
HOMEWORK 5, DUE OCT 19.

Be sure to include explanations. You will not get full credit if you give only the
final answer.

1. Suppose p(x) is a pmf on X = {1, 2, ...,K} with p(1) > p(2) > ... > p(K).
We want to encode one random variable X with this pmf, so do not require unique
decodability, just that different elements map to different binary codewords. Note
that even the empty string of length 0 is a valid codeword, since sending nothing
can represent one of the elements of X .

(a) Construct a source code with minimum length. Show that the length `(i) is
the greatest integer no bigger than log2(i).

(b) Show that this code satisfies `(i) ≤ − log2(p(i)) and so the length E[`(X)] ≤
H(X). [Hint: note that p(i) is the ith largest value so p(i) ≤ 1/i.]

(c) Show that E[`(X)] ≥ H(X)−1− log2(1+log2(K)), so even this non-uniquely

decodable code doesn’t beat entropy by much. [Hint:
∑K
i=1 1/i ≤ 1 + log2(K).]

2. Let π(n) denote the number of primes no greater than n. Note that every

positive integer n has a unique prime factorization of the form n =
∏π(n)
i=1 pXi

i ,
where pi are the primes in order, i.e. p1 = 2, p2 = 3, p3 = 5, ... and Xi = Xi(n) is
the nonnegative integer representing the multiplicity of pi in the prime factorization
of n.

Suppose N is uniformly distributed on {1, 2, 3, ..., n}.
(a) Show thatXi(N) is an integer-valued random variable satisfying 0 ≤ Xi(N) ≤

log2(n). [Hint: find a lower and upper bound for p
Xi(N)
i .]

(b) Show that log2(n) = H(N) ≤ π(n) log2(log2(n) + 1), so that not only does
π(n)→∞ (Euclid’s theorem) but you obtain a lower bound on its growth.

[Hint: Do X1(N), X2(N), ..., Xπ(n)(N) determine N? What does this say about
the respective entropies?]
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