ay,a;,...,a; € A\1. Let
r be an integer larger than 2log, |4].

Now let =G — G = G/B be the natural epimorphism. Since X|,%,...,%, € G\l
and since G is strongly p-insulated, there exists a homocyclic p-subgroup P of G
with rank P = r such that, for all generators z of P, no Z%; is a p-element of G.
Furthermore, since B is a p’-group and G is locally finite, there exists a homocyclic
p-subgroup P of G such that P = PB/B = P.

Finally, we apply Lemma 1.2 to # = BP with 4 < B to conclude that there exists
a direct factor Q of P, with rank P/Q < 2log, |4|, such that za is not a p-element
for any z € Q and 1 # a € A. Furthermore, since rank P = r > 2log, |[4|, we have
Q # 1. Thus we can choose z € Q to be a generator of P. For this p-element, we
know that no za; is a p-element and that no zZx; is a p-clement. Therefore, no zx; is
a p-element and G is indeed p-insulated. The last remark concerning K‘[G] follows
from [10, Lemma 7.4]. O

A minor modification of the above proves that G is strongly p-insulated.
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2. Finitary linear groups I

The goal of this section is to show that certain finitary simple groups of infinite
rank are strongly p-insulated. The techniques used are extensions of those of [10]. For
convenience, we let oo denote a fixed set of countably infinite size.

Theorem 2.1. If G is a locally finite group with Alt., C G C Syme,, then G is strongly
p-insulated.

Proof. Suppose we are given nonidentity elements xi,x,...,x, of GC Sym,, and a
positive integer » > 2. Say x1,x2,...,%, € Sym; so that these elements move points in
the set {1,2,...,k} and fix the remaining ones. Let P be a homocyclic p-group of
type p* and of rank r. We define an embedding of P into Alt,, C G as follows.

For each j = 1,2,...,k let L; = U;(P) = {g” | g € P} so that L; is a characteristic
subgroup of P with P/L; homocyclic of type p’/. Let n;: P — P/L; denote the natural
epimorphism. Under the regular permutation representation, let P/L; act on the set I';.
Then by using the various maps =n;, there is a natural permutation action of P on
I'=rUr,u..- Ury. We now embed I' into the set {1,2,...} = oo in such a way
that j € I';. Since P acts faithfully on I'y, we see that P C Symr C Sym,.

Let z be a generator of P so that z has order p*. Then m;(z) has order p/ in P/L;
and, since P/L; acts regularly on I';, it follows that the cycle structure of m;(z) on I’;
consists entirely of cycles of length p/. But j € I'; and thus the cycle structure of z
on I' looks like

where (j * --- *) has length p/ and where the *’s indicate distinct elements.
It now follows as in [2] that no zx; is a p-element. Indeed, if x; € Sym; contains
the nontrivial cycle (a;a; -- - a;), then zx; contains the cycle

(al*"'*aZ*"'*"'at*"'*)

of length £ = p™ + p® +--- 4+ p%. Since the latter exponents are all distinct, ¢ is not
a power of p and therefore zx; is not a p-element.

Finally, if p is odd, then it is clear that P C Alt,c € G. On the other hand, if p =2
then, since » > 2, we see that each m;(z) is a product of an even number of cycles of
length 2/. Thus m;(z) € Alt;, and again P CAlt,, CG. O

We now move on to consider linear groups over a locally finite field F. Specifically,
we study the finitary special linear, unitary, symplectic, and orthogonal groups of in-
finite degree over F. Fortunately, with one minor exception, these can all be studied
simultaneously using sesquilinear forms.

Let ¥ be a vector space over the field F and let @: V x ¥V — F be a map which is F-
linear in the second variable. Then @ is said to be a sesquilinear form if, for all v,w €
V, we have &(w,v) = e®(v, w)* for some fixed ¢ = =1 and some field automorphism *
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of order 1 or 2. As usual, we write FU(V,®)CFGL(V') for the group of finitary
isometries associated with @, and we assume throughout that @ is nonsingular.

When * is nontrivial and ¢ = 1, then @ is a unitary form and FU(V,®) is the
usual finitary unitary group. On the other hand, if * = 1, then @ is either orthogonal
or symplectic according to whether ¢ = 1 or —1. Of course, when char F = 2, then
symplectic forms require @(v,v) = 0 for all v € V and orthogonal forms are defined
somewhat differently, but are nevertheless based on an auxiliary symplectic form. See
[1, Chap. 1] for details.

If dimV = n < oo, then these forms can also be described matrix theoretically.
To this end, let * denote the composition of matrix transpose with “. Then the n x n
matrix @ determines the sesquilinear form v x w — v*®w if and only if ¢* = ¢,
and the form is nonsingular precisely when & is a nonsingular matrix. Furthermore,
x € GL,(F) is an isometry if and only if x*@x = @, and we let U,(F, ®) denote the
set of all such x. We will use this notation even for orthogonal groups in characteristic
2,

If dim¥V = oo and F is a locally finite field, then it is well known that there is
a unique nonsingular unitary, symplectic or orthogonal form defined on V. Therefore,
we just write FU(F) for the group of isometries in this case, and we let FU(F)
be its commutator subgroup. Of course, these commutator groups are all contained in
the finitary special linear group FSL.(F). Note that FSL.(F) is the (unique) stable
group since oo has countably infinite size.

The goal now is to obtain linear group analogs of Theorem 2.1. As in [10], there
are two cases to consider according to whether p = char F or not. Again, the latter
case is quite easy while the former requires a good deal of work. Recall that if £ < &
are integers, then we embed the general linear group GL/(F) into GLx(F') via the map
x — % = diag(x,e’) where ¢’ is the (k — £) x (k — ¢) identity matrix. For obvious
reasons, we call this the corner embedding. It allows us to distinguish different matrix
representations for the same element of FGL(F).

Theorem 2.2. Let F be a locally finite field, let FU(F) denote the finitary unitary,
symplectic or orthogonal group of infinite degree, and let G be a group with

FUo(F) C G CFGL&(F).
If p # char F, then G is strongly p-insulated.

Proof. Let x),x2,...,x; be nonidentity elements of G and let » > 1 be a given inte-
ger. For convenience, assume that {x;,xz,...,x; } contains a p-element and, further-
more, if x; is a p-element, then x¥ € {xi,x2,...,x } for all exponents » prime to p.
By reordering the subscripts, we can suppose that xj,x;,...,x,—1 are p-clements and
that x,,,Xm+1,...,% are not. Since G CFGL(F) and since FU(F) is determined
by a nonsingular sesquilinear form, it follows that, for some integer £ > 1, we have
{x1,%2,...,% } CGL(F) with ¢, the restriction of the sesquilinear form to this £ x ¢
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upper left-hand corner, nonsingular. Now define the m¢ x m¢ matrices X and Z by
X = diag(x1,%2,...,Xm_1,d) and Z=(X*)"!,

where d = diag(d’,1,...,1) is an £ x £ matrix with d' = H;’:ll(det x;)~". Since each
x; with i <m—1 is a p-element, it is clear that X and Z are p-elements in SL,./(F)
with order |X| = |Z| = max{|x;| |1 <i<m -1}

Let E denote the rm/ X rm{ identity matrix and set k = £ + 2rm{ = (1 + 2rm)Z.
Since FU,(F) depends only on the nature of the sesquilinear form, we can assume
that the &£ x k upper left corner of FU,,(F) has the form determined by the matrix

¢ 0 0
o=|0 0 E
0 ¢E 0

(or the characteristic 2 quadratic form as described in [10, Lemma 4.2]). Next, let e
be the £ x ¢ identity matrix and define Q = Q, to be the set of all k x k& block diagonal
matrices

diag(e, X4, X2, ... X% 7%, 2%, ..., Z%)

with @; € Z. Tt is clear that Q is a homocyclic p-group of type n = |X| and rank r.
Furthermore, [10, Lemmas 4.1(i) and 4.2(i)] imply that Q C Uy(F, @Y.

If o is the £ x rm¢ matrix « = (e e - - e ), then it follows from [10, Lemmas 4.1(ii)
and 4.2(ii)] that there exist F-matrices f and y of suitable size with

e 0
Y=(0 0)
vy B E

contained in Uy(F,®). Set P = P, = Y"1QY = Q. Then

Iy R

PCU(F,®) CFUL(FY CG

and we claim that if z is a generator of P and if ~ is the corner embedding defined
on GL/(F), then no zx; is a p-element. To this end, we first note that

2]
zZ = s
22 23

where

2=(72) (%)

and where & = diag(X%,X%,...,X%). Thus, since

~ Zlfi
ZX; =
22 Z3

has order divisible by |z,X;|, it suffices to show that z,%; is not a p-element.
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Suppose first that x; is not a p-element, and note that z; is in upper block triangular
form. Specifically, we have

€ * ~ X; *
zx=( ) and zmz( ! )
k3 *

Thus z;%; has order divisible by |x;| and therefore it is not a p-element.

On the other hand, let x; be a p-element so that 1 <7 < m—1. By assumption, since
z is a generator of P, some integer @; is prime to p. Since the set {xi,x2,...,%m—1 }
is closed under p’ powers, it follows that x; occurs as a block diagonal entry of X%.
Thus, by suitably permuting the rows and columns of &, we can assume that x; occurs
as the first block entry of X%'. In other words, z; is similar to a matrix of the form

Ai *
£
where
4 (ee)_l <e ) (ee) _ (ee—xi>.
e X; e Xi
Therefore, z;%; is similar to
Bi *
* s
where

. o — . -1 _
Bi=Ai<x' >:<x,e x,>:<x, )(ex, e)h
e X; X e

Notice that the latter two matrices commute, that

(")

is a p-element and that

has order ¢ = char F # p since x; # e. Thus B; is not a p-element and therefore
neither is z;%;. Since » > 1 was chosen arbitrarily, the result follows. [

The characterisitc p analog of Theorem 2.2 will be considered in Section 4.

3. Semiprimitivity

We continue to work in the context of locally finite groups and we recall some
notation from [8]. To start with, suppose G is a group and H is a normal subgroup.
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Then
[DG(H)={XE G \ |HICH(X)I < OO}

is the normal subgroup of G consisting of all those elements which act in a finitary
manner on H. In particular,

Do(G) = A(G) = {x € G | |G : Cax)| < 0}

is the fic. center of G, and G is said to be an f.c. group if G = A(G).

Next, the ordered pair (C,N) is said to be an f.c. cover of G if

(i) C is a locally finite group, N<C and C/N = G.

(ii) C = D¢e(N), so that every element of C acts in a finitary manner on N.

(iii) C has no nontrivial f.c. factor group.

Notice that if (C,N) exists, then G itself has no nontrivial f.c. factor group and, in
particular, G cannot be a nonidentity finite group. On the other hand, if G satisfies
(iii), then G has at least one f.c. cover, namely (G, 1). Since any f.c. group is center-
by-(residually finite), it is clear that condition (iii) is equivalent to

(iii") C has no nontrivial finite or abelian factor group.

Furthermore, (ii) certainly implies that N is an f.c. group and hence that it is locally
normal.

The f.c. cover is clearly an analog of the usual Schur covering group where N is
taken to be central and where C is assumed to be equal to its commutator subgroup.
However, unlike the Schur situation, there is no universal f.c. covering group. For
example, let G = Alt,, be the infinite simple alternating group and let W be any finite
nonabelian simple group. Then the permutation wreath product C = W G is easily
seen to yield an f.c. cover of G with N, the base group of the wreath product, being
an infinite direct sum of copies of W. If x is any element of C\N, then x must move
one of the W direct summands of N and therefore |N : Cy(x)| > |W|. But |W| can
be taken to be arbitrarily large and thus no universal f.c. cover of G could map onto
all such W G.

The following is a slight sharpening of {8, Lemma 4.3] with essentially the same
proof. For convenience we let m(G) denote the set of prime divisors of the orders of
the elements of G.

Lemma 3.1. Let (C,N) be an f.c. cover of G and suppose that Cy(G) # 1 whenever
G acts in a finitary manner on an infinite elementary abelian q-group V with q €
7(N). Then N is central in C.

Proof. Since (C,N) exists, it follows that G has no nontrivial f.c. factor group. In
particular, G = G’ and G has no nontrivial finite factor groups. We can clearly assume
that N £ 1 and we proceed in a series of steps.
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Step 1: Suppose that G acts in a finitary manner on an abelian group 4 with
n(4) Cn(N). Then G centralizes 4. Similarly, suppose G acts as permutations on a
set Q and that each element of G moves only finitely many points. Then G acts trivially
on .

Proof. Let G act on A. We first observe that if 4 # 1 then Z = C4(G) # 1. To this
end, let ¢ € m(4) Cn(N) and let ¥ be the set of elements of 4 of order 1 or ¢g. Then V
is a nonidentity characteristic subgroup of 4, so G acts on ¥ in a finitary manner. If | V|
is finite, then |G : Cs(¥)| < oo and, since G has no nontrivial finite factor group, it
follows that G centralizes V. On the other hand, if [V| = oo, then Z # 1 follows from
the hypothesis of the lemma. Suppose now that Z s 4. Then G acts on A = 4/Z # 1
and hence, by the above, there exists W D Z such that W/Z = C 4 G). Notice that G
acts on W, stabilizes the chain W 2Z 21 and acts trivially on each factor. Thus the
commutator subgroup G’ of G centralizes W. But G’ = G, so W CCy(G) = Z, a
contradiction, and therefore Z = A.

Finally, suppose that G acts as permutations on . Let F = GF(g) for some ¢ €
n(N) and let B = FQ be the permutation G-module determined by £. Since |F| < oo,
it is clear that G acts in a finitary manner on B. Thus, by the result of the previous
paragraph, G centralizes B and hence it acts trivially on Q. O

Now we consider the f.c. cover (C,N).

Step 2: G centralizes N/N’ and N’ = N”.

Proof. It is clear that G = C/N acts on the abelian group N/N’. Furthermore, since
Dc(N) = C, it follows from Step 1 that G centralizes N/N'. In particular, N/N’ is
central in C/N'.

Next, we show that N’ = N”. For this it suffices to assume that N’ = 1 and
then prove that N’ = 1. Set 4 = N’, so that C/N’ acts on the abelian group A4
and set Z = C4(C/N’). Note that N is an f.c. group and therefore, if x € N/N’, then
[4,x] =2 A4/C4(x) is finite. But x is central in C/N’, so [4,x] is C/N’-stable and therefore
[4,x] C Z since C has no nontrivial f.c. factor group. It follows that N acts trivially
on A/Z, so G acts on A/Z and Step 1 implies that G centralizes 4/Z. In particular, C
also centralizes A/Z and hence C stabilizes the chain N2 42D Z D1 and acts trivially
on each factor. Thus C” acts trivially on N. But C = C”, so N is central in C and,
in particular, N is abelian. Thus N’ = 1, as required. [

Step 3: N is locally solvable.

Proof. Let S be the largest normal locally solvable subgroup of N. Then S is charac-
teristic in N and N/S has no nonidentity solvable normal subgroup. Thus it suffices to
assume that § = 1 and then prove that N = 1.

Suppose by way of contradiction that N # 1. Since N is an f.c. group, it has a
minimal nonidentity finite normal subgroup 7. Since 7 is not solvable, it is semisimple
and hence so is D = T, the normal closure of 7 in C. In other words, D = [[, D;
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is the weak direct product of finite nonabelian simple groups. As is well known, any
normal subgroup of D is a partial direct product of the D;’s. In particular, N permutes
the D;’s by conjugation and the minimal normal subgroups of N contained in D are
precisely the products of D,’s over the finite N-orbits under this action. Thus, by
combining factors, we see that D =[] M is the weak direct product of those (finite)
minimal normal subgroups M; of N which are contained in D.

Now C normalizes both N and D and therefore C permutes the set Q of all such
M; by conjugation. Furthermore, since each M; <N, we see that N acts trivially on
2 and therefore that G = C/N acts as permutations on this set. Notice that if x € C,
then Cp(x) has finite index in D and therefore contains a normal subgroup of D of
finite index. This normal subgroup is clearly the weak direct product of all but finitely
many D;’s and therefore it contains the weak direct product of all but finitely many of
the M;’s. In other words, every element of G moves only finitely many points in its
action on Q. By Step 1, we conclude that G acts trivially on Q2 and hence that each
M; is a finite normal subgroup of C. This means that |C : Cc(M;)| < oo and, since
C has no nontrivial f.c. factor group, we see that each M; is central in C. But this
implies that D C Z(C), a contradiction since D 3 1 is semisimple. [

Step 4: N is central in C.

Proof. Let M be any finite normal subgroup of N. Since N/Cy(M) is finite and N is
locally solvable, it follows that N/Cy(M) is solvable. Thus N, the kth term of the
derived series for N, is contained in Cy(M) for some k. But N’ = N”, by Step 2, and
therefore we see that N’ centralizes all such M. Indeed, since N is locally normal, N
is generated by its finite normal subgroups and therefore N’ C Z(N). This implies that
N’ is abelian and, since N’ = N”, we conclude that N' = 1. Thus N is abelian and,
since G centralizes N/N' by Step 2, the lemma is proved. O

As a consequence, we have

Lemma 3.2. Let G have an f.c. cover (C,N) with N not central in C. Then some
nonidentity homomorphic image G/H of G is a finitary linear group over the field
GF(q) for some prime q € (N).

Proof. Since N is not central in C, the previous lemma implies that, for some prime
g € (N), G acts in a finitary manner on an infinite elementary abelian g-group V
with Cy(G) = 1. In particular, if H = Cg(¥), then G/H is a finitary linear group over
GF(q). Furthermore, G/H +# 1 since Cy(G/H) =Cy(G)=1. O

By combining all of our results so far with the work of J. 1. Hall and others, we
can now prove

Proposition 3.3. Let K be a field of characteristic p > 0 and let N< C be locally
finite groups with G = C/N infinite simple. If C = Dc(N) and if N is a p'-group,
then any twisted group algebra K'[C] is semiprimitive.
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Proof. We begin with several reductions using results described in [8, Section 2].
To start with, if K is the algebraic closure of X, then Kt[C] = K Q¢ K'[C] is a
twisted group algebra over K with Jacobson radical satisfying JK t[C] DJK'[C]. Thus
it suffices to show that JIZI[C] = 0 or equivalently we can now assume that K = K
is algebraically closed.

Next, let o € JK'[C] and let H; DN be the subgroup of C generated by N and the
support of a. Then H;/N is a finite subgroup of the infinite simple group C/N = G
and hence there exists a countably infinite simple subgroup H/N of G with H; CH.
But then

« € JK'[CINK'[H]CJK'[H]

so it suffices to prove that K'[H] is semiprimitive. In other words, we can now as-
sume that C = H or equivalently that G is a countably infinite simple group. We
can of course also assume that C is not a p’-group and hence that G is not a
p’-group.

Finally, let L be the subgroup of C generated by its p-elements. Then C/L is a
locally finite p’-group, so JK'[C] = JK'[L] - K’[C] and it suffices to prove that K*[L]
is semiprimitive. Notice also that L is not contained in N, so LN/N is a nonidentity
normal subgroup of G, and thus L/(L N N) = LN/N = G. In other words, L has the
same structure as C, and we can therefore assume that C = L is generated by its
p-clements. With this, we see that (C,N) is an f.c. cover of G. Indeed, it is clear that
(C,N) satisfies the defining conditions (i) and (ii). Furthermore, for (iii), let M # C
be any normal subgroup of C. Since C/M is generated by its p-elements and since
N is a p’-group, it follows that MN # C. Thus, since MN/N « G, we conclude that
MN = N and hence that M CN. But then G = C/N is a homomorphic image of C/M,
so C/M is not an f.c. group and condition (iii) is proved. There are now two cases to
consider. :

Case 1: N is central in C.

Proof. Let C = {¢ | ¢ € C} be the group basis for K'[C] and let x € N C Z(C).
Then, Ci(x) = {c € C | & = %} is a subgroup of C and, by [8, Section 2],
C/CL(x) = Cc(x)/CL(x) is abelian. But (C,N) is an f.c. cover, so C = C’ and
therefore Cl.(x) = C. We conclude that K’[N] is central in K*[C].

Now N is a p’-group, so K'[N] is a semiprimitive commutative algebra. Furthermore,
since the group basis N is periodic modulo K® = K\0 and since K is algebraically
closed, it follows that all irreducible representations of K’[N] are homomorphisms
into K. Thus there exists a family {/;]|i € #} of ideals of K‘[N] of codimension
1 with (;Z; = 0. Of course, these ideals are central in K’[C] and freeness implies
that () LK’[C] = 0. Therefore, it suffices to prove that each factor K‘'[C]/LK'[C] is a
semiprimitive ring. But it is easy to see that

K'[CYIK'[C] = K*[C/N] = K*[G]
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is a suitable twisted group algebra of C/N = G. Thus, since the main results of [9,10]
imply that JK“[G] = 0 for any locally finite infinite simple group G, the result follows
in this case. O

Case 2: N is not central in C.

Proof. Since (C,N) is an fc. cover of G with N & Z(G) and since G is infinite
simple, it follows from the preceding lemma that G is a finitary linear group over
GF(q) for some prime ¢ € n(N). In particular, since N is a p'-group, it follows that
q # p. At this point, we can apply the recent characterization of locally finite, infinite
simple groups which are finitary linear groups.

Suppose first that G can be realized as a finite dimensional linear group over some
field Fy. Then [6,11] imply that G is a simple group of Lie type over some infinite,
locally finite field F,, and this contradicts [8, Theorem 4.5]. Thus G cannot be realized
in this manner and resuits of J. I. Hall apply. In particular, since G is countably infinite,
it follows from [3-5] that G = Alt,, FSLo(F), FSpoc(F), FSU(F) or FQ(F) for
some locally finite field F and, indeed, F must have characteristic ¢. This latter fact
follows from the work in [3, Section 7). Specifically, if G is one of the latter four
groups and if char F = r, then G has a classical sectional cover 2 in characteristic
r. Furthermore, since G is a finitary linear group in characteristic ¢, [3, Theorem 7.2]
implies that & has a subcover which is classical in characteristic g. Thus » = g, as
claimed.

Finally, since char F = g # p, it follows that G satisfies the hypothesis of Theo-
rem 2.1 or 2.2 and therefore G is strongly p-insulated. Proposition 1.3 now implies
that C is p-insulated and hence that K’[C] is semiprimitive. This completes the proof
of the second case and the result follows. O

The goal now is to generalize [9, Theorem 3.2]. As it turns out, the original argument
can be considerably simplified by using the earlier techniques of [7]. We first recall
several definitions and then we quote the necessary facts from the latter paper, but in
the context of twisted group algebras.

Let G be a locally finite group. A finite subgroup 4 of G is said to be locally sub-
normal, written A Isn G, if A is subnormal in every finite subgroup B of G with 4 C B.
For example, every finite subnormal subgroup of G is locally subnormal. Furthermore,
if G is locally nilpotent, then every finite subgroup is locally subnormal. Note that
if A41,A,...,4, are locally subnormal subgroups of G, then so is (4;,43,...,4,), the
group they generate. Consequently, G is generated by locally subnormal subgroups if
and only if it is a union of locally subnormals. Furthermore, this property of G is
inherited by subgroups and quotient groups.

Lemma 3.4. Le: K'[G] be a twisted group algebra of the locally finite group G over
a field K of characteristic p.
(i) If A lsn G. then JK'[4) CJK'[G).
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(i1) If N« G with JK'[N] nilpotent, then JK'[G] = JK'[D] - K'[G] where D =
De(N).
(iii) Let N<<a G with JK'[N] = 0 and suppose that

N=Ny<aN <4+ <N, =G

with each quotient N;.1/N; either a p’-group or generated by its locally subnormal
subgroups. If G has no locally subnormal subgroup of order divisible by p, then
JK'[G] = 0.

Proof. (i) It suffices to show that the right ideal JK'[4] - K’[G] is nil and this can
be verified locally. Indeed, we need only show that JK’[4] - K'[B] is nil for any finite
group B with ACBC G. But 4 << B, so JK'[4] - K'[B] is contained in the nilpotent
ideal JK'[B] and the result follows.

(ii) This is the twisted version of [7, Lemma 3.7] and it is proved in precisely the
same manner.

(iii) By induction on m, it suffices to assume that NaG and that G/N is either a p'-
group or is generated by its locally subnormal subgroups. In the former case we have
JK'[G] = JK'[N]-K'[G] = 0, so we need only consider the latter situation. For this, let
« € JK'[G] and choose N CAC G with A/N Isn G/N and with « € K*[4]. Notice that
any locally subnormal subgroup of 4 is locally subnormal in G. Thus, by assumption,
A has no locally subnormal subgroup of order divisible by p and, in particular, 4
has no finite normal subgroup of order divisible by p. Hence, by [8, Proposition 2.5],
K'[A] is semiprime. Furthermore, since JK’[N] =0 and |4 : N| < oo, it follows from
[8, Proposition 2.1] that JK'[A] is nilpotent, and therefore that JK'[4] = 0 in this
semiprime ring. Finally, we have

o € JK'[G] N K'[4] CJK'[A] = 0,

so a =0 as required. [

The next result is well known and allows us to better understand the nature of the
groups considered in Theorem 3.6. We include a full proof for the sake of completeness.

Lemma 3.5. Let G be an infinite locally finite simple group.
(1) G is not locally solvable.
(ii) G has no nonidentity locally subnormal subgroup.

Proof. (i) Certainly G is nonabelian, so we can choose a,b € G with 1 # ¢ = [a, b].
Furthermore, since G is simple it follows that G = (¢}’ = (¢ | g € G), and hence
there exists a finite subgroup H of G containing a,b,c and with a,b € {c)¥ = C. Now
C is a nonidentity normal subgroup of H and a,b € C, so ¢ = [a,b] € C’. But then
(Y CC'<H, so C=C’ and G is not locally solvable.

(i) Suppose by way of contradiction that G contains a nonidentity locally subnormal
subgroup 4. We can assume that 4 has minimal order and therefore that 4 is simple.
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Furthermore, since G is simple, we have G = A% = (49 | g € G). Suppose first that
A is abelian, so that 4 has prime order g. If B = (49,49 ..., 4%), then each 4% is a
subnormal g-subgroup of B and hence is contained in O4(B). Thus B is a g-group, so
G is locally nilpotent and this contradicts part (i) above. On the other hand, if 4 is
nonabelian simple, then so is each 47, and by considering the subgroup C = (4, 49),
we see that 47 normalizes 4. Thus 4 « G and again we have a contradiction. [

We can now easily prove the main result of this paper.

Theorem 3.6. Let K'[G] be a twisted group algebra of the locally finite group G
over a field K of characteristic p > 0. Suppose that G has a finite subnormal series

1=Gy<Gi«q---4G, =G

with each quotient G;y,/G; either
(i) a p'-group, or
(ii) a nonabelian simple group, or
(iii) generated by locally subnormal subgroups.
If G has no locally subnormal subgroup of order divisible by p, then K'[G] is
semiprimitive.

Proof. For any group G with a subnormal series as above, let p(G) denote the number
of infinite simple factors of the series which are not p’-groups. Since any two finite
subnormal series have equivalent refinements, it follows from the preceding lemma that
p(G) is finite and well defined. Notice that if M<G, then M and G/M have subnormal
series of the same type, and certainly p(G) = p(M) + p(G/M). Notice also that if
S<4 @G, then S has no locally subnormal subgroup of order divisible by p. The proof
now proceeds by induction on p(G).

If p(G) = 0, then the result follows from Lemma 3.4(iii} with N = 1. Thus we may
suppose that p(G) > 1, and we let k be the largest subscript with G,/G;_; infinite
simple and not a p’-group. In view of Lemma 3.4(iii) again, it suffices to prove that
JK[Gi] = 0. Indeed, since p(Gy) = p(G), we may assume that Gy = G. In other
words, G has a normal subgroup H with G/H infinite simple and not a p’-group. Note
that p(H) < p(G) and therefore, by induction, JK'{H] = 0. Thus, Lemma 3.4(ii)
implies that JK'[G] = JK'[C] - K'[G] where C = Dg(H).

If CCH, then p(C) £ p(H) < p(G), so JK![C] = 0 and hence JK'[G] = 0.
Thus, we may suppose that' C & H and therefore, since H is maximal normal, we
have G = HC. In particular, if N = H N C, then C/N 2 G/H is infinite simple.
Furthermore, since N C H, we have D¢(N) = C. Consequently, N is an f.c. group
and, since N has no locally subnormal subgroup of order divisible by p, it follows
that N is a p’-group. Proposition 3.3 now implies that JK'[C] = 0 and therefore
JK'[G] = JK'[C] - K'[G] = 0, as required. [

Notice that if G has a locally subnormal subgroup of order divisible by p and
if K is a perfect field, then Lemma 3.4(i) implies that JK'[G] # 0. Thus the locally
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subnormal hypothesis is definitely required in the preceding theorem. In fact, in the case
of ordinary group algebras, this observation holds even when K is not perfect. Thus
Theorem 3.6 and Lemma 3.4(i) yield the Main Theorem, as stated in the Introduction.
Of course, it would be nice to obtain a complete description of JK‘[G] even when
locally subnormal subgroups of order divisible by p do exist. If there is a bound on
the p-parts of such subgroups, then the techniques of [8, Theorem 6.1] easily solve
the problem. But the more general situation seems to require new group theoretic ideas
and we leave this for a later project.

4. Finitary linear groups Il

The goal of this final section is to obtain the characteristic p analog of Theorem 2.2.
While it is not needed for the particular semiprimitivity problem studied in this paper,
this result may nevertheless have later applications and it is certainly interesting in its
own right. As will be apparent, the proof of Theorem 4.5 pushes the methods of [10]
to their limit.

To start with, we need the following extension of [10, Lemma 5.1]. Here we use
the notation {b,c }{a,c} = 0 to indicate that bja; = bjcy/ ;s = ¢;jap = ¢ijepyp = 0
for all appropriate subscripts 7, /,7, ).

Lemma 4.1. Let e be the ¢ x £ identity matrix, let g € GL,(F), and consider the
partitioned n¢ x n{ matrix # given by

/1,,8 -9 Ap—1 Cp—1lin—1 Cp—1p-2 "*° Cp—1]
)-n—le -9 An_2 Cp—2,n—1 ©Cnp-2n-2 - Cp-21
_+_
e —g aj Cln—1 Cln-2 -+ €l
i.;e d b,,_l bn—2 e b|
where Ay, Az,..., An € F. We assume that most products of the a’s, b's and ¢’s are zero

and write the precise assumption symbolically by {b,c }{a,c} = 0. Furthermore, we
suppose that gc;j = ¢;; = ¢i ;g and b;g = b; for all appropriate subscripts 1 < i,j <
n— L If A" is the { x ¢ matrix given by

N =0l e+ gt 'd + E(H;

i=1 “u<i

)gn—l —i
, I1 4.
1 N> i=1 <i

yj’g‘(n;)mb gg(

then det # = det N
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Proof. If w = diag(e,g,9%,...,4"!), then the multiplicative nature of g implies that
w.#w™! is the matrix .#' given by

e —e d_| Cncln—1 Cn—lyn—2 “°° Cn—1,
An_1€ —e a;_z Cn—2n—1 Cn—2n—2 °°° Cp-21
+|
e —e a Cl,n—1 Cyn—2 °t Cl
lle d’ ;t—-l ;‘_2 e bll

where @] = "' “la;, d’ = g"~'d and b = g"~'b; for all subscripts i, j. Furthermore,
{¥,c}{d',c} = 0 by the original product assumption and the multiplicative nature
of g. Thus [10, Lemma 5.1] applies to .#’ and, since det.# = det.#’, the lemma is
proved. [

The next four results use the following notation. Let ¥ be a field, let £ and n be
positive integers, and let " GL,(F) — GL,,(F) be the corner embedding. Fix x €
GL/(F), suppose e is the £ x ¢ identity matrix, and define the partitioned nf x nf
matrices y and z by

e P - B B e
Op—1 € e
y= : and z =
o e e
o e e

where ay,%2,..., %1, b1, B2,..., Bn—1 are any £ x £ matrices over F with o;8; = ;o =
0 for all i,j. Set z; = yzy~!, let g € GLA(F) satisfy o;9 = o; = go; and Big = B
gB; for all i, and define g = diag(g,g,...,g). Our goal is to compute the characteristic
polynomial of z{gxX for various integers u and then to show that these polynomials
yield information about x. We start with

It

Lemma 4.2. Use the above notation and assume that u is relatively prime to n. Then
the characteristic polynomial . (A) € F[A] of the matrix z{§x is equal to detN where

n—1 .
b3 1Ig" e — gx)Bju +
]:

n—1 n—1

y Z ’1"+i_jdiuxﬁju

n—1
N=WVe—¢g'x+ > Vaulx —e)+

i=1 i=1 j=1
and where the subscripts are computed modulo n.

Proof. For convenience, we consider two separate cases.

Case 1: u=1.
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Proof. Since «;8; = f;o; = 0, we see that y is the identity plus a matrix of square 0
and therefore

e —Pu-1 0 =B —h
—0p—-1 e
-1
y =
-0 e
—01 e

Thus, since £ = diag(x,e,...,e), the multiplicative property of g implies that

—gle—x) (gx—e)fp—1 - (gx—e)p
e . “n—l(e - x) —‘xn—lxﬂn—l e _“n—lxﬁl
Yy gxy=4g-+
oq(e — x) —oqx,B,,_l e -—otlxﬂl

Let £ = diag(e,e,...,e) be the n/ x n/ identity matrix.

Now the nature of z implies that the product z(y~'4<y) is obtained from y~!gfy
by cyclically permuting its # rows. Thus AE — zy~!g<y is precisely the matrix .#
of Lemma 4.1 provided we set a; = a;(x —e), b; = (e — gx)B;, ci; = wxB; and
d = —gx. Of course, 4; = A for all i. Furthermore, note that «;8; = f;o; = 0 for all 4,
implies that {b,c }{a,c} = 0. Thus, by the multiplicative nature of g, we can apply
the previous lemma to compute y4(1) = det(AE —zy~'gfy) = det .#, the characteristic
polynomial of zy~!g<y. Indeed, since [, 4 = 4’ and [],. ; 4 = A"/, we conclude
that Y, (4) = det .# = det .4~ where -

v>j
n—1 n—1 ) n—1 n—1 L

N =Me—g'x+ 3 Fu(x—e)+ 3. g N e—gu)f+ X 3 A axp;.
i=1 Jj=1 i=1 j=1

Finally, since zy~!gty = y~'(z14%)y, we see that y4(A) is also the characteristic
polynomial of z;gx. O

Case 2: gcd(u,n) = 1.

Proof. Since u is relatively prime to n it follows that z and z* are conjugate in
GL,/(F). Specifically, let w be the partitioned n£ x n/ matrix

Wnn Wnin—1 " Wpl

w = Y
Wa,n Won-1 - Wi
Win Win—1 - Wil

where w;; = e if j = iu modn and w;; = 0 otherwise. Since gcd(u,n) = 1, it is
clear that w is a permutation matrix which commutes with § and, since w,, = e, it
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follows that w commutes with . Furthermore, define

e ﬁ(n-l)u vt ﬁ2u ﬁlu
UYn—1)u €
yu = ‘. . >
0oy e
A1y e

where the subscripts are viewed modulo n. Then it is easy to verify that zw = wz* and
YW = WYy, S0

g8 = y2'y 7168 = wl (yuzy; 1 G5)w

and the characteristic polynomial of z¥g% is the same as that of y,zy;'g%. In other
words, the only difference between this situation and the # = 1 case is that y is replaced
by y, or equivalently that each «; is replaced by o, and each f; is replaced by f..
Case 1 now yields the result. [

For more general exponents u, let v = ged(u,n) be the greatest common divisor of
u and n, and set m = n/v and @ = u/v.

Lemma 4.3. We continue with the above notation and assumptions, and we let Y,.(2)
denote the characteristic polynomial of z¥3x. Furthermore, let N be an ¢ x { matrix

m—1 m—1 .
N=i"e—g'x+ 3 Xoy(x—e)+ Y " g™ (e — gx)Bju
i=1 j=1

m—1 m—1 L
+ Z Z }”m+1_]aiuxﬁjua
=1 j=1
where the subscripts are computed modulo n. Then detN divides (1) in the poly-
nomial ring F[2). In fact, if o; = B; = 0 for all i not divisible by v, then (1) =
detN - (det M)'~! where M = Ae — g™

Proof. In view of the preceding lemma, it suffices to assume that v > 1. We again
permute the rows and columns of y and z. To this end, recall that n = mv and let w
be the n/ x nf partitioned matrix

Wan Wpn—t - Wpi

w = R
Wan Wop—1 - Wai
Wi Win—-1 - - Wi1

where w; ; = e if there exist integers r,s with

n—i=rm+s modn 0<s<m-—1,
n—j=sv+r modn 0<r<v-—1,
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and w;; = 0 otherwise. Since / uniquely determines 7, s, it follows that w is a permu-
tation matrix. Specifically, there is a permutation m of the set {1,2,...,n} such that
w;; = e if and only if j = ni. Thus w commutes with § and, since w, , = e, we see
that w commutes with x.

Now let y and Z be the m¢ x m{ partitioned matrices

e By - Pw Pu e
Om—1)v e e
y= and zZ=
02y 4 e
A1y e e

Furthermore, let y, and z, denote the n/ x n/ matrices

e Brin—1y B2 Bm

Or(n—1) €
Y = :
o 2 e
Orl e

and z, = diag(Z,z,...,Z). Then it is easy to verify that wy = y,w, wz’ = z,w and that
¥ is the upper left-hand corner of y,.
Set u = viz and observe that w™lzéw = (w™z,w)# = z** = z*. Thus

Z4gE = y2'y 7 G8 = w (yazliy; L gE)w

and hence Y4(A) is equal to the characteristic polynomials of both y,zZy7!g% and

2%y—1G%y,. Since v = gcd(u,n), it follows that @ is relatively prime to m. Thus,
using u = vi, the previous lemma implies that both 7z°5~'g% and z°5~'3%5 have
characterisitic polynomials equal to det N, where N is the given £ x £ matrix. Here, of
course, § and X are suitably truncated m/ x m¢ versions of the original matrices. Let

us first consider a simple special case.
Case 1: Suppose o; = f; = 0 for all i not divisible by v.

Proof. The additional assumption implies that y, = diag(y,¢é,é,...,€) where é is the
m¢ X m¢ identity matrix. Thus since y,,z.,4 and X are all in block diagonal form, it
follows that yx(1) = o(4)t(A)’~! where o(1) is the characteristic polynomial of the
m¢ x m¢ matrix S = 72°57'g% and where 1(A) is the characteristic polynomial of
T = 7% = &8¢ 'Gé. Again, in S and T, we let § and ¥ denote suitably truncated
m¢ x m¢ versions of the original matrices. As we observed above, g(1) = det N and, of
course, T is just a special case of the matrix § with x = e and with all a;, = f;, = 0.
Thus (1) = detM where M = A™e — g™ is obtained from N by setting x = e and
Bj» = 0. With this, the special case is proved. [
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Case 2: The general situation.

Proof. Here there are no additional assumptions on the «;’s and f;’s. Write

(7B _ z'_
y,,-(AE) and z,,_( Z)’

where 4 has first column consisting of various ®;’s and B has first row consisting
of various f;’s. Furthermore, E denotes the (n — m)! x (n — m)¢ identity and Z =
diag(z,z,...,2). Since v > 1, we have n—m > 0, and since o;f; = B;o; = 0, we know
that

yol = ' -B
" -4 E )’
Again, we use suitably truncated versions of § and ¥ in the formulas that follow. In

fact, § exists at three different sizes, but this should cause no confusion.
Note that

wane=(T,F)(75) (Fe) (0F)

_( 7't 7'6iB-B
~ATp+A —ATB+§

since 4§ = A = A, B§ = B and B4 = 0. Thus
Povem M B
Znyn ng’n - Al C/ bl
where

M' =757 gxy, A" =Z(—45y + 4),
B =:(57'giB —B), C' =Z"(—4%B+ j).

In particular, since we know that y,(1) is equal to the characteristic polynomial of
28y ~1G%y., we have

e-M —B
"”C(l):det( A /1E—c’>’

where & denotes the m/ x m/ identity.

We now work over the rational function field F(1) and let .« denote the right ideal
of the ¢ x ¢ matrix ring M, (F(A)) generated by ay,a,...,%,—1. In addition, let ¥~ be
the set of all (n —m)/ x m¢ partitioned matrices with £ x £ entries in «/. Then ¥ is a
finite-dimensional F(4)-vector space and 4’ € ¥ since Z" is a partitioned permutation
matrix. Furthermore, since §¥~ = ¥~ and B¥" = 0, it follows that (AE_ - Chv Cv.
Note that AE —C’ is an invertible matrix, since its determinant is a monic polynomial in
2, and therefore left multiplication by LE —C’ affords a one-to-one linear transformation
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on ¥ . Thus this linear transformation must be onto and there exists A” € ¥~ with
(AE — C")4" = 4'. Of course, B¥" = 0 implies that B'A” = 0.
Finally, note that

i-M —B é _(i-M B
—A" JE-C J\A"E) ™ E—C'

since B'4” = 0 and (A€ — C’)4" = A’. Thus since

we conclude that

Ue(2) = det (’lé‘M' 5

IE— C’) = det(Aé — M') - det(LE — C'),

a factorization in the polynomial ring F[1]. Furthermore, det(ié — M’) is the charac-
teristic polynomial of M’ = %5~ !§£7 and thus det(1& — M') = det N, as we observed
previously. In other words, we have shown that det N divides y4(4) in F[A] and the
result follows. [

In order to proceed further, we need some additional notation and assumptions. Let
y be a fixed positive integer, define I' = {i | o; # 0 or f; # 0} and assume that
|I'] <. Furthermore, suppose that, for any iy € I', the integer equation
ip= > u(i)i modn
ier
with —y < u(i) < y has only the trivial solution u(ip) = 1 and u(i) = 0 otherwise.
Finally, if # is even, we assume that n/2 ¢ I'.

Lemma 4.4. We continue with the above notation and assumptions. In addition, we
suppose that each o; and f; has rank < 1, and that o; = p; = 0 if i is not divisible
by v. Then u and the characteristic polynomial Ys(1) of z{gx determine the £ x ¢
matrix traces tr ay,(x™' —e) forall 1 <i<m— 1.

Proof. Let I', be the set of all integers 1 < i < m — 1 with iu € I' modulo n. Then
certainly |I',| < 7. Furthermore, let iy € I'y and suppose that

o= 3. p(i)i modm
i€l
with —y < u(i) <y for all i. Then
iou= > u(i)iu modn
i€T,

and, of course, each iu € I' modulo n. Moreover, if iju = iu modn, then since v
divides u and n, we have i1z = i, modm. But ged(iz,m) = 1, so i} = i, modm
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and hence i; = i;. In other words, the preceding congruence describing ipu involves
distinct elements of I' on the right and therefore we conclude from our assumption
that p(ip) = 1 and that pu(i) = 0 otherwise. Finally, if iy = m/2, then n is even and
iou € I’ modulo n is divisible by n/2. But 0,1#/2 ¢ I', so this cannot occur.

Since o; = B; = 0 if 7 is not divisible by v, the previous lemma implies that
Ye(A) = det N - (det M)’~! where M = A"e — g™ and

m—1
N =Me—g"x+ ) Foy(x—e)
=1

m—1 . m—1 m-1 .
+ 3 g e — g+ Y D AT ouxp
j=1 i=1 j=1

with subscripts computed modulo .
Now let iy € I', and let f(io) denote the coefficient of A in yx(4). Since

Y(0) = det(—g™x) - (det(—¢g™))"™"
= det(g™) - det(—x) - (det(—g™))""" #0,

it follows that f(ip)/yx(0) is the coefficient of 1 in (det N')-(det M’)"~! where M’ =
—g "M =e— A"g™"™ and

N' = —g~"Nx~!

m—1
=e—"g " 4+ Y Mo (x —e)
i=1
m—1 ) m—1 m—1 o
+ 2 ’lm_j(x - e)ﬁjux—l - E Z "{m_H—]o‘iuxﬁjux_1
j=1 =1 j=1

since go; = o; and gf; = B;.

Note that iy < m, so the matrices /g~ "x~! and A"g~™ do not contribute to the
A coefficient. Thus, by definition of I',, we see that f(ip)/ys(0) is the coefficient of
2% in det N" where

N" =e+ 3 Hop(x ™' —e)+ 3 2™ (x —e)Bux!

el Jjer,
mti—j —1
-3 A ToxBix ™"
ier, jer,

If I'* = {0} UT,, then the multilinearity of the determinant function implies that

detN” = T det C,,

weR

where Q is the set of all functions

o:{1,2,....0}y =T xTI?
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and where the kth row of C,, is equal to the kth row of

e, if w(k) = (0,0),
Fa(x~! —e), if w(k) = (i,0),

I x —e)Buxt, if (k) = (0, /),
— A g xBuxl, if w(k) = 3, )).

Observe that the ranks of the latter three matrices are all < 1 since, by assumption,
the o;’s and f§;’s have rank at most 1. Thus if two rows of C, come from the same
one of these three matrices, then det C,, = 0. Thus we can restrict our attention to
those w € Q with the property that each element of I' x I'# not (0,0) occurs at most
once as an image point. Furthermore, notice that det C,, is a scalar times a power of 1
with the exponent of A equal to the sum of the contributions from each of the £ rows.
Specifically, the degree of the kth row of C, is equal to

0, if w(k) = (0,0),
i, if w(k) = (i,0),

i+ (m—j), if w(k)=_(>,)).

If w(k) = (i,j), let us call i a left image of w and j a right image. It follows from
the above that if r € I', is both a left and a right image of w, then det C,, has degree
>t+(m—1t)=m.

Suppose that det C,, has degree iy. For convenience, let ¥, denote the set of left
images of @ which are contained in I', and let #, be the set of right images of w in
Iy,. Since iy < m, the previous observation implies that ¥, and %, are disjoint. In
particular, since each element of I'¥ x I'# not equal to (0,0) can occur at most once
as an image of w, we see that each element ¢ of ¥, or %, occurs with multiplicity
w() < |I'*| -1 <. Now det C,, has degree

Yo u@i+ Y p(Ym—j)= 3 p@i— > u(j)j modm.

e, JER i€, JER.,

Thus, since ¥, N &, = 0 and 0 < u(¢) < 7, this degree can equal iy modulo m only
in the trivial situation where u(iy) = 1 and u(¢t) = 0 otherwise. Finally, if iy € %,
then det C,, has degree m — iy # ip, since iy # m/2. Thus iy € &£, and we conclude
that those det C,, which contribute to the A* coefficient of det N” consist precisely of
¢ — 1 distinct rows of e and the complementary row from Ao, ,(x~! — e). It follows
from the nature of e that the sum of these determinants is equal to A% tr a;,(x~' —e).
Therefore, f(ip)/yx(0) = tr o;,,(x~! —e) and y5(A) determines the various matrix traces
tr o, (x~! — e) for all iy € I,

To summarize, we have shown that the characteristic polynomial y4(4) of zjgx
determines the matrix traces tr az,-ou(x”1 —e) for all iy € I',. On the other hand, if
1 <ip<m-—1 and iy ¢ I',, then o, = 0 and again the trace is known. Thus Y4(1)
determines tr a;,(x~! —e) for all 1 < i < m. Finally, if «’ is a multiplicative inverse
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for # modulo m, then iv = iur/mod n. Thus tr a,(x~! — e) = tr a;,(x~} — ) where
j = iv’mod m, and the lemma is proved. O

Let & and ¢ be integers with & | Z and, for any a € My(F'), define #(a) = %,(a) to
be the £ x £ partitioned matrix given by

aa..-a

aa---a
Bay=Ba)=| .. .| cMF)

aa...a

If a,b,c € My(F) and if ¢ = diag(c,c,...,c) € M/(F), then clearly
B(a)B(b) = ({£/k)B(ab), B(a)¢ = Hlac), ¢B(a) = HB(ca).

In particular, if char F = p > 0 and if p | (£/k), then HB(a)#(b) = 0. We can now
prove the following result.

Theorem 4.5, Let F be a locally finite field of characteristic p > 0 and let FU(F)
denote the finitary unitary, symplectic or orthogonal group of infinite degree. If G is
a group with

FU(F) C G CFGLo(F),

then G is strongly p-insulated.

Proof. Let x1,x3,...,x, be nonidentity elements of G CFGL(F) and choose an inte-
ger k > 1 with x),x,,...,% € GLi(F) and such that the restriction 6 of the sesquilin-
ear form to this £ x &k upper left-hand corner is nonsingular. The goal is to find a
homocyclic subgroup of G with appropriate properties. We actually prove a somewhat
stronger result.

Claim. If n and s are fixed powers of p withn > ps > (k2+3)k2, then for all integers
r > 0 there exists a group P, satisfying:

(i) P, =21 X Zy X -+ X Z, where each Z; is cyclic of order n.

(i) P, C UL(F, ) where ¢ = {(r) is an integer divisible by pk and where ¢ =
diag(0,90,...,0) is the direct sum of {/k copies of 0 or of its corresponding quadratic
form in characteristic 2.

(iii) gB,(c) = Bs(c) = Bs(c)g for all g € P, and ¢ € My(F).

(iv) If h = hihy - - - h, € P, with h; € Z; for all j and if |h;| > s/ for some j, then
no hx; is a p-element.

Proof. We proceed by induction on ». The case r = 0 is trivially satisfied by taking
P, = 1 and ¢ = pk, using the fact that the infinite-dimensional sesquilinear form
contains the direct sum of p copies of 6.
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Assume the result holds for some r > 0 and let P, be given satisfying the above
four conditions. For convenience, we modify the notation somewhat and write P, =
Zy X Z3 X --- X Z,y1. With this change of subscripts, statement (iv) translates to the
assertion that if & = hyh3 - - - b,y € P, and if |h;| > s/~1 for some j, then no Ax; is a
p-element. Since FU,(F') depends only on the nature of the sesquilinear form, we can
assume that the n/ x nf upper left-hand corner of FU..(F) has the form determined
by the matrix @ = diag(¢, @,...,¢). In other words, @ is the direct sum of » copies
of ¢ or of its corresponding quadratic form in characteristic 2. Now let y and z be
the n/ x nf partitioned matrices

e Pu1 - B2 B e
Up—1 € €
y=1 : and z = S
2% e e
o 4] e e

where ay,0,...,0,_1 and Sy, B, ..., Ba—1 are £ X £ matrices to be described later and
where e € My(F) is the £ x ¢ identity matrix. Set z; = yzy~! and, for each g €
P, C UF, ), define

g = diag(g.g,...,9) € Un(F, D).

Then certainly P, = P, and we set P,.; = (z),P,). We will show, with appropriate
choices for the o;’s and f;’s, that P, has all the necessary properties.

To start with, let each o; = %,(q;) for a suitable a; € My(F). Furthermore, if *
denotes the composition of matrix transpose and the field automorphism *, then we set
B: = B,(b;) where b; = —0~'af. Thus

Bi = BA(—0"a}0) = —¢p~'By(a;) ¢ = ~¢p o’

by the definition of ¢ in (ii). Similarly, using p | (£/k), it follows that ofda; =
Br¢B; = 0 and therefore y*®Py = &, since o + ¢f; = 0. In other words, y €
U,,(F, @) except possibly when we are dealing with a quadratic form Q in characteristic
2. In the latter case, we follow the argument of [10, Lemma 5.4(ii)]. Specifically, we
already know that y is an isometry for the symplectic form corresponding to O and
therefore it suffices to show that Q(yv) = Q(v) for all v in a generating set for
col,s(F), the n/-dimensional column space over F. From the nature of y, this will
follow if we can show that Q('@[(C)W) = 0 for all ¢ € M(F) and all w € col/(F).
But Q(#/(c)w) = (£/k)Q(w') for some column w' € colg(F) and therefore, since
p | (¢/k), this fact is proved. Of course, z is clearly also contained in U,/(F,®),
so certainly z; = yzy~' € Uy(F,®). In fact, since z} = 1 and n is a power of
p = char F, we conclude that z; € Uy (F, @Y.

Next, condition (iii) applied to P, implies that each § € P, commutes with both y
and z. Thus P, commutes with z; and, since P, is abelian, it follows that P,y is an
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abelian p-group. Indeed, since z{ = 1 and since no smaller power of z; is contained
in P,, we see that

Pr+1=<21>><13r=21 X22XZA3X-"XZ’\,+1,

where Z; = (z;). In other words, P,;; is homocyclic of type » and rank »+ 1, and it
satisfies conditions (i) and (ii) with Z(# + 1) = £(r)n. Furthermore, if ¢ € My(F), then
Bus(c) is the partitioned matrix

Be(c) Be(c) - Be(c)

Be(c) Bi(c) -~ - Belc)
gnt’(c) =

Be(c) Be(c) -+ Be(c)

and thus condition (iii) applied to P, implies that §#,s(c) = Bne(c) = Bnr(c)g for
all g € P,. Furthermore, since p | (£//k), it follows that o; = %,(a;) and f; = B.(b;)
annihilate %,(c) and thus multiplication by both y and z fix %,.(c). In other words,
21 Bne(c) = Bns(c) = Bur(c)zy and P, also satisfies condition (iii).

Notice that n and s are powers of p with n > ps > (k* + 3)"2, and thus n/ps is
an integer with (n/ps)(k* + 3)F < n. At this point, we specify our choices for the
matrices o; and ;. First, choose ¢ = k% + 2 or k* 4+ 3, so that p does not divide g.
Since (n/ps)qkz‘1 < n, we can define I to be the subset of {1,2,...,n — 1} of size
y = k? given by

I = {(#/ps),(n/ps)a, (n/ ps)q’s ... (n/ps)g" ' }.

Finally, let @; = 0 if i ¢ I' and let a; run through the &% matrix units of M;(F) for
i € I'. Of course, a; now determines &; = %,(a;) and B; = —¢p~'ar¢.

It remains to prove that condition (iv) holds for P,,;. To this end, let & € P,y
satisfy the hypothesis of (iv) and write & = z{§ where g = gog3- - g,41 € P, with
g; € Z;. We use the notation of the preceding three lemmas and, in particular, we set
v = ged(u,n) and m = n/v = |z}|. Notice that all the basic hypotheses are satisfied. In
particular, o;8; = f;jo; = 0 for all i,j and I’ = {i | &; # 0 or f; # 0}. Furthermore,
since o; = Hy(a;) and B; = HB(b;), it follows that o;g = o; = go; and f;9 = B; = gp;
by condition (iii). We will discuss the hypothesis preceding Lemma 4.4 when it is
required. If x € GL,(F) CGL/(F) C GL,/(F), then we will use the corner embeddings
" to distinguish the various containments. Note that, since char F = p > 0, an element
w of GL,/(F) is a p-element if and only if all its eigenvalues are equal to 1 and hence
if and only if its characteristic polynomial is equal to (A — 1)*. There are two cases
to consider according to whether |z4| < s' = or not.

Case 1: |2¥] < s.

Proof. Here m = |z}| < s and let x € {x),x2,...,% } be viewed as an element of
GL/(F). By Lemma 4.3, the characteristic polynomial y5(A) of A% = 2gx is divisible
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by detN when N is the 7 x £ matrix
m—1
N =Me—g"x+ > Fog(x—e)
i=1

m—1 m—1 m—1
+ Zl lm—jgm—l(e - gx)ﬁju + El Zl im+i—jaiuxﬂju
j= =l j=
with the subscripts computed modulo n. Now m < s, so v > n/s and hence v is divisible
by n/s. But, by construction, the only nonzero «;’s and f;’s have subscript i = (n/ps)q*
with ¢ not divisible by p. Thus these subscripts are not divisible by v and hence not
divisible by # modulo »n. In particular, N = A"e — g"x.

Since |z¥] < s, it follows by assumption that |g;| > s/ for some j > 2. Thus lgf| >
s//m > ¢/~1 and, by applying (iv) to the element g" = gi'g7 --- g™, € P,, we see that
g™x is not a p-element. Hence g™x has an eigenvalue distinct from 1, and therefore
det N = det(A™e — g"x) has a root distinct from 1. In other words, (1) # (4 — 1)
and z}gx is not a p-element. [

Case 2: 1z}| > s.

Proof. Here m > s, let x be any element of GLy(F') and let x = ¥ € GL,(F). Note that
o; = Bs(a;) and a; is either 0 or a matrix unit in M(F). Thus rank o; = rankaq; < 1
and rank f§; = rank(—¢~'a} ¢) < 1. Furthermore,

IF'={ilo;#0o0r f; #0}
and |I'| = y = k*. Now suppose we are given the integer equation
ip =Y u(i)i modn
i€l
with |u(i)] < 9 for all i. Then, by writing i = (n/ps)q’ in the above and setting
u(i) = fi(j), we have

kel .
(n/ps)g" = Z% A(j)(n/ps)g’ modn
j:

or

Kl .
q° = 2;) A(j)g’ modps.
=

But ¢ = k2+2 or k*+3, so 1+|ji(j)| < kK*+1 < ¢. Thus, since ps > ¢* , uniqueness of
expression in the g-adic expansion implies that fi(jo) = 1 and j(j) = 0 otherwise. In
other words, u(ip) = 1 and u(i) = 0 otherwise, so the hypothesis preceding Lemma 4.4
is satisfied. Notice also that if # is even, then the elements of I" are all odd multiples
of (n/2s) and therefore n/2 ¢ I' since s > 1.

Now m > s, so v < n/s and hence v | (n/ps). Thus the multiples of v include
all multiples of n/ps, and therefore o; = f; = 0 if / is not divisible by v. Thus,
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by Lemma 4.4, y4(A) determines all matrix traces tr a;(x~! —e) with i € T'. Let ¢’
denote the k x k identity matrix and observe that x = £ = diag(x,€’,...,¢’) and that
e = diag(e’,e,...,€'). Since

a(x"! —e) = By(a;) - diag(x~' — €,0,...,0)

a(x'—€)0-.- 0
a(x ' —€)0.--0

a(x ' =)0 .- 0

we see that tr a(x™! —e) = tr a;(x~! —¢'). In other words, (1) uniquely determines
tr a(x~! — &) for all i € I'. But if 4; is the matrix unit €}, then tr g;(x~' — ¢’)
is precisely equal to the (d,c)-entry of x™! — ¢/. We conclude therefore, from the
choice of the a;’s, that 4 (1) determines all entries of x~ ! — ¢’. Hence it determines
the matrices x~! — ¢/, x~! and then x.

We have therefore shown that the map x — (1) is one-to-one and, since z}g = z{gjé
is a p-element, we see that ¢’ — (1) = (A—1)". In particular, if x is not the identity
then Y (1), the characteristic polynomial of z/g% = z*§%, is not equal to (1 — 1)* and
therefore z¥g% is not a p-element. Since this applies to all x € {x1,x,...,% }, Case 2
is proved and hence so is the claim. [

Proof of Theorem 4.5 (Conclusion). The remainder of the proof now follows easily.
Let {x1,x2,...,% } CG\1 be given and again choose k so that these elements are
contained in GL;(F) and such that the restriction of the sesquilinear form to this k x &
upper left-hand corner is nonsingular. Suppose the integer » > 1 is given and let n
and s be powers of p with ps > (K + 3)"2 and n > s". By the preceding claim, there
exists a homocyclic p-group P, of type n and rank r satisfying condition (i), (ii) and
(iv). In particular, P, CFU(F) C G. Finally, suppose h = h1hy---h, is a generator
of P, with h; € Z;. Then |h| = n, so |h;| = n for some j. But then |h;|=n > s > ¢,
so (iv) implies that no hx; is a p-element, and G is indeed strongly p-insulated. O
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