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Chapter 1

Background and History

1.1 Pythagorean triples

Consider Pythagorean triples (x, y, z) so that x2 + y2 = z2. For example, 32 + 42 = 52. The
Babylonians around 1500 BC knew that (4961, 6480, 8161) is a Pythagorean triple. We can
describe all nontrivial (meaning that none of x, y, or z is zero) integer solutions to the equation
x2 + y2 = z2.

First, note that if (x, y, z) is a Pythagorean triple, then so is (dx, dy, dz). This motivates the
following definition:

Definition 1.1.1. We will call the triple primitive if x, y, and z are relatively prime.

Suppose that we have x2 + y2 = z2 and the triple is primitive. One of x and y, say x, is even
since odd squares are 1 (mod 4). Then y and z are odd. Then

(
x

2

)2

=
z2 − y2

4
=

(
z + y

2

)(
z − y

2

)

. We have that
(
z+y
2

)
and

(
z−y
2

)
are relatively prime. Unique Factorization implies that(

z+y
2

)
= r2 and

(
z−y
2

)
= s2 for some integers r, s. Thus, we get that z = r2 + s2, y = r2 − s2

and x = 2rs.
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1.2 Fermat

Fermat c. 1636 famously wrote in the margin that he had a proof that the equation

xn + yn = zn ((FLT )n)

has no solutions in non-zero integers if n ≥ 3.

Fermat did the case n = 4. In fact, he showed that x4 + y4 = z2 has no solutions in nonzero
integers (which implies (FLT )4) as follows:

Assume that (x2)2 + (y2)2 = z2 and we can assume that x, y and z are relatively prime.
Then x2 = 2rs, y2 = r2−s2 and z = r2+s2 for some integers r, s. The equation y2 = r2−s2 is
a primitive triple, so we can write s = 2pq, y = p2−q2 and r = p2+q2 for some integers p and q.

Then,
x2 = 2(p2 + q2)2pq

(
x

2

)2

= pq(p2 + q2)

and p, q, and (p2 + q2) are relatively prime, so Unique Factorization implies that p = t2, q = u2

and p2 + q2 = a square for some integers t and u.

But, t4 + u4 = p2 + q2 = a square, so we have another solution of the original equation.
Define the size of a solution to be the square on the right-hand side. This new solution has size
p2 + q2 = r. The original solution has size z2 = (r2 + s2)2.

This method of infinite descent gives a contradiction. Start with the smallest solution, then
this method gives a smaller solution. Therefore, there is no nontrivial integer solution to the
original equation.

From this, we see that (FLT )8, (FLT )12, . . . (FLT )4k, . . . also hold. Likewise, it is enough
to prove (FLT )p for p an odd prime.
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1.3 Cyclotomic rings

For p = 3, Euler claimed the proof in 1753. Gauss gave the first complete proof. There were
also proofs for several other small primes.The main idea of such proofs went as follows:

Main Idea: Given a solution xp + yp = zp, consider xp = zp − yp = (z − y)(z − ζy)(z −
ζ2y) . . . (z − ζp−1y) where ζ is a primitive pth root of unity. The idea is to use the arithmetic of
the cyclotomic ring, Z[ζ] = {a0 + a1ζ + · · ·+ ap−1ζ

p−1|ai ∈ Z}.

Around this time, there were many false proofs given of FLT. The false proofs used the
same idea as above. The problem with this approach in general is that Z[ζ] does not always
have unique factorization. Studying the units and the unique factorization or failure of unique
factorization in the cyclotomic rings is related to the development of algebraic number theory.
The cyclotomic ring Z[ζ] has unique factorization only for p < 23.

Kummer 1847-1853 wrote a series of papers proving (FLT )p for p a regular prime, i.e. p
does not divide the class number of Z[ζ]. There is still a problem for primes such as p = 37, p =
691. There is a nice criterion for regular primes involving Bernoulli numbers.

Sophie Germain also proved some cases for “safe primes”. A safe prime is a prime number
of the form 2p+1, where p is also a prime. (Conversely, the prime p is a Sophie Germain prime.)

There is still the Vandiver conjecture, which states that a prime p does not divide the class
number hK of the maximal real subfieldK = Q(ζp)

+ of Q(ζp). This can be used to prove many
more cases of FLT but is not known for every p.

1.4 Connection with elliptic curves

Late 20th century

Suppose that there is a counterexample to (FLT )p, ap + bp = cp. Consider the curve
E : y2 = x(x− ap)(x+ bp). This is called the associated Frey curve after Gerhard Frey (1985).
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Frey showed that E has remarkable properties, quantified by Ribet, in 1986, who showed
that it violates the Taniyama-Shimura Conjecture.

1.4.1 Elliptic Curves

Consider y2 = f(x) where f is a cubic polynomial with coefficients in Q, and distinct roots in
Q.

Let K be a field containing Q. Then E(K) := {(x, y) ∈ K2|y2 = f(x)} ∪ ∞. There is a
group law of addition for the elliptic curve. Below is a picture of E(R) and the group law. The
identity element is the point at∞.

[1]
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The group law uses the tangent line if the two points are the same. The third point of
intersection for a vertical line is the point at∞.

Let Q1, Q2, Q3 be the x-intercepts in the picture. Note that there may be one or three such
depending on whether f(x) has one or three real roots. Then Q1 + Q1 = ∞, Q2 + Q2 = ∞,
Q3 +Q3 =∞, so Q1, Q2, and Q3 are points of order 2.

E[n] := {p ∈ E(C)|nP =∞} where nP means adding the point P to itself n times. These
are called the n-division points or the n-torsion points of E.
e.g. E[2] = {Q1, Q2, Q3,∞} ' (Z/2Z)2.

In general,

• E[n] ' Z/nZ× Z/nZ

• E[n] ⊆ E(Q)

1.4.2 Galois Representations

GQ = Gal(Q/Q) acts on E[n] by σ(x, y) = (σx, σy)

We get ρE,n : GQ → Aut(E[n]) ' GL2(Z/nZ)

It turns out that there are other ways to produce Galois representations using modular forms
f (example, Ramanujan’s ∆ function). We call these representations modular, and denote these
by ρf,n

Conjecture 1.4.1 (Taniyama 1955, Shimura). Every ρE,n is modular. [Given E, ∃f such that
ρE,n = ρf,n for all n. ]

In 1986, Ribet considered what “types” (weight, level) of modular forms could produce
ρE,p for E Frey’s curve. He had a series of papers related to this about “lowering the level”.He
showed that it would be produced by a weight 2, level 2 modular form. But, there are no such
(at least not cuspidal forms). The dimension of this space of modular forms is zero. Thus, Ribet
shows that Taniyama-Shimura implies (FLT )p for all p. Andrew Wiles goal was to prove the
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Taniyama-Shimura Conjecture.

A picture of the overall strategy:

We don’t know whether the elliptic representations are a subset of the modular representa-
tions. To show this, a set of “nice” representations containing both elliptic and modular repre-
sentations is considered.

{ modular ρ} ⊆ (?? =) {“nice” (admissible) Galois representations}

?? ⊆ ⊆
{ elliptic ρ}

The modular representations will be parameterized by a ring T and the admissible Galois
representations will be parameterized by a ring R. The strategy is to show that R ' T giving
that the top line is an equality.
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