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1 Introduction

Around 1990’s, Kenneth Ribet proved a theorem about when a modular representation of level N
is actually of lower level. In [9] he pointed out that together with this theorem, Taniyama-Shimura
Conjecture would imply the Fermat’s Last Theorem. After his work, the task to overcome Fermat’s
Last Theorem had been reduced to proving Shimura-Taniyama Conjecture or its equivalent, and was
finally achieved by Andrew Wiles.

We will survey in this little article Ribet’s work on level lowing theorem. We will follow his ap-
proach in [9] where he avoided using Mazur’s result on level lowering. Most statements in this article
will go without proof. This article is to meet the requirement for Prof. Nigel Boston’s course on
Fermat’s Last Theorem. The main reference here is [7] and [9]. Nothing is original here.

2 Fermat’s Last Theorem and Frey Elliptic curve

In 1636 Fermat claimed without proof that

xn + yn = zn (1)

has no non-trivial integer solution when n ≥ 3. The proof of this can be reduced to proving the
corresponding statement for n = l being an odd prime.

People had then tried to attack the problem via the arithmetic of the cyclotomic rings. This ap-
proach is most successful when l is a regular prime. It was around 1985 when Gerhard Frey first
related the problem to elliptic curves. In particular if

al + bl = cl (2)

is a non-trivial integer solution to (1), the associated Frey elliptic curve is defined to be

y2 = x(x− al)(x+ bl) (3)

This provides an alternative and better way to prove Fermat’s Last Theorem. That is, this elliptic
curve has so good property that it can not exist.

Denote A = al, B = bl and C = cl. One can further assume without losing the counterexample
that

32|B, 4|(A+ 1) (4)
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Then consider the minimal Weierstrass model for this Frey elliptic curve. It is not difficult to find out
that the corresponding discriminant for this minimal Weierstrass model is

∆ =
1

28
· (ABC)2 (5)

One can also figure out its conductor

N =
∏

p|(ABC)

p (6)

On the other hand, one can construct an important type of Galois representations from elliptic curves.
It is well known that any elliptic curve E has a group structure on it. Consider its group of l−division
points E[l], and the absolute Galois group G = Gal(Q/Q) acts on it. This action gives a 2 dimensional
Galois representation ρ. It’s proved that this represenation ρ is irreducible.

Denote by χ = χl the cyclotomic character G → F ∗l giving the action of G on the group of l−th
roots of unity in Q. Then it is further proved that

det ρ = χ (7)

The essential ingredient of the proof is Weil’s pairing for the group of l−division points.

For any prime p, let Ẽ be the reduction of E mod p. Define

ap(E) = p+ 1− ]Ẽ(Fp) (8)

Where ]Ẽ(Fp) is the number of points on Ẽ with coordinates in the base field Fp.

Consider the restriction of ρ to the decomposition group Gp = Gal(Qp/Qp). Let Ip be the inertia
subgroup of Gp. We say that ρ is unramified at p if ρ(Ip) = 1. In this case, ρ(Frobp) is well defined
for any choice of Frobp as a lifting of the Frobenius substitution.

Proposition 2.1. Suppose that p is prime to lN , where N is the conductor of E. Then ρ is unramified
at p. Moreover we have the congruence

trace(ρ(Frobp)) ≡ ap mod l (9)

For a prime p dividing N , one can tell the behavior of ρ at p via discriminant. Let vp(∆) denotes the
valuation of ∆ at p, i.e., the exponent of highest power of p dividing ∆.

Proposition 2.2. Suppose that p 6= l and p|N . Then ρ is unramified at p if and only if

vp(∆) ≡ 0 mod l (10)

Lastly one has to deal with p = l. Consider E[l] as a Gp−module. We say ρ is finite at p if there is
a finite flat group scheme ν over Zp of type (l, l) such that the Gp−module ν(Qp) is isomorphic to
E[l]. If p 6= l, this simply means ρ is unramified at p. Then we have the following proposition as an
improvement of the previous proposition:

Proposition 2.3. The representation ρ is finite at a prime p if and only if vp(∆) ≡ 0 mod l.

Then by formula (5), we get the following corollary

Corollary 2.4. The representation ρ for the Frey elliptic curve we defined above is finite at all odd
primes.

Proof. By (5), ∆ = 1
28
· (ABC)2 = (abc)2l/28, so vp(∆) ≡ 0 mod l for any primes other than 2.
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3 Modular Forms and Modular Representations

Consider the upper half plane H = {τ ∈ C|Im(τ) > 0}. The group SL(2,Z) acts on it by fractional
linear transformations (

a b
c d

)
: τ 7→ aτ + b

cτ + d
(11)

Consider the following subgroup of SL(2,Z)

Γ0(N) = {
(
a b
c d

)
∈ SL(2,Z)|c ≡ 0 mod N} (12)

Then the quotient Y0(N) = Γ0(N)\H is an open Riemann surface, which has a standard compacti-
fication X0(N). One can explicitly write X0(N) = Γ0(N)\(H ∪ P1(Q)). The latter has a canonical
model over Q. This is called a modular curve, and its genus g(N) can be computed explicitly. It has
a clear modular interpretation, that is, it parameterizes all pairs (E,C) where E is an elliptic curve
and C is its cyclic subgroup of order N .

The Jacobian of X0(N) is an abelian variety, denoted by J0(N). It’s a complete group variety of
dimension g(N), and parameterizes all line bundles of degree 0 on X0(N).

A cusp form of weight 2 level N with trivial nebentypus is a holomorphic function f(τ) on H such
that

f(
aτ + b

cτ + d
) = (cτ + d)2f(τ) (13)

for all

(
a b
c d

)
∈ Γ0(N). Equivalently this is to say the differential f(τ)dτ is invariant under Γ0(N).

Each such cusp form f(τ) can be expanded as a Fourier series
∑
n≥1

anq
n, where q = e2πiτ . This is called

the “q-expansion” of the cusp form.

Let S(N) denote the space of all such cusp forms. It is also of dimension g(N). This space is
equipped with a commuting family of endomorphisms, the Hecke operators Tn for n ≥ 1. Any Tn can
be expressed as polynomials in the operators Tp for p a prime dividing n. For example, Tnm = Tn ◦Tm
when m and n are relatively prime to each other. For a prime p, Tp is defined as follows,

Tp : f =
∑

anq
n 7→

{∑
apnq

n + p
∑
anq

pn if (p,N) = 1;∑
apnqn if p|N

(14)

An eigenform in S(N) is a non-zero f ∈ S(N) which is an eigenvector for each of these operators
Tn. These eigenvalues can be identified with the Fourier coefficients an for f if f is normalized such
that a1 = 1. They are known to be algebraic integers which all lie in a finite extension of Q which is
independent of n.

Conjecture 3.1. (Taniyama-Shimura) Let E be an elliptic curve over Q, and let N be its conductor.
Then there is an eigenform f ∈ S(N) with the following property: for each prime p not dividing N ,
the integer ap(E) defined in last section is the eigenvalue of f for the operator Tp.
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Denote T = TN the subring of End(S(N)) generated by these Tn. This ring is actually a free Z−module
of rank g(N). For any maximal ideal m of T, the residue field km = T/m is a finite field, say of
characteristic l. One can show (see [3]) that there is a semisimple continuous homomorphism

ρm : G→ GL(2, km) (15)

with following properties:

(1) det ρm = χl : G→ F ∗l ⊆ k∗m

(2) For all primes p - lN , ρm is unramified at p and traceρm(Frobp) = Tp mod m

Now suppose F a finite field and
σ : G→ GL(2, F ) (16)

is a continuous semisimple representation. We say that σ is modular of level N if there is a maximal
ideal m of T and an embedding ι : T/m ↪→ F such that the F− representations

σ : G→ GL(2, F ) ⊂ GL(2, F )

ρm : G→ GL(2,T/m) ↪→ GL(2, F )

are isomorphic. Equivalently, one requires a homomorphism ω : T→ F such that

trace(σ(Frobp)) = ω(Tp), det(σ(Frobp)) = p (17)

for all but finitely many primes p.
Assume that σ is modular of level N . We say that N is minimal for σ if there is no divisor M of N
with M < N , such that σ is modular of level M . If σ is modular of some level N , the it is modular
of some minimal level N0|N . (The question of the uniqueness of N0 is more subtle, but not an issue
here.) Also it is evident that once σ is modular of level N , it is modular of all levels N ′ which are
multiples of N .

4 Ribet’s Level Lowing Theorem and its Implication

Now we can record the main theorem

Theorem 4.1. Let σ be an irreducible two-dimensional representation of G over a finite field of
characteristic l > 2. Assume that σ is modular of square free level N , and that there is a prime q|N ,
q 6= l at which σ is not finite. Suppose further that p is a divisor of N at which σ is finite. Then σ is
modular of level N/p.

We first explain that this theorem implies

Taniyama-Shimura Conjecture⇒ Fermat’s Last Theorem

Suppose that the Taniyama-Shimura Conjecture is true. Also assume we have a counterexample of
Fermat’s Last Theorem

al + bl + cl = 0 (18)
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For triple (a, b, c) of relatively prime non-zero integers and l > 2 a prime number. We can define
corresponding Frey elliptic curve as in section 2. Then by Corollary 2.4, we get an elliptic curve E
such that E[l] provides an irreducible representation ρ of G which is finite at every odd prime but not
finite at 2. By Taniyama-Shimura Conjecture, this representation is modular. Note by (6), its level
is square free. Applying Theorem 4.1 inductively, we deduce that ρ is modular of level 2. This means
there should be a non-zero weight 2 level 2 cusp form in S(2) whose Hecke eigenvalues are compatible
with ap(E) of this Frey elliptic curve. This is impossible however, as the dimension of S(2) is zero.
So the counterexample does not exist, and Fermat’s Last Theorem is true.

For the remaining part of this article, we will focus on a sketch of proof for this main theorem.

First of all, by definition of σ being modular of level N , we can just prove the theorem for σ = ρm
directly. From now on, we write k for the residue field km and ρ for ρm.

As noted in the end of previous section, ρ will be modular of some minimal level D|N . D is di-
visible by q, as ρ is assumed to have bad reduction at q. To prove Theorem 4.1, it suffices to show
that D is prime to p. Indeed, if D is prime to p, then N/p is a multiple of D, and ρ is then modular
of level N/p.

To prove that D is prime to p, we can argue by contradiction, supposing D is divisible by p. In
this situation, the pair (ρ,D) has all the properties of the pair (ρ,N) plus the property that D is the
minimal level. Replacing D by N , we see that Theorem 4.1 follows if we can deduce a contradiction
from the following assumptions:

(i) ρ is modular of level N , where N is square free and divisible by distinct primes p and q, with
q 6= l.

(ii) ρ is finite at p, not finite at q.

(iii) The level N is a minimal level for ρ.

Step 1
We first give another interpretation of the representation ρ. For the modular curve X0(N), we consider
its Jacobian J0(N). This Jacobian is a variety over Q which parameterizes the degree 0 line bundles
on X0(N). It can also be related directly with Div0(X0(N)), the group of degree 0 divisors on X0(N).
The ring T acts on J0(N) as a ring of endomorphisms which are defined over Q and commutes with
the action of G. One can see this action functorially from the action of T on S(N) which can be
identified with the space of differential forms on X0(N). One can also describe this action in terms of
divisors: Any point (E,C) on X0(N) under the action of Tp for p - N will be mapped to∑

C′order p

(E/C ′, C ⊕ C ′/C ′)

For each endomorphism α ∈ m, let J0(N)[α] be the kernel of α on the group J0(N)(Q). Let W =
J0(N)[m] be the intersection ⋂

α∈m
J0(N)[α]

This group is a subgroup of J0(N)[l] of l−division points of J0(N), and carries natural commuting
action of k and G. For this subgroup, one has following proposition (see [5]):
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Proposition 4.2. Assume, if l|N , that ρ is not modular of level N/l. Then ρ is equivalent to the
k−representation W of G.

In particular assumption (iii) will guarantee that the condition for this propostion is satisfied. In
general, the work [1] of Boston, Lenstra and Ribet showed that W is semisimple. Then by Eichler-
Shimura relations, Mazur showed (see [4]) that W is isomorphic to ρd for some d ≥ 1. The point of
the proposition here is d = 1. It’s some kind of “multiplicity one” result.

Step 2
Here we will consider a subgroup of Div0(X0(N)) which will actually give a filtration of W .

Let Ẽ be the reduction of an elliptic curve E mod q. It is called supersingular if its group of q−torsion

points Ẽ(Fq)[q] is trivial. This property is equivalent to that End(Ẽ) is an order in a quaternion
algebra (see [10]).

Recall that every point of X0(N) represents a pair (E,C) where C is an order N cyclic subgroup.
Equivalently it represents a pair of elliptic curves (E,E/C) with an obvious degree N isogeny between
them. We will call such a point supersingular mod q if both E and E/C are supersingular when
reduced mod q. The number of such points is finite and one can compute explicitly.

Let Gq be the decomposition group of G at q. Let Λ be the free abelian group on the set of su-
persingular points on X0(N) mod q. Let L be the subgroup of Λ consisting of degree 0 elements. In
other words, L is the subgroup of Div0(X0(N)) which is supported only at these supersingular points.
The key property for this subgroup is that it inherits the actions of Gq as well as the ring of Heche
operators. It follows from the work of Grothendieck, Raynaud, and Deligne-Rapoport[6] [8] [2] that
there is a natural inclusion

Hom(L, µm) ↪→ J0(N)(Qq)[m]

which is compatible with the actions of G and Tn’s on both sides. The image of this inclusion is known
as the toric part of J0(N)(Qq)[m], and will be denoted J0(N)[m]t.

We explain this toric part a little more. Consider the abelian variety J0(N) over Qq. In general
it has bad reduction at q, which is to say its best reduction (Neron model) over Fq is not necessarily
an abelian variety over Fq anymore. This reduction has, however, a maximal toric subgroup T . The
L defined above is actually the character group HomFq

(T , Gm) of T , where Gm is the multiplicative
group scheme.

Now we set W t = W ∩ J0(N)[l]t. Equivalently, since W is the kernel of m on J0(N)[l],

W t = Hom(L/mL,Gm)

The quotient W/W t also admits Gq−action. So from L we actually get a filtration of W for Gq−action.

Proposition 4.3. The Gq− modules W t and W/W t are unramified.

Corollary 4.4. The k−vector space L/mL has dimension 1.

Proof. The statement to be proved is equivalent to the statement that W t has k−dimension 1. Since W
has dimension 2, we must show that W is isomorphic neither to W t nor to W/W t. By the proposition
above, each of these modules are unramified. While by assumption (ii), however, W is ramified at
q.
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Another information we can get from L is the group of connected components. One can define a bilinear
form B : Λ×Λ→ Z by B(ei, ej) = 0 if i 6= j and B(ei, ei) = 1

2]Aut(ei) where each ei is a supersingular
point (Ei, Ci), and Aut(ei) is the group of automorphisms of Ei preserving Ci. This bilinear form is
non-degenerate and integer-valued on L. From this we get an injection L → L∗ = Hom(L,Z). Its
cokernel L∗/L is finite and isomorphic to the group of connected components of the mod q reduction
of J0(N).

Step 3
We need more understanding of relationship between modular curves for different levels to reach a
contradiction.

In particular, we consider the modular curves X0(N) and X0(N/p), and their Jacobians J0(N) and
J0(N/p). There are two natural degeneracy maps

X0(N) ⇒ X0(N/p)

More specifically, a pair (E,C) is mapped to a pair (E,C ′) for C ′ the unique order N/p subgroup of
C, or to a pair (E/C ′′, C/C ′′) for the unique order p subgroup C ′′ of C. These two degeneracy maps
induce directly a map between the groups of divisors:

π : Div(X0(N))→ Div(X0(N/p))⊕Div(X0(N/p))

But on the other hand we can also get a map in the inverse direction

δ : Div(X0(N/p))⊕Div(X0(N/p))→ Div(X0(N))

essentially by collecting all the preimages of the degeneracy maps.

As in Step 2, we can associate LN to X0(N) and LN/p to X0(N/p). Then the maps π, δ naturally
restricts to the following maps:

π : LN → LN/p ⊕ LN/p (19)

δ : LN/p ⊕ LN/p → LN (20)

The composition of π, δ can be written as

µ = π ◦ δ =

(
p+ 1 Tp
Tp p+ 1

)
(21)

We get Tp off diagonal as this is actually how we define Hecke correspondence in terms of divisors.
The fact it’s p+ 1 on the diagonal follows from that there are p+ 1 order p subgroups of F 2

p .

Step 4
We study the map π more carefully here.

Lemma 4.5. The map π in (19) is surjective

The strategy of the proof is to apply theorems of Eichler on the arithmetic of quaternion algebras over
Q.
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Then we can formally define the kernel of π to be Y , thus getting a short exact sequence

0 // Y
θ // LN

π // LN/p ⊕ LN/p // 0 (22)

The point here is that Y actually also has a modular interpretation like L. It is related to the toric part
of a Shimura curve coming from a quaternion division algebra of discriminant pq over Q. In particu-
lar, Y also carries the actions of Gq and Hecke operators, and the map θ in the short exact sequence
above is equivariant with respect to these two actions. Let J denote the Jacobian of this Shimura curve.

To hint why Shimura curve would ever come into play, recall that the equivalent condition for the
reduction of an elliptic curve to be supersingular is that its endomorphism ring is an order in a quater-
nion algebra.

We can view LN/p ⊕ LN/p as a T−module via π. Write (LN/p ⊕ LN/p)m for the locialization of this
T−module at the maximal ideal m of T.

Proposition 4.6. The module (LN/p ⊕ LN/p)m vanishes.

The proof of this propostion makes use of assumption (iii), that is, N is the minimal level. If (LN/p⊕
LN/p)m does not vanish, one can actually deduce the existence of a maximal ideal mN/p ⊂ TN/p which
gives the representation ρ = ρm, contradicting (iii).

Corollary 4.7. The k−vector space Y/mY has dimension 1.

This is an immediate consequence of Corollary 4.4, (22) and the proposition above.

Recall J is the Jacobian for the Shimura curve. As a result of the Corollary 4.7, we have follow-
ing analogue of Proposition 4.2

Proposition 4.8. The group J [m], viewed as a k[G]−module, contains a submodule V isomorphic to
W .

Actually the semisimplification of J [m] is isomorphic to a direct sum of copies of W , and the Corollary
4.7 implies it’s non-zero.

Let J [l]f be the largest subgroup of J [l] which extends to a finite flat group scheme over Zp. Let J [l]t

be the toric part of it which is isomorphic to Hom(Y/lY, µl). The assumption (ii), in particular that
W is finite at p, implies V ⊂ J [l]f and V f = V ∩ J [l]f is of k−dimension 2. On the other hand,
V t = V ∩ J [l]t is at most dimension 1 by Corollary 4.7. As a result,

(J [l]f/J [l]t)[m] 6= 0 (23)

This can be translated into a property for the group of connected components:

Proposition 4.9. The group (Y ∗/Y )[m] is non-zero.

Step 5
Now we look at the map δ in (20). For simplicity, we denote L = LN/p ⊕LN/p . We can get following
commutative diagram:

0 // LN // L∗N // L∗N/LN
// 0

0 // L

δ

OO

// L∗

OO

// L∗/L

α

OO

// 0
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We take the quotient of the first row by Y and get

0 // L // L∗N/Y
// L∗N/LN

// 0

0 // L

µ

OO

// L∗

OO

// L∗/L

α

OO

// 0

Apply the snake lemma to this commutative diagram and we will get the following exact sequence:

0→ ker(α)→ L/µL → Y ∗/Y → coker(α)→ 0 (24)

Here we need more properties for the group of connected components.

Lemma 4.10. The Hecke operators Tp acts on L∗/L by multiplication by (p+ 1) for a prime p such
that p - N .

Corollary 4.11. ker(α)[m] = 0 and coker(α)[m] = 0.

Proof. As a result of the previous lemma, ker(α) and coker(α) are annihilated by Tp − (p + 1) for
all but finitely many primes p. Now we consider ker(α)[m] and coker(α)[m]. They are T/m−vector
spaces, annihilated by the images of Tp − (p + 1) in T/m for almost all p. But T/m is a field. This
means either Tp − (p+ 1) ∈ m for almost all p, or ker(α)[m] and coker(α)[m] are zero.
On the other hand, Mazur in [4] showed that the representation ρm of G is reducible if and only if
m is an Eisenstein ideal,i.e., m contains Tp − (p + 1) for all but finitely many p. As we know ρm is
irreducible, so for almost all p, Tp− (p+ 1) is not in m. Thus ker(α)[m] = 0 and coker(α)[m] = 0.

This corollary together with the exact sequence (24) implies following surjective map:

L[m] � (Y ∗/Y )[m] (25)

Now we finally reach a contradiction. Indeed by Proposition 4.9, L[m] would be non-zero. Then (L)m
should be non-zero, contradicting Proposition 4.6.
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