
1 Strategy

In the summer of 1986, Ken Ribet succeeded in proving the “epsilon conjec-
ture”, which was (at least partially) a proof

(Weak Serre Conjecture)⇒ (Strong Serre Conjecture)

Let E be the Frey curve for a contradiction to F.L.T. and ρE,` the associated
representation on ` torsion. The conclusion of the Strong Serre Conjecture
for ρE,` implies the existence of a cuspidal modular representation of weight
2, level 2, and trivial nebentypus - but it is known that there are none of
these.

The last major gap in Wiles’ proof is to show that any semi-stable Galois
representation is realized as a semi-stable modular representation. In par-
ticular, semi-stable representations coming from elliptic curves will also be
modular.

2 Defomation Theory of Galois Representa-

tions (. . . a la Barry Mazur, 1985)

Fix a profinite group G, and a finite field F of characteristic ` and fix some
continuous representation ρ : G → GLn(F). We will eventually probably
want to assume that this representation is absolutely irreducible (i.e. irre-
ducible when tensored by F over F).

Let C be the category of complete, local, Noetherian rings R, together with
a ring homomorphism R → F (i.e. Spec(R) is like a formal neighborhood
of the point Spec(F)). Morphisms in C are those ring homomorphisms re-
specting the maps to F. As it turns out, every ring in C is a quotient of
W (F)[[T1, . . . , Tn]] for some n.

Given a k and an object R in C , with its morphism f : R → F, there is an
induced morphism GLk(f) : GLk(R) → GLk(F). We will call the kernel of
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this map Γk(R). If φ : R→ S is a morphism in C , we also have an induced
map GLk(φ) : GLk(R)→ GLk(S) which sends Γk(R) inside Γk(S).

Now we want to define a (covariant) functor E : C → Set which will capture
the idea of “deformations of ρ” and which we hope will be representable.
Let ρ, ρ′ be two representations G → GLn(R). If there is a γ ∈ ΓnR such
that ρ′ = ργ, we will call ρ and ρ′ strictly equivalent. Note that if two
representations to GLn(R) are strictly equivalent, their reductions to GLn(F)
are equal. For R in C , we define E(R) to be the set of strict equivalence
classes of representations ρ : G → GLn(R), such that the reduction of ρ
to F equals the chosen ρ. Given a morphism φ : R → S, we get a map
forward from representations of G into GLn(R) to representations of G into
GLn(S). This also respects the property of being a lift of ρ, so the only thing
that remains to check that this map respects strict equivalence. This is clear
though, because if ρ is conjugate to ρ′ by γ ∈ Γn(R), then φ(γ) proves the
strict equivalence of φ ◦ ρ and φ ◦ ρ′ in GLn(S).

3 Representability

In order for Wiles to prove his theorem, it was important that the functor
E is representable. This means that we look for a ring < ∈ C such that the
functor Hom(<,−) ∼= E. This means that, for every S ∈ C , we need to have
an isomorphism fS : Hom(<, S)→ E(S) and additionally for any morphism
of C , φ : S1 → S2, we have:

Hom(<, S1) E(S1)

Hom(<, S2) E(S2)

fS1

fS2

φ∗ φ∗
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which must commute. This property immediately specifies such a ring < up
to C -isomorphism (if it exists), by the Yoneda Lemma in category theory.

Mazur’s proof of representability uses a theorem called Schlessinger’s Crite-
rion (for pro-representability). Before getting into Schleissinger’s Criterion,
let’s see how to boot strap from pro-representability to actual representabil-
ity. Inside of C , we have the full subcategory of artinian algebras; call this
C0. Note that every object in C is isomorphic to the inverse limit of its
C0 quotients. Schlessinger’s Criterion will give us pro-representability of the
fucntor E|C0 . This means that there exists some increasing tower of quotient
maps (or some more general inverse system?): · · · → <2 → <1 → <0 in C0,
such that the direct limit of functors lim(Hom(<i,−)) is isomorphic to E|C0 .

Working only with the values of these functors on C0, we have that

lim−→(Hom(<i,−))
∼−→ Hom(lim←−<i,−)

This isn’t quite the same as saying that E|C0 is representable, because the
representing ring < := lim←−(<i) is not in C0. Now we want to know for all
inverse systems {Si}i∈I in C0 that

lim←−E(Si)
∼←− E(lim←−Si) (1)

By various arguments, we can determine that if S ∼= lim←−Si, then GLn(S) ∼=
lim←−GLn(Si). Now it is clear that

Hom(G,GLn(S))
∼−→ lim←−(Hom(G,GLn(Si)))

It’s pretty clear that this argument works for those Homs which lift the
designated ρ. This makes it at least plausible that, with S as before, we have
the desired property (1).

Now, with this equivalence in hand, let’s look at Schlessinger’s Criterion.
Before we start in, a small morphism of objects of C0 is defined to be a
morphism of the form R � R/(f), where f · mR = (0). Let R1 → R0 and
R2 → R0 be morphisms of C0. Then we can form the fiber product
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E(R1)×E(R0) E(R2)

E(R1) E(R2)

E(R0)

By functorality of E, and the universal property of fiber products, there is a
unique morphism

E(R1 ×R0 R2)→ E(R1)×E(R0) E(R2) (*)

commuting with the maps to E(R1), E(R2).

Now we can state the criteria.

• H1. If the morphism R2 → R0 is small, then (*) is a surjection.

• H2. If the morphism R2 → R0 is F[ε]→ F, then (*) is a bijection.1

• H3. The hypothesis H2 guarantees that E(F[ε]) has the stucture of an
F vectorspace in an expected way - we think of E(F[ε]) as the tangent
space to E at the point E(F) = {ρ}. We denote this by tE and require
that it is a finite dimensional F vector space.

• H4. If Ri → R0 for i = 1, 2 are the same small morphism, then (*) is
a bijection.

Before we get to Mazur’s proof, we need our G to have an extra property:
For any open subgroup H, the maximal abelian, `-elementary quotient of G

1We understand F[ε] to mean the ring F[ε]/ε2, sometimes called the ring of dual num-
bers.
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is finite; in other words Hab/` · Hab is a finite group. We call this property
(†). If you know something about the absolute Galois group of Q, you might
be concerned that it doesn’t have this property. That is true. However, by
class field theory, if S is a finite set of rational primes, then the quotient of
GQ by the closed, normal subgroup generated by Ip for p /∈ S, does have (†).
It is also worth noting that GQp has (†) for any p. As it turns out, all of our
representations of interest will factor through this group, denote it GQ,S, for
some S.

Theorem (Mazur). If ρ is absolutely irreducible, and G satisfies (†), then
E is representable.

Sketch of Proof

We’ll just go down the list of criteria. Set R3 = R1 ×R0 R2, and for i =
0, 1, 2, 3, set Hi = Hom(G,GLn(Ri)) and Ki = Γn(Ri). The group Ki acts
on Hi and Hi/Ki = E(Ri). Toward H1, suppose ρ1 ∈ E1 and ρ2 ∈ E2, with
ρ1 = M−1ρ2M for some M ∈ K0. Since R2 surjects to R0, we also know
that K2 surjects to K0. So M can be lifted to an N ∈ K2 and the element
[(ρ1, N

−1ρ2N)] of E(R1 ×R0 R2) maps to ([ρ1], [ρ2]) of E(R1) ×E(R0) E(R2).
This shows H1.

One can check that the map (*) is injective if

CK2(ρ2(G))→ CK0(ρ0(G))

is surjective. But because ρ is absolutely irreducible, these centralizers are
only scalar matrices, and hence the map is a surjection when the ring mor-
phism is a surjection. This takes care of H2 and H4.

The only thing that remains is to check that tE is finite dimensional. Consider
the following diagram:
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G GLn(F[ε])

GLn(F)

ρ

ρ

The kernel of ρ, call it N , is a closed subgroup of G of finite index, hence
open; thus (†) applies to N . This means that there is some N0 < N of finite
index such that N/N0 is the maximal abelian `-elementary quotient of N .
Now Γn(F[ε]) is isomorphic to Mn×n(F) under addition which is `-elementary.
This means that any ρ as in the above diagram must factor through G/N0.
So all possible ρ come from a space of homomorphisms from one finite group
to another, and hence set tE is finite. So we see that the property (†) of G is
intimately connected to the finiteness of the tangent space of E. From here
we can apply Schlessinger’s Criterion and see that E is represented by some
object of C .

6


