
MATH 742: HOMEWORK 2, DUE FEB 22.

1. Let p be a prime and Z(p) denote the subring of Q consisting of fractions with
denominator prime to p.

(a) List all the prime ideals of Z(p). Which of these are maximal ideals?
(b) Give the Zariski topology on Spec(Z(p)), i.e. list the closed sets.
(c) Give an example of a ring A such that Spec(A) is homeomorphic to SpecZ(p)

but A is not isomorphic to Z(p) for any p.

2. Let A be a Boolean ring.
(a) Let e be any element of A. Show that A ∼= (e) × (1 − e), where (e) denotes

the ideal Ae.
(b) Suppose A has finite cardinality. Show that A ∼= Z/2Z × ... × Z/2Z and

hence that the topology on Spec(A) is discrete.
(c) Suppose A has infinite cardinality. Show that the topology on Spec(A) is not

discrete.

3. (a) Show that, as A-modules, A[x, y] is the tensor product of A[x] and A[y].
Describe its elementary tensors.

(b) Use the universal property of tensor products to give a direct proof that if
M is an A-module and I is an ideal of A, then (A/I)⊗A M ∼= M/IM .

4. Let A be a nonzero ring, m be a maximal ideal of A, and k = A/m.
(a) Suppose that φ : Am → An is an isomorphism. Show that this induces an

isomorphism from km to kn. Deduce that m = n.
(b) Show that if φ : Am → An is a surjective homomorphism, then m ≥ n.
(c) If φ : Am → An is an injective homomorphism, does it follow that m ≤ n?

[Hint: suppose m > n and try applying Proposition 2.4 to Am → An → Am.]

5. A sequence of direct systems and homomorphisms

M→ N→ P

is exact if the corresponding sequence of modules and module homomorphisms is
exact for each i ∈ I. Show that the sequence M → N → P of direct limits is then
exact. [Make sure you indicate everything that needs to be checked.]
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