
Math 475 - Fall 2021 December 18th, 2021, 14:45PM - 16:45PM

Final Exam 1

Name: section 001 section 003

Student ID number: MWF 12:05pm MWF 09:55am

� This is exam for sections 001 and 003, instructor Mikhail Ivanov.

� There are 10 problems on the exam, some of them have multiple parts.

� Read the problems carefully and budget your time wisely.

� No calculators or other electronic devices, please. Turn off your phone.

� You do not have to carry out complicated numerical computations, but you should simplify your answer
if it is possible with reasonable effort. In particular, geometric series must be evaluated.

� Please present your solutions in a clear manner. Justify your steps. A numerical answer without expla-
nation cannot get credit. Cross out the writing that you do not wish to be graded on.
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1. Let n denote a nonnegative integer. Evaluate the sum

n∑
k=0

(
n

k

)
4k.
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2. Consider the multiset {n · a, 1, 2, 3, . . . , n} of size 2n. Determine the number of n-combinations for this
multiset.
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3. (a) Let hn denote the number of ways to perfectly cover a 1× n board with monominoes and dominoes
in such a way that no two dominoes are consecutive. Find, but do not solve, a recurrence relation
and initial conditions satisfied by hn.

(b) Solve the recurrence relation

hn = 2hn−1 + 3hn−2, (n ≥ 2)

with h0 = 1, h1 = 1.
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4. Determine the ordinary generating function for the number hn of nonnegative integral solutions to

x1 + 2x2 + 3x3 + 4x4 = n,

for every nonnegative integer n.
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5. Find the number of lattice paths with steps (1, 1) and (1,−1) from (0, 0) to (2n, 0), never touching or
intersecting x-axis except points (0, 0) and (2n, 0).
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6. (a) Provide all partitions of 4,

(b) Provide all partitions of 8 into 4 parts,

(c) Prove that the number of all partitions of a positive integer n is equal to the number of partitions
of 2n into n parts.
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7. Determine which pairs of graphs below are isomorphic.
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8. The Kneser graph KGn,2 has vertices representing the 2-element subsets of {1, 2, 3, . . . , n} and edges
between disjoint subsets.

(a) Draw the graph KG4,2.

(b) Find the size and degree sequence of KGn,2.

(c) Is it true that KGn,2 never contains a triangle?
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9. A saturated hydrocarbon is a molecule containing k carbon atoms and ` hydrogen atoms by adding
bonds between atoms so that each carbon atom is in four bonds and each hydrogen atom is in one bond.
Assume that no sequence of bonds forms a cycle. Prove that ` = 2k + 2.
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10. Let G be a graph of order n having at least

K =
(n− 1)(n− 2)

2
+ 2

edges.

(a) Prove that G has a Hamilton cycle.

(b) For every n exhibit a graph of size n with K − 1 edges that does not have a Hamilton cycle.
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