
INFORMATION TO USERS

This was produced from a copy of a document sent to  us for microfilming. While the 
most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality of the material 
submitted.

The following explanation of techniques is provided to help you understand 
markings or notations which may appear on this reproduction.

1. The sign or “target” for pages apparently lacking from the document 
photographed is “Missing Page(s)”. I f  it was possible to obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting through an image and duplicating 
adjacent pages to assure you o f  complete continuity.

2. When an image on the film is obliterated with a round black mark it is an 
indication that the film inspector noticed either blurred copy because of 
movement during exposure, or duplicate copy. Unless we meant to delete 
copyrighted materials that should not have been filmed, you will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., is part of the material being photo­
graphed the photographer has followed a definite method in “sectioning” 
the material. It is customary to  begin filming at the upper left hand comer 
of a large sheet and to continue from left to right in  equal sections with 
small overlaps. If necessary, sectioning is continued again—beginning 
below the first row and continuing on until complete.

4. For any illustrations that cannot be reproduced satisfactorily by 
xerography, photographic prints can be purchased at additional cost and 
tipped into your xerographic copy. Requests can be made to our 
Dissertations Customer Services Department.

5. Some pages in any document may have indistinct print. In all cases we 
have filmed the best available copy.

University:
JMicrrinlms

International
31)0 N .  / E F B  H O A D .  ANN A R B O R .  Ml 4 8  I  Ofi
18 8 F  D F O R D  ROW.  L O N D O N  W C  1 R 4 E J . E N G L A N D



7914696
MILLER. ARNOLD MILL IANSOME PROBLEMS IN SET THEORY AND MODEL THEORY.

UNIVERSITY UF CALIFORNIA* BERKELEY* PH.D.* 
1978

University 
. Microhms
ttcmartonal SOON ZEEBRO A D , ANN ARBOR, Ml 40106



Some Problems in Set Theory and Model Theory

By

Arnold William Miller

A.B. (University of California, Irvine) 1972 
M.A. (University of California) 1975

DISSERTATION

ubmitted in partial satisfaction of the requirements for the degree of

DOCTOR OF PHILOSOPHY 

in

Mathematics

in the 

GRADUATE DIVISION 

of the

UNIVERSITY OF CALIFORNIA, BERKELEY

Approved: November 1978

. . . .  IS).: , Chairman

ZQ'iQMZZZZ.'. 
. . .  ...................

Committee in Charge

DEGREE 9,-Wfl



11

TABLE OF CONTENTS

Page

INTRODUCTION................    iii

PART I .  ON THE LENGTH OF BOREL HIERARCHIES ----------  1

I n t r o d u c t i o n  .................................................................  1
s i  Some b a s i c  d e f i n i t i o n s  and _

lemmas ....................  ®
§2 Bo o l ean  a l g e b r a s  -----------------------   15
i 5 C o u n t a b l y  g e n e r a t e d  B o r e l

h i e r a r c h i e s  ............................................................. 22
34 The j - a l g e b r a  g e n e r a t e d  by t h e

a b s t r a c t  r e c t a n g l e s  - ...............   4?
3 5 P rob l ems  -----------------------    "5
R e f e r e n c e s  ......................     "7

PART I I .  VAUGHT’ S CONJECTURE FOR ONE UNARY
OPERATION.........................   SC

R e f e r e n c e s  .................     94

PART I I I .  THERE ARE NO Q-POINTS IN LAVER'S
MODEL FOR THE BOREL CONJECTURE ---------   95

R e f e r e n c e s  ..................................     103

PART IV. MISCELLANEOUS .................................................................. 104

i l  U n i v e r s a l  c l o p e n  s e t s ,  Wadge
d e g r e e s ,  and t o -Boo lean  o p e r a t i o n s  - -  104

§2 Wadge d e g r e e s  o f  o r b i t s ............ ..........   108
§3 R e d u c t i o n  o f  V a u g h t ' s  c o n j e c t u r e  ------  129
14 On t h e  number o f  c o u n t a b l e  r i g i d  

model s  and t h e  B a r w i s e  c o m p a c t n e s s
t h e o r e m  ---------- - ..................- ................... 153

R e f e r e n c e s  ...................................  158



INTRODUCTION AND ACKNOWLEDGEMENTS

I t  i s  o f t e n  t h e  c a s e  t h a t  i t  i s  e a s i e r  t o  p r o v e  some­

t h i n g  i s  c o n s i s t e n t  w i t h  2FC t h a n  i t  i s  t o  p r o v e  i t .  T h i s  

i s  e s p e c i a l l y  t r u e  when i t  i s  i n d e p e n d e n t  o f  ZFC.

The f o c u s  o f  t h i s  t h e s i s  i s  on s u b s e t s  o f  t h e  s e t  o f  

r e a l  number s  and some o f  t h e i r  p r o p e r t i e s .  By a r e a l  number  

we c o u l d  mean an  e l e m e n t  o f  2W t h e  C a n t o r  s p a c e  o r  u)W 

t h e  B a i r e  s p a c e  ( t o p o l o g i z e d  a s  u s u a l  by b a s i c  open  s e t s  

o f  t h e  form [ s]  = { f e  s c f }  where

s e ui<w * U  i*T ) . A l s o  a c o u n t a b l e  s t r u c t u r e  i s  a r e a ln<oo '
numbe r .  For  e x a m p l e ,  i d e n t i f y  a s t r u c t u r e  < u ) , R >  whe re  

R £  w2 a b i n a r y  r e l a t i o n  w i t h  an  e l e m e n t  o f  2lJXu>. Even 

an  u l t r a f i l t e r  on to i s  j u s t  a s e t  o f  r e a l  number s  w i t h  

some p e c u l i a r  p r o p e r t y .

Some i m p o r t a n t  n o t a t i o n :

| A 1 u s u a l l y  d e n o t e s  t h e  c a r d i n a l i t y  o f  t h e  s e t  A e x c e p t  

some t imes  i t ' s  u s e d  t o  d e n o t e  t h e  u n i v e r s e  o f  a  m o d e l ,  

t h e  r a n k  o f  an e l e m e n t  i n  a w e l l - f o u n d e d  t r e e ,  o r  any 

two o f  t h e  a b o v e .

E® * n® * Aj * c l o p e n  s e t s  o f  r e a l s .

1° = c o u n t a b l e  u n i o n s  o f  M  n®.
~ C t P  <"01 -  p

n° * c o u n t a b l e  i n t e r s e c t i o n s  o f  E®.~a B<a~B
■ co mplemen t s  o f  £ ^ , s -

r 0 * G 
i s  5a6a  *
P(X) d e n o t e s  t h e  s e t  o f  a l l  s u b s e t s  o f  X.



iv

Each o f  t h e  f o u r  P a r t s  b e g i n s  w i t h  a n  i n t r o d u c t i o n  

and  en d s  w i t h  a b i b l i o g r a p h y .

I would  l i k e  t o  t h a n k :

W i l l i a m  F l e i s s n e r ,  f o r  f i n d i n g  an e r r o r  i n  an e a r l i e r  

d r a f t  o f  P a r t  I .

C h a r l e s  G r a y ,  f o r  h i s  a lw a y s  s t i m u l a t i n g  c o n v e r s a t i o n .

Leo H a r r i n g t o n ,  f o r  s e v e r a l  h e l p f u l  d i s c u s s i o n s  and  

p a r t i c u l a r l y  one l e a d i n g  t o  a s i m p l i f i c a t i o n  o f  t h e  p r o o f  

o f  Theorem 43 i n  P a r t  I .

Aki  Kan amo r i ,  f o r  t e l l i n g  me a b o u t  s e v e r a l  o f  t h e  

p r o b l e m s  h e r e ,  as  w e l l  a s  many o t h e r s .

Ken Kunen,  f o r  h i s  k i n d  p e r m i s s i o n  t o  i n c l u d e  some 
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PART I .  ON THE LENGTH OF BOREL HIERARCHIES

I n t r o d u c t i o n .

F o r  any s e p a r a b l e  m e t r i c  s p a c e  X and  a  w i t h  

1 < a < u>, d e f i n e  t h e  B o r e l  c l a s s e s  Z° and II0 . Let— — 1 ~a -a,

I ?  be t h e  c l a s s  o f  open  s e t s  and  f o r  a  > 1 Z° i s  t h e  ~ i r  - a
c l a s s  o f  c o u n t a b l e  u n i o n s  o f  e l e m e n t s  o f

U{IIg: 3 < a} whe re  11° * {X - A: A e Hence

Zj =* open * G, n j  = c l o s e d  = F,  Z° = e t c .

Note  t h a t  Z° * n° = s e t  o f  a l l  B o r e l  i n  X s u b s e t s  o f  X.
i i

The B a i r e  o r d e r  o f  X ( o r d ( X ) )  i s  t h e  l e a s t  a <_w su c h

t h a t  e v e r y  B o r e l  i n  X s u b s e t  o f  X i s  S° i n  X. S i n c e

t h e  B o r e l  s u b s e t s  o f  X a r e  c l o s e d  u n d e r  c o m p l e m e n t a t i o n

we c o u l d  e q u a l l y  w e l l  have  d e f i n e d  o rd (X)  i n  t e r m s  o f

n° i n  X o r  A0 ■ n 0 E° i n  X. Note  a l s o  t h a t  f o r- a  ~a ~a ' '  ~a
X C ]R ( t h e  r e a l  numbers )  o r d (X)  i s  t h e  l e a s t  a  such  

t h a t  f o r  e v e r y  B o r e l  s e t  A i n  IR t h e r e  i s  a i n  1R

s e t  B s u c h  t h a t  A fl X * B O X .  A l s o  n o t e  t h a t  o r d ( X)

■ 1 i f f  X i s  d i s c r e t e ,  o r d (Q)  » 2 whe re  Q i s  t h e

s p a c e  o f  r a t i o n a l s , and  i n  g e n e r a l  f o r  X a c o u n t a b l e  

m e t r i c  s p a c e  o rd ( X)  <_ 2 s i n c e  e v e r y  s u b s e t  o f  X i s

s ; ( F a) i n  X.

I t  i s  a c l a s s i c a l  t h e o r e m  o f  Lebe sgue  ( s e e  [1 1 ] )  

t h a t  f o r  any  u n c o u n t a b l e  P o l i s h  ( s e p a r a b l e  and  c o m p l e t e l y
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m e t r i z a b l e )  s p a c e  o rd ( X )  * U p  The same i s  t r u e  f o r  any 

u n c o u n t a b l e  a n a l y t i c  ( £ | )  s p a c e  X s i n c e  X h a s  a p e r ­

f e c t  s u b s p a c e  ( s e e  [ 1 1 ] )  and  B o r e l  h i e r a r c h i e s  r e l a t i v i z e .

The B a i r e  o r d e r  p r o b l e m  o f  M a z u r k i e w i c z  ( s e e  [ 1 9 ] )  

i s :  f o r  wha t  o r d i n a l s  ct does  t h e r e  e x i s t  X C R  su c h

t h a t  o rd ( X )  -  a .  Banach c o n j e c t u r e d  ( s e e  [29 ] )  t h a t  f o r  

any  u n c o u n t a b l e  X C]R t h e  B a i r e  o r d e r  o f  X i s  u . In 

§3 we r e v i e w  t h e  c l a s s i c a l l y  known r e s u l t s  o f  S i e r p i n s k i ,  

S z p i l r a j n ,  and P o p r o ug e nk o .  We show t h a t  i t  i s  c o n s i s t e n t  

w i t h  ZFC t h a t  f o r  e a c h  a, <_ oj1 t h e r e  i s  an X C ffi. w i t h

o rd (X)  = a .  I n  f a c t ,  we p r o v e  a t h e o r e m  o f  Ku ne n ' s  t h a t

CH i m p l i e s  t h i s .  We a l s o  show t h a t  B a n a c h 1s c o n j e c t u r e  i s  

c o n s i s t e n t  w i t h  ZFC.

Given  a s e t  X and R a f a m i l y  o f  s u b s e t s  o f  X 

(R c  P(X))  d e f i n e  f o r  e v e r y  a  < w. R C P ( X )  a s  f o l l o w s .
™  ™  CX “

Le t  RQ a R and  f o r  e a c h  a > 0 i f  a  i s  even  (odd)  l e t

R^ be t h e  f a m i l y  o f  c o u n t a b l e  i n t e r s e c t i o n s  ( u n i o n s )  o f  

e l e m e n t s  o f  tHR^:  B < a } .  G e n e r a l i z i n g  M a z u r k i e w i c z 1s 

q u e s t i o n  Kolmogorov ( s e e  [ 8 ] )  a s k e d :  f o r  wha t  o r d i n a l s  a

do es  t h e r e  e x i s t  X and  R C P(X) s u c h  t h a t  a i s  t h e  

l e a s t  su c h  t h a t  R^ ■ R^ . Ko lm o g o ro v ' s  q u e s t i o n  can  be 

g e n e r a l i z e d  by r e p l a c i n g  P(X) by  an a r b i t r a r y  a - a l g e b r a  

( a  c o u n t a b l y  c o m p l e t e  b o o l e a n  a l g e b r a ) .  I n  §2 we p r o v e  t h a t  

f o r  any  ot. <_ ui t h e r e  i s  a c o m p l e t e  b o o l e a n  a l g e b r a  w i t h  

t h e  c o u n t a b l e  c h a i n  c o n d i t i o n  wh ich  i s  c o u n t a b l y  g e n e r a t e d
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i n  e x a c t l y  a s t e p s .  T h i s  a n s w e r s  a q u e s t i o n  o f  T a r s k i  

who had  n o t i c e d  t h a t  t h e  b o o l e a n  a l g e b r a s  B o r e l ( 2 w) modulo 

t h e  i d e a l  o f  m eag e r  s e t s  and  B o r e l ( 2 W) modulo t h e  i d e a l  o f  

m ea su re  z e r o  s e t s  a r e  c o u n t a b l y  g e n e r a t e d  i n  e x a c t l y  one 

and two s t e p s  r e s p e c t i v e l y  ( s e e  [ 4 ] ) .  Theorem 12 w h i ch  i s  

due t o  Kunen shows t h a t  t h e  same a ns w e r  t o  Ko lm o go ro v ' s  

p r o b l e m  ( e v e r y  a  < ai j )  f o l l o w s  f rom t h e  s o l u t i o n  o f  

T a r s k i ' s  p r o b l e m .

L e t  R -  {A x B: A,B ^ 2 ^ } .  I n  §4 we show t h a t  f o r  

any a , 2 <_ a < ojx , i t  i s  c o n s i s t e n t  w i t h  ZFC t h a t  a

i s  t h e  l e a s t  o r d i n a l  s u c h  t h a t  R i s  t h e  s e t  o f  a l l  s u b -ot
s e t s  o f  2W x 2U . T h i s  a n sw e r s  a  q u e s t i o n  o f  M a u l d in  [ 1 ] ,

For  a  <_ u)j a s e t  X C 2W i s  a Qa s e t  i f f  e v e r y

s u b s e t  o f  X i s  B o r e l  i n  X and  o r d ( X)  -  a .  I t  i s  shown

t h a t  i t  i s  c o n s i s t e n t  w i t h  ZFC t h a t  f o r  e v e r y  a  < iiij 

t h e r e  i s  a  Qa s e t .  I n  §4 we a l s o  show t h a t  t h e r e  a r e

no Q s e t s .  However ,  we do show t h a t  i t  i s  c o n s i s t e n t

w i t h  ZFC t h a t  t h e r e  i s  an X C  2u w i t h  o r d (X)  = at x

and  e v e r y  X - p r o j e c t i v e  s e t  i s  B o r e l  i n  X. T h i s  a n s we r s

a q u e s t i o n  o f  Ulam [ 3 1 ] ,  p .  10.

A l s o  i n  5 4 we show t h a t  i t  i s  r e l a t i v e l y  c o n s i s t e n t  

w i t h  ZFC t h a t  t h e  u n i v e r s a l  Z* s e t  i s  n o t  i n  R
1 “ i

c o n f i r m i n g  a c o n j e c t u r e  o f  M a n s f i e l d  [13] who had  shown 

t h a t  t h e  u n i v e r s a l  Zj s e t  i s  n e v e r  i n  t h e  a - a l g e b r a  

g e n e r a t e d  by t h e  r e c t a n g l e s  w i t h  z j  s i d e s .
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Given  R C  P(X) l e t  K(R) ( t h e  Kolmogorov number

o f  R) be  t h e  l e a s t  a  su c h  t h a t  R * R . I t  i s  ana a)
e x e r c i s e  t o  show t h a t  f o r  a = 0 , 1 ,  o r  2 t h e r e  i s  an 

R ^  P ( { 0 , 1 } )  w i t h  K(R) * a .

P r o p o s i t i o n  1. Given  R c.  P(X) t h e n  ( a )  i f  R i s  f i n i t e  

o r  X i s  c o u n t a b l e  t h e n  K(R) < 2,  and  (b)  t h e r e  e x i s t s

S C  P(Y) su c h  t h a t  c a r d i n a l i t y  o f  S and  Y i s  <■ 2 

and K(R) = K ( S ) .

P r o o f .

f a l  Note  ^  ^  A = ^  V*/ A
a < a 0 6<0o Y<Yo a , 8 , Y  f : a 0-^6o a < a 0 Y<Y0 a . f ( a ) > Y

I f  R i s  f i n i t e  o r  X c o u n t a b l e  t h e n  c a  c an  a lw a y sI • 01 o D 0
be t a k e n  t o  be a c o u n t a b l e  i n t e r s e c t i o n .

(b)  Le t  V be  t h e  s e t s  o f  r a n k  l e s s  t h a n  a .  Choose  a
a

a l i m i t  o r d i n a l  o f  u n c o u n t a b l e  c o f i n a l i t y  so t h a t

R,X e V . Le t  (M,e)  be an e l e m e n t a r y  s u b s t r u c t u r e  o f

(V , e )  c o n t a i n i n g  R and X su ch  t h a t  C M  and

| Mj <_ 2 0 . Now l e t  Y ■ X A M and  S =* {A Y: A e R A  M) . ■

M a z u r k i e w i c z 1s p ro b l em  i s  e q u i v a l e n t  t o  Ko lm o g or ov ' s  

p ro b l e m  f o r  R a c o u n t a b l e  f i e l d  o f  s e t s  ( t h a t  i s  c l o s e d  

u n d e r  f i n i t e  i n t e r s e c t i o n  and c o m p l e m e n t a t i o n ) .
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P r o p o s i t i o n  2.  ( S i e r p i n s k i  [23] a l s o  i n  [ 3 0 ] )  Given  

R C  P(X) a c o u n t a b l e  f i e l d  o f  s e t s  t h e r e  e x i s t s  Y C  2W 

s u c h  t h a t  K(R) = o r d ( Y ) . ( T ha t  i s  we may r e d u c e  t o  c o n ­

s i d e r i n g  s u b s e t s  Y o f  2^ and  r e l a t i v i z i n g  t h e  u s u a l  

B o r e l  h i e r a r c h y  on 2W t o  Y. )

P r o o f .

L e t  R = {An : n e w }  and  d e f i n e  F : X -► 2^ by F ( x ) ( n )  = 1

i f f  x e An . Pu t  Y =« F"X. £

D e f i n e  K = * { 0 :  2 < ^ 0 < oj1 and  t h e r e  i s  X C- w^ 

u n c o u n t a b l e  w i t h  o r d (X )  * 6 ) .  What c an  K be?

P r o p o s i t i o n  3.  K i s  a  c l o s e d  s u b s e t  o f  w  ̂ .

P r o o f .

Given  A C  ww and  n e w  d e f i n e  nA -  {x e ww : x ( 0 )  * n

and  J y  e  A V n ( x ( n  + 1) = y ( n ) )  . I f  X = ngL11̂ *  t î en  i t

i s  r e a d i l y  s e e n  t h a t  ord(X) -  supferdfX^)  : n e w ) .

Note  t h a t  K i s  t h e  same s e t  o f  o r d i n a l s  i f  we 

r e p l a c e  ww by 1R t h e  r e a l  number s  or  2W. T h i s  i s  t r u e  

f o r  R b e c a u s e  i f  X C ]R and  ]R - X i s  n o t  d e n s e  t h e n  X 

c o n t a i n s  a nonempty  i n t e r v a l ,  h e n c e  ord(X) * w ; b u t  ]R - X 

d e n s e  means we may a s  w e l l  assume X C i r r a t i o n a l s  s ww .

In  t h e  d e f i n i t i o n  o f  K(R) * w f o r  R C  P(X) we 

i g n o r e d  t h e  p o s s i b i l i t y  t h a t  t h e  h i e r a r c h y  on R m ig h t
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have  e x a c t l y  oi l e v e l s ,  i . e .  R ■ U{R„: n < w) b u t'  a) j  n
f o r  a l l  n < (o Rn f  R^ . I n  f a c t  a B o r e l  h i e r a r c h y  o f  

l e n g t h  l e s s  t h a n  Uj mu s t  h av e  a t o p  l e v e l .

P r o p o s i t i o n  4.  I f  R C  P(X) i s  a f i e l d  o f  s e t s ,  X i s  a

c o u n t a b l e  l i m i t  o r d i n a l ,  and  R * U{R : a  < X} t h e n* w x a
t h e r e  i s  a < X s u c h  t h a t  R = Ra a)
P r o o f .

Us ing  t h e  p r o o f  o f  P r o p o s i t i o n  2 we can  assume X C  2 K f o r  

some k and R =  { [s]  A  X: S:  D 2 whe re  D C  k i s  

f i n i t e }  whe re  [ s ]  = { f  e 2 K: f  e x t e n d s  s } .  Fo r  e a c h  

A i n  R t h e r e  i s  T C  k c o u n t a b l e  s u c h  t h a t  f o r  any 

f  and  g i n  X i f  ff»T = g f T ,  t h e n  f  e A i f f  g e A.

In  t h i s  c a s e  we s a y  T s u p p o r t s  A. Choose  T c  <

c o u n t a b l e  so  t h a t  f o r  any D C T f i n i t e  and  s : D ->■ 2 

i f  o r d f X  A [ s ] )  * X t h e n  f o r  any a < X t h e r e  i s  an A c  [s]  

i n  Ra+ — R^ s u c h  t h a t  T s u p p o r t s  A. By

t a k i n g  an  au tohomeomorph i sm  o f  2 K we may assume T * oj.

D e f i n e  L t o  be  {s e 2 <w: o r d ( [ s ] A  X) = X}.

C l a i m . For  any s  i n  L t h e r e  a r e  t  and t  i n  L

i n c o m p a t i b l e  e x t e n s i o n s  o f  s .

P r o o f .

W i t h o u t  l o s s  o f  g e n e r a l i t y  a ssume  s ** d> and  t h e r e  i s  

f  e 2W s u c h  t h a t  f o r  e v e r y  s e L s c  f .  Fo r  e a c h  n < w



d e f i n e  t  i n  2n+1 by * f ( m) f o r  m < n and

t n (n)  ■ 1 - f ( n ) .  Then [ f ]  U  U{ [ t n ] : n  < oj} i s  a d i s ­

j o i n t  u n i o n  c o v e r i n g  2 lc. I f  t h e r e  i s  a  3 0 < X s u c h  t h a t  

f o r  a l l  n ■' u) o r d ( [ t n J f \  X) < 8 0 , t h e n  f o r  a l l  A i n  

R s u p p o r t e d  by ui A i s  i n  Rg + 1 . T h i s  i s  b e c a u s e  

A A [ f ]  -  <t> o r  X A [ f ]  5? A. But  t h i s  c o n t r a d i c t s  t h e  

c h o i c e  o f  w.

On t h e  o t h e r  h a n d ,  i f  t h e r e  i s  no su c h  bound 3 0 ,

c h o o s e  Z C- [ t „ ]  w i t h  Z e R so  t h a t  f o r  e v e r y  n — L n J n w j 7
S < X t h e r e  i s  n < <j w i t h  Z_ i  Rfl. But  t h e nn p

U{Zn : n < a)} i s  n o t  i n  U{Rg: 3 < X}. T h i s  p r o v e s  t h e

c l a i m  and  t h i s  l a s t  a rg u m e n t  a l s o  p r o v e s  t h e  p r o p o s i t i o n

f rom t h e  c l a i m .

Remark . I f  R C  P(X) an d  R^ = U{Rn : n < w} and  t h e r e

i s  n 0 < oj s u c h  t h a t  (X - A: A e R} C  Rr t h e n  t h e r e

i s  < u> su c h  t h a t  Rn = Rw • W i l l a r d  [32]  shows t h a t

f o r  any a < col t h e r e  a r e  R and  X w i t h  R C  P(X)

s u c h  t h a t  a  i s  t h e  l e a s t  o r d i n a l  s u c h  t h a t

{X - A: A e R) C  R .“  0



§1.  Some b a s i c  d e f i n i t i o n s  and  lemmas

F or  T C  w<U) T i s  a w e l l  f o u n d e d  t r e e  i f f  T i s

a t r e e  ( i f  t  c  s e T t h e n  t  e T) and  i s  w e l l  f o u n d e d

( f o r  any  f e w 10 t h e r e  i s  an n < uj s u c h  t h a t  f h i  i  T) .

Fo r  s e T d e f i n e  | s | ^ ,  ( t h e  r a n k  o f  s i n  T) by

| s | . p  * s u p { | t | ^ .  + 1:  s c  t  e T}.  O f t e n  we d r op  T and 

l e t  | s |  * | s | j .  T i s  n o r m a l  o f  r a n k  a means t h a t :

(a)  T i s  a w e l l  f o u n d e d  t r e e ;

(b)  | cj> j = 01 (<f> i s  t h e  empty s e q u e n c e ) ;

(c)  (s  e T and  | s |  > 0) -*■ (Vi  < cofs^i  e T ) ) ;

(d)  (s e T and  | s | * 0 + 1) -  (Vi < u> ( | s ^ i  | * $ ) )  ;

(e)  (s e T and  | s |  = X whe re  \  i s  a l i m i t  o r d i n a l )  ■+

(VS < X{ i : | s " i |  < 6) i s  f i n i t e  and

V i  < a) ( s ^ i  J > _ 2 ) .

Note  t h a t  f o r  any  n < uj t h e  t r e e  u j —n i s  n o rm a l

o f  r a n k  n .  I f  a n f o r  n < cu a r e  s t r i c t l y  i n c r e a s i n g

t o  a  ( o r  a n * 6 whe re  a  = 0 + 1) and f o r  e a c h  n < w

T„ i s  no rma l  o f  r a n k  a , t h e n  T = i H n ^ s :  n < uj andn n '
s e T„} i s  n o rm a l  o f  r a n k  a .  We o f t e n  u s e  T t o  d e n o t e  n a
some f i x e d  n o r m a l  t r e e  o f  r a n k  a .

For  any  a  < ujx and  Y C X C d e f i n e  t h e  p a r t i a l  

o r d e r  P a (Y,X) ( t h e  o r d e r  i s  g i v e n  by i n c l u s i o n ) .  F ix  some T
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n o r m a l  o f  r a n k  a .  p e P a (Y,X) i f f  p C  (T - {<(>}) x

(X v  uj<<a1) and  (1)  t h r o u g h  (5)  h o l d .

(1)  p i s  f i n i t e .

(2)  | s |  = 0  i m p l i e s  t h a t  i f  ( s , x )  e p t h e n  x e w<a)

and  i f  ( s , y )  e p t h e n  x = y .  (So i f

T* ■ {s e T: | s | * 0} t h e n  p f  (T* x (X v

i s  a f u n c t i o n  f rom a f i n i t e  s u b s e t  o f  T* i n t o  ui<a>.)

(3)  I f  | s |  > 0 and ( s , x )  e p t h e n  x e X

(4)  I f  s and  s ~ i  e T and  x e X t h e n  n o t  b o t h  ( s , x )

and  ( s ^ i j X )  a r e  i n  p , o r  i f  [ s -* i } = 0 ,  n o t  t h e r e

e x i s t s  k e oj s u c h  t h a t  b o t h  ( s , x )  and  ( s ' i . x T k )

a r e  i n  p .

(5)  I f  s o f  l e n g t h  one and ( s , x )  e p t h e n  x i s  n o t

i n  Y.

L e t  G be  Pa (Y,X) g e n e r i c .  Working i n  t h e  e x t e n ­

s i o n  d e f i n e  f o r  e a c h  s e  T,  G$ c  ai“ , For  | s |  ■ 0 ,  l e t

Gg « {x e : f f t  e  oj<w t  £  x and  { ( s , t ) f e  GK

For  | s | > 0 ,  l e t  Gg * - G ^ :  i  < to}.

Note  t h a t  f o r  e a c h  s e T

Lemma 5. Fo r  e a c h  x i n  X and  s i n  T - {<J>} w i t h  

| s  | > o f x  e Gs i f f  ^ ( s , x ) J e  G}  ,
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P r o o f .

Case  1.  | s |  * 1 .  ( T h i s  i s  t h e  a r g u m e n t  f r om a l m o s t -

d i s j o i n t - s e t s  f o r c i n g . )

I f  x e Gg t h e n  x 4  Gg*^ f o r  a l l  i  e w . Hence

f o r  a l l  k and  i  i n  u> ( s ^ i , x h k )  4 G. Le t

D ■ ( p :  ( s , x )  e p o r  t h e r e  e x i s t  k and  i  su c h  t h a t  

( s ^ i . x ^ k )  e p } .  D i s  d e n s e  s i n c e  i f  ( s , x )  4  p i f  we

l e t  { X j , x 2 , . . . , x n > c  X be a l l  t h e  e l e m e n t s  o f  men­

t i o n e d  i n  p o t h e r  t h a n  x ,  we c a n  c h o o s e  k s u f f i c i e n t l y  

l a r g e  so t h a t  x f-k f  x ^ t k  f o r  a l l  i  n .  A l s o  we can  

c h o o se  j s u f f i c i e n t l y  l a r g e  so  t h a t  ( s ^ j )  i s  n o t  

m e n t i o n e d  i n  p and  t h e n  p U { ( s ~ j  ,xr*k)} e (TP^fYjX) A D ) .

S i n c e  G A D  i s  n o n - e m p t y  and  x 4  Gs „^  a l l  i ;  we

c o n c l u d e  t h a t  ( s , x )  e G.

I f  x 4 G„ t h e n  x e G . f o r  some i .  Hences s 1

t h e r e  e x i s t  k su c h  t h a t  ( s ' ^ x b k )  e G so  ( s , x )  4 G

by c l a u s e  ( 4 ) .

Case 2.  | s |  > 1.

I f  x e Gg t h e n  x 4  f o r  a l l  i ,  and h e n c e  by

i n d u c t i o n  ( s ' ^ x )  4 G f o r  a l l  i .  L e t  D ■ ( p :  ( s , x )  e p

o r  t h e r e  e x i s t  i  s u c h  t h a t  ( s ' ^ x )  e p} .  D i s  d e n s e  

h e n c e  (s , x)  e G.

I f  x 4  Gg t h e n  ( s ^ i j X )  c G f o r  some i  (by

i n d u c t i o n ) .  Hence ( s , x )  ^  G by c l a u s e  ( 4 ) .  _
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C o r o l l a r y  6. G<]> *  X ■ Y (  4

P r o o f .

I f  x e Y t h e n  f o r  e v e r y  n , ( ( n ) , x )  i  G (by c l a u s e  5 ) .

Hence by Lemma 5 f o r  e v e r y  n , x  4 G(n ) and  so  x e G^ .

I f  x 4 Y t h e n  {p:  t h e r e  e x i s t s  n s u c h  t h a t  ( ( n ) , x )  e p} 

i s  d e n s e  h e n c e  t h e r e  e x i s t s  n s u c h  t h a t  x e G ^

(by Lemma 5) so  x i  G^.

R e m a r k s :

(1)  P fl(X,Y) i s  t r i v i a l  ( t h e  empty  s e t ) .

(2)  IP ^ X .Y )  h a s  n o t h i n g  t o  do w i t h  X and  Y and  i s  

i s o m o r p h i c  a s  a p a r t i a l  o r d e r  t o  t h e  u s u a l  Cohen p a r t i a l  

o r d e r  f o r  a d d i n g  a map f rom a> t o  u .

(3)  F 2 (X,Y) i s  a n o t h e r  way o f  v i e w i n g  S o l o v a y ' s  " a l m o s t -  

d i s j o i n t - s e t s  f o r c i n g "  ( s e e  [ 6 ] ) .

Lemma 7. IP^fX.Y) h a s  t h e  c o u n t a b l e  c h a i n  c o n d i t i o n .

P r o o f .

Suppose  by way o f  c o n t r a d i c t i o n  t h a t  t h e r e  e x i s t  F i n ­

c l u d e d  i n  P a (X,Y) o f  c a r d i n a l i t y  ^  o f  p a i r w i s e  i ncom­

p a t i b l e  c o n d i t i o n s .  S i n c e  t h e r e  a r e  o n l y  c o u n t a b l y  many 

f i n i t e  s u b s e t s  o f  T,  we may assume t h e r e  e x i s t  H £  T - {<f>}

f i n i t e  so  t h a t  e v e r y  p e F i s  i n c l u d e d  i n

H x (X v  U<M) .  We may a l s o  a ssume t h a t  f o r  e v e r y  p e F

and  q e F and  s  e H w i t h  | s |  * 0 and  t  e u)<ul t h a t
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[ ( s  , t )  e p i f f  ( s , t )  e q]  . Now l e t  ( x ^ :  B < be

a l l  t h e  e l e m e n t s  o f  X o c c u r r i n g  i n  members o f  F.  Fo r  

e a c h  p i n  F l e t  p* :  G -► P(H) be  d e f i n e d  by 

Gp ■ {6:  t h e r e  e x i s t s  s ( s , Xg )  e p} and  f o r  S e 

p * ( 8 )  = i s :  ( s ,X g)  e p } . ( p * :  p e F} i s  a f a m i l y  o f  l

i n c o m p a t i b l e  c o n d i t i o n s  i n  t h e  p a r t i a l  o r d e r  Q, whe re  

Q = {p : domain o f  p i s  a  f i n i t e  s u b s e t  o f  ^  and 

r a n g e  o f  p i s  P ( H ) } ,  o r d e r e d  by i n c l u s i o n .  S i n c e  i t  i s  

w e l l  known t h a t  Q h a s  t h e  c o u n t a b l e  c h a i n  c o n d i t i o n  we 

hav e  a c o n t r a d i c t i o n .

R e m a r k s :

1) I f  J? -  IP (Y,X) f o r  any  a , X ,  and  Y t h e n  IP i s  a b ­

s o l u t e l y  c . c . c .  T h a t  i s  t o  s a y  i f  P  e M |= "ZFC” t h e n

M |= "P h a s  c . c . c . " .  I t  f o l l o w s  t h a t  t h e  d i r e c t  sum o f  any

c o m b i n a t i o n  o f  t h e  ^ ' s  h a s  t h e  c . c . c .  ( d i r e c t  sum o f

£ a :cx < K) i s  â KQa a <p: p :  < V  oi < k p ( a )  e Qa ,

and  p ( a )  * 0 f o r  a l l  b u t  f i n i t e l y  many a ) ,  p >_ q i f f

Vot(p(a)  > q ( a ) ) .

2) We assume t h e  f a c t  t h a t  i t e r a t e d  c . c . c .  f o r c i n g  i s  c . c . c .  

( So lo va y - Te nne nba um  [ 2 6 ] )  and  o c c a s i o n a l l y  u s e  n o t a t i o n  and  

f a c t s  f rom [ 2 6 ] .

I wou ld  l i k e  t o  p r o v e  n e x t  an h e u r i s t i c  p r o p o s i t i o n .  

D e f i n e  P a p a r t i a l  o r d e r :  p e P i f f  p i s  a f i n i t e

c o n s i s t e n t  s e t  o f  s e n t e n c e s  o f  t h e  form " [ s ]  £  G^', "x i  G" ,
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o r  "x e O G " (where  s e w<aJ and  x e a/0 ) . O r d e r  TPnew n v J
by i n c l u s i o n .  Any G P - g e n e r i c  d e t e r m i n e s  a s e t

G .new n

P r o p o s i t i o n . I f  G i s  P - g e n e r i c  o v e r  M ( t r a n s i t i v e  

c o u n t a b l e  model  o f  ZFC) t h e n  M[G] |- " V F  e F5 (F a  M f

rO A M) " .new n J
P r o o f .

Suppose  n o t  and l e t  Cn be c l o s e d  f o r  n e w  and p e G be

s u c h  t h a t  p |l-" ^  C„ a  M = A G„ a M". I t  i s  e a s i l y  s e e n  r  11 new n new n J
t h a t  P ha s  c . c . c .  ( s e e  t h e  p r o o f  o f  Lemma 7 ) .  Thus

w o r k i n g  i n  M we can  f i n d  Q C P  c o u n t a b l e  s u c h  t h a t  f o r

any G P - g e n e r i c ,  n e w ,  and s e w  , i f

M[G] = " [ s ]  a Cn = 0" t h e n  3 q  e Q a G s u c h  t h a t

q11- » [ s ]  « Cn -  0 " .  S i n c e  Q i s  c o u n t a b l e ,  we c a n  f i n d

z e wwa  M n o t  m e n t i o n e d  i n  p o r  any  c o n d i t i o n  i n  Q.

S i n c e  p w { z e rt G } ||- "z  e ^  C " we c a n  f i n d  n e wr  new n 11 new n
and  £ > p and  n o t  m e n t i o n i n g  z so  t h a t
A  .

p v  { z e J* G„\ - "z e C—" ,  b e c a u s e  t h e  o n l y  o t h e r  way t or  new n» 11 n ’ / 7
m e n t i o n  z i s  "z  4 G " .  By t a k i n g  in l a r g e  enough

p v  {z 4  G-} w i l l  be  c o n s i s t e n t ,  and  s i n c e  i t  e x t e n d s  p

i t  f o r c e s  "z 4 C—. "  Le t  G be P - g e n e r i c  w i t h  

p w ( z  4 G—} i n  G. Le t  k e u> and  q e G a  Q be  so

t h a t  q ||- " [ z r k ]  a C -  » 0 " .  But  p */ q w { z e ^ G ^  i s

c o n s i s t e n t  b e c a u s e  q e Q and so  d o e s n ' t  m e n t i o n  z .  T h i s
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i s  a c o n t r a d i c t i o n  s i n c e  q | |- " z i  C "  and

D e f i n e  f o r  F c  and  p e P  = P  fY .X ) ,

| p |  (F) = m a x ( { | s |  : t h e r e  i s  x 4  F w i t h  ( s , x )  e p } ) .

T h i s  i s  c a l l e d  t h e  r a n k  o f  p o v e r  F.

Lemma 8.  F o r  a l l  8 >_ 1 and  p e P  t h e r e  i s  p e P

c o m p a t i b l e  w i t h  p and  | p|  (F) < 8  + 1 so  t h a t  f o r  any

q e P  w i t h  | q | ( F )  < 8 ,  i f  p and  q a r e  c o m p a t i b l e  t h e n

p and  q a r e  c o m p a t i b l e .
P r o o f .

F i r s t  f i n d  an e x t e n s i o n  p 0 >_ p so  t h a t  f o r  a l l  

( s , x )  e p and  i  < co i f  | s |  a X i s  a l i m i t  o r d i n a l  and

| s '*i j  <_ 8 + 1 < X ( t h e r e  a r e  o n l y  f i n i t e l y  many s u c h  s ^ i )  ,

t h e n  t h e r e  i s  a j  < w s u c h  t h a t  ( s ' ' i /* j , x )  e p 0 . Now l e t

p ■ { ( s , x )  e p 0 : | s |  < 8 + 1 o r  x e F } . We c h e c k  t h a t  p

h a s  t h e  r e q u i s i t e  p r o p e r t y .  Suppose  p and  q a r e  i n ­

c o m p a t i b l e ,  p and q a r e  c o m p a t i b l e ,  and  | q j  ( F ) < 8 .

S i n c e  8 >_ 1 f o r  a l l  ( s , x )  e p i f  | s j  <_ 1 t h e n

( s , x )  e p ,  h e n c e  s i n c e  p and q a r e  c o m p a t i b l e  t h e r e  a r e

s , t  e w<ai, i  < u , and  x e su c h  t h a t  ( s  , x)  e p ,

( t , x )  e q ,  and  s = t A i  o r  t  * s", i .

Case  1. I f  x e F o r  f s |  < 8 + 1 t h e n  ( s , x )  e p and

so  p and q a r e  i n c o m p a t i b l e .

Case  2.  I f  x 4  F and  | s |  8 + 1 t h e n  by  d e f i n i t i o n  o f
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| q | ( F )  < B, | t |  < 6 .  So t  » sAi .  I f  | s |  * y  + 1 f o r

some y t h e n  | t |  =* y >_ 0 ,  c o n t r a d i c t i o n .  I f  | s |  a X i s

an i n f i n i t e  l i m i t  o r d i n a l  t h e n  by t h e  c o n s t r u c t i o n  o f  p Q

t h e r e  i s  j < w w i t h  ( t Aj , x )  e p 0 and  h e n c e  ( t *  j , x )  e p

and  s o  q and p a r e  i n c o m p a t i b l e .

§ 2 B o o l e a n  A l g e b r a s

Fo r  IB a c o m p l e t e  b o o l e a n  a l g e b r a ,  C i n c l u d e d  i n

£ ,  and  a  > 1 d e f i n e  I  ( C ) , H ( C ) :— a  a

Z 1 (C) -  { ZS : S 5 0 ,

S (C) = U S :  S c n «(C)}  f o r  a  > 1» and
o t  —  p  o t  p

n (C) = { - a :  a e Z (C)}a a J

D e f i n e  K(B) t o  be t h e  l e a s t  o r d i n a l  a  s u c h  t h a t  t h e r e

e x i s t s  a c o u n t a b l e  C i n c l u d e d  i n  £  w i t h  2 (C) = ]B.Qt

Theorem 9.  Fo r  e a c h  a u> t t h e r e  e x i s t s  a  c o m p l e t e  

b o o l e a n  a l g e b r a  B w i t h  c o u n t a b l e  c h a i n  c o n d i t i o n  and 

K(B) » a .

P r o o f .

Fo r  a  ■ 0 t a k e  B t o  be  any  f i n i t e  b o o l e a n  a l g e b r a .

Fo r  ot 9  1 t a k e  B t o  be  (P(w) , ^  , w ) ( o r  more a p ­

p r o p r i a t e l y  t h e  r e g u l a r  open  s u b s e t s  o f  oju s i n c e  t h i s  

c o r r e s p o n d s  t o  Cohen r e a l  f o r c i n g ) .
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For  a ,  2 <_ a < u ,  , B w i l l  be  t h e  c o m p l e t e  b o o l e a n  a l g e b r a  

a s s o c i a t e d  w i t h  n ^ - f o r c i n g .  L e t  IP * P a ( 0 , X ) .  Given a 

p a r t i a l  o r d e r  P  t h e r e  i s  a  c a n o n i c a l  way o f  c o n s t r u c t i n g  

a  c o m p l e t e  b o o l e a n  a l g e b r a  B i n  wh i ch  P  i s  d e n s e l y  

embedded ( s e e  [ 5 ] ) .  Le t  [p]  d e n o t e  t h e  image o f  p e P

u n d e r  t h i s  emb edd ing  j t h e n  i f  p ^  q t h e n  [p] <_ [q] ,

and  f o r  e v e r y  a e B i f  a f  0 t h e n  t h e r e  i s  a p e P

su c h  t h a t  [p] <_ a .

Lemma 10.  Suppose  F c  x and  C = { [p] : p e P  and

j p | (F) * 0} .  Fo r  any  0 >_ 1 ,  p e P , and  a i n  E g ( C ) , i f

[p] <_ a t h e n  t h e r e  i s  q e P  s u c h  t h a t  | q |  (F) < 6 ,  q

and  p a r e  c o m p a t i b l e ,  and [q]  <_ a .

P r o o f .

The p r o o f  i s  by i n d u c t i o n  on 0.

Case  1.  0 » 1.  Suppose  a -  E { [ q ] :  q e T} f o r  some

T C C. I f  [p] < a t h e n  f o r  q e T, p and  q a r e

c o m p a t i b l e .

Case  2.  0 a l i m i t  o r d i n a l .  Suppose  a •  E{b:  b e  T} f o r

some T c  U{Ea (C) :  a  < 0 ) .  Then t h e r e  i s  p ^  p and
A

b e T n  s a (C) f o r  some a < 0 s o  t h a t  [p]  <_ b .  Now
A.

a p p l y  t h e  i n d u c t i v e  h y p o t h e s i s  t o  p .

Case  3.  0 + 1. Suppose  [p]  <_ £{b :  b e r}  f o r  some

T c  I lg (C) .  Choose  p £  p so  t h a t  f o r  some b e r ,
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[p] <_ b .  By Lemma 8 o f  §1 ,  t h e r e  e x i s t s  q c o m p a t i b l e  

w i t h  p w i t h  | q | ( F )  < 6 + 1  and  f o r  any r  w i t h

| r | ( F J  < 6 ,  i f  r  and  q a r e  c o m p a t i b l e  t h e n  r  and p

a r e  c o m p a t i b l e .  T h i s  q works  s i n c e  i f  [q] £  b t h e n

t h e r e  e x i s t s  q 0 £  q w i t h  [ q Q] <_ - b .  S i n c e  -b e

by i n d u c t i o n  t h e r e  i s  q x c o m p a t i b l e  w i t h  q 0 w i t h  

| q  | (F) < 6 and  [ q t ] <_ - b .  But  t h e n  q t wou ld  be com­

p a t i b l e  w i t h  p ,  c o n t r a d i c t i n g  [p] £  b .

Now i f  X = , f o r  e x a m p l e ,  t h e  lemma shows t h a t  B

c a n n o t  be  g e n e r a t e d  by a s e t  o f  s i z e  l e s s  t h a n  t h e  c o n t i n u u m  

i n  f e w e r  t h a n  a s t e p s .  Fo r  s u p p o s e  D C B  ha s  c a r d i n a l i t y  

l e s s  t h a n  |ww | , t h e n  t h e r e  e x i s t s  F c  w i t h  X - F f  $

and  D c E j { [ p ] :  | p | (F) = 0}.  L e t  6 < a ,  z e X - F,  and

s e t -  {<#>} w i t h  | s | T = 6 (whe re  T i s  t h e  no r ma l

a - t r e e  u s e d  i n  t h e  d e f i n i t i o n  o f  P a (<)>,X)).

[{ (s  , z ) } ]  i s  n o t  i n  Eg( D) .  Be ca us e  i f  i t  we re  i t  would  

be i n  anc* 30 by t h e  lemma t h e r e  e x i s t s  q w i t h

| q | ( F )  < 6 and [q] c  [ { ( s , z ) } ] .  But  s i n c e  | s j T ■ 6 and  

z i  F we know ( s f z)  i  q .  Thus t h e r e  a r e  n ( and  m) 

s u c h  t h a t  q U { ( s * n , z ) }  (q \j { ( s ^ n , z f m )  i n  c a s e  | s | T ■ 1) 

i s  i n  P ,  b u t  t h i s  i s  a c o n t r a d i c t i o n .

Next  we show B i s  c o u n t a b l y  g e n e r a t e d  i n  a  s t e p s .

Le t  C -  { [p] : | p | ($)  * 0}.
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C l a i m . Fo r  a l l  x e X and  s e T - {<(►} i f

| sj  T -  0 > 1 t h e n  [ { ( s . x ) } ]  i s  i n  Hg( C) .

P r o o f .

I f  | s | T ■ 1 t h e n  [{ ( s , x ) } ]  » n{ - [{ ( s ' n , x  f* m)} ] : n ,m e cu}.

I f  | s | > 1 t h e n  [ { ( s , x ) } ]  = n{ - [{ ( s An , x ) } ] : n e co > . Fo r

A e B, -A = {p  e P: [p]  A  A * 0} . I f  ( s fx)  e p t h e n

[p] A [ t ( s An , x ) } ]  = 0 a l l  n .  On t h e  o t h e r  hand  i f

[p] A I{ Cs n , x ) } ]  = 0 f o r  a l l  n t h e n  e a s i l y

Cs ,x)  e p .  H

Now f o r  any  p e P  [p]  = J I { f { ( s , x ) } ] :  ( s  ,x )  e p} , s o
A

[p]  e £ (C) . Fo r  any  A e B A -  Z{ [p] : p e A} so
A

A e (C) . Thus KQB) <_ a .

We a r e  now r e a d y  t o  c o n s i d e r  t h e  c a s e  o f  a ■ oo t .

L e t  P  ■ I P  ( 0 , ww) .  Now t h e  c o m p l e t e  b o o l e a n  a l g e b r a
a<w i a

a s s o c i a t e d  w i t h  P  does  t a k e  uij s t e p s  t o  c l o s e  ( f o r

s u i t a b l e  g e n e r a t o r s ) , howeve r  P  i s  n o t  c o u n t a b l y  g e n e r a t e d .

So we do a s  f o l l o w s :  Le t  ( x ^ :  a  < oi j ) be  any s e t  o f

d i s t i n c t  e l e m e n t s  o f  . Le t  *:  w<w * w<U) ■+ tu be  a 1-1

map.  Le t  be  t h e  n o r m a l  t r e e  o f  r a n k  at u s e d  i n  t h e

c o n s t r u c t i o n  o f  P  ■ P  (0 . ^0 ) ) .  Any G w h i c h  i s  P  ■a a a
g e n e r i c  i s  d e t e r m i n e d  by  G A { ( s , t )  e P  : | s | T = 0  and

^ 01
t  e u)<^ }.  T h a t  i s  a  map y f rom T* « {s  e T : | s L  = 0}

a  a a
t o  u)<u>. Now i m a g i n e  G P - g e n e r i c  and  l e t  y ^ :  T* -*■ w w

be t h e
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maps d e t e r m i n e d  by G. Le t  Y * { ( * ( s , t ) ) /%x : y „ ( s )  a t  and 

a < Form i n  t h e  g e n e r i c  e x t e n s i o n

P 2  C o j00 -  Y , i a i w )  =  Q ( i n  b o t h  c a s e s  we mean fo rmed

i n  t h e  g r o u nd  m o d e l ) . The p a r t i a l  o r d e r  we a r e  i n t e r e s t e d  

i n  i s  R = IP * Q. P * Q = { ( p , q )  : p e P  and

p | | - " q  e QM}. ( £ , § )  > ( p , q )  i f f  ( £  > p and § > q)

p | | - " q  e Q" j u s t  i n  c a s e  wh en ev e r  ( (n)  , (* Cs , t ) /*xa ) i s  

i n  q t h e n  ( s , t )  e p ( a ) .  Now l e t  IB be t h e  c o m p l e t e

b o o l e a n  a l g e b r a  a s s o c i a t e d  w i t h  R. S i n c e  R ha s  t h e

c o u n t a b l e  c h a i n  c o n d i t i o n  so  do es  IB.

C l a i m : B i s  c o u n t a b l y  g e n e r a t e d

P r o o f .

The i d e a  i s  t h a t  once  you know wha t  t h e  r e a l  i s  g o t t e n  

by  Q you know a l l  t h e  r e a l s  g o t t e n  by P - - a n d  h e n c e  

e v e r y t h i n g .  Le t  C a {[*<J>,q>]: | q | 0 )  = 0 ) .  Then C i s

c o u n t a b l e  and g e n e r a t e s  B .

For  C ^  u10 and ( p , q )  £ R d e f i n e  l ( p » q ) l ( C )  *

max { | s IT : t h e r e  e x i s t s  x 4 C , ( s , x )  e p ( a )  and  a < id  t }
at

Lemma 11.  Given  F C u i ^  V p  e R ^ 8  > 1 R

c o m p a t i b l e  w i t h  p , | f i [ ( F )  < 6  + 1 and V q | q | ( F )  < B 

{if £ , q  c o m p a t i b l e  t h e n  p , q  a r e  c o m p a t i b l e ) .



P r o o f .

T h i s  i s  p r o v e d  s i m i l a r l y  t o  Lemma 8.  Given

P = < P 0 » P i > e x t e n d  e a c h  P 0 (a)  5 P o ( a ) a s  Lemma 8 ,  

t h e n  t a k e  p = < p 0 , p , >  , p 2 * p 2 , p 0 ( a )  * { ^ s . x ^ e  p £ ( a ) :

I s | < 6  + 1 o r  x e C}. Note  t h a t  P 0 ||- "Pj  e Q" 

b e c a u s e  r e q u i r e m e n t s  i n  Q a r e  d e c i d e d  by  r a n k  z e r o  

c o n d i t i o n  i n  P .

From t h i s  lemma i t  i s  e a s i l y  shown as  b e f o r e  t h a t

K(B) > (iij . S i n c e  B i s  c o u n t a b l y  g e n e r a t e d  and  h a s  t h e

c o u n t a b l e  c h a i n  c o n d i t i o n  we have  K(B) <_w, , h e n c e  

K(B) » Wj.

T h i s  end s  t h e  p r o o f  o f  t h e  t h e o r e m .  m

For  any ^ - c o m p l e t e  b o o l e a n  a l g e b r a  B t h e  S i k o r s k i - L o o m i s  

t h e o r e m  ( [ 2 5 ] ,  p .  93) s a y s  t h a t  B i s  i s o m o r p h i c  t o  a

a - f i e l d  o f  s u b s e t s  o f  some X modulo a o - i d e a l  o f

s u b s e t s  o f  X.

Theorem 12.  (Kunen)  \ /  a <_ w x ^ X ,  R w i t h  R C  P(X) su c h

t h a t  K(R) ■ a .
P r o o f .
By t h e  S i k o r s k i - L o o m i s  t h e o r e m  and  Theorem 9 we c a n  f i n d

R, X,  and  I w i t h  R C P ( X ) / I  w he re  I i s  a 6 - i d e a l  and
A A

a i s  t h e  l e a s t  o r d i n a l  su c h  t h a t  R„ = R . D e f i n ea to i
A

R C P(X) by (A < R i f f  A / I  e R ) . I t  i s  e a s i l y  shown
An

by i n d u c t i o n  on 6 ±  t h a t  (A e Rg i f f  A / I  e Rg)* 

Hence we ha v e  K(R) = a .  «
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L e t  B m be t h e  c o m p l e t e  b o o l e a n  a l g e b r a  BorelCCZ^)  

modulo  t h e  i d e a l  o f  m ea g e r  s e t s .

Theorem 13.  For  any a ,  1 £  a < <u t , t h e r e  i s  a c o u n t a b l e  

C C  w h ic h  i s  c l o s e d  u n d e r  f i n i t e  c o n j u n c t i o n  and 

c o m p l e m e n t a t i o n  so  t h a t  a i s  t h e  l e a s t  o r d i n a l  s u c h  t h a t  

Ea ( c ) * B „ .

P r o o f .

L e t  x e be a r b i t r a r y  and B be  t h e  c o m p l e t e  b o o l e a n

a l g e b r a  a s s o c i a t e d  w i t h  P a (<f>,{x}). No te  t h a t  i f  

|p|(<tO ■ 0 t h e n  - [p] ■ E{[q]  * | d l ( 0 )  = 0 and  Q l a  I n ­

c o m p a t i b l e  w i t h  p } .  Le t  C be  t h e  c l o s u r e  o f
A

{ fp] : |p|(<J>) = 0} * C u n d e r  f i n i t e  b o o l e a n  c o m b i n a t i o n s .
A

Note  t h a t  s i n c e  C i s  c l o s e d  u n d e r  f i n i t e  i n t e r s e c t i o n s
/ \  A

and  - [p]  i s  i n  Ej f C)  f o r  any  p i n  C,  we hav e  t h a t
A

£ d (C) * ZQ(C) f o r  a l l  6 > 1. By Lemma 10 a i s  t h e  l e a s t  
p  p  —

A

s u c h  t h a t  s a (C) = S i n c e  P a (<t>,{x}) i s  c o u n t a b l e  and

s e p a r a t i v e ,  B i s  s e p a r a b l e  and  n o n a t o m i c  and  h e n c e  

i s o m o r p h i c  t o  B ^ .

Remark ; The t h e o r e m  above  i s  f a l s e  f o r  a * ujt s i n c e  f o r  

any  c o u n t a b l e  C wh ich  g e n e r a t e s  B ^ ,  a t  some c o u n t a b l e  

s t a g e  e v e r y  c l o p e n  s e t  i s  g e n e r a t e d  and  a f t e r  one  more 

s t e p  a l l  o f  Bm>



22
§ 3 C o u n t a b l y  g e n e r a t e d  B o r e l  h i e r a r c h i e s

A s e t  X C  2W i s  c a l l e d  a L uz i n  s e t  i f f  X i s  

u n c o u n t a b l e  and f o r  e v e r y  meage r  M, M rt X i s  c o u n t a b l e .

The a n a l a g o u s  d e f i n i t i o n  w i t h  m ea su re  z e r o  i n  p l a c e  o f  

m ea ge r  i s  o f  a S i e r p i n s k i  s e t  [ 3 0 ] .  For  I a  a - i d e a l

i n  B o r e l ( 2 w) s a y  X i s  I - L u z i n  i f f  [ V a  e B o r e l ( 2 w)

( | A  A X| < 2 0 i f f  A e I ] ] .  The f o l l o w i n g  t h e o r e m  was

f i r s t  p r o v e d  by L u z i n  [12] a s su m i n g  I i s  t h e  i d e a l  o f  

meage r  s e t s  and  CH.

Theorem 14.

(MA) I f  I i s  an  w t s a t u r a t e d  a - i d e a l  i n  B o r e l ( 2 w) 

c o n t a i n i n g  s i n g l e t o n s  t h e n  t h e r e  e x i s t s  an  I - L u z i n  s e t .  

P r o o f .

Le t  < * | 2W | , {A : a  < k} =* I , and

( B^ :  a  < ic} * B o r e l ( 2 U) - I e ach  s e t  r e p e a t e d  K-many

t i m e s .  Choose f o r  a < k, so t h a t  f o r  e v e r y  a xOt t*
i s  i n  B < ot) \J (Xgi  6 < a } ) .  C l e a r l y  i f  t h i s  c an

be  done  t h e n  X ■ ( x  : a  < <} i s  I - L u z i n .  I f  < * u>Ot *
t h e n  i t  i s  t r i v i a l ,  and  i f  MA t h e n  t h i s  f o l l o w s  f rom 

Lemma 1 ,  p .  158 o f  M a r t i n - S o l o v a y  [ 1 4 ] .

The n e x t  t h e o r e m  was p r o v e d  by Pop rou ge nk o  [19]  and 

S i e r p i n s k i  ( s e e  [ 2 9 ] ) .



Theorem IS .  I f  X C 2W i s  a L u z i n  s e t  t h e n  ord{X)  ■ 3.  

P r o o f .

S i n c e  e v e r y  B o r e l  s e t  B h a s  t h e  p r o p e r t y  o f  B a i r e ,

B * G A M w he re  G i s  ope n  and  M i s  m e a g e r .  But  

M a X * F i s  c o u n t a b l e  h e n c e  Fa , so  B a X = (G * F )  "  X 

show ing  o r d ( X ) £  3. Now c h o o s e  s e 2<a) so  t h a t  [ s ]  * X 

i s  u n c o u n t a b l e  and  d e n s e  i n  [ s ]  . I f  D £  [ s ]  r* X i s

c o u n t a b l e  and  d e n s e  i n  [ s ]  t h e n  D + G a  X f o r  a l l

G * Gj , s o  o r d ( X )  > 3 .  g

A modern example  o f  a  L u z i n  s e t  a r i s e s  when one  add s  an 

u n c o u n t a b l e  ( i n  M) number  o f  p r o d u c t  g e n e r i c  Cohen r e a l s  

X t o  M a c o u n t a b l e  t r a n s i t i v e  mode l  o f  ZFC.

M[X] |- "X i s  a L uz in  s e t ” . See a l s o  Kunen [10]  f o r  more 

on L u z i n  s e t s  and MA.

In c o n t r a s t  t o  t h e  b o o l e a n  a l g e b r a s  S y p i l r a j n  [29]  showed:

Theorem 16. I f  X C 2W i s  a S i e z p i n s k i  s e t  t h e n  

ord(X)  -  2.

P r o o f .

The p r o o f  i s  s i m i l a r  e x c e p t  n o t e  t h a t  any m e a s u r a b l e  s e t

i s  t h e  u n i o n  o f  an  F„ s e t  and  a s e t  o f  m e a s u r e  z e r o .a
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The f o l l o w i n g  t h e o r e m  g e n e r a l i z e s  t h e s e  c l a s s i c a l  

r e s u l t s  u s i n g  a lemma o f  S i l v e r  ( s e e  [ 1 4 ] ,  p .  162)  t h a t  

a s s u m i n g  MA e v e r y  X C  2W w i t h  |X|  < | 2 W| i s  a Q

s e t ,  i . e .  e v e r y  s u b s e t  o f  X i s  an  F i n  X.

Theorem 17.  (MA). T h e r e  a r e  u n c o u n t a b l e  X,Y C  2W . su c h

t h a t  o r d (X)  =* 3 and  o r d ( Y)  ■ 2.

P r o o f .

L e t  X be  I - L u z i n  whe re  I i s  t h e  i d e a l  o f  meage r  B o r e l  

s e t s .  Fo r  any m eag e r  s e t  M c h o o s e  F a meage r  Fa w i t h  

M C F.  By S i l v e r ' s  Lemma t h e r e  e x i s t s  F0 an  s e t

s u c h  t h a t  F} A F A X a M n F A X a M A X .  Thus e v e r y  

meager  s e t  i n t e r s e c t e d  w i t h  X i s  an Fa s e t  i n t e r s e c t e d  

w i t h  X and  t h i s  shows a s  b e f o r e  o r d (X )  * 3.  For  I t h e  

i d e a l  o f  m e a s u r e  z e r o  s e t s  a n a l a g o u s  a r g u m e n t s  wo rk ,  m

A f t e r  I h ad  shown t h a t  i t  i s  c o n s i s t e n t  w i t h  ZFC

t h a t  V a i u ,  3 x  C ( o r d ( X )  -  a ,  Kunen showed t h a t  i n

f a c t  CH i m p l i e s  V a  < iii, 3  X o rd (X )  ■ a .  The

f o l l o w i n g  t h e o r e m  s h a r p e n s  h i s  r e s u l t  s l i g h t l y .

Theorem 18.  I f  t h e r e  e x i s t s  a L u z i n  s e t ,  t h e n  f o r  any  

a  s u c h  t h a t  2 < a  <_ to, t h e r e  i s  an  X C  2^ s u c h  t h a t  

o r d ( X)  * a .
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P r o o f .

L e t  Y be  a L u z i n  s e t  w i t h  t h e  p r o p e r t y  t h a t  f o r  e v e r y  B o r e l

s e t  A C  2W (A A  Y i s  c o u n t a b l e  i f f  A i s  m e a g e r ) .  Such

a s e t  a lways  e x i s t s  i f  a  L u z i n  s e t  d o e s .  By Theorem 13 

t h e r e  i s  a C c  c o u n t a b l e  s u c h  t h a t  C g e n e r a t e s  BM 

i n  e x a c t l y  a s t e p s  and  C i s  c l o s e d  u n d e r  f i n i t e  B o o l e a n  

c o m b i n a t i o n s .  Le t  C a f [ C n ] : n e w )  whe re  t h e  Cn a r e  

B o r e l  s u b s e t s  o f  2W and  [Cn ] i s  t h e  e q u i v a l e n c e  c l a s s

modulo meage r  o f  Cn . F o r  x , y  e 2W d e f i n e  x ^  y  i f f

f o r  a l l  n < w (x e Cn i f f  y e Cn ) . We c l a i m  t h a t  f o r

e a c h  x c 2 U t h e  ^  e q u i v a l e n c e  c l a s s  o f  x i s  m e a g e r .

Note  t h a t  any e l e m e n t  o f  t h e  a - a l g e b r a  g e n e r a t e d  by 

{Cn : n < oj} i s  a  u n i o n  o f  ^  e q u i v a l e n c e .  I f  some ^  

e q u i v a l e n c e  c l a s s  E i s  n o t  m e a g e r ,  t h e n  t h e r e  a r e  K0 and

Kx d i s j o i n t  n o nm eag e r  B o r e l  s e t s  s u c h  t h a t  E a K0 U  K) t  

S i n c e  { [Cn ] :  n < w} g e n e r a t e s  t h e r e  a r e  Lfl and  Lx

i n  t h e  a - a l g e b r a  g e n e r a t e d  by {Cn : n < ui} s u c h  t h a t

[Lq ] * [Kq] and  [ L ^  » [ K j J .  Fo r  some i ,  L^ i s  d i s j o i n t

f rom E,  b u t  t h e n  L^ i s  m e a g e r ,  c o n t r a d i c t i o n .  By 

s h r i n k i n g  Y i f  n e c e s s a r y  we may assume t h a t  f o r  a l l  

x , y  s Y (x ■ y i f f  x 'v y ) . Le t  R * ^  n <

t h e n  R2 c o n t a i n s  e v e r y  c o u n t a b l e  s u b s e t  o f  Y. I t  i s  

e a s i l y  s e e n  t h a t  K(R) * a , so  by P r o p o s i t i o n  2 ,  we a r e  

d o n e . ■ ■
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Theorem 19.  (MA) Fo r  any  a < oj  ̂ t h e r e  i s  an X C  (*ia> 

s u c h  t h a t  a <_ ord(X)  <_ a + 2 .

P r o o f .

For  a < l e t  P a be  t h e  p a r t i a l  o r d e r  Let

T be  t h e  n o r m a l  t r e e  o f  r a n k  a u s e d  i n  t h e  d e f i n i t i o na
o f  P  . T* -  {s  e T : | s | T = 0 } .  I f  G i s  P  - g e n e r i c ,  a  a a  1 1T a * *a <
t h e n  G i s  c o m p l e t e l y  d e t e r m i n e d  by t h e  r e a l  y ^ :  T* -► u> w

d e f i n e d  by  y G( s )  = t  i f f  { ( s , t ) }  e G. Each c o n d i t i o n

p e P^  c a n  be t h o u g h t  o f  a s  a s t a t e m e n t  a b o u t  y ^ .  Let

Cp » { y e (jjw : y c o d e s  a map y :  T* ■+■ w<U) and  p ( y )  i s

t r u e } . I t  i s  e a s i l y  s e e n  t h a t  f o r  any p s P fl t h e r e  i s

$ < a such  t h a t  C„ i s  n!l.P -  P

Lemma 20.  I f  B^ i s  t h e  c o m p l e t e  b o o l e a n  a l g e b r a  a s s o c i a t e d  

w i t h  P a and  Xa i s  w i t h  t h e  t o p o l o g y  g e n e r a t e d  by

b a s i c  open  s e t s  P e » t h e n  Ba i s  i s o m o r p h i c  t o

t h e  b o o l e a n  a l g e b r a  o f  r e g u l a r  open s u b s e t s  o f  Xa .

P r o o f .

Given A C. x a r e g u l a r  open  s e t  l e t  D. ■ {p e P  : C  A}.— a A r a p —
The map A i s  an i s o m o r p h i s m .  ^

D e f i n e  I t o  t h e  a - i d e a l  g e n e r a t e d  by s e t s  o f  t h e

form a - U{Cp: p e D} whe re  D i s  a maximal  a n t i c h a i n  i n

P  .cx

Lemma 2 1 .  a i s  t h e  l e a s t  o r d i n a l  such  t h a t  f o r  e v e r y  B o r e l  

A t h e r e  i s  a 1° B s u c h  t h a t  A A B £ 1^.
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P r o o f .

Note  f i r s t  t h a t  I i s  t h e  i d e a l  o f  m eag e r  s u b s e t s  o f  X .a a
I f  D i s  a  maximal  a n t i c h a i n  i n  IV , t h e n  \ J { C :  p e D)a p
i s  open  d e n s e  i n  X^, so  e v e r y  e l e m e n t  o f  I i s  mea ge r  i n

X . I f  C i s  c l o s e d  nowhe re  d e n s e  i n  X , t h e n  l e t  a a '

Q * {p e P  : Cp H  C = (J)}. S i n c e  Q i s  open d e n s e  i n  P ^ ,

we c an  p i c k  D C  Q a maximal  a n t i c h a i n .  Thus

C C  — U(C : p e D} and e v e r y  mea ge r  s u b s e t  o f  X i s
P ®

i n  I .a
S i n c e  A i s  B o r e l  i n  X^ t h e r e  i s  a r e g u l a r  open

s e t  B i n  X su c h  t h a t  (A A B) e I . Leta v J a
Q = {p e P  : C C  B}. P i c k  D C  Q an a n t i c h a i n  wh i ch  i sr a p — —
maximal  w i t h  r e s p e c t  t o  b e i n g  c o n t a i n e d  i n  Q. S i n c e  B i s

r e g u l a r  o p e n ,  B = U{Cpi  p e D} , so  B i s  i n  . To

s e e  t h a t  a i s  m in im a l  n o t e  t h a t  f o r  s e T w i t ha
| s l y  * $ t h e r e  i s  no B i n  w i t h

<c ( s ! x )  A B’ E V  ■

Now l e t  X C u u be  I - L u z i n .  Then o rd (X)  > a— a —

s i n c e  f o r  any A and B B o r e l  i n  uiw ( (A A B) e I i f f

j (A A B) f \  X| < | X | ) . But  o r d (X)  <_ a + 2 f o l l o w s  f rom t h e

f a c t  t h a t  f o r  a l l  B i n  I t h e r e  e x i s t s  C i n  I f \  1° .a  a  ~a + 1

w i t h  B C C ,  j u s t  a s  i n  t h e  p r o o f  o f  Theorem 17.  T h i s  

c o n c l u d e s  t h e  p r o o f  o f  Theorem 19.



R e m a r k s ;

(1)  I f  V ■ L,  t h e n  u s i n g  t h e  A* w e l l  o r d e r i n g  o f  L 2W

we can  g e t  X C  2W a A* s e t  w i t h  o r d ( X)  « a  f o r  any

a < w. . I f  X i s  n | ( o r  EM t h e n  X = A A M whe re  A•** * ** 1
i s  n° and M z I , so  X c a n n o t  be  I - L u z i n .- a  a ’ a

(2)  A f i n e r  i n d e x  c a n  be  g i v e n  t o  a s e t  X C  by c o n ­

s i d e r i n g  t h e  c l a s s i c a l  H a u s d o r f f  d i f f e r e n c e  h i e r a r c h i e s .

A s e t  C C  i s  a 6 - n 0 s e t  i f f  t h e r e  e x i s t s  — ~a
D e JI° f o r  y < S s u c h  t h a t  t h e  D ' s a r e  d e c r e a s i n g  andy ~a Y .

D. = ^ , D f o r  X l i m i t  and C => U  (D - D . , :  y  < 8X y<X y Y Y+ 1
and  y e v e n } .  I t  i s  a t h e o r e m  o f  H a u s d o r f f  t h a t  

A“ + 1 * - n®: B < Uj} ( s e e  p .  417 ,  448 [ 1 1 ] ) .

I t  i s  a l s o  n o t  h a r d  t o  show, u s i n g  a u n i v e r s a l  s e t  a r g u m e n t ,

t h a t  t h e r e  e x i s t s  a p r o p e r l y  6  - s e t  f o r  a l l  

a ,B  < a) . A c c o r d i n g l y  d e f i n e  H(X) t o  be  t h e  l e x i c o ­

g r a p h i c a l  l e a s t  p a i r  ( a , 6 ) e ui* s u c h  t h a t  f o r  any B o r e l  

s e t  A t h e r e  e x i s t s  B a 3 - s e t  s u c h  t h a t

A / \  X » B f l X .  I f  X i s  a L u z i n  s e t  ( S i e r p i n s k i  s e t )  

t h e n  H(X) = ( 2 , 2 )  (H(X) * ( 2 , 1 ) ) .  I t  i s  e a s i l y  shown t h a t  

i n  Theorem 22 N |» "H(Xa + 1 ) = (a  + 1 , 1 ) " .  I t  i s  n o t  h a r d

t o  s e e  t h a t  f o r  C a c o u n t a b l e  c l o s e d  s e t  H(C) * ( l , a )  

whe re  a i s  t h e  C a n t o r - B e n d i x s o n  r a n k  o f  C.
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Theo rem 22 .  I t  i s  r e l a t i v e l y  c o n s i s t e n t  w i t h  ZFC t h a t  f o r  

any u n c o u n t a b l e  X C 2W o r d (X)  * w , .  T h i s  c an  be 

g e n e r a l i z e d  t o  show t h a t  f o r  any s u c c e s s o r  o r d i n a l  B0 

s u c h  t h a t  2 <_ 0  < oj j , i t  i s  c o n s i s t e n t  t h a t

{ 8 : 3  % £: 2W u n c o u n t a b l e  o rd (X)  = 8 ) = {$:  6 0 .1 3 £  “ t } •

Re mar k : I t  i s  t r u e  i n  t h e  model  o b t a i n e d  t h a t  f o r  any

u n c o u n t a b l e  s e p a r a b l e  m e t r i c  s p a c e  X t h e  B o r e l  h i e r a r c h y

on X h a s  l e n g t h  uj j .  T h i s  i s  t r u e ,  s i n c e  i f  |X|  * wl t

t h e n  s i n c e  | 2W | >_ co2 and  X c an  be  embedded i n t o  1RW,

X m u s t  b e  z e r o  d i m e n s i o n a l .  But  any z e r o  d i m e n s i o n a l

sp a c e  can  be embedded i n t o  2 U.

To p r ov e  Theorem 22 l e t  M be a c o u n t a b l e  t r a n s i t i v e

model  o f  ZFC + GCH. Choose ( a ^ :  X < w2) i n  M so  t h a t

f o r  a l l  3  < ujj {X: * 8 } i s  unbounded  i n  oj2 .

D e f i n e  P ^  f o r  y co2 by i n d u c t i o n  P°  ■ P  ( ^ , 2 ^  A M) ,
o

P Y + 1 ■ whe re  QY i s  a t e r m  i n  t h e  f o r c i n g  l a n g u a g e

o f  P Y d e n o t i n g  P  ] f \  2W) f o r  any  G P ^ -
a y

g e n e r i c  o v e r  M, and a t  l i m i t s  t a k e  t h e  d i r e c t  l i m i t .

The e l e m e n t s  o f  c an  be t h o u g h t  o f  a s  t e r m s

d e n o t i n g  e l e m e n t s  o f  2 W / I  M[G^J v i a  a n a t u r a l  c o d i n g .

Choose  su c h  a  c o d i n g  w h i c h  ha s  t h e  p r o p e r t y  t h a t  f o r  any

p , q  e Qy (p an d  q a r e  c o m p a t i b l e  i f f  t h e r e  i s  n < w

s u c h  t h a t  p  I* n and  q Tn  a r e  s e e n  t o  be  c o m p a t i b l e ) .

Fo r  Q C  P  and 9 a  s e n t e n c e  we s a y  t h a t  Q d e c i d e s  9
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i f f  {p e P :  t h e r e  i s  a q e Q su ch  t h a t  p _> q and  

(q ||- "9 "  o r  q | |- " t 0 " ) }  i s  d e n s e  i n  P .  Fo r  any 

H c  2U d e f i n e  | p |  (H) and  | t |  (H,p)  f o r  p e  P Y  and

t  a P Y t e r m  f o r  an  e l e m e n t  o f  2W by i n d u c t i o n  on y.  

For  p e P°  = P  O  , 2U f \  M) , | p | (H) * max{ | s | T : 3  x 4 H 

( s , x )  e p } . For

p e P Y+I , | p |  (H) * max{ | p  1* y|  (H) , | p ( y )  I (H,p  h y)} . Fo r  

p e P ^  whe re  X i s  a l i m i t , | p | (H) * max{ | p I* y | : y  < X}. 

Fo r  any t ,  [ t  | ( H , p ) i s  t h e  l e a s t  0 such  t h a t  f o r  any 

n e u) {q e P Y: q i n c o m p a t i b l e  w i t h  p o r  | q |  (H) <_ 0 } 

d e c i d e s  Mn t  t " .

p ^ 2 -  p  i s  n o t  a l a t t i c e  howeve r  i t  doe s  hav e  one 

s i m i l a r  p r o p e r t y :

Lemma 23.  Suppose  G i s  P a - g e n e r i c  o v e r  M and  f o r  

i < n < w  q ^ e G  and  | q ^ | ( H )  < 0,  t h e n  t h e r e  i s  a q e G 

w i t h  | q | ( H )  < 0 and  q S  ^o r  i  < n .

P r o o f .

The p r o o f  i s  by i n d u c t i o n  on oi. For  a » 0 o r  a a  a
g

l i m i t  i t  i s  e a s y .  So su p p o s e  a  » 0 + 1 and  G * Gg * G
g

where  Gg i s  P  - g e n e r i c  o v e r  M. F i n d  r  C  Gg f i n i t e  so  

t h a t  f o r  any q e r  w i t h  | q | ( H )  < 0 and f o r  any i  and 

j l e s s  t h a n  n i f  ( s , t )  e q ^ ( 3 ) and  (s""k,T) e q^ ( 0 )
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( o r  C s * k , t )  e q^ C3) whe re  t  e 2 <w) , t h e n  t h e r e  i s  

r  e T su c h  t h a t  r  | |- " t  ^ ? ( t  ^  t ) m. By i n d u c t i o n  t h e r e

i s  q i n  s u c h  t h a t  | q | ( H )  < B, f o r  a l l  q e r

q >_ and f o r  a l l  i  < n q q .  D e f i n e  q ( 3 )  t o

be  e q u a l  t o  L H ^ C S ) :  i  < n } .  £

Lemma 24.  Given P.  a c o u n t a b l e  s u b s e t  o f  P a and  Q„
— i — . .  i o 0

a c o u n t a b l e  s e t  o f  P a t e r m s  f o r  e l e m e n t s  o f  2W, t h e r e  

e x i s t s  H c o u n t a b l e  su c h  t h a t  f o r  e v e r y  p e P 0 and 

t  e Q0 | p I ( H )  -  I t | = 0.

P r o o f .

T h i s  i s  e a s y  u s i n g  c . c . c .  o f  P  . ^

Le t  | p |  = p (H) and  | t | (p)  = | t | (H,p )  , f o r  some f i x e d  H,

Lemma 25.  Fo r  e ach  p £ P a  and  B t h e r e  e x i s t s  p e P a

c o m p a t i b l e  w i t h  p ,  | p |  < B + 1 ,  and  f o r  e v e r y  q e P a w i t h

J q 1 < B» i f  p and q a r e  c o m p a t i b l e ,  t h e n  p and  q a r e

c o m p a t i b l e .

P r o o f .

The p r o o f  i s  by i n d u c t i o n  on a .  For  a  * 0 t h i s  i s  j u s t  

Lemma 8  o f  §1.  For  a  l i m i t  i t  i s  e a s y .  From now on assume 

t h e  Lemma i s  t r u e  f o r  a .

D e f i n e  f o r  x , y  £ 2W, x y i f f

3 n V m  < n (x ( m)  » y(m) and x ( n )  < y ( n ) ) .  T h i s  i s  t h e
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l e x i c o g r a p h i c a l  o r d e r .  Fo r  C C  210 a  nonempty  c l o s e d  s e t  

l e t  X£ be t h e  l e x i c o g r a p h i c a l l y  l e a s t  e l e m e n t  o f  C.

Cla im 1.  Le t  C be a t e r m  i n  P a and  p Q e P a w i t h

| p 0 1 < 3  + 1  s u c h  t h a t  p 0 | |- "£ i s  a nonempty  c l o s e d

s u b s e t  o f  2 ^ " .  Suppose  f o r  e v e r y  G P a - g e n e r i c  w i t h  

p 0 e G, and s e 2<W(M[G] |* " [ s ) f \  £ =■ 0"  i f f  

J  q e G, | q |  < 0 , and q [|- " [ s ]  f \  £ =» 0 " ) .  Then 

| x c |CP0) < 6 + 1 .

P r o o f .

F i r s t  we show t h a t  g i v e n  any p e P a w i t h  p >_ p 0 , 

i f  s e 2<u , p ||- " [ s ] f \  C j  0 "  t h e n  t h e r e  e x i s t  p e P a 

c o m p a t i b l e  w i t h  p ,  | p |  < 0  + 1 ,  and  p | |- M[s ]  /q C 0 " .

Le t  p 1 be as  f rom Lemma 25 f o r  p .  By u s i n g  Lemma 23

o b t a i n  p c o m p a t i b l e  w i t h  p , p  p ' , p > p 0 , and

| p |  < 6  + 1.  I c l a i m  p ||- " [ s ]  Pi £ f  0 " .  Suppose  n o t  t h e n

t h e r e  e x i s t s  G P a - g e n e r i c ,  p e G> and  M[G] ||= " [ s ]  A C 

« 0 " .  So t h e r e  e x i s t s  q e G, | q |  < 0 ,  and

q lb " [ s ]  ft C * 0 " .  But  t h e n  s i n c e  q i s  c o m p a t i b l e  w i t h

P i t  i s  c o m p a t i b l e  w i t h  p '  and  h e n c e  w i t h  p ,  c o n t r a d i c ­

t i o n .  I n  o r d e r  t o  show | | Cp0) < 6  + 1 i t  s u f f i c e s  t o

show f o r  e v e r y  p > p 0 and  n e w  t h e r e  e x i s t  p e P a

c o m p a t i b l e  w i t h  p ,  | p |  < 0 + 1 , and t h e r e  e x i s t s  s e 2 n

s u c h  t h a t  p |]- " x ^ f  n =* s " .  So g i v e n  p and  n f i n d



r  >_ p and s e 2n  s u c h  t h a t  r  J|- "x^, I* n -  s " .  We hav e  

j u s t  shown t h e r e  e x i s t s  f  c o m p a t i b l e  w i t h  r  w i t h  

| r |  < B + 1 and  r  [|- " [ s ]  f \  C ? 0 " .  Le t  G be
Qf A  m + 1

P  - g e n e r i c  c o n t a i n i n g  r  and  r .  For  e a c h  t  e 2 w i t h  

m + 1  ^  n  and f o r  a l l  k < m ( t ( k )  = s ( k )  and  

t (m )  < s ( m ) )  c h o o s e  q t  e G w i t h  | q t | < B and

!|- C * 0 " .  (T he r e  a r e  o n l y  f i n i t e l y  many such

t ) ' .  Choose  q e G w i t h  | q |  < B + 1,  q ^ r ,  and  q >_ q t

f o r  e a c h  s u c h  t .  (q e x i s t s  by Lemma 2 3 ) .  Then

q ||- " x c r* n * s " . f H

For  p and  q c o m p a t i b l e  d e f i n e  p \j q ||- "9 "  t o  mean

t h a t  f o r  e v e r y  r ,  i f  r  ^  p and  r  q t h e n  r  | | - M9 " .

Fo r  t  a P a t e r m  f o r  an e l e m e n t  o f  2W and p e F a f

d e f i n e  C ( r , p )  a P a  t e r m  s o  t h a t  f o r  any  G w h i ch  i s
GP  - g e n e r i c  ( i t  n e ed  n o t  c o n t a i n  p)  C ( t , p )  * t h e r e

e x i s t  q e  G, [q |  < 8 , | t | (q)  < B , q ||- ” t  e 2a)" ,  p and 

q a r e  c o m p a t i b l e ,  and  p u  q [|- Mx e D~"}.  D i s  a u n i ­

v e r s a l  n j  s u b s e t  o f  2W x 2^ (V K £ IlJ 3 x e K =* Dx a 

{y:  ( x , y )  e D}) .

Cl a im 2.  Le t  p be  g i v e n  by Lemma 25 f o r  p e P a ( i . e .  

f o r  a l l  q e  P a  i f  | q |  < B, t h e n  i f  q and  p a r e  

c o m p a t i b l e  t h e n  q and  p a r e  c o m p a t i b l e ) .  Then p and
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C ( i , p )  s a t i s f y  t h e  h y p o t h e s i s  o f  C l a im 1 f o r  p 0 and C. 

P r o o f .

Suppose  M[G] |= " [ s ]  C ( r , p )  = 0 " .  By c o m p a c t n e s s  t h e r e  

e x i s t s  n < to, q^ e G, f o r  i  < n w i t h  | q ^ |  < 0

and j | ( q^)  < S so  t h a t  p \J q^ |j- " r e  Dt  11 and

M[G] |= " n < D T. ; i  < n} ( \  [ s ]  * 0 " .  Le t  r  be  a t e rm  f o r  an 

e l e m e n t  o f  2W so t h a t  D-̂ . = C\ {DT : i  < n} and q e G 

w i t h  q >_ q^ f o r  i  < n and  | q |  < S. ( t  c an  be c h o s e n

so t h a t  | t | ( q)  < 0 a s s um i n g  some n i c e  p r o p e r t i e s  o f  D ) .

S i n c e  q and p a r e  c o m p a t i b l e ,  q and p a r e  c o m p a t i b l e  

and q m p ||- " x  e D-’\  S i n c e  M[G] |- "D* f\  [ s ]  = 0" by 

c o m p a c t n e s s  t h e r e  e x i s t s  m e w  so t h a t  i f  t  = i rm t h e n

f o r  e v e r y  x £  t ,  x e 2W Dx ^  [ s ]  = 0 .  S i n c e

| t  | (q)  < 0 t h e r e  e x i s t s  q £  q an e l e m e n t  o f  G, | q |  < 3,

and  q | b  " tpm = t " ;  he nce  q|(- " [ s ]  ^  C ( T ,p )  = 0 " .  The

f a c t  t h a t  p j(- MC ( x , p )  i  0"  f o l l o w s  f rom t h i s  s i n c e  i f  n o t  

t h e r e  e x i s t s  q c o m p a t i b l e  w i t h  p ,  | q |  < 3 , and

q 11- M[0] f\ C ( t , p )  = 0 " .  But  t h e n  q i s  c o m p a t i b l e  w i t h

p c o n t r a d i c t i o n .

We now r e t u r n  t o  t h e  p r o o f  o f  t h e  a  + 1 s t e p  o f  Lemma 25.

Assume p e IP i s  g i v e n  w i t h  t h e  f o l l o w i n g  

p r o p e r t y :
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(*)  t h e r e  e x i s t s  s t 2 <ul f o r  e a c h  t  s u c h  t h a t  t h e r e
v T

e x i s t  s w i t h  ( s , x )  e P ( a )  and  | s j  >_ 1.  And t h e s e

S T have  t h e  p r o p e r t y  t h a t  0 [|- " s T c  t "  an d  w h e n e v e r

( s , x )  , ( s * i , x) e pCot) ( o r

(s i , t )  e p ( a )  whe re  t  e 2 <w) s T and s~ a r e  i n ­

c o m p a t i b l e  ( o r  s t and  t  a r e  i n c o m p a t i b l e ) .

The s e t  o f  p ' s  w i t h  t h i s  p r o p e r t y  i s  d e n s e  i n  p a + 1  s o

i t  i s  enough t o  p r o v e  t h e  Lemma 25 f o r  t hem.  Le t

( s i f t f )  f o r  i  < n be a l l  ( s , t )  e p ( a )  w i t h  | s |  > 1 

and  l e t  "x = ( x 0 , x x , . . . ,x x) (whe re

C , , • • • ,  ) :  (2t0) n -*■ 2W i s  some r e c u r s i v e  c o d i n g ) .  Le t

pTa be a s  g i v e n  f rom Lemma 25 f o r  p . l e t  x*

be t h e  l e x i c o g r a p h i c a l  l e a s t  e l e m e n t  o f  C ( ' r , p | ' > ) .  By 

C l a im  1 and  2 |"x^} (pf* ) < 8  + 1.  Now l e tOt
p ( a )  = { ( s , t )  e p ( a ) :  | s j  = 0 } u  ( ( s ^ , x ^ ) :  i  < n}

( t 2, -  ( x j  , . . . ,x£_ x) )  . S i n c e  0 | | -  " C ( x , p  a ) i s  i n c l u d e d
« ~

-:Ur.[s T 1* P i s  a c o n d i t i o n ,  p and  p a r e  c o m p a t i b l e ,
1  ^  IX T  *

 ̂ ot ̂  x
a l s o  | p |  < 8  + 1.  Now s u p p o s e  q e P  c o m p a t i b l e  w i t h

p , | q |  < 6 , and  q and  p a r e  n o t  c o m p a t i b l e .  L e t  G

be  P a - g e n e r i c  w i t h  and  q f  e l e m e n t s  o f  G and

M[G] |s "£(<*) and  q ( a )  a r e  c o m p a t i b l e " .  I f  we t h i n k

o f  p ( a )  as  a s t a t e m e n t  a b o u t  x i . e .  p ( a ) ( x )  t h e n

P ( a )  ■ p(ci) ("t®’) . S i n c e  p and  q a r e  i n c o m p a t i b l e  b u t

p a  and  q o a r e  c o m p a t i b l e  (pr*a  o q r o ) 11“ "p(ot)  and
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q ( a )  a r e  i n c o m p a t i b l e ' ' .  D(” J h " p ( a ) ( x )  and  q ( a )  a r e  

i n c o m p a t i b l e "  i s  a  n j  s t a t e m e n t  w i t h  p a r a m e t e r s  f rom 

q ( a )  a b o u t  x". Thus we c o n c l u d e  t h a t

M[G] I* "p  ( a ) ' 7 ^ )  and q ( a )  a r e  i n c o m p a t i b l e " ,  c o n t r a d i c ­

t i o n .  T h i s  c o n c l u d e s  t h e  p r o o f  o f  Lemma 25.

From now on l e t  P  * P 102.

Lemma 26.  Suppose  J t |  = 0 ,  B(v)  i s  a p r e d i c a t e ,

0 > 1 ,  w i t h  p a r a m e t e r s  f rom M, and  p e  P  i s  s u c h  t h a t  

p |j- " B ( x ) " ;  t h e n  t h e r e  e x i s t s  q e P  c o m p a t i b l e  w i t h  p ,

| q |  (H) < g and  q ||- " B ( t) m.

P r o o f .

The p r o o f  i s  by  i n d u c t i o n  on 6 .

Case  1.  0 = 1 .

Suppose  p | | -  " 3 n R ( x  1* n ,  T f n ) " f o r  R r e c u r s i v e  and 

x e  M. Le t  G be P - g e n e r i c  w i t h  p e  G. Choose  n e  to

and  s e 2 n so  t h a t  M[G] |= "R(x  1“ n , x I* n)  and  x h n  = s " .

Choose q e G w i t h  | q |  => 0 and q ||- " t f n  * s " .

Case  2.  0  i s  a l i m i t  o r d i n a l .

I f  p | | - " 3 n  B ( n , t)'* t h e n  3  p > p p | |- " B ( n 0 , x ) "

and  B(n ,v)  f o r  y < 0 ,  so  a p p l y  i n d u c t i o n  h y p o t h e s i s
"1

t o  p .

Case  3. 0 + 1 .

Suppose  p ||- " 3 n  B ( n , x ) "  w he re  B ( n , v )  i s
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n® w i t h  p a r a m e t e r s  f rom M. Choose  r  p and  n„ e u> 

so  t h a t  r  | |- " B ( n 0 , T ) " -  By Lemma 25 t h e r e  i s  q com­

p a t i b l e  w i t h  r ,  | q |  < 6 + 1 , and  f o r  e v e r y  s ,  | s |  < 3 , 

i f  q and  s a r e  c o m p a t i b l e ,  t h e n  r  and s a r e  com­

p a t i b l e .  q ||- " B ( n 0 , - r ) "  b e c a u s e  i f  n o t  t h e n  t h e r e  i s  

q 1 ^  q s u c h  t h a t  q* |j- " B(n , t ) " ,  and so  by i n d u c t i o n  

t h e r e  i s  s w i t h  | s |  < 3  c o m p a t i b l e  w i t h  q '  and

s ||- " B(n , t ) " ;  b u t  t h e n  s i s  c o m p a t i b l e  w i t h  r ,  

c o n t r a d i c t i o n .  B

Now l e t  u s  p r o v e  t h e  f i r s t  p a r t  o f  Theorem 22.  Let  

G be F - g e n e r i c  o v e r  M. We c l a i m  M[G] |* " f o r  e v e r y  

X c  and a < w t i f  |X|  3  u>l t h e n  o r d ( X)  >_ a + 1 . " .

Bur  s i n c e  any  s u c h  X i s  i n  some f o r  3 < w2 ,

we may as  w e l l  X e M , a 0 * a + l ,  and  we mus t  show 

M[G] j- " o r d ( X )  > a  + 1 " .  L e t  G ^  be  t h e  n® s e t

c r e a t e d  by G ft F  0 , 2 ^  A M). Suppose  t h a t  M[G] {= " t h e r e
a o

i s  K a Ejj s e t  s u c h  t h a t  K f\  X ■ A X . " .  Le t  t

be  a t e r m  f o r  t h e  p a r a m e t e r  o f  K. Choose  p e G su ch  

t h a t  p |j- "  >/z e X (x e  K i f f  z e G ^ ^ . " .  By Lemma 24 

t h e r e  e x i s t s  H i n  M c o u n t a b l e  so  t h a t  | t |  3

[p | ( H )  » 0.  Le t  z e X - H. D e f i n e  p e F  by p ( 0 )  3

pCO) v  and  p ( ° 0  = p ( a )  f o r  a > 0.  S i n c e  p

s a y s  z e p |j- "z  e K". By Lemma 26 t h e r e  e x i s t s  q

c o m p a t i b l e  w i t h  p ,  | q | ( H )  < 3 ,  and q | |- "z  e K".  By Lemma
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23 t h e r e  e x i s t s  q w i t h  j q |  (H) < 8 , q >_ q ,  and  q >_ p .

S i n c e  | ( 0 ) | T ■ a ,  ( ( 0 ) , z )  4 q ( 0 ) , t h e r e  e x i s t s  m e w
ex 0

s u c h  t h a t  r  d e f i n e d  by r ( 0 ) -  q ( 0 ) sj { ( ( 0 , m ) , z ) }  and

r ( a )  ■ q ( a )  f o r  a  > 0 i s  a  c o n d i t i o n .  But  t h i s  i s  a

c o n t r a d i c t i o n  s i n c e  r  | |- " ( z  e G ( 0) i f f  z e K) and

z e K and  z 4 G ^  ^ " .

Now we p r o v e  t h e  s e c o n d  s e n t e n c e  o f  Theorem 22.

Le t  X = W{X : 8 , < a  < w, and a a s u c c e s s o r }  whe rev  a o — i
e a c h  X^ i s  a s e t  o f  p r o d u c t  g e n e r i c  Cohen r e a l s .

Le t  M0 * M[X] . D e f i n e  i n  M0 t h e  p a r t i a l  o r d e r  P Y f o r

Y <_ w2 s o  t h a t  P Y+I = P y*Q^ whe re  Q i s  a t e r m

d e n o t i n g :

Case 1.  P 6 q ( K M 0 [Gy ] ( \  2W) o r

Case 2.  P - ( Y  ,XQ \ j  F) whe re  Y i s  a B o r e l  s u b s e t  o f  XQ
  p Y r Y P
i n  M0 [G^] and  F a {x e 2U : x e v e n t i a l l y  z e r o ) .

Case  1 i s  done c o f i n a l l y  i n  w2 and  Case 2 i s  done i n

s u c h  a way a s  t o  i n s u r e :

M0 [Gu ^] |* " F o r  e v e r y  s u c c e s s o r  o r d i n a l  8  w i t h

8 0 < e < Wj and  Y B o r e l  i n  Xg t h e r e  i s  a y su c h

t h a t  Y * F i r s t  we show t h a t  e s s e n t i a l l y  t h e  same

a r g u m e n t s  as  b e f o r e  show t h a t  M0 [GW2] |* " F o r  e v e r y

X C  2W u n c o u n t a b l e  o rd (X)  T h i s  w i l l  n o t  u s e  t h a t

t h e  X^ a r e  made up o f  Cohen r e a l s ,  h e n c e  any o f  t h e

i n t e r m e d i a t e  model s  wou ld  s e r v e  a s  t h e  g r o u n d  m o d e l .  So
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su p p o s e  Case  1 o c c u r s  on t h e  f i r s t  s t e p ,  Y e M0 i s

u n c o u n t a b l e ,  B0 ■ Y + 1 ,  and  j» "Y a  G^ 0  ̂ =■ Y r \ J

f o r  some J  e 2®"* Given L c  w, d e f i n e  P ?  a s  f o l l o w s .- y — L
For  a  e L:

Case 1.  P ? + 1  -  P ?  * P Q Cd> ,M[GL] A Z“ ) whe re  GL i s  P ? -  L L 6 o a J a  L
g e n e r i c  o v e r  Mfl.

Case 2.  P ?  + 1 * P ?1 * P„  (Y - F,X„ U F) (whe re  we assume  L
- ■ —  L  L  p  Ot p

has  t h e  p r o p e r t y  t h a t  when Case  2 h a p p e n s  f o r  ot e L t h e n

Y i s  a B o r e l  s u b s e t  o f  Xa c o d e d  by some t e r m  t i na S ’ a

For  ot 4 L:

P ^ + 1  =* P ^  * ^  ( s i n g l e t o n  p a r t i a l  o r d e r ) .

Note  t h a t  by u s i n g  c . c . c .  o f  P W2  we c a n  f i n d  

L c  u>2 c o u n t a b l e ,  so  t h a t  t h e  B o r e l  code  f o r  t h e  above  J  

i s  a  P *£2 t e r m  and L h a s  t h e  p r o p e r t y  m e n t i o n e d  u n d e r  

Case 2.  Fo r  ot a  l i m i t  P ^  i s  t h e  d i r e c t  l i m i t  o f

( P j :  B < a  ) .

Lemma 27 .  I f  N 5  M i s  a f o r c i n g  e x t e n s i o n  and  G i s  

IPg (d> ,N A 2“*) g e n e r i c  o v e r  N t h e n  G A Pg(<fr,M A 2W) i s

Pg (<fr »M A 2W) g e n e r i c  o v e r  M.

P r o o f .

I t  i s  enough  t o  show t h a t  f o r  any  A e M d e n s e  i n
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P o O . M  ^ 2^) , {p e P Q(<J>,N a  2U) : q e A q < p} i s  d e n s e
p  p  > —

i n  P . ( < M  a  2 “ ) .
P

Le t  N be  an e x t e n s i o n  o f  M v i a  a p a r t i a l  o r d e r  Q. Given  

p e Pg(<J>,2u a N) (a  t e r m  i n  t h e  f o r c i n g  l a n g u a g e  o f  Q) 

su p p o s e  3 q e Q  q | | -  " V r  e A r  and  p a r e  i n c o m p a t i b l e " .

View p a s  b e i n g  c o ded  up  i n  some n a t u r a l  way by a 

s i n g l e  r e a l  i n  2^ a N. Then we c a n  f i n d  p e PgC<l>»2u ,A M)

so t h a t  V n < ua 3  q > q q | | -  " p f n  = pTn" .  S i n c e  A i s

d e n s e  ^  r  e A r  and  p a r e  c o m p a t i b l e .  But  c o m p a t i b i l i t y

i s  w i t n e s s e d  by pTn f o r  some n < w . Le t  q >_ q and

q11- "pTn =* p f n ' ^ t h e n  q | | -  "p and  r  a r e  c o m p a t i b l e " ,

c o n t r a d i c t i o n .

Lemma 28.  Suppose  P Q ,P f . M a r e  p a r t i a l  o r d e r s  and  3  t

a  t e r m  i n  l a n g u a g e  o f  Wx s u ch  t h a t  V G P j - g e n e r i c  o v e r
p

M a t i s  P ^ - g e n e r i c  o v e r  M. Then V G P t - g e n e r i c
Q

o v e r  M[G] i s  a f o r c i n g  e x t e n s i o n  o f  M[t ] .

P r o o f .

T h i s  i s  e a s i e r  t o  p r o v e  u s i n g  t h e  cBa a p p r o a c h  t o

f o r c i n g .  Le t  I L f o r  i  * 0 , 1  be  t h e  a s s o c i a t e d  cBa t o

P ^  f o r  i  * 0 , 1  and r  a B x t e r m  so  t h a t  VG B x- g e n e r i c
p

t  i s  B fl- g e n e r i c .  D e f i n e  a map j : B o -*■ B 1 by 

j  Cp) ■ [■ p e t  -3]b ■ Then j  i s  an i s o m o r p h i s m  o f  B fl 

o n t o  an M-c om ple t e  s u b a l g e b r a  o f  . O t h e r w i s e  s u p p o s e  

r C e M and
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*  P£ r P  e * J u s ,  > p l r f  p  e  * 1 b ,  * f

h6n P(
A  Q

Choose  G B x- g e n e r i c  w i t h  e - f  e G. Then D£ r P e t
a Q  a  Q

and  p e r  p i  t  . But  t h i s  means  t  i s  n o t  

B fl- g e n e r i c  o v e r  M ( s e e  Lemma p .  35 S o l o v a y  [ 2 7 ] ) .  But  

now by Lemma 5 . 2 . 4  o f  So l o va y - Te n ne nb au m  [26]  we a r e  

d o n e . ^

Given  any G P W2- g e n e r i c  l e t  G^ be  t h e  s u b s e t  o f  P ^  

g e n e r a t e d  by t h e  r a n k  z e r o  c o n d i t i o n ?  i n  G. The two 

p r e c e d i n g  lemmas e n a b l e  u s  t o  p r o v e :

Lemma 29.  Fo r  any a

i f  G i s  P a - g e n e r i c  o v e r  M t h e n  G^ i s  P ? - g e n e r i ca & o ot L
o v e r  .o
P r o o f .

T h i s  i s  p r o v e d  by i n d u c t i o n  on a .  For  a  + 1 4 L i t

i s  i m m e d i a t e .  Fo r  ot+ \ e L Case  1 i s  h a n d l e d  by  Lemma 27 ,  

Lemma 28 ,  and  t h e  p r o d u c t  lemma. Case  2 i s  e a s y  as  

Pp (Y a - F,  Xg F) i s  t h e  same p a r t i a l  o r d e r  i n  e i t h e r  c a s e .  

F o r  a  l i m i t  o r d i n a l  l e t  A c  p £  be  d e n s e ,  we show 

( q  e P a : J p  e A p < ^ q }  i s  d e n s e  i n  P a . I f  <1 e ^  

t h e n  q e P® f o r  some 6  < ot. Le t  Ag = (p 8 : p e A},  t h e n

Ag i s  d e n s e  i n  P®. Hence i f  Ga i s  P a - g e n e r i c  w i t h
L 6q e G t h e n  s i n c e  i s  P , - g e n e r i c  i t  m e e t s  AQ - - s a y

Ot p  L P

a t  pTg.  But  t h e n  q and  p a r e  c o m p a t i b l e .  0
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D e f i n e  f o r  H c_ 2W | p | ( H ) , | t | ( H , p )  f o r  p e P ^  and  

t  a P ^ - t e r m  f o r  a  s u b s e t  o f  uj by i n d u c t i o n  on a .

C a s e  1 . P a+1 => F a  * P g (<|>,M[Gj] /v 2w )

| p | ( H )  » m a x { | p f y l ( H ) , | p ( y ) I ( H , p f y ) } ( same a s  b e f o r e ) .

Case  2.  P a + 1 = P a * P 0 (Y - F,X v  F)
— — “  p  01 01

I P | (H) * max{ I p r  ot | (H) , | s  | : x 4 H < s , x >  e pCa )}
rf

| r j ( H , p )  i s  d e f i n e d  a s  i t  was j u s t  b e f o r e  Lemma 23.

Lemma 23 i s  e a s i l y  p r o v e n  s i n c e  i n  Case  2 we ha v e  a  l a t t i c e .

Lemma 24 i s  a l s o  e a s i l y  p r o v e n  i f  i n  a d d i t i o n  H i s

t a k e n  w i t h  t h e  p r o p e r t y  t h a t  V  x e H V  a e L

{p : | p | ( H )  ■ 0)  d e c i d e s  "x  e Ya " w h e n e v e r  Case  2 ha pp en s

a t  s t a g e  a .  Lemma 25 c a n  be  p r o v e n  f o r  3 < 8 0 by t h e

same a rg u m e n t  i n  Case  1 and  by t h e  a r g u m e n t  o f  Theorem 34

i n  Case  2.  Lemma 26 f o l l o w s  and so  do e s  t h e  c l a i m  t h a t

M0 [GU2] |= "K C ( 3 :  B0 < 3 <

Next  we show M0 [G^ ] |= ’’ordCX^) * 3 f o r  e a c h  3 s u c c e s s o r

6 0 <_ B c a>x . I f  n o t  t h e n  a g a i n  we c a n  r e d u c e  t o  some

L <=_#2 c o u n t a b l e ; and  s i n c e  e a c h  X^ i s  p r e s e n t  i n  Mq>

we c a n  r e l a b e l  L so  t h a t  f o r  some 3 < ojj and  3! w i t h

S 0 i  »i < M0 [Cg] |= ” o r d ( X g ^ ) < 8 , "  f o r  Gg P 0 -

g e n e r i c  o v e r  M0 , and  on some s t e p  b e f o r e  3 we f o r c e  w i t h

P q U  F) • Suppose  X a {x : a < u>.} and
3 f a i

M0 ■ M[ (Ca , x a> : a  < to x} ] - G ive n  H CL u t  ̂ H e M l e t
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ft -  { < a , x  >:  a  e H}. D e f i n e  P^j e M[ft] f o r  e a c h  a < $.

Case  1 P® + 1 = P® * P e o ( 4>,M[Gj|] «  2W) .

Case  2 P ® + 1  = P® * TP0  C (Yg - F) ~ H, (Xg *  H) ^  F)

( a s s u m i n g  Ya  i s  a B o r e l  s u b s e t  o f  Xg g i v e n  by t h e  t e r m

t i n  f o r c i n g  l a n g u a g e  o f  F ® ) .

Lemma 30 .  F o r  any  a <_ B i f  G® i s  P a - g e n e r i c  o v e r  M0

Qt Cl ^t h e n  Gjj i s  P H* g e n e r i c  o v e r  M[H].

P r o o f .

The p r o o f  i s  l i k e  Lemma 29 e x c e p t  on a + 1 u n d e r  Case 2.

P j  =* P g ( Y a - F.Xg o- F) i n  M[X] [Ga ] -  Mx

P 2 = lPa ( (Ya - F) a  H, (Xg a H) \j F) i n  M[H] [G®] = M2 .

Aga in  s u p p o s e  A £ M2 i s  d e n s e  i n  P 2 , we show

(p  e P  : 3 q  £ A q <_ p} i s  d e n s e  i n  P L . Given  p e P t
A

l e t  p = r  v  { < ' s „ , x > :  n < N} w he re  x„ £ X - H, N<w , and
n n n a  r e a l s <

r  e P 2 . Le t  QN be  t h e  p a r t i a l  o r d e r  f o r  a d d i n g  N Cohen/

By t h e  p r o d u c t  lemma ^x n : n < N} i s  Q ^ - g e n e r i c  o v e r  M2 ,

and  a l s o  p £ M2 [ {x n *. n < N}] .  Hence i f  V  q e A p and

q a r e  i n c o m p a t i b l e  i n

P 3= IP3  C (Ya - F) rs CH 0  {xn : n  < N} , (Xg H U n < N } )  U F)

t h e n  3  P £ Qpj P11- " V q  e A p and  q a r e  i n c o m p a t i b l e

i n  P C h o o s e  y £ F f o r  n < N so t h a t
3 n

p ft * r  v  {<s . y >  : n < N} e P„  andr ° n n 2

V  1  < u 3 p '  > P V n < N  P f !l" " Y ^ m  " x n rnT* s i n c e

£J q e A p 0 and q a r e  c o m p a t i b l e , t h e n  a s  b e f o r e  p and
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q c a n  be  f o r c e d  c o m p a t i b l e  by an  e x t e n s i o n  o f  p .  So p 

and  q a r e  c o m p a t i b l e  i n  P 3 and  h e n c e  i n  P r  £

A ftLemma 31.  G iven  t a t e r m  i n  f o r c i n g  l a n g u a g e  o f  P ^  i f
A

p e P ^  p ll‘]pg' ,B ( t ) m where  B(V) i s  a E|  p r e d i c a t e  w i t h  

p a r a m e t e r s  i n  M[H] t h e n  3  q e P ^  c o m p a t i b l e  w i t h  p 

su c h  t h a t  q | i - jpg"B(T)" .

P r o o f .
g

Let  G be P  - g e n e r i c  o v e r  M0 w i t h  p e G. Then by
S ALemma 9 G^ i s  P ^ - g e n e r i c  o v e r  M[H],  S i n c e  EJ s e n t e n c e s

a r e  a b s o l u t e  and M0 [G] j» " B ( t ) "  we ha v e

M[H][Gh ] |= " B ( t ) " .  So j q  £ Gh q | | -p  g " B ( T ) " .  But  f o r

any  G P ^ - g e n e r i c  c o n t a i n i n g  q ,  M[H][Gh ] ]« " B ( t ) m

whence by a b s o l u t e n e s s  M0 [G] [= mB ( t ) m. Ke c o n c l u d e

Lemma 32.  Given  H -  X - { z)  w he re  z e X . ^ . , y < 6
Ot * 1

1 < B < ot, p e P Y t h e n  3  P e B ^ I p I  (M[H] a  2w) < 6  + 1

c o m p a t i b l e  w i t h  p and  V q e P Y i f  | q | ( M [ H ]  ̂  2 ^ )  < 6 , t h e n

(p ,q  c o m p a t i b l e  —* p , q  c o m p a t i b l e ) .

P r o o f .

T h i s  i s  p r o v e d  by i n d u c t i o n  on y .  Fo r  y l i m i t  i t  i s  

e a s y ,  a l s o  f o r  y + 1 i n  w h i c h  Case  1 o c c u r s  t h e  p r o o f  

i s  t h e  same a s  Lemma 25.  So we o n l y  ha v e  t o  do y  + 1 i n  

Case 2.



p e P Y * Pg^CY - FfXgj  U F ) ■ E x t e n d  p ( y )  i f  n e c e s s a r y  

so  t h a t  y  < ' s , x >  e p ( y )  V i  < id i f  | s | * X i n f i n i t e  

l i m i t  1 s'* i  I <_ 6  + 1 < X t h e n  3  j < w < ' s ' * i ‘' j , x >  e P ( y ) *

Le t  p ( y )  * { < s , x *  e p ( y ) :  | s j  < 0 + 1 o r  x f  z } .

I f  p = <" pf*Y»p(Y) 7  we re  a c o n d i t i o n  t h e n  j u s t  a s  i n  Lemma

8 , p wou ld  h av e  t h e  r e q u i r e d  p r o p e r t i e s .  To be  a

c o n d i t i o n  we n e e d  t o  know t h a t  w h e n e v e r  < < n ^ , x >  e p ( y )

P Ty 11- "x i (Yy - F ) " .

Note  t h a t  none o f  t h e s e  x ' s  a r e  e q u a l  t o  z b e c a u s e

z e Xa+i  so  ^ ^ n > , z > e  p ( y )  **■ l*"n» | = a >_ 0  + 1  so

^ / n T , z >  i  p ( y )  . Le t  G be P ^ - g e n e r i c  c o n t a i n i n g  p fy*  an^ 

p^Y* By Lemma 31 3  q e P ^  f\ G. (So | q | ( M [ H ]  * 2W) * 0 ) 

q11- "x i  Y - F" V  x y n < < n » , x >  e p ( Y ) .  By Lemma 23 ,

3  p 0 q ,  pTY so t h a t  ) p fl | (M[H] /» 2W) < 0  + 1.  So 

✓ P „ > P ( y ) >  w o r k s .  ^

Immed ia t e  f r om Lemma 32 we g e t  t h a t :  I f  J  i s  any

p r e d i c a t e  w i t h  p a r a m e t e r s  (H * X - { z } ,  z e X j ,  and

t i s  i n  t h e  f o r c i n g  l a n g u a g e  o f  P ^ )  t h e n  y p  e P  i f

p ||- "z  e J ” t h e n  3 q  e P  | q | ( M[H ]  A 2W) < 0 ,  q and  p

a r e  c o m p a t i b l e ,  and q ||- "z e J " .  So we g e t  o u r  r e s u l t

o r d ( X a + i ) " a + 1  i n  Mo fGu)2 ] - ■

Remark : Assuming  l a r g e  amount s  o f  t h e  ax iom o f  d e t e r m i n a c y

and  t h e r e f o r e  g e t t i n g  more a b s o l u t e n e s s  i n  i n n e r  mod e l s
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( s e e  [7 ] )  i t  i s  e a s y  t o  p r o d u c e  an i n n e r  model  N su c h  

t h a t  N (■ " F o r  e v e r y  a < ojj t h e r e  e x i s t  X c  2U su c h  

t h a t  o r d (X )  -  a  and  f o r  e v e r y  n < w and A 

A X i s  B o r e l  i n  X".  S i m i l a r  im pr ove me n t s  f o r  Theorem 

43 a r e  p o s s i b l e .
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§4.  The q - a l g e b r a  g e n e r a t e d  by t h e  a b s t r a c t  r e c t a n g l e s

Fo r  any c a r d i n a l  X l e t  R* * { A x  B: A,B c  X}.

I f  R* ( t h e  o - a l g e b r a  g e n e r a t e d  by  R^) i s  t h e  s e t  o f

a l l  s u b s e t s  o f  X * X, t h e n  X <_ 12^ \ ( s e e  [ 9 ] ,  [ 2 1 ] ) .

Theorem 33.  I f  a  < w, and  t h e r e  i s  an X C  u 1* s u c h■" '■ 0 * —
t h a t  ] X | * k > a) and  e v e r y  s u b s e t  o f  X o f  c a r d i n a l i t y

l e s s  t h a n  ic i s  H° i n  X, t h e n  R K = P ( k x k) . The~ai0 ’ ao
same i s  t r u e  i f  e v e r y  s u b s e t  o f  X o f  c a r d i n a l i t y  l e s s

t h a n  < i s  Z 0 i n  X.~a o
P r o o f .

C o n s i d e r  A C « x k and s u p p o s e  ( a ,B )  e A i m p l i e s  a  < B.

I t  i s  enough  t o  showsuch  s e t s  a r e  i n  R„, s i n c e  e v e r y  ° a  o
s u b s e t  o f  k x « c an  be  w r i t t e n  a s  t h e  u n i o n  o f  a  s e t

above  t h e  d i a g o n a l  and  a s e t  be low  t h e  d i a g o n a l .  Le t  T

be a  n o r m a l  a 0 t r e e  and  T * = { s e T :  | s | T * 0 ) .  For

any y :  T* w<u) d e f i n e  G® as  f o l l o w s .  I f  s e T * ,

t h e n  ■ [ y ( s ) J ,  o t h e r w i s e  G® * f )  {u)W - G® n : n < co}.

Le t  X » ^xa : a  < and  f o r  e a c h  B < < c h o o s e  B so

t h a t  f o r  a l l  a  ( ( a , 3) e A i f f  x e G^ ) .  Fo r  s e T
°  '  3

d e f i n e  Bg C  < x k a s  f o l l o w s .  I f  s e T * , t h e n

Bg -  U  { { a : t  « x a > x { 3 : y g ( s )  * t } :  t e  o t h e r w i s e

Bg -  f l { ( *  x <) - Bs *n : n < a)}. C l e a r l y  B^ * A and
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B, i s  "11° " i n  R k, and  so  e v e r y  s u b s e t  o f  k x k i s  

" i n  R K* Note  t h a t  ( k x k) - (A x B) *

( ( <  - A) x k ) U  C < x ( <  - b ) )  and  t h u s  i f  a Q i s  even

( o d d ) ,  t h e n  R K i s  t h e  c l a s s  o f  s e t s  "n°  " ( "E°  ")  i nOto ~do
Rk. By p a s s i n g  t o  comp lemen t s  i f  n e c e s s a r y  we ha v e  t h a t

R k ® P ( k x <) .  The s e c o n d  s e n t e n c e  o f  t h e  t h e o r e m  i s  
ao

p r o v e d  s i m i l a r l y .  £

C o r o l l a r y . (Kunen [ 9 ] ;  Rao [ 2 1 ] )  I f  t h e r e  i s  an

X C  2W su ch  t h a t  | X | = w x t h e n  R“ 1 “ P (w x x u) t ) .

The c o n v e r s e  o f  t h i s  c o r o l l a r y  i s  a l s o  t r u e .  Suppose  

R C POdj)  i s  a c o u n t a b l e  f i e l d  o f  s e t s  and

{ ( a , 8 ) :  a  < S < Uj } e (A x B: A,B e R}^ . S i n c e  t h i s  s e t

i s  a n t i s y m e t r i c  we c o n c l u d e  t h a t  t h e  map g i v e n  i n  P r o p o s i ­

t i o n  2  i s  a  1 - 1  embedding  o f  ajj i n t o  2 W.

C o r o l l a r y . [Kunen [ 9 ] ;  S i l v e r )  (MA) i f  k a | 2 W| t h e n

R2K -  P f <  X K) .

P r o o f .

I f  X i s  I - L u t i n  whe re  I i s  t h e  i d e a l  o f  m eag e r  s e t s ,  

t h e n  e v e r y  s u b s e t  o f  X o f  s m a l l e r  c a r d i n a l i t y  i s  £° i n  

X ( s e e  p r o o f  o f  Theorem 1 7 ) .  M
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For  any a <_ w x X C <*)“  i s  a Qa s e t  i f f  

o r d (X)  ■ a  and  e v e r y  s u b s e t  o f  X i s  B o r e l  i n  X.

Theorem 34.  I f  M i s  c o u n t a b l e  t r a n s i t i v e  model  o f  ZFC,

1 < a 0 < and  X * M t h e n  t h e r e  i s  a Cohen e x ­

t e n s i o n  M[G] su c h  t h a t  M[G[ J* "X i s  a  Q + 1  s e t " .
a  o

Remark:  T h i s  shows t h a t  t h e  B a i r e  o r d e r  o f  t h e  c o n -

s t r u c i b l e  r e a l s  c an  be any c o u n t a b l e  s u c c e s s o r  o r d i n a l

g r e a t e r  t h a n  o n e .  In  f a c t  t h e  a rg u m e n t  shows t h a t  i n  M[G]

f o r  any u n c o u n t a b l e  Y c  2 U w i t h  Y e M Y i s  a Qa + 1

s e t .  T h u s ,  f o r  e x a m p l e ,  i f  M m o d e l s  V “ L,  t h e n  i n

M[G1 t h e r e  a r e  n} Q s e t s .  I n  Theorem 55 we showL 1 i + io
t h a t  i t  i s  c o n s i s t e n t  w i t h  ZFC t h a t  f o r  e v e r y  a < ui x 

t h e r e  i s  a Q s e t  ( i n  t h a t  model  t h e  c o n t i n u u m  i s

The p r o o f  o f  Theorem 3 4 :

M[G] i s  g o t t e n  by i t e r a t e d  - f o r c i n g .  Le t  k a 122<i> | .

Suppose  we a r e  g i v e n  F a f o r  some a < < and Y a t e r m

i n  t h e  f o r c i n g  l a n g u a g e  o f  IP01 f o r  a s u b s e t  o f  X

(<j) II- "Y < = X " ) ,  t h e n  l e t  P a + 1  -  P a * P „  , (Y t X) . At '■'*'11 a — ao + 1 a
l i m i t  o r d i n a l s  t a k e  d i r e c t  l i m i t s .  P  K may be  v i ew ed

as  a s u b - l o w e r  l a t t i c e  o f  £ P a  ̂+ 1  ( 4> ,X) . We may assume t h a t
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f o r  e v e r y  s e t  B O X  i n  M[G] (G P K- g e n e r i c  o v e r  M)

t h e r e  e x i s t s  a  s u c h  t h a t  Y -  B. T h i s  i s  b e c a u s e  P Ka
h a s  c . c . c . .  I t  f o l l o w s  f rom C o r o l l a r y  6  t h a t  M[G] |“

" o r d ( X )  < a 0 + 1 and  e v e r y  s u b s e t  o f  X i s  B o r e l  i n  X".

We assume P °  * P  . . C0»X ) . Le t  Gr „.  be  one  o fa<j + 1 C°J
t h e  n® s e t  d e t e r m i n e d  by G A P 0 . We wa n t  t o  show t h a t-oi o
M[G] h  " F o r  e v e r y  K i n  Z° K A X j* G , 0. A X".  To t h i s-ao l u J
end  we make t h e  f o l l o w i n g  d e f i n i t i o n :  F o r  H c  ww ,

| p j ( H )  = m a x { | s | :  t h e r e  e x i s t s  x i  H ( s , x )  e p ( a )  f o r

some a < k} Le t  s u p p ( p )  * ( a  < k: p ( a )  f  0 ) .  Given  x

a t e r m  i n  t h e  f o r c i n g  l a n g u a g e  o f  P  d e n o t i n g  a s u b s e t  o f

ui, we c an  f i n d  H i n c l u d e d  i n  and  K i n c l u d e d  i n  k

w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :

( a )  H and  K a r e  c o u n t a b l e .

(b)  f o r  e a c h  n e w  {p e P K: s u p p ( p )  C  K, Jp|  (H) = 0} , 

d e c i d e s  "n  e x" .

( c )  V x  e H V a  e K {p e P  *: s u p p ( p )  C  K, | p |  (H) * 0} 

d e c i d e s  "x  e Ya
H and  K c a n  be  f o u n d  by r e p e a t e d l y  u s i n g  t h e  c . c . c .  

o f  P  K.

Lemma 35 .  I f  H and  K ha v e  p r o p e r t y  ( c )  t h e n  f o r  any 

p e P K and  6  w i t h  1 <_ B c a fl , t h e r e  e x i s t s  p e P K 

c o m p a t i b l e  w i t h  p ,  | p | ( H )  < 6 + 1 *  s u p p ( p )  c  K, and f o r



any  q e P K i f  | q | ( H )  < 0 and  s u p p ( q )  C  K t h e n  

[ i f  p and  q a r e  c o m p a t i b l e ,  t h e n  p and  q a r e

c o m p a t i b l e ] .

P r o o f .

The p r o o f  o f  t h i s  i s  l i k e  Lemma 8 .

L e t  G be  P K- g e n e r i c  o v e r  M w i t h  p e G. Choose

r c  G f i n i t e  w i t h  t h e  p r o p e r t i e s :

(1)  \ /  q e r ( | q | ( H )  = 0 and s u p p ( q )  C  K) •

(2)  I f  C ( n ) , x )  e p ( a )  f o r  some n < a), a  e K, and

x e H ( so  p f* a  ||- "x  4 Y ")  , t h e n  t h e r e  i s

q e r  (1 P a s u c h  t h a t  q |j- "x 4 Y^".

(3)  I f  ( s , x )  e p ( a ) , a e K, and  | s j  = X i s  an  i n f i n i t e

l i m i t  o r d i n a l ,  and  | s rt i |  <_ $ + 1 < X t h e n  t h e r e

i s  a j e u) s u c h  t h a t  { ( s ^ i ' j . x ) }  e r .

Now l e t  p € P K be  d e f i n e d  by

p ( a )  = C / ( r ( a )  : r  e D  U { ( s , x )  e p ( a ] :  | s |  < 0  + 1  o r

x e  H} when a  e K and p ( a )  *  f o r  a  4 K.

Note  i f  ( ( n ) , x )  e p ( a )  t h e n  x e H s i n c e

| (n)  | ■ a 0 >_ 0 + 1.  By c h o i c e  o f  r  p i s  a  c o n d i t i o n

and  a l s o  ) p | ( H )  < 0 + 1  and  i s  c o m p a t i b l e  w i t h
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A

p s i n c e  p ,  p e G. I t  i s  e a s i l y  c h e c k e d  a s  i n  Lemma 

8  t h a t  p h a s  t h e  r e q u i r e d  p r o p e r t y .

Lemma 36.  Le t  H and  K h a v e  p r o p e r t i e s  (b)  and  (c)  

f o r  t .  L e t  B(v)  be  a Eg (1 B oi0) p r e d i c a t e

w i t h  p a r a m e t e r s  f rom M and  p e !Pa  s u c h  t h a t  p | | -  B ( t ) .

Then t h e r e  e x i s t s  q e P a c o m p a t i b l e  w i t h  p ,  | q | ( H )  < 8 ,

q11-' BCt a nd  s u p p ( q )  «  K.

P r o o f .

The p r o o f  i s  by i n d u c t i o n  on  6 .

8  -  1  :

p | | -  " 3  n R ( n , T f n ,  x f n ) " ,  x e M, and  R p r i m i t i v e  r e c u r s i v e .

Le t  G be  P - g e n e r i c  o v e r  M w i t h  p e G. T h e r e  e x i s t  

n e w  and  s e 2n s u c h  t h a t  M[G] |= " R ( n , r f n , x f n )  and  

x r  n = s M. By p r o p e r t y  (b)  t h e r e  e x i s t s  q e G s u c h  t h a t  

q | | -  " i ^ n  » s " ,  s u p p ( q )  <_ K, and  | q | ( H )  = 0 .  q does  i t .

8  l i m i t :

p | | -  " j  n Bn ( T) " »  Bn E tBn < 8.  Choose  r  >_ p s u c h  t h a t
n

r | | -  "Bn (T)«  f o r  some n .  By i n d u c t i o n  t h e r e  e x i s t  q su c h
 ̂ II

t h a t  q 11- q i s  c o m p a t i b l e  w i t h  r  ( an d  h e n c e  w i t h

p ) , and  | q | ( H )  < 8 , s u p p ( q )  c  K. q d o e s  i t .

8 *  1 :

I f  PII- we c o u ^  e x t e n d  p t o  f o r c e  Bn ( T) f o r  some

p a r t i c u l a r  n .  So we may as  w e l l  a ssume p | | -  mB ( t ) "  whe re  

B(v)  i s  Ilg w i t h  p a r a m e t e r  i n  M. S i n c e  1 <_ 8  < a 0 by
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Lemma 35 t h e r e  i s  p c o m p a t i b l e  w i t h  p ,  | p | ( H )  < 8 + 1 ,  

e t c .  Then p | |- " B ( x ) u b e c a u s e  o t h e r w i s e  t h e r e  i s  

p 0 >_ p s u c h  t h a t  p 0 ||- " - j B (x ) " ,  and so  by i n d u c t i o n
A

t h e r e  i s  q c o m p a t i b l e  w i t h  p fl ( h en c e  w i t h  p)

| q) (H) < 6 ,  s u p p ( q )  C K, and q ||- " i B ( x ) M. By o u r
A

a s s u m p t i o n  on p ,  s i n c e  p and  q a r e  c o m p a t i b l e ,  p and 

q a r e  c o m p a t i b l e ,  b u t  p |[- " B ( x ) " .

We now u s e  Lemma 36 t o  show t h a t  f o r  any G P K-

g e n e r i c  o v e r  M, M[G] |= " F o r  e v e r y  L a s e t

(L X f  G^0-j O X)"  whe re  G^0-j i s  one o f  t h e  s e t s

d e t e r m i n e d  by G n  TPn * . ( 0 » X ) .  Suppose  n o t ;  t h e n  l e t  i
Gl 0

K rtbe  a t e r m  i n  f o r c i n g  l a n g u a g e  o f  IP, L a E® s e t  w i t h- ot o
p a r a m e t e r  x,  and  p e G su c h  t h a t  p ||- " f o r  e v e r y  x e X 

x e L i f f  x e Gj-0^" .  Choose  H and  K w i t h  p r o p e r t i e s

( a ) , ( b ) , and ( c )  w i t h  r e s p e c t  t o  x and  a l s o  so  t h a t

s u p p ( p )  C  K and | p | ( H )  a 0 .  S i n c e  H i s  c o u n t a b l e  t h e r e

e x i s t s  x e X - H. Le t  r  = p U { ( 0 , ( ( 0 ) , x ) ) }  ( so

r  ||- x e  G ^ ) .  S i n c e  r  ||- "x £ L" ,  by Lemma 36 t h e r e  

e x i s t s  q c o m p a t i b l e  w i t h  r ,  | q | ( H )  < a 0 , and

q ||- "x  £ L" .  S i n c e  | q | ( H )  < a 0 , ( ( 0 ) , x )  4  q ( 0 ) .  Le t  q

be d e f i n e d  b y :
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pCc*) \ j  q ( a )  i f  a > 0.

q ( o i )  -

p ( 0 )  \J q ( 0 )  \ j  { ( ( 0 , m ) , x ) )  o t h e r w i s e  (m s u f ­

f i c i e n t l y  l a r g e  so t h a t  

q ( 0 )  i s  a  c o n d i t i o n ) .

q ||- "x e L a n d  x 4 G (0) and  (x e L i f f  x e

T h i s  a c o n t r a d i c t i o n  and c o n c l u d e s  t h e  p r o o f  o f  Theorem 34.

■
Theorem 37 .  F o r  any a a s u c c e s s o r  o r d i n a l  su ch  t h a t  —........   * 0

2 < a  < u), , i t  i s  r e l a t i v e l y  c o n s i s t e n t  w i t h  ZFC t h a t— 0 1 ' *

I2WI = and a i s  t h e  l e a s t  o r d i n a l  su c h  t h a t1 1 2 0

R“ * -  P(u  X u ) .
0

Remark : In  Theorem 52 we remove t h e  r e s t r i c t i o n  t h a t  a Q

i s  a s u c c e s s o r  ( b u t  t h e  c o n t i n u u m  i n  t h a t  model  i s

^  A ) .  I n  [11 i t  i s  shown t h a t  a n c a n n o t  be oj . .00+ 1 0 1
P r o o f .

Le t  M be a c o u n t a b l e  t r a n s i t i v e  model  o f  "ZFC +

12W| -  S 2W l | = w4" .  Le t  X -  H M and  d e f i n e  P a f o r

a < a), so  t h a t  P a+1 -  P a * P  (Y ,X) whe re  Y„ i s  a— 2 ao ot a

P a t e r m  f o r  a s u b s e t  o f  X, and a t  l i m i t s  t a k e  t h e  d i r e c t

l i m i t .  D o v e t a i l  so  t h a t  i n  M[Gw ] f o r  e v e r y  Y C  X su c h
2

t h a t  IY| < 1 0 , t h e r e  a r e  w2 many a < <d2 su ch  t h a t

Y * Y. By Theorem 33 R^2 » P(<d, * to„) .a  7 a  2 z J
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Now comes t h e  d i f f i c u l t y :  we mus t  show some s u b s e t

o f  in x u i s  n o t  i n  RW2 , . Fo r  t h e  r e m a i n d e r  o f  t h e  2 2 Olo - 1
p r o o f  l e t  (A : s e a)<a)) and  (B : s e to<w) be  f i x e d  

t e r m s  i n  t h e  f o r c i n g  l a n g u a g e  o f  P ^ 2 s u c h  t h a t  f o r  e v e r y  

s e w<a) <f> | |- "Ag C X  and  Bg C u 2" .  Fo r  p e P “ 2 d e f i n e  

s u p p ( p )  » ( a  < w2 : p ( a )  4 <j>} and  t r a c e ( p )  * {x e X:

Ba 3t(t , x )  e p ( a ) } .  By u s i n g  t h e  c . c . c .  o f  P W2 c h o o s e  

f o r  e a c h  x e X c o u n t a b l e  s e t s  I x C  x  and J x C  so 

t h a t :

(1)  f o r  e a c h  s e u><w {p t  P ^ 2 : t r a c e ( p )  C. I and 

s u p p ( p )  C  J  } d e c i d e s  Mx e A " ,  and

( 2 )  f o r  e a c h  y  e I x and  a e J x (p e P U 2 : t r a c e ( p )  £  I x

and  s u p p ( p )  C  J  } d e c i d e s  "y e Y ".

S i m i l a r l y  f o r  a < w2 we c an  p i c k  c o u n t a b l e  s e t s  I <5 X

and J  c. a) h a v i n g  p r o p e r t i e s  ( 1)  and  (2)  w i t hU •

a , B s , I a , I a  i n  p l a c e  o f  * , A S , I X, I X.

Fo r  x t  X and a  < co2 l e t

L ( x , a )  * ( I „  x J „ )  \j ( I  x j  ) and  d e f i n e  f o r  p e P ^ 2 ,X A . ot ct
| p | ( x , o )  * m a x { | s | T : ( s , u )  e p ( y )  and  ( u , y )  4 L ( x , a ) } .

uo

Lemma 38 ,  F i x  x e X and  a  < w2 and  l e t  | p |  ■ | p | ( x , a ) .

F o r  any  6 >_ 1 and  p e P 1*12t h e r e  i s  a p e P W2 w i t h

| p |  < 8 ♦ 1 ,  p c o m p a t i b l e  w i t h  p ,  and  f o r  any  q e P W2

i f  | q |  < 8 an d  p and  q a r e  c o m p a t i b l e ,  t h e n  p and



q a r e  c o m p a t i b l e .

P r o o f .

The p r o o f  o f  t h i s  i s  l i k e  t h a t  o f  Lemma 35.  Le t  P 0 P

so  t h a t  i f  ( s , x )  e p ( y )  w i t h  | s |  -  X a l i m i t  o r d i n a l

g r e a t e r  t h a n  B and  j s ^ i  | £ 6  + 1 ,  t h e n  t h e r e  i s  j < id

so  t h a t  ( s ^ i ^ j j X )  e P 0 ( y)« Le t  G be  F ^ 2 - g e n e r i c  w i t h

p e G. Choose  r  ^  G f i n i t e  so  t h a t  i f  r  o —
C ( n ) , u l  e p o (y)  ( so p o p y  ||- "u  4 Y^") and 

( u , y )  e L ( x , a ) ,  t h e n  t h e r e  i s  a q e r  s u c h  t h a t

q ||- "u 4 Y M. D e f i n e  p by p ( y )  “ U : q e r} Ll

{ ( s . u )  e p 0 (y)  : | s |  < 3 + 1 o r  ( u , y )  e L ( x , c t ) } .  g

For  any  w e l l  f o u n d e d  t r e e  T d e f i n e  CS (T) f o r

s e T as  f o l l o w s .  I f  | s | ^ ,  -  0 t h e n  CS (T) ■ Ag * Bg ,

o t h e r w i s e  Cs ( f )  a x w2) - Cs „ ^ ( f ) :  i  < cu}.

Lemma 39.  I f  x e X, a e to2 , T e M i s  a w e l l  f o u n d e d

t r e e ,  s e t  w i t h  | s | ^  = 3 whe re  1 < 3 ±  a 0 - 1 ,  and

p e F ^ 2 s u c h  t h a t  p ||- " ( x , a )  4 CS ( T } " ,  t h e n  t h e r e  e x i s t

q c o m p a t i b l e  w i t h  p ,  | q | ( x , o O  < 3 ,  and

q ||-  " ( x . o )  4 CS ( T ) ” .

P r o o f .

The p r o o f  i s  by i n d u c t i o n  on B.
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Case 1.  B * I t

Suppose  p ||- " ( x , a )  e * ® s * i ^ " * t *i e r e  e x i s t s

i Q e 03 and  p and q e l e m e n t s  o f  F ^ 2 so  t h a t

(p u  p U q)  e i f 2 and u s i n g  (1)  above

( t , u )  e pCy) + ( u , y) e I x * J x and

( t , u )  e q ( Y )  0 , y) e I a * J a and

p | |- "x  e A " ,  q ||- "y  e B So p sj q = q does  t h e
D Ao o

j o b .

Case 2.  0 a l i m i t  o r d i n a l :
A

Suppose  p ||- " (x ,oO e ̂ C g ^ C T )  whe re  | s | .J, -  0 .  F i n d
A

q > p and  i 0 e w such  t h a t  q ||- " ( x , y )  e C „ - (T) . Le t*" S i -0
T0 ■ { t  e T: s ^ i 0 <r t  o r  t  c  s - i  }.  Then

I s | T -  | s* i  | £  + 1 < 6 and  Cg (To) -  (X * (T) ,

he nce  q | |- " ( x , a )  i  C (T0 ) "  whe re  | s | T < 0;  so  by i n -
o

d u c t i o n  h y p o t h e s i s  t h e r e  e x i s t s  r  c o m p a t i b l e  w i t h  q

( and  h e n c e  w i t h  p ) , | r | ( x , a )  < 0 ,  and

r  | | - "(x,o£) e C A . ( T ) " .  r  does  t h e  t r i c k .
5 Ao

Case 3.  0 + 1 :

S i n c e  0 + 1 < a 0 , l e t  q be  a s  f r om Lemma 38.  M

D e f i n e  D C  x x u>2 by D -  { ( x , a )  : x e

where  •. i s  one o f  t h e  n® s e t s  c r e a t e d  on t h e(o )  - a o * 1
a**1 s t e p .  D i s  n® i n  t h e  r e c t a n g l e s  on X * ui2 . We

* o ’
want  t o  show i t  i s  n o t  Z® , i n  t h e  r e c t a n g l e s  on

< V l
X x u i n  M[G ] .2 U),
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D e f i n e :  (x,cx) i s  f r e e  ( w i t h  r e s p e c t  t o  

(A_: s e w<a)) ,  (B : s e o><u>) )  i f f  [x 4 I and a 4 J  ] .0 3 01 A

Lemma 40.  I f  T C u)<ai i s  w e l l  f o u n d e d  and T e M, s e T

w i t h  J s | T <_ ct0 - 1 ,  ( x , a )  i s  f r e e ,  and Ya =* <|>; t h e n  f o r

e v e r y  p e P Wz s u c h  t h a t  | p | ( x pa )  =» 0 i t  i s  n o t  t h e  c a s e

t h a t  p ||- M(x,cO e D i f f  (x,ct)  4 CS ( T ) M.

P r o o f .

L e t  p > p by d e f i n i n g  p ( y )  * p ( y )  f o r  y f  a and

p ( a )  ■ p ( a )  V  { ( ( 0 )  , x ) }.  Then p ||- " ( x , a )  e D" s o  by

Lemma 39 t h e r e  e x i s t s  q c o m p a t i b l e  w i t h  p ,

| q | ( x fa )  < o 0 , and  q ||- " ( x , a )  4 CS ( T ) ' \  But  ( x , a )  f r e e

i m p l i e s  t h a t  ( x , a )  4 L ( x , a )  so  q does  n o t  s a y
y a”x e G ^ M. Thus f o r  a s u f f i c i e n t l y  l a r g e  m < co r  

d e f i n e d  by  r ( y )  ■ p ( y ) U  q ( y )  f o r  y f  a  and  

r ( a )  » p ( a )  \ j  q ( a )  U { ( ( 0 , m ) , x ) }  i s  a member o f  P W2.

But  r  ||- " ( x , a )  4 D and  ( x , a )  4 CS ( T ) M, a c o n t r a d i c t i o n

s i n c e  r  e x t e n d s  p .  j j

S i n c e  t h e  t e r m s  (Ag : s e <o<ai) and  (Bs : s e w<w) 

we r e  a r b i t r a r y  t o  s t a r t  w i t h  i t  w i l l  c o m p l e t e  t h e  p r o o f  o f

t h e  t h e o r e m  t o  f i n d  l o t s  o f  ( x , a )  f r e e .

The n e x t  lemma g e n e r a l i z e s  Kunen [ 9 ] ,  p .  74.
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Lemma 41 .  Given | I a | < k f o r  a < tc+ , t h e r e  e x i s t s

G C  <+ w i t h  |G|  * k+ and  t h e r e  i s  S w i t h  | S |  <_ k so  

t h a t  f o r  any a , 0  e G i f  a 7* 6 t h e n  A Ig  C S.

P r o o f .

We c a n  assume I c  <+ .a —
D e f i n e  y , z  < k+ f o r  a  < k+ n o n d e c r e a s i n g  so  t h a t :  a  * a ®
Cl) vu ■ sup{y : a  < X) f o r  X l i m i t ;A Ct

(2)  za ' s  a r e  s t r i c t l y  i n c r e a s i n g ;

(3)  f o r  a a s u c c e s s o r  and  f o r  d i s t i n c t  8 , y  < a

l z *  l z «  V  
3 y a

(4)  i f  ya+J > ya  t h e n  f o r  any z > z^

ya ^  I z ri ^ Tz : 0 i  and : 6 i  ot) C Ma + l *
3 + 3 +

L e t  G = ( z a : a  < k } and S = supCy^:  a < k }.

To s e e  t h a t  S < k+ n o t e  t h a t  f o r  any a < k+

[ f B : Ug + 1 > y & and  6 < a ) |  < k. T h i s  i s  b e c a u s e

l z A  (yg + 1 - y fl) »* <t> f o r  a l l  6 < a su c h  t h a t
a

ue+i * V  ■

Lemma 42.  T he r e  e x i s t s  E C  X and  I ,  C  w w i t h  
■ ■  0 —  1 — 2

| Z 0 1 -  I s j  f o r  e v e r y  a  e Ya ■ <j>, and f o r  e v e r y

( x , a )  e 2 0 x ( x t a )  i s  f r e e .

P r o o f .
A

By Lemma 41 t h e r e  e x i s t s  E c  X and  S C  u>„ w i t h
0 —  —  2

A

j 2 | * o) and  | S| < oj s o  t h a t  f o r  e v e r y  d i s t i n c t  
0 2 2
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A  A

x , y  e EQ J x ( \  J y  <= S.  S i n c e  { J x - S:  x e EQ} i s  a
A

d i s j o i n t  f a m i l y ,  we can  c u t  down Efl ( m a i n t a i n i n g
A  A  A

( | * u>2) and  f i n d  I j  C  so  t h a t  | S x j » <u2 , f o r
A A A

e v e r y  a  e E, Y » <t>, and  f o r  e v e r y  x e E. J v f \  E ■ <J>.1 Ct w i
A

A p p l y i n g  Lemma 41 a g a i n  f i n d  Ej C  Ej w i t h  | Ex | 9 oi2 

and T C  X w i t h  |T |  < oj2 so  t h a t  f o r  e v e r y  d i s t i n c t  

a , 3 e £,  I A I Q c  t . S i n c e  ( I  - T:  a  e E,}  a r e  d i s -1 CL p  Ot *

j o i n t  by  c u t t i n g  down Ex ( m a i n t a i n i n g  j E x | * to2) we can

assume E d e f i n e d  t o  be  e q u a l  t o
A

E0 - (T U U  a  e E j} )  h a s  c a r d i n a l i t y  oj2 . E0 and

Et do t h e  j o b .  £

Lemma 42 f i n i s h e s  t h e  p r o o f  o f  Theorem 37.

Remark : Th e re  i s  n o t h i n g  s p e c i a l  a b o u t  u>2 i n  t h e  above

t h e o r e m ;  we c o u l d  hav e  r e p l a c e d  i t  by  any  l a r g e r  c a r d i n a l

k w i t h  kk k ■ K.
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Now we t u r n  t o  a s l i g h t l y  d i f f e r e n t  p r o b l e m .  F o r  X a 

t o p o l o g i c a l  s p a c e  a s e t  A £  Xn i s  p r o j e c t i v e  i f f  i t  i s  

i n  t h e  s m a l l e s t  c l a s s  c o n t a i n i n g  t h e  B o r e l  s e t s  ( i n  t h e  p r o d u c t  

t o p o l o g y  on Xm foT any m e gj) and  c l o s e d  u n d e r  c o m p l e m e n t a ­

t i o n  and p r o j e c t i o n  (B C Xra i s  t h e  p r o j e c t i o n  o f  C C_ xm+1

i f f  (y e B i f f  3  x e X xy e C ) ) .

Theorem 43 .  I f  M i s  a  c o u n t a b l e  t r a n s i t i v e  model  o f

ZFC t h e n  t h e r e  e x i s t s  N a c . c . c .  Cohen e x t e n s i o n  o f  M

s u c h  t h a t  i f  M rs = X t h e n  N |» " E v e r y  p r o j e c t i v e  s e t

i n  X i s  B o r e l  and t h e  B o r e l  h i e r a r c h y  o f  X h a s  o>1

d i s t i n c t  l e v e l s  ( o rd (X)  -  idJ " .

T h i s  shows t h e  r e l a t i v e  c o n s i s t e n c y  o f  an  a f f i r m a t i v e  a ns w e r  

t o  a q u e s t i o n  o f  Ulam ( [ 3 l ] »  p .  1 0 ) .  No te  t h a t  s i n c e  X * X 

i s  homeomorph i c  t o  X ( t a k e  any  r e c u r s i v e  c o d i n g  f u n c t i o n ) ,  

i f  f o r  e v e r y  B c  X * X B o r e l  {x:  3 y ( x , y )  e B) i s  B o r e l

i n  X, t h e n  e v e r y  p r o j e c t i v e  s e t  i n  X i s  B o r e l  i n  X.

P r o o f .

The p r o o f  i s  s l i g h t l y  s i m p l e r  i f  we a ssume t h a t  CH

h o l d s  i n  M. We g i v e  t h e  p r o o f  i n  t h a t  c a s e  a nd  t h e n  l a t e r

i n d i c a t e  t h e  n e c e s s a r y  m o d i f i c a t i o n s .  I n  any  c a s e

| ^ | M -  | 2U | N.

C o n s t r u c t  a  s e q u e n c e  M -  M0 ^  Mx «  . . .  M * N, by

i t e r a t e d  f o r c i n g  so  t h a t  Ma+1 *-s o b t a i n e d  f rom by

n®+1- f o r c i n g .  On t h e  a t 1̂ s t a g e  we a r e  p r e s e n t e d  w i t h  a



62

t e rm  x i n  t h e  f o r c i n g  l a n g u a g e  o f  F a  d e n o t i n g  a r e a l .
(X

Then l e t t i n g  b e  t h e  p r o j e c t i v e  s e t  ( o v e r  X) d e t e r ­

mined  by t  we l e t  P a + ' * F a * P„  (Y ,X) . What i s} a a + i v a ' *
b e i n g  done  i s  t h a t  a t  s t a g e  a we make Y a n V  s e ts  & a ~a+i
i n t e r s e c t e d  w i t h  X. The r e a s o n  t h i s  w i l l  work  i s  t h a t

a f t e r  t h e  s t a g e  o u r  f o r c i n g  w i l l  n o t  i n t e r f e r e  w i t h

t h e  B o r e l  h i e r a r c h y  on X up t o  t h e  a**1 l e v e l .  S i n c e

t h i s  i s  c . c . c .  f o r c i n g  we can  i m a g i n e  t h a t  e a c h  X - p r o j e c t i v e

s e t  i n  N i s  e v e n t u a l l y  c a u g h t  by some x^ f o r  a < aij .

So i t  i s  c l e a r  t h a t  N |= " E v e ry  X - p r o j e c t i v e  s e t  i s  B o r e l

i n  X",  f o r  any N * M[G] , whe re  G i s  P W2- g e n e r i c  o v e r  M.

D e f i n e  f o r  H c  x and  p s P  , | p | ( H )  » m a x { | s | ~  : t h e r e
a +1

e x i s t  a < u)j and x 4 H ( s , x )  e p ( a ) } .  Given  t  a t e r m  

i n  t h e  f o r c i n g  l a n g u a g e  o f  P* d e n o t i n g  a s u b s e t  o f  <jj 

( y  < Wj) ,  t h e r e  e x i s t s  H c  X su c h  t h a t :

(a) H i s  c o u n t a b l e .

(b) V  n t  id

t p  e P Y: | p | ( H )  * 0} d e c i d e s  "n  e x " .

(c)  V $ <  y and x e H

{p e P Y: | p  | (H) = 0} d e c i d e s  "x e Yg" .

Lemma 44 .  ( w r i t e  | p |  * | p | ( H ) ) .

" E x a c t l y  s t a t e m e n t  o f  Lemma 38" f o r  P Y.

P r o o f .

E x t e n d  p <_ ptf a s  b e f o r e .  Le t  G be P Y- g e n e r i c  w i t h
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p ,  e G. Choose r  C  G f i n i t e  so  t h a t :* o —

(1) q e r  -  I q I (H) -  0 ;

( 2 ) i f ^  <n> ,x  > t P 0 O )  ( so  p t a l|- "x i  y a ")  t h e n

J  q e r  f\ P a s u c h  t h a t  q | | -  "x  i  y a "*

D e f i n e  p ( a )  * U { r ( a ) :  r  e D  u { < ' s , x > e  p 0 ( a ) :
A

| s | T < 3 + 1  o r  x e H}. p i s  a c o n d i t i o n  b e c a u s e  i f  
a

< < n > , x >  e p ( a )  and  | < n > | T < 3  + 1 ,  t h e n  p ^  1  P ra
a+1

( so  P f a ll“ " x i  Ya " as  r e q u i r e d ) .

The r  e r  t a k e  c a r e  o f  s u c h  r e q u i r e m e n t s  a b o u t  x e H.

The r e s t  o f  t h e  p r o o f  i s  t h e  same.  ^

Lemma 45.  I f  t , H , y a r e  a s  a b o v e ,  B(v)  i s  a  p r e d i c a t e—■ „ Q

f o r  some 8 > 1 w i t h  p a r a m e t e r  f rom M, and  p e P Y su c h  

t h a t  p ||- " B ( t ) m, t h e n  t h e r e  i s  a q e P Y c o m p a t i b l e  w i t h  

p ,  | q |  (H) < 3 and  q [|- ” B ( t) " .

P r o o f .

The p r o o f  i s  t h e  same a s  b e f o r e .

We c a n  assume t h a t  f o r  u n b o u n d e d l y  many a < Ya » 0 .

Le t  Ga be  one  o f  t h e  s e t s  d e t e r m i n e d  by

G fs pa+1 (0 . * )  whe re  Ya  * <J>.

C la im : M[G] (- " f o r  any L e Z° (L X t Ga a  X)".
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P r o o f .

O t h e r w i s e  l e t  t  be  a t e r m  f o r  a  r e a l  i n  t h e  f o r c i n g  

l a n g u a g e  P Y f o r  some y < ta1 s u c h  t h a t  f o r  some L a 

E® s e t  w i t h  p a r a m e t e r  x and  some p e 

p | | - "L f \  X ■ f \  X".  Choose  H w i t h  p r o p e r t i e s  ( a ) ,

( b ) , and  (c)  w i t h  r e s p e c t  t o  x, and  a l s o  f p | ( H )  ■ 0.  Le t  

x e X - H. D e f i n e  r(ot)  = p ( a )  U { ( ( 0 ) , x ) }  and  f o r  

6 a r ( S )  = p (0)  . No te  t h a t  r  | |- "x  e G^" h e nc e  

r  | |- "x e LM. By Lemma 45 t h e r e  e x i s t s  q e P Y c o m p a t i b l e  

w i t h  r ,  | q |  (H) < 6 ,  and  q j|- "x e L" .  S i n c e  x 4 H we 

know ( ( 0 ) , x )  4 q ( a ) .  D e f i n e  q e  l ^ 1 by 

q ( 0 )  -  p (6)  U  q ( 0 )  f o r  0 i  a  and q ( a )  * p(oc) U  q (ot) \J 

{ ( ( 0 , n ) , x ) >  w he re  n i s  p i c k e d  s u f f i c i e n t l y  l a r g e  so
A A

q ( a )  i s  a  c o n d i t i o n .  But  t h e n  q | |- "x e L and  x 4 Ga

and  (x e L i f f  x e G V'  and  t h i s  i s  a c o n t r a d i c t i o n .
o r

T h i s  c o n c l u d e s  t h e  p r o o f  o f  Theorem 43.

When t h e  c o n t i n u u m  h y p o t h e s i s  do es  n o t  h o l d  i n  M t h e

c o n s t r u c t i o n  o f  N s t i l l  h a s  u ,  s t e p s  b u t  a t  e a c h  s t e p

we mus t  t a k e  c a r e  o f  a l l  r e a l s  i n  t h e  g r o u n d  m o d e l .  T h a t

i s  P a+1 ■ P a * Qa  whe re  Qa i s  a  t e r m  d e n o t i n g

£{P (H ,X) : x e  f \  M[G ]} f o r  G P a - g e n e r i c  o v e r
C l *  * A  (X

M. T h i s  works  s i n c e  a l l  r e a l s  i n  N -  M[G] f o r  G

Pwl - g e n e r i c  o v e r  M a r e  c a u g h t  a t  some c o u n t a b l e  s t a g e .
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Remark : I t  i s  e a s y  t o  s e e  t h a t  i f  V » L t h e r e  i s  an

X C  u n c o u n t a b l e  n j  s e t  s u c h  t h a t  X e L and  X * X

i s  homeomorphic  t o  X. A l s o  by  a b s o l u t e n e s s  i t  i s  p o s s i b l e  

t o  make s u r e  t h a t  f o r  e v e r y  A £* i n  o)W, A f \  X i s  B o r e l  

i n  X. T h i s  f a m i l y  o f  s e t s  i n c l u d e s  t h o s e  o b t a i n e d  by 

t h e  S o u s l i n  o p e r a t i o n  f rom B o r e l  s e t s  i n  X.

Theorem 46 .  (MA) 3  * S  2“  o rd (X )  -  and V a  e l \  i n

2^ 3 b B o r e l  (2U) A A  X * B A X .

P r o o f .

Le t  B be t h e  c . c . c .  c o u n t a b l y  g e n e r a t e d  b o o l e a n  a l g e b r a

o f  Theorem 9 w i t h  KQB) ■ Wj.

B * B o r e l ( 2 W) / J  f o r  some J  and  a j j - s a t u r a t e d  c r - i d e a l  i n  

t h e  B o r e l  s e t s .

Lemma 47 .  I f  I i s  an oj - s a t u r a t e d  o - i d e a l  i n  B o r e l ( 2 W)

t h e n  Bj -  { A C  2^ :  B o r e l  ;}C e I (A A B) e  C} i s

c l o s e d  u n d e r  t h e  S o u s l i n  o p e r a t i o n .

For  a p r o o f  t h e  r e a d e r  i s  r e f e r r e d  t o  [ 1 1 ] ,  pag e  95 .

By Theorem 14 MA i m p l i e s  t h e r e  i s  X C  2W a

J - L u z i n  s e t .  F o r  any  a < to. t h e r e  i s  A n° so  t h a t  f o r1 —01
e v e r y  B E^,  (A A B) i  J ,  h e n c e  | (A A B) X| -  12^1,

so  A O X l1 B rt X, and  t h u s  o rd ( X )  « oi j .  I f  A i s

EJ t h e n  by Lemma 47 t h e r e  i s  B B o r e l  and C i n  J  w i t h<NI 1 '
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A fi B £  C. S i n c e  |C *  X| < |2U | by MA J d e B o r e l ^ )

(A A B) /> X -  D A X. So A / \  X -  (B *  D) /y X. M

T h i s  s u g g e s t s  t h e  f o l l o w i n g  q u e s t i o n :

Can you hav e  X c  2W s u c h  t h a t  e v e r y  s u b s e t  o f  X i s  B o r e l  

i n  X and  t h e  B o r e l  h i e r a r c h y  on X h a s  to d i s t i n c t  

l e v e l s ?  The a n s w e r  i s  no .

Theorem 48.  I f  X £  2 “  and  e v e r y  s u b s e t  o f  X i s  B o r e l

i n  X t h e n  ord(X)  < <0 ^

P r o o f .

Le t  X ■ {x : a  < k} and  X = {x Q: 3 < a}ct ct p

Lemma 49.  I f  | Xj <_ k , e v e r y  s u b s e t  o f  X i s  B o r e l  i n  X, and  

R* * P(< x k) , t h e n  o rd (X)  < to x .

P r o o f .

S i n c e  e v e r y  r e c t a n g l e  i n  X * X i s  B o r e l  i n  X x X and

Rioi “ p ( k * <) , e v e r y  s u b s e t  o f  X * X i s  B o r e l  i n  X * X.

Suppose  f o r  c o n t r a d i c t i o n  V a < t o 1 not
X. L e t  H * U  {x } x H . Fo r  some a  < to, , H i s  n®oc<a> 1 oi <x * ^ot
i n  X x X. But  t h e n  e v e r y  c r o s s  s e c t i o n  o f  H i s  II® 

i n  X c o n t r a d i c t i o n .

The p r o o f  o f  t h e  t h e o r e m  i s  by i n d u c t i o n  on |X|  * k .
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Fo r  k = ujj i t  f o l l o w s  f rom Lemma 49 s i n c e  

R*1 -  P ( u ,  x Wl) .

For  cof f ic )  * a) i t  i s  t r i v i a l .

For  c o f  (<) > to j :

V a < k  c h o o s e  B^ m in i m a l  < i d  x so  t h a t  e v e r y  s u b s e t

o f  X i s  n® i n  X (we c a n  do t h i s  s i n c e  X i s  n°a ~Pa a  - p
i n  X some 3 < W j ) .  S i n c e  co f ( i c )  > ai1 t h e r e  e x i s t s

a < co su c h  t h a t  f o r  a  f i n a l  s e gm en t  o f  o r d i n a l  l e s s  t h a n  0 ■
k 3 * a . By Theorem 33 RK = P ( <  x <) so  by  Lemma 49» a o 7 ioi 1

o rd (X)  < “ j .

Fo r  c o f  ( k) ■ a)t :

Le t  na + < f o r  a < be  an i n c r e a s i n g  c o n t i n u o u s  

c o f i n a l  s e q u e n c e .

Lemma 50. ^ 6  < i d ,  V  a < i d .  Xn i s  i n  X.---------  0 1 i i| ^ P o

P r o o f .

I f  G ^  < x < i s  t h e  g r a p h  o f  a p a r t i a l  f u n c t i o n  t h e n
whe re

G e Rj (Rao [ 2 1 ] ) .  T h i s  i s  b e c a u s e  i f  f : D -► k D c  k

t h e n  v i e w i n g  X c  i r r a t i o n a l  r e a l  number s  we h a v e :

(f(ot) -  3 )  i f f  (a e D and V r  e Q ( r  < i f f  r  < x g ) )

whe re  Q i s  t h e  s e t  o f  r a t i o n a l  n u m b e r s .

Then D * { ( a , 3 ) :  a  < to A 8 < nQ} i s  t h e  complemen t  i n

to j x * o f  a c o u n t a b l e  u n i o n  o f  g r a p h s  f rom k i n t o  iDj.
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l

Hence t h e  s e t  U  {x } * X i s  B o r e l  i n  X x X. Sayot n ol«oi a

i t  i s  II® . I t  f o l l o w s  t h a t  e a c h  X i s  H° . B  -Bo n Q —Bo ■.

For  a l l  X < w1 l e t  6(X) be  m in i m a l  so  t h a t  e v e r y

s u b s e t  o f  X i s  n®, , - .  i n  X. I f  t h e  h y p o t h e s i s  o fn x -  B ( x  j
Theorem 33 f a i l s ,  t h e n  3 f :  cu x -► oi l i n c r e a s i n g  so  t h a t

f o r  a l l  X < a), B ( f ( X ) )  < B( f (X + 1 ) ) .  So f o r  a l l

X < a), t h e r e  i s  some H. C  X„ w h i c h  i s  n o t
1 A “  n f ( X + l )

n BCf(X))  An X* s ^nc e  e v e r y s u b s e t  o f  xn f ( g )  i s

i n  X we c an  a ssume H, C  (X — X ) .  Le t~ B ( f ( B ) )  x -  n f ( x + 1 j n£(-X)
H -  U  H. . Then H i s  n® i n  X f o r  some o # < w . .> . A «vOtoX<(*) i
But  f o r  e a c h  X, H.. * H fi (X -  X ) ,  s o  e a c h  H

X f (X + l) nf(X)
i s  n® r „ i n  X, c o n t r a d i c t i o n .

“ max(cto »Bo +1)
T h i s  ends  t h e  p r o o f  o f  Theorem 48.  _
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Remark:  Kunen h a s  n o t e d  t h a t  Theorem 48 may be  g e n e r a l i z e d

t o  n o n s e p a r a b l e  m e t r i c  s p a c e s .  Le t  be  a  a - d i s c r e t e  

b a s i s  f o r  X and  a ssume  t h a t  e v e r y  s u b s e t  o f  X i s  B o r e l  

i n  X. By u s i n g  o - d i s c r e t e n e s s  i t  i s  e a s i l y  s e e n  t h a t  

3 1 /  £  - E  3  8 < u)l so  t h a t  'jB - W  i s  c o u n t a b l e  and  

y u  £ > /  o rd (U )  < e .  But  Y -  {x £ X: V u  e 13 (x £ U -*■

U 4 -ft ) i s  s e p a r a b l e  and  h e n c e  by t h e  t h e o r e m  o rd (Y)  

o rd (Y)  < o j j ,  and  so  o r d ( X)  < oix .

As a p a r t i a l  c o n v e r s e  o f  Theorem 33 we h a v e :

Theorem 51.  I f  k = 12U | , k* k -  k, and  R < « P ( k  x k) ,
a o

t h e n  t h e r e  i s  X C  21*3 w i t h  |X|  -  k and  e v e r y  s u b s e t  o f

X o f  c a r d i n a l i t y  l e s s  t h a n  < i s  II0 i n  X.-ex „0
P r o o f .

Le t  f o r  a < k be a l l  t h e  s u b s e t s  o f  k o f

c a r d i n a l i t y  l e s s  t h a n  k. Pu t  Z a V  {a} x Z and' a< k a
W * { ( a , 8) : a  < 6 < k} . Le t  {An : n < ta} be  c l o s e d  u n d e r

f i n i t e  b o o l e a n  c o m b i n a t i o n s  and  Z,W e {A„ x a : n ,m < u} .n m ct0
The map F:  tc -*■ 2^ d e f i n e d  by ( F ( a ) ( n )  « 1 i f f  a  e An )

i s  1 -1  and  t h e  s e t  X ■ F" ic h a s  t h e  r e q u i r e d  p r o p e r t y .  |  

For  any  c a r d i n a l  k l e t  R(k)  be  t h e  l e a s t

3 < u 1 s u c h  t h a t  R* ■ P ( k x <) o r  uij i f  no s u c h  3

e x i s t s .
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Theorem 52.  I t  i s  r e l a t i v e l y  c o n s i s t e n t  w i t h  ZFC t h a t

| 2 w j * « + l » f o r  e v e r y  n £  cu R(<*>n ) ■ 1 + n ,  and

R(»t t + i ) * a). T h i s  c a n  be  g e n e r a l i z e d  t o  show t h a t  f o r  any

X < Wj a l i m i t  o r d i n a l  i t  i s  c o n s i s t e n t  w i t h  ZFC t h a t

R ( | 2 “ | )  -  X.

P r o o f .

L e t  M h "ZFC + MA + 12WI » oj . " be c o u n t a b l e  and1 1 1 i*>+i
t r a n s i t i v e .  L e t  k » w . ,  and  d e f i n e  P a  f o r  a < < sow + i —

t h a t  P “ * ‘ * P 2+b+ 1 CX0 .Y0 ) w he re  Ya C  z“ , Ya e M,

* an d  <|> It- "X C Y  At  l i m i t s  t a k e  t h e  1 a 1 3 + i ’ Y 11 a — a
d i r e c t  l i m i t .  By d o v e t a i l i n g  a r r a n g e  t h a t  f o r  any G

P K- g e n e r i c  o v e r  M, M[G] |» " I f  Y C 2(*\  Y e M, and

|Y|  ■ “ g+1 f o r  some $ < u , t h e n  e v e r y  s u b s e t  o f  Y i s

n° i n  Y”/i»2 + 3+i xu 1 *

As i n  t h e  p r o o f  o f  Theorem 34 g i v e n  any  t  a  t e r m  

f o r  a s u b s e t  o f  u>, f i n d  i n  M, H C  2 ^ ,  K C  k so  t h a t :

(1)  | H | < u, , [ K | £  a) .
p 0 P 0

Le t  {Q -  p  e P K: s u p p ( p )  c  K, | p  | (H) -  0}

(2)  V n  e a) Q d e c i d e s  "n  e t" .

(3)  V 3  e K V x e  H Q d e c i d e s  "x  e X^".

(4)  I f  a  e K and |Y0 | £  t h e n  Ya  C  H.



Lemma 53.  I f  H#K ha v e  p r o p e r t y  ( 3 ) ,  (4)  above  t h e n  f o r

any p e IP* and  0 w i t h  1 <_ 0 < 2 + 0 O t h e r e  i s  p

c o m p a t i b l e  w i t h  p ,  | p | ( H )  < 0 + 1 ,  s u p p ( p )  c  K, and  f o r  

any  q i f  | q | ( H )  < 0 ,  s u p p ( q )  c  H, and  p and  q a r e  

c o m p a t i b l e ,  t h e n  p and q a r e  c o m p a t i b l e .

P r o o f .

The p r o o f  o f  t h i s  i s  j u s t  l i k e  t h e  p r o o f  o f  Lemma 35 .  To 

c h e c k  t h a t  t h e  p g o t t e n  t h e r e  i s  an e l e m e n t  o f  IP*, n o t e  

t h a t  i f  ( ( n ) , x )  e p ( a )  t h e n  x e H. Be cause  i f  x i  H

and  a e K, t h e n  | Y | > u>R b e c a u s e  o f  (4)  . Say
Q t p  q +  1

| Y J  - < V , .  so  P “ +I - P “ * r i + Y + l (Xa .Y0 ) and

| ( n ) | T » 2 + y > 2 + 0  > 0 + 1 ,  b u t  t h e n  i t  was
2 + Y + 1  —  0 —  *

t h r ow n  o u t ,  c o n t r a d i c t i o n .

Lemma 54.  Suppose  H and K ha ve  p r o p e r t i e s  ( 2 ) ,  (3)  ,

and  (4)  f o r  t C  u> . Suppose  1 <_ 0 <_ 2 + 0 O and  B(v)

i s  a 2® p r e d i c a t e  w i t h  p a r a m e t e r s  f r om M, p e IP and  -  p
p |j- " B ( t ) " .  Then 3  <1 e IP* c o m p a t i b l e  w i t h  p ,

I q |  (H) < 0 ,  s u p p ( q )  C K  and  q ||- " B ( t ) " .

P r o o f

T h i s  f o l l o w s  f rom Lemma 53 j u s t  a s  i n  Theorem 34.  ^

From Lemma 54 we hav e  t h a t :

(A) F o r  any Y C  2W w i t h  Y e M and  n w i t h  1 ^  n ^  w 

C|Y| ■ wn i f f  Y i s  a Q2+n‘ s e t )* We c l a i m  t h a t :
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CB) Fo r  any n < w t h e r e  a r e  X,Y C  2^ w i t h

|X|  -  IY f ■ t*) . s o  t h a t  i f  U i s  t h e  u s u a l  n ® . , s e t  1 1  1 1  n+2 „n+2

u n i v e r s a l  f o r  n ^ +2 s e t s ,  t h e n  U f \  (X x Y) i s  n o t

£° i n  t h e  a b s t r a c t  r e c t a n g l e s  on X x Y. n+ *
To p r o v e  (B) j u s t  g e n e r a l i z e  t h e  a rg u m e n t  o f

Theorem 37 ,  f o r  n ■ 0 t h e  a rg u m e n t  i s  t h e  same.  L e t

X C 2W be  i n  M w i t h  |X|  * w_ . „ .  Choose  K C tc,— 1 1 n + 2  —
|K|  * uj , and  K e M, so  t h a t  f o r  any  a e K Y * X 1 1 n + 2  ' a
and  <(> It- "X * <j>". Le t  Y = {y : a e K} w he re  y i s11 a 7 a 7 a
t h e  n ^ +2 code  ( w i t h  r e s p e c t  t o  U) f o r  G(o)*

g e n e r a l i z e  t h e  a rgu m en t  a l l o w  » J  t o  haveX 01 * ot
c a r d i n a l i t y  < w_ and  a l s o  w h e n e v e r  y e  J V(Y c J . J  and“  Jl A 0»
| Yy | < t h e n  Yy C l x  (Yy C  I J  .

I n  M[G] f o r  any n < u ■ 1 + n .  To s e e

t h i s ,  l e t  Y c  2W w i t h  Y e M and  |Y|  ■ I f

X C  Y and  | X | <_ wn , t h e n  t h e r e  i s  Z e M w i t h  j Z | atn

and  X c  Z. Be ca us e  M |- "MA" Z i s  II® i n  Y and  s i n c e

X i s  II®+n i n  Z by (A) , we hav e  X i s  Rj+n  Y’
 ̂ (i)

By Theorem 33 Rn +2 * * p ( % +1* wn + i ^ ’ By ^  n + 2 i s

t h e  l e a s t  w h i ch  w i l l  do .

Thus R(w ) * To s e e  t h a t  R( k) * w l e t

Y C 2W w i t h  Y e M | YJ ■ tc, and  e v e r y  s u b s e t  Z C  Y 

s u c h  t h a t  [Z|  < k and  Z e M i s  £® i n  Y ( s e e

(Theorem 1 7 ) .  I n  M[G] e v e r y  Z c. Y w i t h  | Z [ < tc i s



£° in Y, so by Theorem 33 R* a P( k * *).~U) ’ 7 0)
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Remark : I t  i s  e a s y  t o  g e n e r a l i z e  Theorem 54 t o  show t h a t

f o r  any  X < col a l i m i t  o r d i n a l  and  tc > ui o f  c o f i n a l i t y  

to, i t  i s  c o n s i s t e n t  t h a t  12W | = k+ and  R ( k+) =* X.

Theorem 55.  I t  i s  r e l a t i v e l y  c o n s i s t e n t  w i t h  ZFC t h a t

( a)  I 2 " |  -  « t l ,
1

Cb) f o r  any a  < Uj t h e r e  i s  a Qa s e t .

( c )  R(u n ) “ n + 1 f o r  n < at ,

(d)  R(to^) a X f o r  X < at j a  l i m i t  o r d i n a l ,

(e)  R(w^+n+1) * X + n f o r  X < at l a l i m i t  o r d i n a l  and

n < at.

The p r o o f  o f  t h i s  i s  an e a s y  g e n e r l i z a t i o n  o f  

Theorem 54 and  i s  l e f t  t o  t h e  r e a d e r .

A s e t  U C  2^ x 2W i s  u n i v e r s a l  f o r  t h e  B o r e l  s e t s  

i f f  f o r  e v e r y  B £  2t0 t h e r e  e x i s t s  x e 2^ s u c h  t h a t  

B -  Ux =* {y:  ( y , x )  e U}.

Theorem 56.  I t  i s  r e l a t i v e l y  c o n s i s t e n t  w i t h  ZFC t h a t

no s e t  u n i v e r s a l  f o r  t h e  B o r e l  s e t s  i s  i n  t h e  a - a l g e b r a  

g e n e r a t e d  by t h e  a b s t r a c t  r e c t a n g l e s  i n  2^ * 2W.
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P r o o f .

L e t  M h "ZFC + i  CH" and  l e t

Q -  I  (E{]P (<fr»2w /> M) : a  < u i j } ) .  Le t  G be Q - g e n e r i c
B<co2

o v e r  M, t h e n  i n  M[G] t h e r e  i s  no s e t  U u n i v e r s a l  f o r

t h e  B o r e l  s e t s  i n  t h e  a - a l g e b r a  g e n e r a t e d  by t h e

r e c t a n g l e s .  Su ppo se  G i s  g i v e n  by

( y g : T J +l ■+ 2<<Ji: a < u) j a n d  B < w2 ) where  Ta+1 i s  

t h e  n o r m a l  a + 1 t r e e  u s e d  i n  t h e  d e f i n i t i o n  o f  IPa+i
and G^0  ̂ a r e  t h e  n 0 s e t s  d e t e r m i n e d  by y ^ .  Then asy.a - a  / 1 3
b e f o r e  $e  can  e a s i l y  g e t  f o r  e a c h  a < u>, t h a t

Va  * { ( x , 6 ) :  x e G ^ ° ^ } i s  n o t  E° i n  t h e  a b s t r a c t’ 1 a  - a
B

r e c t a n g l e s  on (2^ x u 2 ) .  Now s u p p o s e  s u c h  a  U e x i s t e d

and  we re  i n  t h e  a b s t r a c t  r e c t a n g l e s  on 2W x 2W.

Choose  F: w2 -*■ 2^ ( n e c e s s a r i l y  1 - 1 )  so  t h a t

V S  < uj2 V x  e 2U ( ( x . S J  e Va  ( x , f ( B ) )  e U) .

I f  U i s  E0 i n  {A_ x B_: n  < to} t h e n  Va i s  E° i n~a n n -a.
{An x f _ 1 (8n ) :  n < cj}, c o n t r a d i c t i o n .  ^

R e m a r k s :

(1)  I n  [9] Kunen shows t h a t  i f  one add s  u 2 Cohen r e a l s

t o  a model  o f  GCH t h e n  no w e l l  o r d e r i n g  o f  w2 i s  i n

RW2.
wi

(2)  I n  [1] i t  i s  shown t h a t  i f  G i s  a c o u n t a b l e  f i e l d

o f  s e t s  w i t h  B o r e l ( 2 W) c  G , t h e  o r d e r  o f  G i s  w .v '  — U) , 1
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I n  t h e  model  o f  Theorem 56 f o r  any  c o u n t a b l e  G and

a < a) B o r e l (2^)  i s  n o t  i n c l u d e d  i n  G . T h i s  c a n  be i a
s e e n  a s  f o l l o w s .  Le t  G ■ {A„: n  < w} and  l e tn
{ s n : n < <*>} * T* whe re  T i s  a  no rm a l  a t r e e .  D e f i n e

f o r  any y e w  and  s e T t h e  s e t  G^ a s  f o l l o w s .

For  s » s n l e t  G® ■ Ay ( n )* o t h e r w i s e  G® -

f )  {ww - G® n : n < a)}. I f  U » { ( x , y ) :  x e G^} t h e n  U

i s  " n ° "  i n  t h e  a b s t r a c t  r e c t a n g l e s  and  u n i v e r s a l  f o r  -- ct
a l l  B o r e l  s e t s ,  c o n t r a d i c t i n g  Theorem 56.

i 5 P rob l e ms  

Show:

(1)  I f  | X| ■ ojj t h e n  X i s  n o t  a s e t .

(2)  I f  RU2 * Pfoi x <*) ) t h e n  t h e r e  i s  n < w w i t hv '  u 2 2

Rn a ’  P K  * “ z 5 -
(3)  I f  t h e r e  e x i s t s  a Qw s e t  t h e n  t h e r e  e x i s t s  a  Qn s e t

f o r  some n < u>.

(4)  I f  Rjj2 -  P(w2 x oi2 ) and  12W | -  u 2 t h e n

| 2U l | -  ma .

(5 ) *  I f  t h e r e  i s  a  Q2 s e t  o f  s i z e  ml t h e n  e v e r y  s u b s e t

o f  2“* o f  s i z e  ojj i s  a  Q2 s e t .

(6)  I f  X i s  a  Qa  s e t  and Y i s  a  Q& s e t ,  t h e n

2 <_ a  < B i m p l i e s  |X|  < |Y|  .



Show c o n s i s t e n c y  o f :

(7)  { a : X C  2W o r d ( X )  ■ a } * { l } v y { a < _ w l : c* i s  e v e n } .

(8)  | 2“ | -  Wj and f o r  any  X C  2U i f  |X|  * a l t h e n

X i s  a Q7 s e t ,  i f  |X|  ■ u>2 t h e n  X i s  a

( ^ +3 s e t ,  and i f  ] X | = to 3 t h e n  o r d (X )  ■

(9)  F o r  any  a  <_ ai2 t h e r e  i s  a  n |  X w i t h  o r d ( X)  -  U j .

( 10)  F o r  any  X C  2W i f  |X|  >_ u ,  t h e n  t h e r e  i s  an 

X - p r o j e c t i v e  s e t  n o t  B o r e l  i n  X.

(11)  T h e r e  i s  no G c o u n t a b l e  w i t h  Z{ C  . ( T h i s  i s  

a p r o b l e m  o f  Ulam,  s e e  Fund.  Ma th .  30 ( 1 9 3 8 ) ,  3 6 5 . )

*Answered by  W i l l i a m  F l e i s s n e r  i n  t h e  n e g a t i v e  ( t o  a p p e a r ) .
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PART I I .  VAUGHT’ S CONJECTURE FOR THEORIES OF 

ONE UNARY FUNCTION

V a u g h t ' s  c o n j e c t u r e  [1] i s  t h a t  f o r  any  c o u n t a b l e  f i r s t  

o r d e r  t h e o r y  T , w (T) o r  w (T) = 2 0 whe re ,  w (T)

i s  t h e  number  o f  n o n i s o m o r p h i c  c o u n t a b l e  mode l s  o f  T.

Le t  01 ■ (A.R whe re  e a c h  R„ i s  k - a r y  r e l a t i o n .v * n'n<oo n n J
D e f i n e  f o r  x , y  e A :

S ( x , y )  i f f  x j * y „ 3 n < ( o  3 ^  x kn e A(Rn ( x i , . . . x k n )

^ . ( x  a x- A y = x . ) ) .  CA, S ) i s  t h e  a s s o c i a t e d  g r a p h  o f  1 f J 1 J
Q\ (S i s  a  s y m m e t r i c ,  i r r e f l e x i v e  b i n a r y  r e l a t i o n ) .  D e f i n e

a m e t r i c  6 ( x , y )  on A a s  f o l l o w s :

6 ( a , b )  * l e a s t  n 3  x q  x n ( x # = a ^  *n * b

f i x  SCXi ,Xi + l ) )

oo i f  no s u c h  n e x i s t s .

D e f i n e :

(1 )  a i s  c o n n e c t e d  t o  b i f f  5 ( a , b )  = n some n < w .

(2 )  C c  A i s  a  componen t  i f  i t  i s  a maximal  c o n n e c t e d  

s u b s e t .

( 3 )  A l o o p  i s  a s e t  o f  p o i n t s  { x Q, . . . , x  } w i t h  n > 1

s u c h  t h a t  . ^ n S ( x i f x i + i ) A S ( x n , x o) A  x t  f  x . .

( 4 )  u ) « n )  ■ number  o f  n o n i s o m o r p h i c  e l e m e n t a r y  s u b ­

s t r u c t u r e s  o f  < n .

Theorem A. I f  01 -  CA t Rn ) n<a) i s  a c o u n t a b l e  s t r u c t u r e ,  

G ■ (A,S)  t h e  a s s o c i a t e d  g r a p h , a n d  e v e r y  component  o f  G
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c o n t a i n s  o n l y  f i n i t e l y  many l o o p s  t h e n  < \ ' 0 o r

) » 2 ° .

Example s  o f  Ol s a t i s f y i n g  t h e  h y p o t h e s i s  a r e :

( 1 )  01 »* (A,R) whe re  R i s  a b i n a r y  r e l a t i o n  wh ic h  i s  a 

p a r t i a l  f u n c t i o n  on A.

(2 )  CTt = (A»Rn^n<uj whe re  e a c h  Rn i s  a  p a r t i a l  f u n c t i o n

on A and  f o r  e a c h  n and  m . R„ i s  e q u a l  t o  R„ on* n m
t h e i r  common domain .

( 3 )  I f  01 s a t i s f i e s  t h e  h y p o t h e s i s  t h e n  so  does  any  e x ­

t e n s i o n  o f  01 by  a c o u n t a b l e  number  o f  u n a r y  

p r e d i c a t e s .

Theorem B. I f  T i s  a c o m p l e t e  c o u n t a b l e  t h e o r y  s u c h  t h a t  

e v e r y  c o u n t a b l e  model  o f  T h a s  t h e  p r o p e r t y  t h a t  e v e r y  

componen t  o f  i t s  a s s o c i a t e d  g r a p h  c o n t a i n s  o n l y  f i n i t e l y  

many l o o p s  t h e n  w(T)  * 1 ,  o r  2 ° .

Theorem B was p r o v e d  by m y s e l f  and  Leo Marcus  [2] i n d e p e n ­

d e n t l y .  L a t e r  M. Rub i n  p o i n t e d  o u t  t h a t  t h e  f a c t  t h a t

(O.CT) > 1 -  U(T) > *  ) c an  be  o b t a i n e d  a s  a c o r o l l a r y  o f

a t h e o r e m  o f  L a c h l a n  [3] s i n c e  e v e r y  s u c h  t h e o r y  i s  s u p e r ­

s t a b l e .  The a u t h o r  o f  t h i s  f a c t  i s  unknown t o  me. Note

t h a t  i f  M < N j* T t h e n  f o r  any a , b  e N - M i f

c e M i s  t h e  " c l o s e s t "  e l e m e n t  o f  M t o  a , b  t h e n
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< N , a , c >  e > —*> < N »a *c c e M E * N»b »c 'ceM*

( T h i s  i s  e a s i l y  shown by u s i n g  Lemma 1 and  E h r e n f e u c h t  

g a m e s . )  But  t h i s  shows t h e r e  a r e  a t  mo s t  2 0 - |M)

1 - t y p e s  o v e r  -M. S i m i l a r  a r g u m e n t  works  f o r  n - t y p e s .

Note  t h a t  i f  a  c o u n t a b l e  t h e o r y  T f a i l s  t o  ha v e  an 

a ) - s a t u r a t e d  c o u n t a b l e  model  t h e n  ui (T) * 2 ° t h e n c e  t h e  

r e s t  o f  Theorem B f o l l o w s  f rom Theorem A by d e t e r m i n i n g  

w(01)  f o r  J1 c o u n t a b l e  u - s a t u r a t e d .  I t  i s  a l s o  n o t  

h a r d  t o  show t h a t  t h e  number  o f  n o n - i s o m o r p h i c  e l e m e n t a r y  

e x t e n s i o n s  o f  a  model  s a t i s f y i n g  t h e  h y p o t h e s i s  o f  

Theorem A i s  1 ,  , 2 ^ ° .

Theorem C. T h e r e  i s  a 6  a PC(L ) s e n t e n c e  i n  one--------------------------------------  v WjOr
u n a r y  o p e r a t i o n  s u c h  t h a t  to( 0 ) 3  ^  .

T h i s  d i s p r o v e s  t h e  main  r e s u l t  o f  S t a n l e y  B u r r i s  [4] by 

sh ow ing  t h a t  t h e  q u a n t i f i e r  r a n k s  o f  S c o t t  s e n t e n c e s  o f  a 

c o u n t a b l e  u n a r y  o p e r a t i o n  a r e  a r b i t r a r i l y  h i g h .  J o h n  S t e e l

[5] h a s  p r o v e d  V a u g h t ' s  c o n j e c t u r e  f o r  w s e n t e n c e s  i n  

one u n a r y  o p e r a t i o n .

M a t a t y a h u  Rub in  p r o v e d  V a u g h t ' s  c o n j e c t u r e  f o r  t h e o r i e s  o f  

a  l i n e a r  o r d e r  [ 8 ] and  more r e c e n t l y  f o r  w s e n t e n c e s  

o f  a l i n e a r  o r d e r  [ 9 ] .  I n  my a b s t r a c t  [11]  I m i s t a k e n l y

s t a t e d  Theorem C f o r  P C ( L „ J .to to
Q u e s t i o n :  Does t h e r e  e x i s t  a PC(L ) s e n t e n c e  0 i n
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ft. ?i

For  any ( L , « )  a  l i n e a r  o r d e r  d e f i n e  t h e  f o l l o w i n g  u n a r y  

o p e r a t i o n  ( U ^ , F L)

UL “ { f a o »* ‘ * , a n - i ^  : n < “  ĉ »> ^  > **• > a n - i  V i  < n
a^ e L>

Fl ( ^7)  *

FL ^ a o »* * ' ̂  " * a o *'  *'  , a n -  1 >

C l a i m :  I f  L ■ L, + L and IT -  U. + T a r e  c o u n t a b l e  1 2  1 2

l i n e a r  o r d e r s ,  Lx and IT a r e  i s o m o r p h i c  w e l l  o r d e r s ,  and  

e i t h e r  L a n d  a r e  b o t h  empty  o r  t h e y  a r e  b o t h  n o n ­

empty  and  hav e  no l e a s t  e l e m e n t  t h e n  i s  i s o m o r p h i c

t o  (Uj j« Fj-) .

Thus 9 ■ { ( U , F ) :  J  L c o u n t a b l e  l i n e a r  o r d e r  < U^F >

* ULFL } i s  PC(Lw J  and  u ( e )  -  . ■

We o n l y  p r o v e  Theorem A f o r  G\ ■ ( A , R , a )  whe re  R i s  

b i n a r y , s y m m e t r i c , i r r e f l e x i v e ; a n d  a i s  f i n i t e l y  many 

c o n s t a n t s , s i n c e  i t  i s  e a s y  t o  g e n e r a l i z e .

D e f i n i t i o n  : (1)  f o r  01 h a v i n g  a d i s t i n g u i s h e d  c o n s t a n t

0 l e t  07 ■ {a  e A: <5(a,0) <_ n } .
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( 2 ) i f f  P l a y e r  I I  ha s  a w i n n i n g  s t r a t e g y  i n

t h e  E h r e n f e u c h t  game o f  l e n g t h  n [ 6 ] .

Our ma in  lemma i s  t h e  f o l l o w i n g ,  i t s  p r o o f  i s  on p . 8 8 .

Lemma 1.  I f  0T and  $  a r e  c o n n e c t e d  w i t h  d i s t i n g u i s h e d  

c o n s t a n t s  t h e n  c V n < ( j  d n =n &  n ) =-* <7j=xy>.

Lemma 2 . I f  V £ componen t  o f  <A c o u n t a b l e  structure 

G*i ( O  £  >?. o r  <*>(0 -  2 * ° ) ,  t h e n  u j ( 0 T) £  *£„ o r  

w(jT) - 2*° .
Proof:

Note  t h a t  f r om Lemma 1 i f  y t h e n  t h e  componen t s

o f  a r e  e l e m e n t a r y  s u b s t r u c t u r e s  o f  t h e  c o r r e s p o n d i n g

c omp one n t s  o f  01 . I f  to (t) “ 2 0 some C a component  

o f  01 t h e n  u s i n g  E h r e n f e u c h t  games we s e e  c*)(0|) “ 2 ° .

O t h e r w i s e  l e t  ^ n ; n < oj) be  p a i r w i s e  n o n i s o m o r p h i c  so

t h a t  a componen t  o f  3  n Cn ~-X> For

k:  at ■* u> + 1  l e t  C \Y be  a s t r u c t u r e  ( o b t a i n e d  c o n ­

t i n u o u s l y  f rom k) w i t h  e x a c t l y  k ( n )  c o p i e s  o f  C n f o r

e a c h  n and  u n i v e r s e  s u b s e t  o f  u .

X * {k e (oj + 1 )w : ^  c an  be  e l e m e n t a r i l y  embedded i n t o  Of }

X i s  a  Ej s e t  and ) X| » u> (Ol ) so  by a c l a s s i c a l  t h e o r e m  

o f  d e s c r i p t i v e  s e t  t h e o r y  [7] <d(0 | ) i  \ ' o  o r

u i ( J T)  -  2 . ■
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N o t e :  ( ^ a  e A , a>)  <_ X ^ )  —► ui(01) <_ X£o

( ■J a  e A (oC^OI.a*)  * 2 ^ ° )  u> C ) * 2 ^  0
w  •

I f  01 i s  c o n n e c t e d  and  Y c_ A i s  f i n i t e  and  c o n t a i n s  a l l  

o f  d p s  l o o p s  t h e n  d e f i n e  07 {y } f o r  y e Y 

<*{y) * ( a  £ A : a i s  c o n n e c t e d  t o  y  by a p a t h  w h i ch  o n l y  

i n t e r s e c t s  Y a t  y } .  By Lemma 1 n o t e  t h a t  f o r  i f  c  0 7

< < U  »y>yeY ^  ^ i ^ y e Y  i f f  & {y } * 0 H y »  f o r  y  e Y.

Hence i t  i s  enough  t o  c o u n t  t h e  number  o f  e l e m e n t a r y  s u b ­

s t r u c t u r e s  o f  a t r e e .  D e f i n e  * 7  i s  a t r e e  i f f  c o u n t a b l e ,  

c o n n e c t e d ,  h a s  no l o o p s ,  and  h a s  a d i s t i n g u i s h e d  c o n s t a n t  

0 .  From now on  a l l  s t r u c t u r e s  a r e  t r e e s  u n t i l  p .  ^ | .

E xample s :

I )  Le t  T = o  n < wn —
vi **■»*•■» y

T~rt \ T „

" C  ^
C o n s i d e r  T a

Tn>m - ** n ,m < w

where  f o r  e a c h  n ,m <_ id  i n f i n i t e l y  many o f  t h e
>sS

a r e  T . w(T) a 2 0 i s  shown by Lemma 3.n ,m

I I )  L e t  S -  ^  “ ( S’ '

a)



c)

b)
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Each o f  t h e s e  h a s  2 ' ~ °  n o n i s o m o r p h i c  e l e m e n t a r y  

s u b s t r u c t u r e s .

I l l )  To i l l u s t r a t e  Lemma 6 :

E x t e n d  < on oo t o  to u {°°} by  n < « V n  < u and

» < oo. Le t  U = { ( a „ , . . . , a „  ) :  n < <d ,'  o * ' n - i

a o > a t > . . .  > a l f  a* e 01 w {“ >}.  I f  F i s  t h e

p r o j e c t i o n  f u n c t i o n  on U ( F ( ( a Q, . . . , a fl+x) )  

= ( a 0 , . . .  , a n ) )  t h e n  w(F)  -  .

D e f i n i t i o n s :

( 1 ) a i s  be lo w  b i f f  b l i e s  on t h e  u n i q u e  s h o r t e s t  p a t h  

c o n n e c t i n g  a t o  0 .

( 2 ) f f f  ( a )  i s  t h e  t r e e  w i t h  u n i v e r s e  {b e A: b i s  b e lo w  a}

and  d i s t i n g u i s h e d  c o n s t a n t  a .

(3 )  P ( J l )  * {a e A: 5 ( a , 0 )  » 1 } and  f o r  a e A 

P ( a )  -  P (01 ( a ) ) .

(4)  f o r  X C P ( 0 f )  0 \  [ X] i s  t h e  t r e e  w i t h  u n i v e r s e  0 and

e l e m e n t s  o f  A b e lo w  t h i n g s  i n  X and  w i t h
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d i s t i n g u i s h e d  c o n s t a n t  0 .

(5)  f o r  xn e P ( < n )  and  y e P ( 0 1 ) (  xn  -*■ y i f f  x R f  xm 

f o r  n f  m and t y p ( y , < H ) ,  i . e . \ /  y ( v )

f i r s t  o r d e r  3  N Vn ^  N 0*1 H>(xn ) i f f  <*||- * ( # ) ) > .

Lemma 3 .  I f  X 0 Y ■ P ( 0 () a r e  d i s j o i n t  and  V y  e Y 

J < * „ :  n > e  xn -»■ y t h e n  0 7  [x] i  tf? •

Proof;
I t  i s  e a s y  t o  f i n d  X = ( x ^ :  n  < u>} ^  X f o r  y e Y d i s -  '  y n — '
j o i n t  so  t h a t  * x^  -► y f o r  e a c h  y e Y.

Proof;

Le t  &  = ^ n 0 and X = {xn : n < w ) .  C l e a r l y  * h o l d s  

f o r  XV i n  p l a c e  o f  0 7  , h e n c e  we know f rom t h e  b a s i c  

lemma on E h r e n f e u c h t  games [ 6 ] t h a t  V n < w 3  N < cu 

V m > N XV(xm) =n XV Cy ) . G iven  a c  XV [Xy ] an d  n t < u , 

c h o o se  N s u f f i c i e n t l y  l a r g e  so  t h a t  a £ X V [ { x n : n < N>] 

and  f o r  m > N XV(xm) = f j  C y ) • Now p a t c h  t o g e t h e r  

a p p r o p r i a t e  s t r a t e g i e s  f o r  P l a y e r  I I  a s  f o l l o w s ;

C l a i m : V  n 0 < w V / y e  Y [Xy ] < 07n> [Xy -  ( y ) ]

t  t

O
Cla im  ^
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From Lemma 1 an d  C l a i m ,  C \ [X^,] < 0J  [X^ u {y }3 f o r  e a c h  

y e Y,  h e n c e  by  a n  e a s y  E h r e n f e u c h t  game a r g u m e n t

oi m  < a t ■ ■

D e f i n i t i o n : 0 \  i s  s i m p l e  i f f  V a  e A o n l y  f i n i t e l y

many n o n p r i n c i p a l  t y p e s  i n  T h C f l l O ) )  a r e  r e a l i z e d  i n  

P C a ) .

N o t e :  By u s i n g  Lemma 3 i f  (T\ i s  n o t  s i m p l e  t h e n

« ( ( * ) »  2

D e f i n i t i o n :  G i v e n  C # - :  a  e A) s u c h  t h a t  2 ?  _ c  O U a )

f o r  e a c h  a  t h e  f u s i o n  o f  (X*\ , : a  e A) i s  t h e  t r e e  &A
J l  m

w i t h  0  * 0  a n d  u n i v e r s e  {b :  f o r  a l l  a  b e t w e e n  0

a n d  b , b  e | ^  j } .

Lemma 4 .  G i v e n  (X? „ :  a  e A) w i t h  < Ot O )  a l l  a
1 a  cl “

a n d  22  t h e  f u s i o n  t h e n  f 2  < O] . 

proef:

By Lemma 1 we may a s s u m e  CJ » OJ ^  f o r  some n  < w.

Now p r o v e  i t  by  i n d u c t i o n  on  n .  Thus  $2 ( b )  <_ C\ ( b )  f o r  

a l l  b  e P ( 0 7 ) ,  h e n c e  / J  ( b )  ± t f o 0>) V b  e P C # 0 ) a n d  

by  a n  e a s y  E h r e n f e u c h t  game a r g u m e n t  j j  < X ?Q £  07 •  H

p
Definition: If Ot is simple let „r - 070) [O:
t p ( x ,  CJ O)) i s  p r i n c i p a l } ]  f o r  e a c h  a  e  A,  an d  CJl

P r  P r
b e  t h e  f u s i o n  o f  * f 2  : a  c A7 .  By Lemma 3 i2  <_ 0 7 ( a )
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and  by  Lemma 4 0 \  r  4 Q \,

P r  _
Lemma 5.  I f  0 \ * 0 1 t h e n  a>( t f )  -  1 .

The p r o o f  i s  s t r a i g h t f o r w a r d  and  l e f t  t o  t h e  r e a d e r .  ^

D e f i n i t i o n s :

N(a)  = {x e P ( 0 l ( a ) ) :  t p ( x , 0 1 ( a ) ) i s  n o n p r i n c i p a l }

L = { a e A : N ( a ) ^ 0 i

T * (b  f  A: J a  e L b l i e s  on t h e  u n i q u e  s h o r t e s t

p a t h  c o n n e c t i n g  a t o  0 }.

Lemma 6 . I f  L = {an : n < u} and  V n  N(an ) = {bn > and

a n+i  e ^ Cbn 5 t h e n  “ C*3*)  i  * V  

Proof:
L e t  f o r  e a c h  n < w ■ 0|  - 0 |  ( bn ) t h e n  t h e s e  a r e  a l l

t h e  n o n i s o m o r p h i c  e l e m e n t a r y  s u b s t r u c t u r e s  o f  0 1  . ^

D e f i n i t i o n : (1) [T] i s  t h e  s e t  o f  i n f i n i t e  b r a n c h e s  o f  T.

(2} a e A i s o l a t e s  f  e [T] i f f  Cl ( a )  i s  

a s  i n  t h e  h y p o t h e s i s  o f  Lemma 6  w i t h  

a e f .

Lemma 7.  I f  C|  i s  s i m p l e  and J  f  e [T] s u c h  t h a t  no

a e  A i s o l a t e s  f  t h e n  w(01) * 2 0 .
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Proof :

Choose  a„ e L and  e N(a „ )  f o r  n  < w a s  f o l l o w s :  n n  v n '
Hav ing  c h o s e n  them f o r  m < n ,  l e t  c be  any e l e m e n t  o f

f  l o w e r  t h a n  any  o f  t h e  a„  and  b_ f o r  m < n .  S i n c e
7 m m

c does not i s o l a t e  f  J a n e C\ (c) ^  L J bfl e *̂̂ an^^n  ̂ ^

Le t  B = {c : c i s  s t r i c t l y  b e t w e e n  

some b„ and  0 }
. P r

For  a  4 B l e t  * ( (77(a) )
c*•

f o r  a e B l e t  a a ^7 Ca) [X_ ] wherea  Si

X, = {x:  t p ( x ,  0 | ( a _ ) )  i s  p r i n c i p a l }  
n n

u  {bn }

Xd = ( x :  t p ( x ,  0 1 ( c ) )  i s  p r i n c i p a l )  

w { P ( 0 7 ( c ) )  « Bj i f  d f  a n any 

n < a).

I f  H  i s  t h e  f u s i o n  o f  t h e  * V S t h e n  < <y\ . F o r  any 

n < w n o t e  t h a t  a t  most two x e C s u c h  t h a t

5 ( x , 0 )  * 5 ( a n ,0)  and  N ( x ) ^  f  0 ,  Fo r  any X c  »o l e t  

JTv < C  be  g o t t e n  by  f u s i o n  so  t h a t  V  n < w(b e | C  |X ll A
i f f  n e X) .

oc j* x* —► r x } i rx,). ■

Lemma 8 . I f  V a e P ( 0 1 )  w((71 ( a ) )  <_ ,Y0 o r  u>(0 U a ) )  -  2 

t h e n  (jj ( Ot) 1  o r  ui (<71) » 2  .
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The p r o o f  o f  t h i s  i s  s i m i l a r  t o  t h e  p r o o f  o f  Lemma 2.  ^

Lemma 9.  I f  Of i s  a t r e e  t h e n  w(01 )  ±  ^  o r

w(07)  -  2

Proof;
$

I f  07 i s  n o t  s i m p l e  t h e n  u)(01)  = 2 0 by  u s i n g  Lemma 3.

D e f i n e  D(T) » {x e T: x d o e s  n o t  i s o l a t e  any  f  e [ T ] } .

By Lemma 7 i f  D(T) i s  n o t  w e l l  f o u n d e d  ( [ D ( T ) ]  ? 0)

t h e n  ui {0 \ ) = 2 ° .  I f  D(T) = 0 t h e n  by Lemma 5 o r  6

“ ( 0 1 ) i  V , -  Hence we may a ssume D(T) i s  w e l l - f o u n d e d  

and  t h e n  t h e  Lemma i s  p r o v e d  by  i n d u c t i o n  on t h e  r a n k  o f  

D(T) by u s i n g  Lemma S. ^

I t  r e m a i n s  o n l y  t o  p r o v e  Lemma 1.  We no l o n g e r  c o n s i d e r  

j u s t  t r e e s .

Lemma 10.  I f  cn i s  c o n n e c t e d  w i t h  d i s t i n g u i s h e d  c o n s t a n t  

t h e n  V n  < a) V  $ (5c,y) 3  N > n N < w -1 r f i n i t e

V  a e 0 1  - 07 N <t>* (y)  e r  V  S e 07n ( 0 1  h  <t> i f f

<3In I- * * c E ) ) .

Proof:
The p r o o f  i s  by i n d u c t i o n  on t h e  l o g i c a l  c o m p l e x i t y  o f  

• Fo r  t h e  a t o m i c  c a s e  p u t  N » n + 2 and

r -  { T , F , x 1 » x 2 , R ( X j , x 2 ) } . On t h e  i n d u c t i o n  s t e p  t  , *

a r e  b o t h  e a s y .
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3  z <fr(^,z,y!}

By i n d u c t i o n  3  r j ^  n s u c h  t h a t  V  a a e 01 -

5  a ( y )  e Y l e OJ n ( 0 1  f- * ( a , a , F )  i f f  O l Ni |- o ( F ) .

A l s o  by  i n d u c t i o n  3  r 2 3 -  N/ s u c ^  t h a t

V a e <T7-07N2 3  t ( z , 7 )  C r2 V b  S e 0 7 Ni
( J |  |» <j>(a,b,F) i f f  ^ n 2 I* TC b , S ) ) .  L e t  N ». N2 and

r  * <o%‘ N l (y )  e T( z »y ) :  F £  r x»T e r 2 } * T he s e

work s i n c e  g i v e n  a e Of - 07 v l e t

F =* { a ( y ) e  r  t ^  a e 0 7  - <*7 Nl V $ £ 0 7 n ( 0 ? 1= 4> (a , a  ,F)

«--► 07 |= o ( S ) }  and  T ( z , y )  so
i

V b S e  0 1 N ( 0 1  |= <t> ( a , b  ,F)  &J |- t ( b , F ) ) .  Let

♦ * Cy) -  a' f p aNl Cy) v ^  z e 0 1  N i T ( z , y ) .  f g

Remark:  Lemma 10 was m o t i v a t e d  by t h e  ma in  lemma in

F e f e r m a n - V a u g h t  [ 1 0 ] .

Lemma 11 .  I f  01 i s  c o n n e c te d  w i t h  d i s t i n g u i s h e d  c o n s t a n t  

th e n  V 4>(x,y) V n < to 3  N < w V F e 01 i f

0\ |» 3  X<f> ( x ,F )  then  3  a e O? N 07 (= $ ( a , F )  .

Proof:
L e t  N , r  be f rom Lemma 10 f o r  <(>(xty)  and  n .  D e f i n e :  

4>*(y) e f  i s  a  t e s t i n g  f o r m u l a  f o r  a e 0 \  - 0 7 n i f

e 0 7 n ( ^ I h  <*> (a  ,F)  «“► I- <#>* CF)) .  Choose  N > N( ,

N < ui so  t h a t  V a e Q\ - 0 7 Ni i f  <t>*(y) e r  i s  a

t e s t i n g  f o r m u l a  f o r  a  t h e n  t h e r e  e x i s t s  3  a*e 07 N so  t h a t
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^ * ( y )  i s  a  t e s t i n g  f o r m u l a  f o r  a T h i s  N works  b e c a u s e

Oil" ^(a,fT) ^ N i  ^ ^  Of I* <t>Ca',S) some

a 1 e 0 ? N w i t h  same t e s t i n g  form u la  4>*(y) as  a .  | |

Lemma 12.  I f  <n i s  c o n n e c t e d  w i t h  a d i s t i n g u i s h e d

c o n s t a n t  and  0 ? = %? t h e n

Proof;
I f  $ e and  i(>(x>y) a r e  g i v e n  t h e n  t a k i n g  N < w

f rom Lemma 1 1 , Of  [* " V y  e 01  ( J  x<j> (x , y )  ■*--+■ J x  e Of  N

<j) ( x , y ) ) " .  So i f  $ i  Y J  x i f ( x ^ )  t h e n  J  b ;e NX/  h  <J>Cb,F).

By T a r s k i ' s  c r i t e r i o n  we a r e  d o n e .  ^

ML e t  (HC,e)  < M s u c h  t h a t  u i s  n o n s t a n d a r d .

We assume Of , f ?  e HC. Le t  01* be t h e  s t r u c t u r e  d e t e r m i n e d

by M c o r r e s p o n d i n g  t o  07 and Of ■ n < w ^ n ’

n* e w • u and  M |= " s  i s  a  s t r a t e g y  f o r  p l a y e r  I I  i n  t h e  

E h r e n f e u c h t  game o f  l e n g t h  n* p l a y e d  b e t w e e n  OJ ** and 

S i n c e  n* i s  n o n s t a n d a r d  t h e  s t r a t e g y  s g i v e s  

a  ba ck  and  f o r t h  p r o p e r t y  t o  show 01 ( i f  p l a y e r

I p l a y s  a € 01 * t h e n  s mu s t  r e s p o n d  w i t h  b e * t ) .

By Lemma 12 Of * t  < Ot * and  and  a l s o

0[ 1  Of * and  /,> ;< * so  OT s t f  . g |
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PART III. THERE ARE NO Q - POINTS IN LAVER'S MODEL 

FOR THE BOREL CONJECTURE

A l l  u l t r a f i l t e r s  a r e  a s sumed  n o n p r i n c i p a l  and  on to.

D e f i n e :

Cl) U q - p o i n t  ( a l s o  c a l l e d  r a r e  [C])  i f f  V (Pn : n < w)

a p a r t i t i o n  o f  a) i n t o  f i n i t e  s e t s  3  A e U \ / n | A * P n | 1.

(2) U p - p o i n t  i f f  V  C?n * n < to) p a r t i t i o n  o f  u> e i t h e r

3  n Pn e U o r  ^ A e U  Vn|A<*Pn | f i n i t e .

(3) U i s  S e l e c t i v e  ( a l s o  c a l l e d  Ramsey) i f f  n < w)

p a r t i t i o n  o f  w e i t h e r  3  n Pn e U o r

3  A e U Vn |  A a P J  < 1 .

(4) U i s  s e m i s e l e c t i v e  i f f  G iv en  An e U 3 f  e u)W

V n f ( n )  e An and  f"w e U.

$ 0  U i s  semi  q - p o i n t  ( a l s o  c a l l e d  r a p i d  [C])  i f f

V f  e u 10 e w(11 f ( n ) < g ( n ) anc  ̂ s ' I(jJ £

I t  i s  e a s i l y  s e e n :

S e l e c t i v e  =* p - p t  + q - p t  

s e m i S e l e c t i v e  ■ p - p t  + semi  q - p t

D e f i n e :  f  < g i f f  3  n Vm > n ( f ( m )  < g (m) )

$  * i s  dominant family i f f  V f  e oj1*1 5g e ^ f < g .

Theorem (1)  (K e to n e n  [Ke] )  I f  V J d o m i n a n t  | J |  - 2  *

t h e n  3  a  p - p t .

(2) ( M a t h i a s ,  T a y l o r )  I f  3  $  d o m i n a n t  | ^ |  ■

t h e n  5  a  Q'P**
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Kunen [Kul ]  showed t h a t  a d d i n g  random r e a l s  t o  a model

o f  ZFC + GCH g i v e s  a model  w i t h  no s e m i s e l e c t i v e  u l t r a ­

f i l t e r s .  More r e c e n t l y  he showed [Ku2] t h a t  i f  you  f i r s t  

add ^  Cohen r e a l s  ( t h e n  t h e  random r e a l s )  t h e n  t h e  r e ­

s u l t i n g  model  h a s  a p - p t .  I n  e i t h e r  c a s e  one  h a s  a d o m in a n t  

f a m i l y  o f  s i z e  ^  so  t h e r e  i s  a  q - p t .

The f o l l o w i n g  a r e  e q u i v a l e n t :

(1 ) U i s  semi  q - p t .

(2) \ /  (Pn : n < u>) c V  n Pn f i n i t e )  -► 3 a  e U Vn|A<*Pn | <_ n.

(3) 3  h e tDW V (Pn : n < w) ( V n Pn f i n i t e )  -*■ J  A e U

V n |  A*Pn | <_ h ( n ) .

P r o o f .

1) =*-2) L e t  f ( n )  -  s u P(nf<npm̂  + 1 ' Su pp os e  g ( n )  > f ( n )

a l l  n t h e n  Pn*g"w ( g ( 0 ) , . . .  g ( n - l ) } .

3) —► 1) Assume f  i n c r e a s i n g .  Choose  n 0 < n t < n 2 < . . .

s o  t h a t  h ( k + l )  < n ^ .  L e t  P^ = an<* ^e t  Y e U be

so  t h a t  |Y a PjJ  <_ h ( k ) .  Then f o r  e a c h  m >_ n 0

| Y a f ( m ) |  < m, s i n c e  i f  n^  <_ m < n ^ +J t h e n

|Y a  f ( n ^ +1) |  ±  h ( k + l )  < n^  <_ m. Hence  i f  g e

e n u m e r a t e s  Y - f ( n 0 + l )  i n  i n c r e a s i n g  o r d e r  t h e n

V  n f ( n )  < g ( n ) .

D e f i n e  U x V - l A C u x w :  ( n :  (m: (n ,m)  e A) e V) e U}.

W h i l s t  U x V i s  n e v e r  a p - p t .  o r  a  q - p t .  n e v e r t h e l e s s :



U x V i s  s em i  q - p t .  i f f  V i s  s emi  q - p t .  

P r o o f .
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u p p e r  d i a g o n a l  i n  U x V

a

( - * )

Given  w f i n i t e  l e t  Pj£ * (<'n,m> : m e  P^ A  n <_ m} .

Choose  Z e U * V so  t h a t  V k | Z * P £ j  <_ k .  Le t  n e w  

so  t h a t  Y * {m > n :  (n ,m)  e Zl e V t h e n  Vk |Y*P j J<_  k .  

(More g e n e r a l l y  f  U ■ V and  U s e m i - q - p t .  and  / f i n i t e  

t o  one t h e n  V semi  q - p t . )

e*- )

Given  P^ c  w x w f i n i t e  c h o o s e  n^  i n c r e a s i n g  so  t h a t  

P^ c  n £ .  L e t  Y e V so  t h a t  V  k | n k*Y| < k .  Le t

Z a kUw(k}  x {m: m e  Y * m >_ n k >) t h e n

Z Pjj i  ^ « n^  t  jc x ( n k « Y) w h i c h  h a s  c a r d i n a l i t y  

< (k + l ) z .

T h eo r e m . In  L a v e r ' s  model  N f o r  t h e  B o r e l  c o n j e c t u r e  [L]

t h e r e  a r e  no s emi  q - p t ' s .

P r o o f .

Some d e f i n i t i o n s  f ro m [ L ] :

(1 ) T e 3  i f f  T s u b t r e e  o f  w<<41 w i t h  t h e  p r o p e r t y  t h a t



2J S j  e T ( c a l l e d  t h e  s t e m  o f  T) so  t h a t  \ /  t  e T 

t  c  s,j, o r  s T c  t  and  f o r  a l l  t  >_ s T ( t  e T ) * ^  t h e r e
a

a r e  i n f i n i t e l y  many t  e T i m m e d i a t e l y  b e lo w  t  ( t  i s  

i m m e d i a t e l y  be low s * ( k 0 , . . . , k n ) i f f  ^  ^ n + 1
A Aw

t  » ( k o , .  . . , k n , k n + 1 ) )  T >_ T i f f  T i s  a s u b t r e e  o f  T.

(2) Tg = { t  e T: s £  t  * t  f  s } .
A  A

(3) T °> T i f f  T £  T and  t h e y  ha v e  t h e  same s t e m .

Lemma 1.  Given T e j  and  f o r  e a c h  s e T - {0}

Fs f  t k n ’ kn + i )  * ( x :  kn < x < kn + 1 } w he r e

s * ( I t ,  kn ’kn-M) (Frn> -  [°>n l 5 and V s  e T JN < u Vt
i m m e d i a t e l y  b e lo w  s i n  T | F t | <_ N. Then l e t t i n g

HT * s*T Fs For  an^  T > T,  we c a n  f i n d  T 0 »T i <>— ^ so

H™ a H- i s  f i n i t e .I o 1 1

P r o o f .

We may a s  w e l l  assume s t em  o f  T i s  0 .

G iven  Q any i n f i n i t e  f a m i l y  o f  s e t s  o f  c a r d i n a l i t y
A

<_ N < o> t h e r e  e x i s t s  G , | G |  <_ N, lQ  £  Q i n f i n i t e  so  t h a t
A  A A A

V  F ,F e Q (F a F ) £  G. No w  t r i m  T t o  o b t a i n  T >_ T
A

and  V s  e T 3 G g £  [kn>a)] f i n i t e  ( s  ■ ( k 0 , . . . , k n ) )  and
A

f o r  a l l  t ,  t  i m m e d i a t e l y  b e lo w  s i n  T , (Ft  a F £ ) £  Gg .
A

B u i l d  two s e q u e n c e s  o f  f i n i t e  s u b t r e e s  o f  T:
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so t h a t  [ ^ t .CF s -  G , ) ]  „  [ ^ . ( F ,  -  Gs j ]  C G 
n n

and  U  = t 1  > T f o r  i  -  0 , 1n<o) n — *

T h i s  i s  done  a s  f o l l o w s :  Suppose  we h a v e  T®, T 1 andr n n
w e ’ r e  p r e s e n t e d  w i t h  s e and a s k e d  t o  add  an i m m e d ia t e

e x t e n s i o n  o f  s t o  T ° .  Then s i n c en

/v

{Ft  - Gg : t  i m m e d i a t e l y  b e lo w  s i n  T} i s  a

f a m i l y  o f  d i s j o i n t  s e t s  and  Gt  [kn ,w] w he re  t  a

( k 0 , . . . , k  ) we c a n  f i n d  i n f i n i t e l y  many t  i m m e d i a t e l y
A

be lo w  s i n  T so  t h a t

[ ( F t -G G ] „  [ sy T , ( F s o G s ) l  -  *
n

The above  i s  a d o u b l e  f u s i o n  a r g u m e n t .

Some more d e f i n i t i o n s  f rom [ L ] :

(1) F i x  a n a t u r a l  o o - o r d e r i n g  o f  <u<al and  f o r  any  T e ^  

t r a n s f e r  i t  t o  f t :  t  9  t  e T} i n  a c a n o n i c a l
a

f a s h i o n .  T ^  T means t h e  f i r s t  n e l e m e n t s  i n  t h i s
A

o r d e r  on { t :  t  » s T * t  e T} a r e  s t i l l  i n  T.

(2) The p . o .  P  i s  t h e  u>2 i t e r a t i o n  o f  3  w i t h
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c o u n t a b l e  s u p p o r t  ( p f “a l|- up ( a )  a l l  a and

s u p p o r t  (p)  * {a : p ( a )  t  w<w} i s  c o u n t a b l e ) .

(3) Fo r  K f i n i t e  and  n < w

p jj>_ q i f f  [p > q Va e K pra ll“ "p(°0 q ( a ) " ] .

Lemma 2. L e t  f  be  a t e r m  d e n o t i n g  t h e  f i r s t  L av e r  r e a l

and  t  any  t e r m .  I f  p e IP ^p[|- " t e A ^  n  f ( n ) <

x ( n )  yy 'T i n c r e a s i n g "  t h e n  '%Za , Z l , Z0 o  Z x f i n i t e ,

5  p 0 *Pj I P  and p i ||- Mx"u» *  Z j "  f o r  i  * 0 , 1 .

P r o o f .

C o n s t r u c t  a s e q u e n c e  p <° p <° s o  t h a t—Ko n —KL n+iKo
V  K_ ■ s u p p o r t ( p _ ) . 0 e K .n<u n  n<w ^ n '  o

n

Having  g o t t e n  p l e t  s = ( k „ , . . . , k  ) be  t h e  no m
t h member

o f  { t  e Pn (0)  : t  c  t h e  s t e m  o f  Pn ( ° ) }  ( s  * Pn C°) ^ n >  

i n  L a v e r ' s  n o t a t i o n ) .

F i x  t  « (k  , . . . , k m, k „ .  ) i n  p „ ( 0 ) .  Then f o r  e a c h  o m m+ i r n
i  < m + 1

Pt  - ^ P n t o ^ t '  Pnr t l . “ 2) II- " * ( i )  I  km* i V *  C1)
m+i

Hence by a p p l y i n g  Lemma 6 o f  [ l ]  m + 2 many t i m e s  we ca n  

f i n d  q t  £ > p t  and  Ft  t k m,k n + l ] s u c h  t h a t

Ft | < Cm + 2 ) (n + 1 ) ,Knl and

q t ||- "T"U .  [ km,k m+1) C  Ft " .

(No te  p t ||- " V i  1  m + 1 T ( i )  > km+i" ) .

Let pn+iC°) a (pnC° 3 ‘ pn(0)s)V/ W ^ C 0): * immediately 
be low  s i n  Pn ( 0 ) } .
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Le t  Pn + 1  [ l>w2)  be  a t e r m  d e n o t i n g

q t r [ l f« a)  i f  q t ( 0 )

Pn f [ l » ^ 2 ) i f  Pn ( ° )  - { t :  s *  t }

nso  p v > p . r n+» K — r n
Now l e t  p be  t h e  f u s i o n  o f  t h e  s e q u e n c e  o f  p n ( s e e  

Lemma 5 [ L ] ) .

Then f o r  e ach  t  e p ( 0 )  i f  t  = < k Q »-*»km. km+ >^  t  f

s t e m  p ( 0 ) t h e n  

<r p ( 0 ) -  p r [ I , u * 2) ^ | | -  a  [ kn , k n+1) o F t " .

For t e p ( 0 ) A t $  stem p(0) l e t  Ft  -  km+1*

A p p l y i n g  Lemma 1 o b t a i n  T 0 ,Tj  p ( 0 )  z 0 »^i » Zo Zi f i n i t e

< T . - p r [ l , a ) 2J > ||- ” t"u) o  Z . "  i  * 0 , 1 . ■

P r o o f  o f  t h e  Theorem:

Suppose  M f G ^ ]  (■ "U i s  a s emi  q - p t . "

A p p l y i n g  an a rg u m e n t  o f  K u n e n ' s  we g e t  o < uj2 

U * M [ G a ] e r \ [ G a ] ,

(M[Gg] | -"CH" a l l  6  < (u2 so  c o n s t r u c t  u s i n g  w2 - c . c .

a ,  < ui, A < u). so  t h a t  V x  e M[G ] a  2^  F  d e c i d e s
X * a X+i

"x e U".  Le t  a  ■ sup  a ^ .  Note

M[Ga ] a  2 W ■ ^  2 W s i n c e  V ,  i s  n o t  c o l l a p s e d . )

By Lemma 11 [L] we may assume  U a  M e M. But  Lemma 2

c l e a r l y  i m p l i e s  t h a t  f o r  any  V u l t .  i n  M[G ] ^  "no
2

e x t e n s i o n  o f  V i s  a q - p t " .  ^
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R e m a r k s :

1) A s i m i l a r  a rg u m e n t  shows t h a t  i n  mode l  g o t t e n  by  w2 

i t e r a t i o n  o f  M a t h i a s  f o r c i n g  w i t h  c o u n t a b l e  s u p p o r t  t h e r e  

a r e  no s e m i - q - p t ' s .

2) I n  [M] M a t h i a s  shows Go -*■ (o))w) —► (no r a r e  f i l t e r s  o r  

n o n - p r i n c i p a l  u l t r a f i l t e r s ) •

3) I n  n e i t h e r  t h e  L a v e r  o r  M a t h i a s  mo de l s  a r e  t h e r e  s m a l l  

d o m in a n t  f a m i l i e s  so  by Ke t eno n  [Ke] 3  p - p t ' s .  A l s o  i t  

i s  e a s i l y  shown no u l t r a f i l t e r  i s  g e n e r a t e d  by  f e w e r  t h a n

s e t s .

C o n j e c t u r e : f l o r e l  c o n j e c t u r e  4-+ t  3  semi  q - p o i n t  i n

6 N-N.



REFERENCES

103

[C] Choque t ,  "Deux c l a s s e s  r e m a r q u a b l e s  d ' u l t r a f i l t r e s  
s u r  N . "  B u l l .  S c i .  M a t h . ,  v . 9 2  ( 1 9 6 8 ) ,
1 4 3 - 1 5 3 .

[Ke] K e t e n o n ,  J . , F u n d .  M a t h . ,  v .  C>2. ( 1 9 7 6 ) ,  91 .

[Ku l ]  Kunen,  K . , "Some P o i n t s  i n  £ N . "  Ma th .  P r o c .
Cambr idge  P h i l o s .  Soc .  (80)  1976 ,  3 8 5 - 3 9 8 .

[Ku2] Kunen,  K . , " P - p t ’ s i n  random r e a l  e x t e n s i o n s . "

[L] L a v e r ,  R . , "On t h e  c o n s i s t e n c y  o f  B o r e l ' s  c o n j e c t u r e . "  
A c t a  m a t h e m a t i c a ,  V o l .  137 ,  1976 ,  1 5 1 - 1 6 9 .

[M] M a t h i a s ,  A.R.D.  "Remark on r a r e  f i l t e r s . "  C o l l .
Math .  B o l y a i ,  I n f i n i t e  and F i n i t e  S e t s ,
N o r t h  H o l l a n d ,  1975.

[R] Ro i tm a n ,  J . ,  " P - p t s  i n  i t e r a t e d  f o r c i n g  e x t e n s i o n s . "  
( t o  a p p e a r ) .

*



PART IV.  MISCELLANEOUS

104

§ 1.  U n i v e r s a l  c l o p e n  s e t s ,  Wadge d e g r e e s ,  and  

t o -Boo lean  o p e r a t i o n s  

Given  B C x w10 d e f i n e  B * {y:  ( x , y )  e B}. B i s
A

s a i d  t o  be u n i v e r s a l  f o r  c l o p e n  s e t s  (A°) i f f

V  x Bx e Aj and  V  A e 3  x (A a Bx ) .

What i s  t h e  s i m p l e s t  B u n i v e r s a l  f o r  c l o p e n  s e t s ?  The 

r e a d e r  i s  o b l i g e d  t o  g u e s s  b e f o r e  r e a d i n g  on .  ( F o r  exam p le  

good c h o i c e s  seem l i k e :  o p e n ,  d i f f e r e n c e  o f  c l o s e d  s e t s ,

F6 ( L ° ) ,  e t c . )

The complement  o f  a s e t  u n i v e r s a l  f o r  c l o p e n  s e t s  i s  a l s o .

He re  i s  a n j  d e f i n i t i o n .  L e t  A c  w10 x ^  be  open  and

u n i v e r s a l  f o r  open  s e t s .

Cx,y]  E B i f f  V : t ( i £ A( x ) ) - z < i ( j ) ] ) A y s A ( l ) | ) 

( ( x ) ^  r e c u r s i v e  u n c o d i n g s ) .

Theorem 1.  On t h e  o t h e r  han d  no B o r e l  s e t  i s  u n i v e r s a l  f o r

c l o p e n  s e t s .

P r o o f .

Fo r  C £  (1)“* and  s z <o<UJ ( s  e F r ( C)  i f f  3  y  , z

y , z  *  s ( y  e C A z i  C ) ) .

A * {T « o ) <to: 3 x Vs  e T ( s  e F r (B  ) )  and  T c l o s e d  u n d e r“• A

s u b s e q . J .  I f  B we re  B o r e l  and u n i v e r s a l  f o r  c l o p e n  s e t s

t h e n  A wou l d  be a Ej s e t  o f  w e l l  f o u n d e d  t r e e s  o f  a r ­

b i t r a r i l y  h i g h  r a n k ,  c o n t r a d i c t i n g  t h e  b o u n d e d n e s s  

t h e o r e m .  ^
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I d o n ' t  know t h e  a n s w e r  f o r  s e t s  u n i v e r s a l  f o r  A0 s e t s~a
X < 01 < a) • H a r r i n g t o n  h a s  p r o v e d  Theorem 1  f o r  A® s e t s .

1 -S. *

S i m i l a r  q u e s t i o n s  a r e  s e t t l e d  by C.A.  Ro g e r s  [1] and 

K e c h r i s - M a r t i n  [ 2 ] .

D e f i n e :  A B f o r  A c  X, B £  Y „ X,Y t o p o l o g i c a l  s p a c e s

(Wadge [ 3 ] )  i f f  3  X -► Y c o n t i n u o u s  and  f  1 CB) * A. 

G iven  T c  2W ( t r u t h  t a b l e )  d e f i n e  t h e  w - b o o l e a n  o p e r a t i o n  

r T : (PCX) ) ' 0 P(X) f o r  any  X by

(x e r T ( ( An : n < tu)) i f f  ( n :  x e An > e T)

whe re  we i d e n t i f y  2 W w i t h  P(ui) .

Some e x am p le s  o f  w - b o o l e a n  o p e r a t i o n s  a r e  c o u n t a b l e  u n i o n ,

o p e r a t i o n  , R - o p e r a t i o n s  o f  Kolmogorov [ 5 ] ,  and t h e  B o r e l

game o p e r a t i o n s  o f  B u r g e s s  [ 6 ] .

D e f i n e  Cj,  -  {A * 2^ : 3 ( B n : n < w) e a c h  Bn c l o p e n  and

r T (Bn : n  < id) a A.

Theorem 2.  Fo r  any  T f  210 ^  * (A *  2W : A <w T ) .

P r o o f .

(*)

D e f i n e  An C 2W by a e AR i f f  a ( n )  = 1.  The An ' s  a r e

c l o p e n .  Suppose  B T v i a  c o n t i n u o u s  f u n c t i o n  f :  2W -► 240

and  B„ ■ f - 1 (A „ ) .  Then e a c h  B„ i s  c l o p e n  and n v n '  n  r
( B e  r T < Bn : n  < u >)«-->-({n: 3 e Bn > e T)-*-->({n: f  (3)  e An > e T)

^-►(f(B) e T) ( 8  £ B) , h e n c e  B e a ^ .
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(« )

L e t  (Bn : n < w) be an w s e q u e n c e  o f  c l o p e n  s e t s .  We mus t  

u s e  t h e  f o l l o w i n g  f a c t  due  t o  Wadge:

s t r a t e g y  i n  G(A,B) .  G(A,B) i s  t h e  game w he re  p l a y e r  I 

and p l a y e r  I I  a l t e r n a t i n g l y  w r i t e  down 0 o r  1 c r e a t i n g  

two maps a : w 2 and  8 : u> -*■ 2 r e s p e c t i v e l y .  On h i s  

moves p l a y e r  I I  may e l e c t  t o  p a s s  b u t  he  mus t  p l a y  

i n f i n i t e l y  o f t e n  i f  I d o e s .  P l a y e r  I I  wins  a p a r t i c u l a r  

p l a y  ( a , B )  i f f  (a s A i f f  6  e B ) .

C l a im:  I I  w in s  G ( r T (Bn : n < w ) ,  T ) .

P r o o f .

F a c t :  f o r  A,B c 2W A < B i f f  p l a y e r  I I  h a s  a w i n n i n g
’  W

I I  w a i t s  u n t i l  e i t h e r  [ctTn] BQ o r

[ a t n ]  * B0 = <j> t h e n  p l a y s  1  o r  0  

a c c o r d i n g l y .  S i n c e  B0 i s  c l o p e n  he 

w i l l  n o t  ha v e  t o  w a i t  i n d e f i n i t e l y .

I f  he  c o n t i n u e s  t o  p l a y  i n  t h i s  

f a s h i o n  he  p r o d u c e s  a p l a y  6 e 2 ^ 

so  t h a t

« c i )  e c i )

a ( n )

a e Bn i f f  B(n)  * 1 , t h u s

a e  T™, ^ B „ :  n < u j >  -<--*■ {n:  o e  B„} e T -*"* B e  T i n  n

T h i s  t h e o r e m  was p r o v e d  by m y s e l f  and  Lon Radon.  O t h e r  

s i m i l a r  q u e s t i o n s  f o r  w10 i n  p l a c e  o f  2 W and  open  i n  

p l a c e  o f  c l o p e n  a r e  a n s w e r e d  by S t e e l  [ 8 ] and  Van Wesep [ 9 ] .
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The n e x t  q u e s t i o n  I c o n s i d e r  i s  w h e t h e r  o r  n o t  t h e r e  i s  a

n a t u r a l  h i e r a r c h y  f o r  t h e  A* s u b s e t s  o f  u01. The o n l y

r e s u l t s  known a r e  n e g a t i v e ,  f o r  examp le  M o s c h o v a k i s  [ 1 0 ] .  

Note  t h a t  i f  {T} w {An : n < w} £  A* t h e n

r T (An : n < w) e A* . I n  g e n e r a l  f o r  £  £_ P ( « W) l e t  £ *

be  t h e  l e a s t  con t a in i ng  £  and i f  {T} ^  {An : n  < w} £ C *  

t h e n  -Py(An : n < w) £ ( J * .  (Note  ( ( A j ) *  * A j , ( E j ) *  = A j ) .  

Us ing  t h e  method  o f  K u n u g i e  [11]  we p r o v e :

Theorem 3.  Suppose  £  = { A : A B) w he re  B e  A * t h e n

3  C e Aj £  * c  {A: A < ^  C}.

p f

D e f i n e  U £  uu x w113 by ( x , y )  e U i f f  f y ( x )  e B.

f  : -*■ (jjw i s  t h e  c o n t i n u o u s  f u n c t i o n  Aj c o ded  by y .y - 1

Then U i s  A* , and  V a e C  J /  e = A.

D e f i n e  x » ( T , f )  i s  a  code  i f f  T £  o)<u i s  a w e l l - f o u n d e d  

no r ma l  t r e e  and f :  { s e  T: | s | ^ = 0} -► o)W.

D e f i n e  C f o r  C  e T a s  f o l l o w s :A.

I « I T * 0  t h e n  Cx = U f ( e )
| « I T > 0  t h e n  C® » r c f . 0 ( i  < u ) .

X a.
D e f i n e  P ( x , y )  i f f  "x  i s  a  code  and y e C^" .  C l e a r l y

f  * c. (A: A < P} , and  i t  i s  n o t  h a r d  t o  show t h a t  P i sv* — -w

Aj .
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§2 Wadge d e g r e e s  o f  o r b i t s

L e t  be a c o u n t a b l e  s t r u c t u r e .  D e f i n e  

[01] ■ { (oj kRn : n < w) : 0\  i s  i s o m o r p h i c  t o

CaijRn : n < t o ) } .  [01] i s  c a l l e d  t h e  o r b i t  o f  OT . S c o t t ' s

Theorem [15] s a y s  t h a t  f o r  any 01 c o u n t a b l e  [ c f ]  i s

B o r e l .  R e c a l l  <5 t h e  m e t r i c  d e f i n e d  i n  P a r t  I I .  Fo r

any a e A l e t  C l ( n , a )  * {b e A: S ( a , b )  £  n>.  01 h a s

f i n i t e  v a l e n c y  ( 1 1 4 ] )  i f f  f o r  any  a e A and  n < w 

0 1  ( n ,  a)  i s  f i n i t e .
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Theorem 4 .  For e v e r y  01 f i n i t e  v a l e n c y , c o u n t a b l e

[ O t ]  e n ;

P r o o f .

For a  e A l e t

Pa (v )  * nS‘u [ 3 j c i > - " x j e * Cv , x 1 , . . . x j ) A
a n n

^ 3  . . x .  ^  y ( 0 n ( v , x 1 , . . . x ,  ) A S ( v , y )  < n ^  v t y  ^
n n

^  x i  t y )  ] where 01 ( a ,  n) = { a , b 1 , . . . b .  } and
n0 ( a , b j , . . . b .  ) i s  th e  c o n j u n c t i o n  o f  a l l  a tom ic  s e n t e n c e s  

 ̂n
and n e g a t i o n s  o f  a tom ic  s e n t e n c e s  i n v o l v i n g  a , b j , . . . , b .

Jn
and some Rm f o r  m < n or e q u a l i t y .

Lemma 1. V #  c o u n t a b l e  (no t  n e c e s s a r i l y  o f  f i n i t e  v a l e n c y )

y  b  e  I X ?  P a ( b )  - * •  0 ? ( w , a )  =  ( « , b ) .
P r o o f .

C l e a r l y  1£ |* P_( b)  i m p l i e s  t h e r e  are  i som orphism s' a
m<n e a c h  s e n d i n g  a  t o  b .

*

D e f i n e  a  b a c k  and  f o r t h  p r o p e r t y  ^  b y :

( ( a , 5") e ^ 4-* i n f i n i t e l y  many n t E") •

( a , b )  e ^  so  ^  i s  n o t  empty.  Suppose ( a , F )  e ^ ^
c e C t(o> ,a ) .  Choose N < w so  t h a t  O f(N ,a)  c o n t a i n s

( a ; c )  , th en  s i n c e  | ( N , a ) | , | #  ( N, b ) |  are  f i n i t e

3 d  e | / f ( N , b ) |  su ch  t h a t  i n f i n i t e l y  many o f  th e  Fn 

s e n d i n g  a i n t o  S’ send c i n t o  d.  (Same argument f o r  

o t h e r  d i r e c t i o n  o f  t h e  back and f o r t h . )  £
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Choose an f o r  n < N <_ w so  t h a t  a component

(m ax im al ly  c o n n e c t e d )  o f  Of , ?  n < N £ - 01 ( w, an ) .

D e f in e  g: N -► oi + 1 t g (n )  ** number o f  components o f  <77 

i so m o r p h ic  t o  0*>,an ) .

Let 0 ( v , w)  = ^Jkw(S(v,a)) > n.

L e t  * - ( Y x  m£ (n)  3  x „ , . .  . x . f *  9 C*i , x } ) A

 xgCn) jfi<gCnf txi'xj3 *
n n<N i f j

i i g ( n ) P a n ^ x i ^  *

S i n c e  9 i s  H° and  P (v)  i s  11° we hav e  t h a t  ^ i s  
- 1 a  - 2

IT,0 . Theorem 4 - **

We show t h i s  i s  b e s t  p o s s i b l e :

Theorem 5.  I f  Q\  a (w,R) R *  w2 i s  t h e  g r a p h  o f  t h e  1 -1  

f u n c t i o n  whose  compo nen t s  c o n s i s t  o f  i n f i n i t e l y  many c o p i e s  

o f  (w,Sc)  and  i n f i n i t e l y  many c o p i e s  o f  ( Z ,S c )

( S c ( x )  -  x + 1) t h e n  [01] 4
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t  hP l a y  t h e  f o l l o w i n g  game o f  S o l i t a r y :  On t h e  n move you
t  ha r e  p r e s e n t e d  w i t h  t h e  n row o f  z e r o ' s  and  o n e ' s  ( s e e m i n g l y

a t  random) i n  w columns  m < u . You ( e v e n t u a l l y  t o

w r i t e  down a s t r u c t u r e  * w , R >  R w r i t e  down an

e x t e n s i o n  Ol  o f  Ol  .  C 07  w i t h  u n i v e r s e  c o n t a i n e d  i nn n - 4  — n
ui. Le t  O t  = I n  o r d e r  t o  w in  t h i s  game you  mus t

a r r a n g e  t h a t  t h e  u n i v e r s e  o f  O l  i s  a) and  e i t h e r

0 ]  = OJ Q c o p i e s  o f  V o j j S c ^

o r

0 |  =  Of l =  l  - copy o f  < 2 , S c >  + O 7 0 .

I n  a d d i t i o n  you  mus t  g u a r a n t e e :

0 \  = 0 7 ,  i f f  (one  o f  t h e  co lumns  h a s

i n f i n i t e l y  many o n e ' s  i n  i t . )

I t  m i g h t  be e a s i e r  f o r  t h e  r e a d e r  t o  f i n d  h i s  o r  h e r  own 

a r g u m e n t .  Any f i n i t e  s t r u c t u r e  i s o m o r p h i c  t o  < ' n , S c >  

n < a w i l l  be  c a l l e d  a s t r i n g .  He re  i s  a r o u g h  d e s c r i p t i o n  

o f  a w i n n i n g  s t r a t e g y :
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A f t e r  n moves o f  t h e  game,  w i l l  c o n s i s t  o f  f i n i t e l y
ft  A

many s t r i n g s  l a b e l e d  C0 ^Cm and  t h e  r e s t  o f  t h e

s t r i n g s  w i l l  a l l  be  l a b e l e d  G ( f o r  g a r b a g e ) .  The f i r s t

t h i n g  we do i s  p u s h  e a c h  s t r i n g  f o r w a r d ,  i . e .  g i v e n :
1 2  3 1 2  3 *♦
0 -*• 0 -*■ 0 we add  a n o t h e r  e l e m e n t  mak ing  0 -+■ 0 -*■ 0 0,

and we a l s o  c r e a t e  a new s t r i n g  0 —* 0 and  l a b e l  i t  G.
thNext  we l o o k  t o  s e e  i f  a 1 a p e a r s  i n  t h e  n row i n  any 

co lumn .  I f  none  a p p e a r s  w e ' r e  done  w i t h  t h i s  move.

O t h e r w i s e  l e t  k < u> be t h e  l e a s t  k w i t h  1 a p p e a r i n gO
t  h t  hi n  t h e  k co lumn and  n row.  We move t h e  s t r i n g

1 2  3
l a b e l e d  C, b a c k :  i . e .  C, = 0 -*• 0 -► 0 becomesK o Ko
W I  2  3 A
0 -*■ 0 0 -*• 0 .  And we t a k e  a l l  s t r i n g s  l a b e l e d  f o r

k > k Q and r e l a b e l  them G ( i n j u r e d  p r i o r i t i e s ) .  T h i s  i s

a w i n n i n g  s t r a t e g y  b e c a u s e  i f  none o f  t h e  co lumns  have  

i n f i n i n t e l v  many o n e ' s  i n  t h e m , t h e n  no copy  o f  ^ Z , S c >  i s  

e v e r  m a d e . So Oi = G l0 .

I f  k Q i s  t h e  l e a s t  k su c h  t h a t  h a s  i n f i n i n t e l y  many

o n e ' s  i n  i t  t h e n  a t  some s t a g e  n Q < w none  o f  t h e  columns

f o r  k < k Q e v e r  g e t  a one i n  t hem.  A f t e r  t h i s  p o i n t
A

t h e  s t r i n g  l a b e l e d  i s  made i n t o  ^ Z . S c ' *  and  e a c h
/A

C. makes i n t o  < ui ,Sc > f o r  k < k a s  do t h i n g s  i n  G.K 0
So <31 « 0 1 , .  ■

I f  H e 11° t h e n  3 C; -  p (“ ) c o n t i n u o u s  so  t h a t

x ( x  e H C(x)  i n f i n i t e ) .  Hence  f o r  any  G c £° 

^  < Gn : n < u)> c o n t .  so  t h a t  (x e G -*-*■ 3 n Gn (x) 

i n f i n i t e ) .
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Le t  ^  be  any  n 0 s e t  G„ e 2 “ and neto n 1 -<* n -  s
G ^  G y  G . . .

o — 1 — 2

Then u s i n g  above  game we ha v e  maps f n : 2W -+■ 2U)Xt*J c o n t i n u o u s

so  t h a t  (x e V * " ' ' ( f n ^  ~ * ^ 7 0)* So e a s i l Y
, . . -<*) _(jJ Xu) \Jwe ha v e  a c o n t i n u o u s  map g :  2 -*-2 v x

(x e Gn )«--»-(g(x) * 07),  showing  [OJ] i s  c o m p l e t e  11°. ^

Remark : Given  < ' v , E >  a c o u n t a b l e  g r a p h

(E £  [ v ] 2 = { { a , b }  C_ v :  a ■* b})  d e f i n e  01 v«E ,e  ^  by 

(a e b )■*•-*■ (a e V A b e E A b = { a 0 , a x } A (a  = a flV a = a ^ ) .

Then £ on t h e  u n i v e r s e  o f  <H i s  a r e l a t i o n  w i t h  d i s j o i n t

domain  and  r a n g e  (h en c e  a p a r t i a l  o r d e r ) . F u r t h e r m o r e  

o j ( Th ( J 7 ) )  * w ( T h< v , E > ) .  Theorem 4 shows t h a t  07 ha s
c< \  o r  2 * n o n - i s o m o r p h i c  s u b s t r u c t u r e s .  The p r o o f  i s  

— *
as  f o l l o w s .

Case  1.  T h e r e  a r e  i n f i n i t e l y  many x e V o f  i n f i n i t e

v a l e n c y  ( | ( y *  xEy} | =* ) . B u i l d  a d i s t i n c t  s e q u e n c e
*

x e V, c  V i n f i n i t e  f o r  n < w so  t h a t  n n —

V  n Vy e Yn ^ xn , y  ̂ e anc* V n  ^ m (YQ * Ym = <j>) . Looki ng  

a t  s u b s t r u c t u r e s  o f  07 a l l o w s  u s  i n  e f f e c t  n o t  o n l y  t o  

d r o p  o u t  v e r t i c e s  ( e l e m e n t s  o f  v)  b u t  a l s o  e d g e s  ( e l e m e n t s  

o f  E ) . Hence we may " d r o p "  a l l  e d g e s  e x c e p t  t h o s e  

c o n n e c t i n g  e a c h  xn t o  t h e  e l e m e n t s  o f  Yn and  e a s i l y  

show 01 h a s  2 0 n o n - i s o m o r p h i c  s u b s t r u c t u r e s .
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Case  2 .  T h e r e  a r e  o n l y  f i n i t e l y  many x e v o f  i n f i n i t e

v a l e n c y .  By an e a s y  g e n e r a l i z a t i o n  o f  Theorem 4 t h e

o r b i t  o f  e v e r y  s u b s t r u c t u r e  o f  0 \  i s  II®, he n ce  we c o n c l u d e

t h a t  t h e  c l a s s  o f  s u b s t r u c t u r e s  o f  C\ ( n o t e  t h a t  i t  i s

PCfL^ w) )  obeys  V a u g h t ' s  c o n j e c t u r e .

Next  we c h a r a c t e r i z e  t h e  Wadge d e g r e e s  o f  w e l l  

o r d e r i n g s .

Theorem 6 .  I f  S =  ̂ + m whe re  A i s  a l i m i t  o r d i n a l  and
s  sm < w and  y = to *n + 5 w he re  n < w and 5 < w , t h e n

i f  n * 1 t h e n  [ ( Y , < ) ]  i s  ^ x + 2 m+i p r o p e r l y  and i f

n > 1 t h e n  i s  2 - n [ + zm fl p r o p e r l y .

P r o o f .

The c o m p u t a t i o n  o f  t h e  u p p e r  bound  on t h e  c o m p l e x i t y  w i l l  

be l e f t  t o  t h e  r e a d e r .  Now we show t h a t  t h e  o r b i t s  a r e  

p r o p e r l y  o f  t h e  g i v e n  c o m p l e x i t y .

D e f i n e  Ol =a $  i f f  01 and  #  model  t h e  same

s e n t e n c e s . o i  s ,  a  i s  d e f i n e d  s i m i l a r l y .

Lemma 2 .  I f  fj * A + n w he re  A i s  a  l i m i t  o r d i n a l  and
B B

n < a), t h e n  (oj ,<)  f.x + 2 1 1 ^  <s»<) ^o r  any 6 > 0.



P r o o f .

T h i s  i s  e s s e n t i a l l y  wha t  E h r e n f e u c h t  shows i n  Theorem 12 

o f  [ 1 2 ] ,  e x c e p t  he does  n o t  go i n t o  t r a n s f i n i t e  l e v e l s ,  

and  i n  h i s  game Hn , p l a y e r  I g e t s  t o  c h o o s e  w h i ch  mode l  he
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w a n t s  t o  p l a y  i n  e a c h  t u r n .

I n s t e a d  we s h o u l d  p l a y  t h e  f o l l o w i n g  game Ka ( a f , V ) .
s t

P l a y e r  I b e g i n s  by p i c k i n g  Ol o r  on h i s  1 move and

p l a y i n g  a  f i n i t e  s e q u e n c e  f rom t h e  model  he  p i c k s * f r o m  t h e n  

on he  mu s t  a l t e r n a t e  b e t w e e n  CH and / y  , on e a c h Ahe  p l a y s  

an o r d i n a l  w i t h  Sn+1 < The game i s  o v e r  when

I p l a y s  z e r o .

I t  c a n  be  shown t h a t  i f  P l a y e r  I I  ha s  w i n n i n g  s t r a t e g y  i n  

K t h e n  (?t =a fr> • g

g

Now c o n s i d e r  B > 0,  0 < n < m , 6 < w , g  = A + m .  By

t h e  Lemma

< u > 6 + 6 , < >  x ^ 2in<"“ e- n  ♦ *  S ,  < >

« .
t h u s  f o r  any , s e n t e n c e  0 :! *-A + 2m+ 1

* i f  Of0 j* 0  t h e n  01% |= e

** i f  0 \x |= & t h e n  <*12 |- 6

t h u s  [<oie + 6 ,<>]  i s  n o t  Ej+2m+i by *

Suppose

n + 6 ,<>]  we re  c o ( 2  -

t h e n  [i'ua® n + 6 ,<>]  wou ld  be u n i o n  o f  a n x+2m+i and

h e n c e  would  be fl®. „ c o n t r a d i c t i n g  * o r~A+Zm+1 A+2 m+i
c o n t r a d i c t i n g  ** .  M*-A+2m+i
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Lemma 3.  I f  t h e n  o r b i t  o f  C l i s  n o t

E0 . , and  o r b i t  o f  $£  i s  n o t  H° , .  Now we g i v e  some„ a + 1 ~ ct + 1 °

e x a m p le s  o f  o t h e r  o r b i t s .

D e f i n e  i , j <_ w O t . x /  p - s t r u c t u r e s  t h e n  i*  01 + j • /t*

i s  t h e  f o l l o w i n g  p  o {'v-} s t r u c t u r e .

I i* <*\ + j  • I?  ] » i  c o p i e s  o f  | 01 | v j  c o p i e s  o f  |*i* |

x ^  y i f f  x t y a r e  i n  same copy  o f  | Of | o r  | #  |

Rx i f f  x a r e  i n  same copy  o f  |0? | o r  | £ ? |  and  Rx 

h o l d s  t h e r e .

Lemma 4 .  I f  t h e n  i  • Of + go • Xt* ^ + i ( i  + l ) * 0 7 + u ) * X r '

P r o o f .

Easy  p l a y i n g  game.

Lemma 5.  I f  [& fjt a —2 t h e n  oi • t ?  i s  II £ y\

1*01 + i s  2 - n “ .

P r o o f .

0 A S c o t t  s e n t  f o r  C lo
9 x S c o t t  s e n t  f o r

Fo r  any  x, i^ ,  t h e  f o r m u l a  o b t a i n e d  by r e l a t i v i z i n g

t h e  q u a n t i f i e r  o f  ip t o  ( y :  y  ^  x } .

L e t  i(< 0 -  ( a)  r̂ V x (R J  -  * j ) A

(b) 'v e q u i v a l e n c e  r e l a t i o n

(c) ^ ‘4 x 1>...xn $ } (xi * Xj) A
(d) V x  e*.
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i s  a  S c o t t  s e n t e n c e  f o r  1?.

Le t  = (a)  (b) A

(e)  V  x ( 0 *  * 9* )  a

( f )  \ /  x , y  x i> y — (0* a 9^)  a

fe)  3 x 8* .

<p i s  2-H^ S c o t t  s e n t e n c e  f o r  i • 01 + 0

i f  < n ,iJ  p - s t r u c t u r e s  L,L* l i n e a r  o r d e r s ,  t h e n  d e f i n e

0 \» L  + / / •  L* t h e  p  *j {<_}- s t r u c t u r e  as  f o l l o w s .

Le t  Ol ^ , X?k he  c o p i e s  o f  Ol , f J  f o r  e a c h  I  e L, k e  L'

1 4 M - . t f . f i  =  . u . i m , !
x <_ y i f f  [ 3 £ 3 k ( x , y  c CrJ o r  ( x , y  e k ) o r

C x e 0 1 ] l A y e ^ > k ) o r  i  k / \  x e ^ ^ y  £ ^ I  k ) o r  

( I  < k A x e

Rx -*--*• [x i n  one copy  o f  <n o r  and Rx h o l d s

t h e r e ] .

Lemma 6.  I f  °r t * *  t h e n  #  -n + 0 /  *n â + 2 ^ * T + <r >Cl+n ) .  

P r o o f .

Easy  u s i n g  g a m e s - - t h e  e x t r a  c o p i e s  o f  (T\ on l e f t  c o r r e s ­

pond  t o  some O] s e n  on l e f t .  ^

Lemma 7 (a  > 2 ) .  I f  C W  * s i

f t - n  ♦  O T U + r O j  *  +

t h e n



119

P r o o f .

D e f i n e  x ~  y i f f  x < y < x ,  Le t

9 S c o t t  s e n t e n c e  f o r  01 and3
0 j S c o t t  s e n t e n c e  f o r  . Then t h e  c o n j u n c t i o n  o f

(a)  < _ ha s  o r d e r  t y p e  n

(b) RfpRx -* ■>. Xj
(c)  \ / x  Vy(0Q * 0^ -* X > y)

(d) V x ( 0 ?  v 6*)

(e) 3  x 0 * * V y < x 0^

i s  a E0 . ,  S c o t t  s e n t e n c e  f o r  tf* r \  + d | ' ( l + n )  . ■
-w Ot

Theorem 7.  Fo r  e a c h  «i , 0 < cx < t h e r e  a r e  o r b i t s  w h i ch

a r e  p r o p e r l y :

n° 2 - n ? , n° , 2 - H ° , and z® .~i * - 1 ’ ~a ~ a +I - a  + 2

P r o o f .

The o r d i n a l s  g i v e  e xa m ple s  o f  n j +2n+1 -j 2_5x + 2n+i  

o r b i t s  f o r  (X > 0 l i m i t  0 n < <u) o r

(X = 0 ^ 1 < ^ n <  uj). Fo r  X a l i m i t  t  a f c h o o s e  a n f  w^.

I t  i s  e a s y  t o  s e e  t h a t  t h e  o r b i t

[^<*) \<fp>] w he re  p * ^a n : n < n \  an<* n o t  -X

Now l e t  0 \  * <" w*+ n , <y \  + zn  * **^+n*2 , « ^ ■ Xt* .

By Lemma 4 ( w  ' ^  + 2n+1^* ^  + x + 2n+i® * ^  + u *
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S i n c e  ha v e  A® o r b i t s  by Lemma 5-A+2n+2 '

i s  + and  + “  2 -5"  + 2n*2-
They a r e  p r o p e r l y  so  by Lemma 2.

Thus we hav e  e x a m p le s  o f  p r o p e r  n 0 2- n®,  a > 3 o r b i t s .
~a ~a t h a t

In  f a c t  V  « , 2 < a  < Jfj we have  s t r u c t u r e s  01 s u c h /

o r b ( 0 1 ) ,  o r b f l ? )  a r e  A®, 2 . By Lemma 6"* oc *

*?«n + T̂*n ^+2̂ >*r> + ^ td +n).
Hence bv Lemma 3 + 0 1 (1+n)  i s  n o t  n®^ .v  ̂ ~a + 3

By Lemma 7 *n + 0 1 ( l + n ) ]  i s  £ a + 3 *

Now l e t  <31, *> be  t h e  f o l l o w i n g  s t r u c t u r e s  i n  one r e l a t i o n  

symbol

'v* e q u i v a l e n c e  r e l a t i o n  one  e q u i v a l e n c e  c l a s s .

'v e q u i v a l e n c e  r e l a t i o n  two e q u i v a l e n c e  c l a s s e s ,  one o f

w h i c h  h a s  s i z e  1.

I t  i s  e a s y  t o  s e e  t h a t  [Of] i s  n ®,

^  I * ' ]  i s  2 - n J .

S i n c e  <jt e . * ?  we ha ve  [Z/*n  + O t ( l + n ) ]  i s  E®.

Now l e t  01 35 < ^ , S c  > t * * Z  + £ , S «  > ,

t h e n  Of i s  IT® "%& i s  2 - n®,  and  Of 4  so  by<v* -v 2 J

above  *n + £M ( l +n)  i s  Z®.

T h i s  g i v e s  e x am p le s  o f  a l l  o r b i t s  p r o m i s e d  e x c e p t  f o r

E? , X l i m i t  X > 0 ;  w h i c h  we now p r o v i d e :  ( k ee p  i n  mind
~A+ t o  0 ) .
t h e  s t r u c u t r e  ^ Q » c n ,< > whe re  a r e  s t r i c t l y  i n c r e a s i n g /

Suppose  we ha ve  p - s t r u c t u r e s  ^ 7 n » ant  ̂ t h e n  JU i s  t h e

f o l l o w i n g  p o  { < J - s t r u c t u r e .
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| # |  * { ( r . a V  r  e ($ , a e | <rl n l i f  r  “ c n ^o r  some n < 00

a e | 01 | o t h e r w i s e } .

>)•»--*■ ( r  £  s ) .

Rx r  x = 4< t , a  > , < r  , a 2> , . .  . , < r * a n» > and

R a l ( . . . , a  h o l d s  i n  a p p r o p r i a t e  s t r u c t u r e ) .

£ ? =  ^  - { ^ 0 , a > :  a  e | 01 | } .

Lemma 8.  Suppose  a n f  \  (Tf^ ( f t  t h e n  x + i ^
n

P r o o f .

Easy  u s i n g  game c r i t e r i o n .

Lemma 9.  O r b i t  o f  ^  Zj  + 2 .

P r o o f .

J u s t  w r i t e  i t  a l l  down.

N o t e :  I f  t h e n  (w ,<) ^  (tu ,<)
n

T h i s  c o n c l u d e s  p r o o f  o f  Theorem 7. ^

Remark : An i m m e d ia t e  c o r o l l a r y  o f  D. M i l l e r ' s  i n v a r i a n t

d i f f e r e n c e  h i e r a r c h y  t h e o r e m  [13]  i s  t h a t  i f

[01]  e A° t h e n  t h e r e  a r e  i n v a r i a n t  n° s e t s  A L | J  ~a+ 1 - a
and  B .. so  t h a t  [01]  -  A a «B.  A l s o  a

t h e o r e m  o f  Vaugh t  [19]  s a y s  t h a t  a s e t  B i s  i n v a r i a n t

i f f  B i s  t h e  s e t  o f  c o u n t a b l e  mode l s  o f  some 11° s e n t e n c e~a
o f  L . Thus i f  [ 01 ] where  6  i s  an  i n v a r i a n tIL 10) '  —
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2° s e t  t h e n  [<31 ] <■ B* c  B whe re  B' i s  an  i n v a r i a n t  

n® s e t  some n < <d. The f o l l o w i n g  d i a g r a m  summ er i ze s  

t h e  c o n t e n t  o f  t h e s e  r e m a r k s  and  Theorems 7 and  8.  The o n l y  

open  q u e s t i o n  i s :  Are  t h e r e  any  + 1 o r b i t s  f o r  X > 0

a l i m i t ?

Y e s  IT
~  i Vx No

Yes n ®

2 - n  ° Yes

No

2-K® Yes

Yes n°j Yes

Yes n°

Yes n°Arf(jJ + I

Yes n® ,mlO + 2

2 - n °  No-to

2-n® Yes **0) + 1

2-n® , Yes~U) + 2

2® No—ijj

E® ? «(*> + 1

E0 Yesy*0) + 2

I n  [13]  D. M i l l e r  p r o v e s  t h a t  i n  t h e  t o p o l o g y  g e n e r a t e d  

by f i r s t  o r d e r  f o r m u l a s  t h e r e  a r e  no E® o r b i t s .  Next* jw 2

we show i n  t h e  t o p o l o g y  t h a t  s u c h  o r b i t s  a r e

i m p o s s i b l e .
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Theorem 8 .  P r o p e r  E° o r b i t s  a r e  i m p o s s i b l e .

P r o o f .

Su ppo se  11 A| ] ■ , IT c o u n t a b l e  s i m i l a r i t y

t y p e  c o n t a i n i n g  o n l y  r e l a t i o n  s y m b o l s .  Suppose

9* a 3x„ . .  . . #x , ^  >P„(x , .  . . , x )o w o * * n -1 m<uj r mv o ’ ’ n - i
— s t

w he re  4i„(x)  n 0 f o r m u l a  o f  1 o r d e r  l o g i c .Tmv J i °
Suppose

“ tfl —  £ > M 0 ) .

Lemma 10.  &t i s  o > - s a t u r a t e d  ( i n  f a c t  TU ( OX) i s  

>£o - c a t e g o r i z e d )  .

P r o o f .

0 \  i s  w e a k l y  s a t u r a t e d .  To s e e  t h i s  l e t  E be a t y p e

c o n s i s t e n t  w i t h  1 ^ ( 0 1 ) .  Le t  i }  ^  ° 1 be c o u n t a b l e

r e a l i z i n g  E. S i n c e  ^  Q -  01 . So 0 \ i s  w e a k l y  

s a t u r a t e d .  Thus 7** ( <n ) h a s  o n l y  c o u n t a b l y  many n - t y p e s

e a c h  n .  So t h e r e  e x i s t s  c o u n t a b l e  oj- s a t u r a t e d

model  o f  S i n c e  01 4  |= 0 Q so

#  -  <y\. ■

D e f i n e  0 ( x o , .  . .  , x n _ x) * t x i  *  x j^

^  ^  ili ( x ^ ,  .. .̂) wheref e n !  m<<*rmv f ( o ) ’ '  $ ( n - i ) '

n!  i s  t h e  s y m m e t r i c  g r o u p  on n .

Thus 0 ^  * (x  e [A]n : 01 |" 9 ( x ) }  p a r t i t i o n s  t h e  n - e l e m e n t  

s u b s e t  o f  A ( [ A ] n ) .



By R a m s e y ' s  t h e o r e m  ^  v o  A i n f .  so  t h a t

[ v ] n «  9a  o r  [ v ] n ±  [A]n - B*1 (= 9 ^  ) .

I f  t h e  f i r s t  h a p p e n s  t h e n  we h a v e  < v , E > | =  V  x 0 (x)  and 

h e n c e  by * \ / x  9 (x)  i s  a n J S c o t t  s e n t e n c e  f o r  < T 7 .

So we assume  [ v ] n ^  9**.

Choose  B e  Q01 and  t h r o w  o u t  o f  v any p a r t  o f  B.

By r e p e a t e d l y  a p p l y i n g  R a m s e y ' s  t h e o r e m  we o b t a i n  v «  v  

i n f i n i t e  so  t h a t

V f  B e i t h e r  (a)  V g  e [ v ] n ^ F ^ F w G e 9 ^

o r  (b) V  G e [ v ] n ~K F H F v G 4 9

Choose  F c  B o f  m in i m a l  c a r d i n a l i t y  so  t h a t  ( a )  h a p p e n s  

( i t  a l w a y s  e x i s t s  s i n c e  F = B w i l l  d o ) .

L e t  F -  A , II A„ II * n .0 1 11 0 11 0
Note  by *  < A# V  v , I T > ~  O f so  we assume A ^ U  v = A.

Lemma 11.  V B  e [A]n °[B = A0 V C  e [A-B]n ' n °

B ^  C e 9*1 ] .

P r o o f .

■+ By d e f i n i t i o n  o f  A .1 o
«- Suppose  B f  A.  Choose  C e [A - (B » Afl) ] n n ° .

S i n c e  B *  Aq £  Aq h a s  s m a l l e r  c a r d i n a l i t y  (b)  h a p p e n s ,  

and  h e n c e  B U C *
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Lemma 12 .  V b £  v i n f i n i t e  t h e r e  i s  an  i s o m o r p h i s m

F: O  v  A -*■ < V * A * 01 w h i ch  s e n d s  A„ i n t o  A. .a ’ o o o
P r o o f .

The f a c t  t h a t  t h e r e  i s  an  i s o m o r p h i s m  f o l l o w s  f rom *

t h a t  i t  s e n d s  A i n t o  A i s  i m m e d ia t e  f rom Lemma 11.  1
0 0

R e c a l l

9 ®  > ^  t  x, f*J, B̂ * . C f ( x ) ) .
T h i s  i s  e q u i v a l e n t  t o

râ ( « X i  f  Xj <• *nt k<* <^( f (x )) .  -  M

D e f i n e  V k  < w

x i  <* x j  * ^ k ( i ^ j x i  ^ x j * ° . ® >
<n0 <n

5 k ^ Tk t x ) - 
Thus e a c h  T]c Tr! f o r m u l a  and

** V  (11*11 -  j f 0 ( -  J x e  [B]n ° 2^1= T ( X) ) )

V  X e  [ A ] n ° ( <T1 I* T ( X )  < -  X = A 0 ) .

Lemma 13.  3  N < id  (N >_ 3 n 0) V  H e [A]N t h e r e  i s  a t  

m os t  one  B e [H]n ° s u c h  t h a t  < H ,E> |=  t n (B)

P r o o f .

L e t  T be  t h e  f o l l o w i n g  t h e o r y :

( a ) J x 0 |  ^xk ^  x i  f  x .  f o r  k < u>;
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(b)  Tk ( { b 0 , . . . , bn o _ l J)  f o r  k < id;

(c) *]<({<> cn0"lJ) £or k < w  ̂ and

Cd><b. h n . - i 1 * ( c »
T h i s  t h e o r y  mus t  be  i n c o n s i s t e n t  t h u s  

^  N < a) a s  r e q u i r e d .  ^

D e f i n e  a . F  e A , a ^ F i f f  V  i , j ( a ^  * a j  b^  = b^)

A * {4>Cx): d> i s  q u a n t i f i e r  f r e e  f o r m u l a  w i t h  p a r a m e t e r s

f rom Afl}.

0 7 * ( t h a tLemma 14.  V i s  a  A - i n d i s c  s e t  o v e r  AQ i n  

i s  >/ 9 e A >/ F , a  e V111 

a 'v F  -*■ ( 9 ( a )  9 ( F ) )

P r o o f .

C o n s i d e r  ) ■ T f o r  any l i n e a r  o r d e r

< X,< > , || X|t ■ . Th e re  e x i s t s  p  j= T  ̂ X c  \j& \

| | t f | |  ■ X* , < X , < >  < - i n d i s c e r n i b l e  o v e r  1? .

Let U ■ <'?^.>ba>aEA,' by * ’ = 01 il is clear that

{V a eA„ * A"-
L e t  ^  X <  > hav e  o r d e r  t y p e  oj + to.

X( ■ {b^:  i  < id  + <o} .

C l a i m : V9  e A V  i t < i 2 < . . .  < i m < k < * 3 2

<  • • • < m2

e ( b . , . . . b .  , b . , b . , b .  b,  ) «--*■ 0 (F~ ,  b »»bv»l>T}\  mj 1 1 »■ • • l m2 t
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P r o o f .

Suppose not and define

P C * )  ~  [ ^ , *  * »  -  i ^ , *  * b i  -  k * x  * b u t k ]

* C * , y )  * - [ 0 ( b t, . . , b ra . . . x . y . b ^ ,  . bu + J n 2 . l ) ) A  p ( x ) A
1

p ( y )  a  x  * y)  •
Le t  B, ■ { b . :  i  < ui + (m - 1 ) }  by Lemma 12,0 1 2 /

;1? “ i 'B y  A 0"t s e n d i n g  i n t o  A .r* o 0 0 0
But  by i n d i s c e r n i b i l i t y  

< * i'ci),* > \ c o n t r a d i c t i n g  <**-s a t u r a t i o n  o f  .

o r  =: ,< > )  p r o v e s  C l a im .

D e f i n e  P C Sm by— m 1
o e P «--*• V® £ A V  x . < x < . . . < xm e Xv i m

[ 9 ( * , . * 2  V  ~  e ( * o ( i ) ' x o ( ! )  Xa ( m ) ) J -

(<j , t e P -*• a # t  e P) and  P c o n t a i n s  a l l  2 - c y c l e s

o f  t h e  fo rm ( i , i + l )  by C l a i m .  But  t h e s e  g e n e r a t e  m!

so P = m!

Now s i n c e  < AQ O  <57 t h e  lemma f o l l o w s .  ^

A
Lemma 15.  Le t  Q be  any  b i j e c t i o n  o f  V i n t o  i t s e l f .

Then t h e  map Fq d e f i n e d  on Afl V/ V by  t h e  i d e n t i t y  on
i AA and  Q on V i s  an a u t o m o r p h i s m  o f  < Afl V/ V,R>.

P r o o f .

T h i s  i s  i m m e d ia t e  f r om Lemma l* f .  0
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Lemma 16.  (F o r  N i n  c l a i m  4) V  H e  [A]^

V b e [H]n ° (< H,K> K tn ( B ) " « -  B = Ao)

P r o o f .

(«-) i s  o b v i o u s  s i n c e  <57 h ,,TN(A#) M and tn i s  TTj .

(-►) I f  B ^ s u p p o s e  c  H,K> |=mtn (B)' . ' . L e t  C * B - Aq .

Le t  D e [H - (Afl *-» B ) ] ^ ^ .  D e f i n e  Q: V -** V so  t h a t

Q e x c h a n g e s  C and D and  i s  t h e  i d e n t i t y  e v e r y w h e r e

e l s e .  By lemma 15 Fg i s  an  a u t o m o r p h i s m  o f  CT\ , and

s i n c e  F~ maps H i n t o  H i t  i s  an a u to m o r p h i s m  o f  H.
41

Hence we ha ve  t^ ( F q (B) ) '*t F g ( B )  /  B c o n t r a d i c t i n g

Lemma 13.  | |

To p r o v e  t h e  t h e o r e m  j u s t  n o t e  t h a t  s e n t e n c e

3  H £ [A]N J b  £ [H]n ° 'VH,E>[= t n (B)"  t o g e t h e r  w i t h  t h e

s e n t e n c e  :

V h £ [A]N V b e [H]n " (  <H,1T>!- t n CB)") t (B)

i s  a S c o t t  s e n t e n c e  f o r  0? . Theorem 8 0

I t  a l s o  i s  n o t  h a r d  t o  show t h a t  ^  f  s [<’w » f >] £

i m p l i e s  [<cj , f>]  e  A0 . But  t h e  mos t  g e n e r a l  s t a t e m e n t~ 2
r e m a i n s  o p e n .

i a
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§3.  R e d u c t i o n  o f  V a u g h t ' s C o n j e c t u r e  t o  II ® 

s e n t e n c e s  i n  one b i n a r y  r e l a t i o n

Theorem 9.  3  a map : o -*■ a*  ( e f f e c t i v e )  f rom f i r s t

o r d e r  s e n t e n c e s  t o  H® s e n t e n c e s  i n  one  b i n a r y  r e l a t i o n  

su c h  t h a t  k >_ w <(cr) = <(cr*) ( < ( ^ )  * number  o f  n o n ­

i s o m o r p h i c  mode l s  o f  ^ o f  s i z e  k) . U s in g  same p r o c e d u r e  

i t  i s  e a s i l y  shown t h a t  V a u g h t ' s  c o n j e c t u r e  f o r  s e n t e n c e s

o f  L r e d u c e s  t o  IT® s e n t e n c e s  i n  one b i n a r v  r e l a t i o n .
w i cj ~ 2

D e s c r i p t i o n  o f  map:

F i r s t  r e p l a c e  o by one h a v i n g  o n l y  r e l a t i o n  s y m b o l s .

Next  r e d u c e  a t o  It® a s  f o l l o w s :  f o r  e ach  s u b f o r m u l a

o f  o add a r e l a t i o n  symbol  and  add  axioms

v  * C R- , 9 0 0 t3f)  ~  ■»R e C x )

V x ( R 3 ‘ 9x f y , x )  ~  3y Re ( y , &  308

V  x ( R0 ( ? ) . * ( x ) ( x ) ~  R6 ( 7 ) x  * r < k ? )  x )

R0

Thus we o b t a i n  a„ IT® c o n t a i n i n g  o n l y  r e l a t i o n  symbo l s  

and  V  < <(a )  3 <(cr ) .

N e x t :  l e t  R . ( x .  - x ) , i  < n be t h e  r e l a t i o n  symbolX X
o f  o .
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= V x J y / A ( R i (  R ^  whe re  

A1 p o s i t i v e  b o o l e a n .  Le t  R , U , p | »Q^  be  new s y m b o l s .

R b i n a r y  r e l a t i o n  

U u n a r y  r e l a t i o n

i  < n j < u n a r y  r e l a t i o n s
Qj .. „

We n e x t  c o n s t r u c t  a 3 i n  t h i s  new

l a n g u a g e  o i s  11® and  < ( a 0) = K(al ) V  k >_ uj .

Oj w i l l  be  c o n j u n c t i o n  o f  (1) -*■ (7)

(1) R i s  s y m m e t r i c  i r r e f l e x i v ' e .

(2) U,  P ' s ,  Q ' s  a r e  a l l  d i s j o i n t  and  e v e r y t h i n g  i s  

i n  one  o f  t hem.

(3) V x , y  (Sx a  S y )-► i  Rxy :

S e {U , P^ , Q^ :  i  < n ,  j < k. }.

Now we d e s c r i b e  an i n t e r p r e t a t i o n

P.
P

* f o r  R ( x 1 , x 2 , x 3)

e R (x)  = J y C ^ y i  + y j  -  ^  Cyj ) * ^  R(x i » y i )

R C y i ( y i + , ) )

0 D (x)  = same e x c e p t  Q ' s  i n  p l a c e  o f  P ' s .i R i

V,

x
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W r i t e  e„ (x)  s  3 y  ^  ( x , y )  f o r  s h o r t .
Ri  7 Ri

(4) V x i y  M ( R . / 6 r . . ' V ^ R . ) •

(5) x ( 9 R (x)  <--*■ -t 0 R ( x ) )

V  y p{ (y)  -► 3 x 3  y ( ^ R. Cx,y)  * y j  - y)(61 &  ^ ̂ J i <n  j<

V  y Q{(y)  + J  x ^ y ( ^ iR ( x , y )  „ Yj = y)  J

T h i s  s a y s  e v e r y t h i n g  n o t  i n  U i s  b e i n g  u s e d  t o  c o d e .

(7) ^ / V x V y V z t C ^ C x . y ) .  ^ R( x , z ) ) - *  y = z] and 

V x V y  V z [ ( ^ R( x , y )  * iiR( x ,  7)) -»■ y -  7]

T h i s  s a y s  c o d e s  a r e  u n i q u e .

Thus cjj i s  TT° i n  l a n g u a g e  w i t h  one b i n a r y  r e l a t i o n

and  f i n i t e  number  o f  u n a r y  p r e d i c a t e s  and

( c (c0 * <(<* j  ) )  •

R e l a b e l  t h e  l a n g u a g e  o f  so  t h a t  i t  i s

{ S , Pn : n < N }  S b i n a r y ,  Pn u n a r y .  Then  l e t
V a

x ^ y  M(S ,Pn , i P n ) where
A

M p o s i t i o n  b o o l e a n  i n  ( ^ n ' ^ n ^ *

Now we d e s c r i b e  a i n  l a n g u a g e  R b i n a r y  and  

U u n a r y .



For  n < 2N l e t  

xn (x)  = U(x)  a 3 x (>..

* (R(xi ,Xj): i i j ± 1 mod(n)}
a A U i R f x ^ X j )  : i f j ± 1 mod(n)}

RCx.Xj)].
Tn (x) = 3 x în (xfx)
9 (xfy) = U(x) a U(y) a R(x,y)
a 2 conjunction of 1) -*■ S’)

(1) R is symmetric and irreflexive.
(2) V x j y  MCS/6, Pj/Ti, *»Pi/^N+i)

i<N [Titx  ̂ ^ 1 r N+i(x^ *
(4) Vz(-jU(z) + [ \)/ 3x x ^n (x,x)* ( i <i<nx i =

/ n<2N ---
(SAtj* everything not in U is being used to code).

(5) x y [ O n (x,x) a ̂n (x,y)) — * x" =* y"]
To get a* use reflexitivity of R to code U,
U * {x: r (x ,x)} and 
-j U - {x: t R^x ,^}. m

Remark: Vaught's conjecture for ^  3 xn V y ^ e ^  where
6 ^  quantifier free reduces to univeral theories^ince we
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c a n  r e d u c e  t o

^  V  7  m0 ( y „  _ , c „  ) cf c o n s t a n t s .ih (̂a) n o m n 0m n ^ o

W i l l i a m  Hanf  [16]  shows V a u g h t ' s  c o n j e c t u r e  f o r  any 

c o u n t a b l e  f i r s t  o r d e r  t h e o r y  r e d u c e s  t o  c o m p l e t e  f i r s t -  

o r d e r  t h e o r i e s  i n  t h e  l a n g u a g e  o f  one  b i n a r y  r e l a t i o n .  

Combined w i t h  above  i t  e a s i l y  r e d u c e s  i t  t o  11̂  a x i o m a t i -  

z a b l e  c o m p l e t e  t h e o r i e s  i n  one  b i n a r y  r e l a t i o n .

§4.  The number  o f  c o u n t a b l e  r i g i d  mode l s  and  t h e  

B a r w i s e  c o m p a c t n e s s  t h e o r e m .

In t h e  a u t h o r ' s  a b s t r a c t  [18]  two t h e o r e m s  we re  c l a i m e d .  

U n f o r t u n a t e l y  t h e r e  was a m i s t a k e  i n  t h e  p r o o f  ( p o i n t e d  

o u t  by S.  S h e l a h ) . Here  i s  wha t  r e m a i n s ;

Theorem B (-|CH).  Fo r  < = Nf i f  L |= "L i s  Z j - c o m p a c t
»>

(L i s  z. - c o m p a c t !  t h e n  V © e L a L (0 f i r s t  o r d e rv K I r WiW
s e n t e n c e )  i f  9 h a s  e x a c t l y  ^ - r i g i d  mode l s  t h e n  9 ha s  

an u n c o u n t a b l e  r i g i d  m o d e l .

L i s  t h e  c o n s t r u c t i b l e  s e t s  o f  GBdel .  An a d m i s s a b l e  s e t  

M i s  Z x- c o m p a c t  i f  f o r  e v e r y  T a d e f i n a b l e  s u b s e t

o f  u rt M \ i f  e v e r y  A e M i n c l u d e d  i n  T ha s  a 

model  t h e n  T ha s  a  m o de l .  Zx means Zj w i t h o u t  

p a r a m e t e r s .
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Lemma 3.  Sup pose  A i s  I j  o v e r  (HC,e)  ( t h e  h e r e d i ­

t a r i l y  c o u n t a b l e  s e t s ) w i t h  c o n s t r u c t i b l e  p a r a m e t e r .  I f  

A - L f  0 t h e n  |A|  = 2 *

= , i a  f o r  a an  o r d i n a l

a^-(x) f o r  a e | | <wci
S r ( d ? )  S c o t t  r a n k  o f  Ol

a r e  d e f i n e d  i n  B a r w i s e  [2a] , p .  29 7 - 3 0 3 .

D e f i n i t i o n : 0 \  i s  " - r i g i d  i f f  V a , b  e I CTt (

(^01 , a >  01 , b>  -*■ a = b)  . Not e  t h a t  0 \  <®-r igid —*■

0 \  i s  r i g i d  and v i c e  v e r s a  i f  01 i s  c o u n t a b l e .  They a r e

n o t  e q u i v a l e n t  s i n c e  AC a l l o w s  u s  t o  f i n d  a d e n s e  A £  ]R

s u c h  t h a t  (A,<)  i s  r i g i d .

D e f i n i t i o n : T (01)  f o r  a  an o r d i n a l .

T0 (<n)  * ( ( a , S ) :  (a,ET) £ J ^ A 11 * An and  -  b.^ i s  a 

p a r t i a l  i s o m o r p h i s m } .

Ta + 1 (01)  =* { ( a , F )  £ Ta ( < n ) :  Va  3 b  < a ' a . E ' b ^  * T*(<H)

V b 3 a < ? a , ^ b >  t y ^ l ) }

* B/<aT3 Ctf1) f o r  a  l i m i t *

Lemma 4.  Suppose  S r ( 01) = a  t h e n  t h e  f o l l o w i n g  a r e

e q u i v a l e n t :

(1) 01 i s  " - r i g i d .

<2) V  a , b  e | ( (  01 |- o“ ( b ) )  i f f  a  -  b)
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( 3 )  V a , b  e i 0* I (<a ,b >  e Ta (<*)  i f f  a -  b)

P r o o f .

(1) i f f  (2) i s  j u s t  6 . 3  o f  B a r w i s e  [ 2 0 ] ,  p .  298 and  t h e  

d e f i n i t i o n  o f  S r ( O I ) .

(1) i f f  (3)  i s  p r o v e d  by showing  by  i n d u c t i o n  on 8 t h a t

\ /  a . K  <'<5T,a > i f fr  p

s i n c e  S (J\ , a > SO t > i f f  < 0 (ya> = < Ol >°°,a)
t h e  r e s u l t  f o l l o w s .  (3

The i d e a  b e h i n d  t h e  p r o o f  o f  t h e  n e x t  lemma was s u g g e s t e d  

t o  me by  C h a r l e s  Gray .

Lemma 5.  I f  2 and  9 h a s  e x a c t l y  r i g i d
^ t h a t

mode l s  a l l  o f  w h i ch  a r e  c o u n t a b l e  t h e n  3 ^  a < , s u c h /

d  e L j I « X , X * s  a r e  s t r i c t l y  i n c r e a s i n g  and l e s s
a  » 1 a 1 a  ' a 1 °

than *<, and V a  (31 i s  an “ - r i g i d  model  o f  0.i a

P f

Fo r  <T{ “ - r i g i d  d e f i n e  V  (01 ) t h e  c a n o n i c a l  model  

i s o m o r p h i c  t o  C \. L e t  a = S r ( « t )

l / BCOOl  -  ( o “ ( v , ) :  a a | « 1 | ) .

RW ( f l ) (<j“  ( v , )  a a..( v , ) )  ~  r " ^ ........... a n ) .

No te  t h a t  by Lemma 4 ,  p a r t  2] f o r  01 “ - r i g i d  -  &t

and  V  0 T  “ - r i g i d  ( o f  “ «1 i f f  &*(<*)

D e f i n e  A = { /J  : ( H C , 0  1= " J t n  ,<* K ^ ' A  *  “ - r i g i d  \  

t ?  A i s  a Ex HC s e t  w i t h o u t  p a r a m e t e r s  and



136

h a s  t h e  same c a r d i n a l i t y  a s  t h e  number  o f  c o u n t a b l e  r i g i d
^  i t

mode l s  o f  0 .  S i n c e  2 * > 'T1 , by Lemma 3 e v e r y  member

o f  A i s  c o n s t r u c t i b l e . The e x i s t e n c e  o f  t h e  s e q u e n c e  

d e s c r i b e d  i s  i m m e d i a t e  s i n c e  |A|  * ^ . | |

We now w r i t e  a t h e o r y  T Ex o v e r  CLK>£ ) w i t h o u t

p a r a m e t e r s .

L e t  R be  t h e  s i m i l a r i t y  t y p e  o f  6 ,  t h e n  t h e  l a n g u a g e  o f  

T i s :  e , c_ f o r  a e L , X (new  i n d i v i d u a l  c o n s t a n t ) ,a K
T w i l l  s a y  t h e  f o l l o w i n g :

1) "ZFC~"

2) f o r  e a c h  a e L k " \ / x  x e c & «--*■ * c ^"

3) "X i s  an  o r d i n a l "  and  f o r  e a c h  a  < k "X > c ^ "

4) " ( X , R) |= 6"

5) " (X ,R )  i s  > » - r i g i d " .

Note  t h a t  ( L k , e )  i s  e s s e n t i a l l y  u n c o u n t a b l e  f rom t h e  v i e w  

p o i n t  o f  L, t h u s  by Ex c o m p a c t n e s s  and  Lemma 5 and  

Theorem 9 . 5 ,  p .  359 o f  B a r w i s e  [20] T ha s  a w e l l - f o u n d e d  

model  M. S i n c e  M |= ZFC t a = S r ( ( X , E ) ) e  M and  so  i s  

(Tq (X ,R ) :  0 < a); h e n c e  we g e t  an  u n c o u n t a b l e  “ - r i g i d  modelP —
o f  0.  Theorem B ^

R e m a r k s :

a )  U s in g  t h e  f a c t  t h a t  t h e r e  a r e  o n l y  c o u n t a b l y  many f i r s t  

o r d e r  f o r m u l a s  i t ' s  e a s y  t o  s e e  t h a t  t h e r e  a r e  r e g u l a r  Ex
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compac t  c a r d i n a l s  l e s s  t h a n  ^  , However  k E j - compac t  

i m p l i e s  t h a t  < i s  i n a c c e s s i b l e ,  l i m i t  o f  i n a c c e s s i b l e s , 

e t c . ,  s e e  B a r w i s e  [ 2 0 ] .

Q u e s t i o n s :

(a) I f  V * L do es  t h e r e  e x i s t  T c o m p l e t e  f i r s t  o r d e r  

s u c h  t h a t  {a e OR: <'La , e >  \- T) i s  an un b oun de d  s u b s e t  

o f  a) ?

(b) Does L |= L ^  - c o m p a c t  ^ 2  0 > ^  imp ly  t h a t

e v e r y  n j  s e n t e n c e  w i t h  e x a c t l y  c o u n t a b l e  mode l s  ha s

an  u n c o u n t a b l e  mode l ?
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