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Final Exam 1 — Solutions

1. Let n denote a nonnegative integer. Evaluate the sum

n∑
k=0

(
n

k

)
4k. Using the binomial theorem, (5)n = (4 + 1)n =

n∑
k=0

(
n

k

)
4k.

2. Consider the multiset {n · a, 1, 2, 3, . . . , n} of size 2n. Determine the number of n-combinations for this
multiset.

We construct the desired n-combinations: choose a subset X of {1, 2, 3, . . . , n} (2n choices) and add
n− |X| a’s to X. So, the number of n-combinations is 2n.

3. (a) Let hn denote the number of ways to perfectly cover a 1× n board with monominoes and dominoes
in such a way that no two dominoes are consecutive. Find, but do not solve, a recurrence relation
and initial conditions satisfied by hn.

Note that h0 = 1, h1 = 1, h2 = 2. Now assume that n ≥ 3. We show hn = hn−1 + hn−3. Let Tn
denote the set of perfect covers of the 1 × n chessboard counted by hn. For each element of Tn−1

we can attach a monomino at the left to get an element of Tn that begins with a monomino. For
each element of Tn−3 we can attach a domino followed by a monomino, to get an element of Tn
that begins with a domino. Each element of Tn is obtained exactly once by the above procedure.
Therefore hn = hn−1 + hn−3.

(b) Solve the recurrence relation hn = 2hn−1 + 3hn−2, (n ≥ 2) with h0 = 1, h1 = 1.

The characteristic polynomial x2−2x−3 = (x−3)(x+1), the general solution for the homogeneous
part is hn = a · 3n + b · (−1)n.

To find a and b, bring in initial condition and find that a = 1/2 and b = 1/2. Thus, the solution is
hn = 1

2
(3n + (−1)n).

4. Determine the ordinary generating function for the number hn of nonnegative integral solutions to

x1 + 2x2 + 3x3 + 4x4 = n,

for every nonnegative integer n.

g(x) =
1

(1− x)(1− x2)(1− x3)(1− x4)
.

5. Find the number of lattice paths with steps (1, 1) and (1,−1) from (0, 0) to (2n, 0), never touching or
intersecting x-axis except points (0, 0) and (2n, 0).

We have 2 choices for the first step, and they are symmetrical with respect to x-axis. So, suppose first
step is (1, 1). Hence all our path is not below y = 0, last step is (−1, 1), and all path between first and
last steps not below y = 1. So the path between 2nd step and (2n− 1)th step is any Dyck path of length
2n− 2, and number of such path is the Catalan number Cn−1. Final answer is 2Cn−1.

6. (a) Provide all partitions of 4, 4=3+1=2+2=2+1+1=1+1+1+1

(b) Provide all partitions of 8 into 4 parts, 5+1+1+1=4+2+1+1=3+3+1+1=3+2+2+1=2+2+2+2



(c) Prove that the number of all partitions of a positive integer n is equal to the number of partitions
of 2n into n parts.

Let π be a partition of 2n into n parts. Throw away one element from each part of π, we get a
partition of n (because we throw exactly n elements). Back, let ρ be a partition of n. Add one
element to each part of π and add new parts of size 1 to obtain a partition of 2n of size n.

7. Determine which pairs of graphs below are isomorphic.

First and forth graphs are isomorphic, vertex bijection are constructed from symmetry. Now it is
enough to look at first three. First graph has degree sequence (4, 4, 3, 3, 2, 2), second (4, 3, 3, 3, 3, 2),
third (4, 3, 3, 3, 2). So, last question is about second and third graphs.

Both graphs have unique vertex of degree 2 and unique vertex of degree 4. In the second graph such
vertices are connected, but in the third graph not, so they are not isomorphic too.

8. The Kneser graph KGn,2 has vertices representing the 2-element subsets of {1, 2, 3, . . . , n} and edges
between disjoint subsets.

(a) Draw the graph KG4,2.
{1, 2} {3, 4} {1, 3} {2, 4} {1, 4} {2, 3}

(b) Find the size and degree sequence of KGn,2. |KGn,2| =
(
n
2

)
. Degree of every vertex {a, b} is equal

to the number of 2-element subsets of {1, 2, 3, . . . , n} \ {a, b}, i.e.
(
n−2
2

)
.

(c) Is it true that KGn,2 never contains a triangle? No. For example for n ≥ 6 we have triangle {1, 2},
{3, 4}, {5, 6}.

9. A saturated hydrocarbon is a molecule containing k carbon atoms and ` hydrogen atoms by adding
bonds between atoms so that each carbon atom is in four bonds and each hydrogen atom is in one bond.
Assume that no sequence of bonds forms a cycle. Prove that ` = 2k + 2.

Let G be the graph made from the molecule, with vertices for the atoms and edges for the bonds. Thus
|G| = k+`. The condition that there is no cycle means that G is a tree, so |E(G)| = k+`−1. Now we use
the fact that the sum of the degrees is equal to twice the number of edges to obtain 4k+ ` = 2(k+ `− 1)
and therefore ` = 2k + 2.

10. Let G be a graph of order n having at least K = (n−1)(n−2)
2

+ 2 edges.

(a) Prove that G has a Hamilton cycle.

Since G has (n− 1)(n− 2)/2 + 2 edges, this means that there are n− 3 missing edges. For sake of
contradiction, suppose a pair x and y that are not adjacent in G satisfies deg(x) + deg(y) ≤ n− 1.
Then there are at least 2(n− 2)− (n− 1) = n− 3 missing edges from {x, y} to V (G) \ {x, y}. Plus,
xy is not an edge, so there are at least n− 4 missing edges. This contradicts the above observation.

(b) For every n exhibit a graph of size n with K − 1 edges that does not have a Hamilton cycle.

An example of a graph with (n−1)(n−2)/2+1 edges that does not have a Hamiltonian cycle would
be a graph with a complete subgraph on n − 1 vertices and one other vertex that is only adjacent
to one of the vertices of the Kn−1. The graph could not be Hamiltonian since the vertex of degree
one must have it’s one edge on any path containing that vertex, but we have 2 paths: to this vertex
and from this vertex.


