Department of Mathematics, University of Wisconsin-Madison

Math 541 — Midterm Exam II — Fall 2025

NAME : Question | Points | Score
1 10
2 8
3 10
4 5
EMAIL: @wisc.edu 5 5
6 10
7 6
8 6
Total: 60

INSTRUCTIONS:

Time: 90 minutes

e This exam contains 8 questions some with multiple parts, 8 pages (including the cover) for

the total of 60 points. Read the problems carefully and budget your time wisely.

e NO CALCULATORS or other electronic devices are to be used. Turn off your phone so

as to not disturb others. NO NOTES OR BOOKS of any sort to be used too.

e Please present your solutions in a clear manner. Cross out any writing that you do not wish

to be graded.

e Unless otherwise specified, you must justify your claims and use complete sentences (or at
least logical connectors indicating what you are assuming and what you are deducing).

e If you use an additional page for a particular problem, be sure to CLEARLY indicate this
on the problem’s page so I know to look further. Ask for more scratch paper if needed. All

scratch papers must be submitted as well.

e Please write your name on every page.
Some definitions

Z(G)={geCG|gr=axgforallz € G} ={g€ G | grg ™ =z for all x € G},
Co(A)={g€eG|ga=agforallac A} ={g € G |gag™* =aforall a € A},
Ne(A) ={g € G| gA=Ag} ={ge G |gAg™" = A},
Gs={9eG|g-s=s}.




1. (10 points) TRUE/FALSE, no justifications needed.

(a) Given n € N, the alternating subgroup A, is always a normal subgroup of S,,.

O TRUE
O FALSE

(b) Let G, H be groups. Given a homomorphism ¢ : G — H, we have H/kerp = G.

(O TRUE
(O FALSE

(c) There is a finite number of simple groups.

O TRUE
(O FALSE

(d) Let G be a group and let N be a normal subgroup of G. If both N and G /N are abelian,
then G must be abelian.

O TRUE
(O FALSE

(e) Let H be a subgroup of a group G. If x and y are conjugate in G, then z and y are
conjugate in H.

O TRUE
(O FALSE
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2. (8 points) Answer Only, no justification needed. Consider the eight groups of order 4 listed
below. Choose which property best describes it. You do not need to justify your answer.

(a) Z/AZ,

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.

(b) Z/2Z x 7.)27,

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.

(c) (Z/8Z)%,

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.

(d) (z/10Z)*,

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.

(e) ((12)(34),(13)(24)) < S,

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.

(f) (1) <C~,

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.

(h) Subgroup of diagonal matrices in G Ly(IF3),

(O Isomorphic to the cyclic group of order 4
(O Isomorphic to the direct product of two cyclic groups of order 2.
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3. (10 points) Suppose

DN~
~J Ot

12 3
op = (1234)(56), 02:(1 - 6

w o
NG|
N——

(a) Is oy even or odd?

(b) Is o9 even or odd?

(¢) Find one permutation 7 € S; such that

TO1 = O9T.
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4. (5 points) Let G be a group, and let T be a subgroup of G with |T| = 2. If T is a normal
subgroup of G, prove that T' < Z(G).

5. (5 points) Let G be a group, and let k = |G : Z(G)| be the index of the center of G in G.
Prove that each conjugacy class of G has at most k& elements.
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(10 points) Let Djy be the symmetries of the regular hexagon, with vertices labeled 1, 2, 3,

4,5, 6. Let Do act on the set £ = {{1,4},{2,5},{3,6}} of (unordered) pairs of opposite
vertices. Let r denote rotation by 27 /6 and s denote reflection about the line between vertices

1 and 4, as usual.
(a) Write down explicitly how r and s act on all three elements of E.

(b) Is this action transitive?

(c) Is this action faithful?

(d) Explain why the permutation representation p : D1y — Sg =2 Sj is surjective. Recall that
p is the map sending ¢ to the function a — g - a.)
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7. (6 points) Consider groups U < GL2(R) of upper triangular matrices and group B < GLy(R)
of uni-upper triangular matrices

{69 {6}

Show that B < U and describe U/B in simple terms.

8. (6 points) Consider the group Djs. Let r denote rotation by 27/6 and s denote reflection
about the line between vertices 1 and 4, as usual. Show that D;5 is the internal direct product
of the subgroups (r?,s) and (r3).
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SCRATCH PAPER - DO NOT REMOVE FROM YOUR EXAM.
SCRATCH WORK WILL NOT BE GRADED
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