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ABSTRACT. We prove short time existence and uniqueness of smooth solutions (in
CHF2e with k > 2) to the 2-D semi-geostrophic system and the semi-geostrophic
shallow water system with variable Coriolis parameter f and periodic boundary condi-
tions, under the natural convexity condition on the initial data. The dual space used
in analysis of the semi-geostrophic system with constant f is not available for the vari-
able Coriolis parameter case, and we develop a time-stepping procedure in Lagrangian
coordinates in the physical space to overcome this difficulty.

1. INTRODUCTION

The semi-geostrophic system (abbreviated as SG) is a model of large-scale atmo-
spheric/oceanic flows, where “large-scale” means that the flow is rotation dominated.
All previous works on analysis of the SG system have been restricted to the case of
constant Coriolis force, where the ability to write the equations in “dual” coordinates
enables the equations to be solved in that space and then mapped back to physical space.
Examples are the results of Benamou and Brenier [2], Cullen and Gangbo [7], Cullen and
Feldman [6], Ambrosio, Colombo, De Philippis and Figalli [1]. All these solve SG subject
to a convexity condition introduced by Cullen and Purser [8]. The convexity condition
allows the mapping between the physical and dual spaces to be interpreted as an optimal
map for a Monge-Kantorovich mass transport problem, which makes possible the use of
methods of Monge-Kantorovich theory in the study of SG with constant Coriolis force.

The background and applicability of this model is reviewed by Cullen [3]. In the atmo-
sphere, this model is applicable on scales larger than about 1000km, which is comparable
to the radius of the Earth. Thus the variations of the vertical component of the Coriolis
force have to be taken into account, as these are a fundamental part of atmospheric
dynamics on this scale. Thus SG with variable rotation (i.e. Coriolis parameter) is more
physically realistic.

Attempts to extend the theory to the case of variable rotation were made by Cullen
et al. [5] and Cullen [4]. These included formal arguments why the equations should be
solvable. In particular, they derived a solvability condition in the form of the positive
definiteness of a stability matrix which generalises the convexity condition used in the
constant rotation case. They also showed that geostrophic balance could be defined by
the condition that the energy was stationary under a certain class of Lagrangian dis-
placements. These properties suggest that a rigorous existence proof should be possible.

In this paper we prove short time existence and uniqueness of smooth solutions to
SG with variable Coriolis parameter subject to the strict positive definiteness of the
stability matrix. Since dual variables are not available, the result has to be proved
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working directly in the physical coordinates. Somewhat surprisingly, Monge-Ampere
type equations appear in this process, even though we do not use Monge-Kantorovich
mass transport as in the case of constant Coriolis parameter. We consider two versions
of the SG equations. The simplest to analyse is the two-dimensional incompressible SG
flow. However, this is not a physically relevant model. We therefore also analyse the SG
shallow water equations, which are an accurate approximation to the full shallow water
equations on large scales.

2. FORMULATION OF THE PROBLEMS AND MAIN RESULTS

We consider the SG equations with non-constant Coriolis force on a 2-D flat torus:

1, Op Op
_ 1, “F 2P
(21) (ul,g) U2,g) - f ( a$27 8.’1’:1 )7
Ip
(2.2) DtuLg + 781‘1 — fug =0,
dp
(2.3) Dtng + 781:2 + fu; =0,
(2.4) V-u=0,

with initial data ply—g = po(x). Here u = (uy,us) is the physical velocity and D; =
O¢ + u -V, the material derivative. uy, = (uj g, u2,4) is the geostrophic wind velocity, p
is the pressure, and f = f(z) is the Coriolis parameter, which is a given smooth strictly
positive function.

In this paper we consider the two-dimensional periodic case. That is, all the functions
appearing above are assumed to be defined on R? and periodic with respect to Z?2, hence
can be thought of as defined on a 2-D torus.

Physically interesting solutions of the SG system must satisfy the convexity principle
introduced by Cullen and Purser [8]. In the case when f = 1, the convexity condition
means that the modified pressure function P(z1,22) = p(21,z2) + 5 (23 + 23) is convex.
We will introduce the analogue of this convexity condition when f is not a constant,
see (2.6) below, and prove short time existence and uniqueness of solutions when this
condition is satisfied by the initial data. Before we state the main results of this paper,
we first introduce some notation:

In the following, we identify T? with R?/Z2.

We will denote C*(T?) to be the space of C** functions on R? and periodic with
respect to Z2, which is equipped with the norm

pllea = ID%pllo+ Y [D7ula,

0<|BI<k |B|=k
where
v\xr) —v
[vllo =maxv(z)],  [v]a= sup M
rER2 xyye]RQ ‘.’L‘ _ y‘

Sometimes we will write C** instead of C*(T?) for simplicity. Similarly define L?(T?)
which consists of periodic functions which are in L? (R?). All these spaces can be
equivalently understood as corresponding spaces on the 2-D torus T2.

We will also need the following remark:
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Remark 2.1. Let A be an n x n matriz(not necessarily symmetric). We say A > 0 if
there exists a constant co > 0, so that a;;&&; > colé|?, for all € € R™. A > 0 means
aij&i&; > 0 for all € € R™. Note that A > 0 is equivalent to A+ AT >0, and A > 0 is
equivalent to A + AT > 0. We say A > B (resp. A> B) as long as A — B > 0 (resp.
A — B >0) in the sense just defined.

Now we state the main result of this paper:

Theorem 2.1. Let k > 2 be an integer. Let f € CF*(T?) with f(x) > 0 on T2
Let pg € CF+22(T2%) with Jp2 po(x)dz = 0. Suppose also the following convexity-type
condition is satisfied

(2.5) I+ f'D(f'Dpo) > coI on T? for some cy > 0.

Then there exists Ty > 0, depending on ||po|lk+2,a, co, f and k, such that there exists a
solution (p, ug,vg,0) to (2.1)-(2.4) with initial data py on [0,Tp] x T? which satisfies

(2.6) I+ f7'D(f~'Dp) >0 on [0,Ty] x T?,
(2.7) / p(t,x)dx =0 for all t € [0,T],
T2

and the following regularity
(2.8)  AMp e L>(0,Tp; CFF27m(T?)) for 0 <m < k+ 1, u e L>(0, Tp; CF*(T?)).

Moreover, any solution (p,ugy,a) to (2.1)-(2.4) with initial data py, defined on [0, T] x T?
for some T > 0, which satisfies (2.6), (2.7) and has regularity p € L°(0,T; C3(T?)),
Oip € L>=(0,T;C%(T?)) is unique.

Similar results hold for the semi-geostrophic shallow water system (8.1)-(8.4).

Theorem 2.2. Let k > 2 be an integer. Let f € CF*(T?) with f(x) > 0 on T2
Let hg € CF+29(T?2) with Jp2 ho(z)dz = 1. Suppose also the following convexity and
positivity conditions are satisfied for initial data:

(2.9) I+ f_lD(f_tho) > col and hy > ¢ onT? for some co, ¢1 > 0.

Then there exists Ty > 0, depending on ||hol/k+2,a, Co,c1, [ and k, such that there exists
a solution (h,ug,vg, 1) to (8.1)-(8.4) with initial data ho on [0,Ty] x T? which satisfies

(2.10) I+ f'D(f7'Dh) >0, h >0 on [0,Ty] x T?,
(2.11) / h(t,z)dx =1 for allt € [0,Tp],
T2

and the following regularity
(2.12)  O"h € L*=(0, Tp; CKF2=m(T?)) for 0 < m < k4 1,u € L®(0, Tp; C**(T?)).

Moreover, any solution (h,ug,vg, ) to (8.1)-(8.4) with initial data hg, defined on [0,T] X
T? for some T > 0 which satisfies (2.10), (2.11) and has reqularity h € L>(0,T; C3(T?)),
Oth € L*(0,T; C?(T?)) is unique.

All previous works on existence of solutions for the SG system concern the case when
the Coriolis parameter f is constant (and then by rescaling we can set f = 1), and make
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use of the dual space. Namely, we introduce the “potential” P = p(x1,x2) + %(:L’% + 22),
then the system (2.1)-(2.4) can be put in the form.

(2.13) D((VP)=J(VP —id),
(2.14) V-u=0,
with initial conditions

1
(2.15) Pli=0 = po + 5(93% + 23),
where

0 -1
J= < 0 ) |
The Cullen-Purser convexity condition is that P is convex, which coincides with condition
(2.6) for f = 1. For each t > 0, introduce the measure vy = VP(t,-)x(Ly2) (i.e. the
push-forward of the Lebesgue measure L2 on the torus by the map VP(t,-), and let v
be a measure on [0,00) x T? defined by dv = dvydt. Then the measure v will satisfy the

equation

(2.16) v+ V- (Uvr) =0,
with

(2.17) U=J(id—VP"),
with also the initial condition

(2.18) V=0 = vy := VPyy(Ly2).

Here P* is the Legendre transform of the convex function P. Notice the vector field
(2.17) is divergence-free.

To prove existence of solutions to the SG system (2.1)-(2.4) when f = 1, or equivalently
(2.13)-(2.14), it is easier to first consider the existence of solutions to the system (2.16)-
(2.18). In general, such solutions have low regularity which makes it difficult to transform
them back to the physical space. For general initial data with vy € LP, it is shown in [6]
that a solution in physical space exists in a Lagrangian sense. In [9, 10], a weaker form
of Lagrangian solution in physical space was obtained in the case when v is a general
measure. If the solutions (v, P) in dual space have enough regularity, then such solutions
can be transformed back to physical variables and give Eulerian solutions to the original
equations (2.13)-(2.14). In the case when the density of the initial measure vy is between
two positive constants: 0 < A < vy < A on T2, Ambrosio et al [1] obtained a solution
to (2.16)-(2.18) with P* € W21(T?), and this regularity turns out to be sufficient to
transform back and give a weak solution to (2.1)-(2.4) in the sense of distributions.
For smooth solutions, Loeper [12] obtained short time existence of smooth solutions to
(2.16)-(2.18) when vg is smooth and positive. And because of smoothness, there is no
difficulty to rewrite the equation in terms of the original physical variables.

The approach described above does not work for the system (2.1)-(2.4) when f is not a
constant, because a dual space is not available in such case. Therefore, we work directly
with the system (2.1)-(2.4).

As a first attempt, we may try the following argument. Note that (2.2), (2.3) is a
linear algebraic system for the physical velocity u. Denote

(2.19) Q=1+ f'D(f'Dp).
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Assume that @) > 0, then we can solve for u and use the definition of u, by (2.1) to
obtain

(2.20) u=Q '(f'JVp— [0, Vp).
Substituting (2.20) into (2.4), we obtain an elliptic equation for d;p:
(2.21) V- [Q'f20Vp] =V [Q 7 f1IVp].

Then we may try to solve (2.1)-(2.4) by a fixed point argument. For a given p, we solve
the elliptic equation:

(2.22) V- [Q'fPVuw] =V [Q7 IV

We expect the solution w to give d;p. Hence we define p(t,x) = po(x) + fgw(s,x)ds.
This procedure gives a map p — p. If this map has a fixed point p and it is smooth,
then it gives a solution to the system (2.1)-(2.4). This approach runs into a serious
difficulty because of the loss of a derivative. Indeed, if we assume p to be in C*t2 in
spatial variables, then the coefficients of the elliptic equation written in divergence form
in (2.22) are in C*®, and the right-hand is the divergence of a C*® function. Then,
from the standard elliptic estimates, the solution w will be C*+1 in z-variables. Next
we integrate w in time, and the resulting p has regularity C*+1® in spatial variables.
Thus we lose one derivative (in space) by performing this procedure. For this reason, we
take a different approach.

We will construct solutions using a time-stepping procedure in the Lagrangian coor-
dinates in physical space.

The system (2.1)-(2.4) can be written in Lagrangian coordinates as follows. We use
(2.1) to write (2.2)-(2.3) as
(2.23) Diyuy — fJug + fJu = 0.
Denote by ¢(t,x) the flow map generated by u. Then ¢(t, x) satisfies
- Orp(t,x) = u(t, ¢(t,z)) in R x R?,
(2.24) $(0,z) = on R%

From the standard ODE theory, ¢(t,x + h) = ¢(t,z) + h for any h € Z?. Equation (2.4)
implies that for each ¢ the map ¢(¢, -) is Lebesgue measure preserving: ¢(t, -)#E%W = Eég,
where the left-hand side denotes the push-forward of the Lebesgue measure £%&2 by the
map ¢(t,-). Express the geostrophic wind velocity in Lagrangian variables:

(2.25) vy(t,z0) = uy(t, (t, 20)) for (t,20) € Ry x R?,

where zg = (zo1,202) is the spatial coordinate at time ¢ = 0, and uy = (u1,4,u2,4) has
been defined in (2.1). Then v, is periodic with respect to Z? since u, is assumed to be
periodic in its spatial arguments. Now, the equation (2.23) can be written as

(2.26) Ovy(t, o) — f(o(t,z0))Ivy(t, xo) + f(P(t, z0)) JOLp(E, x0) = 0.
We also note that
(2.27) vy(t, o) = £~ (d1(w0)) I Vi (¢t (w0))

by (2.1), (2.25).
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We thus have rewritten the system (2.1)—(2.4) in the following Lagrangian form: for
T > 0, find a function p € C1([0,T) x T?) and a family of maps ¢ € C1([0,T) x R?; R?)
such that:

Equation (2.26) holds on (0,T) x T? with v, defined by (2.27);
(2.28)  B(t,)yLre = L3z forall t € (0,T), ¢(t,x + h) = ¢(t,x) + h for any h € 7
p(()?x) = pO(x)a ¢(07I) =T on R27

where po(x) is a given periodic function. For sufficiently small " > 0, we will find
a smooth solution of (2.28) such that ¢(t,-) : R? — R? is a diffeomorphism for each
t € [0,T]. This determines a solution of (2.1)—(2.4) by defining u(t, z) = (8;¢)(t, ¢; *(z)),
where ¢(-) := o(t,-).

The advantage of using Lagrangian coordinates for the iteration is the following. Note
that in Eulerian coordinates, equation (2.23), written in terms of (p,u) by using (2.1)
to express ug, involves second spatial derivatives of p, see equation (2.20), where @ =
Q(D?p, Dp,z) by (2.19). In Lagrangian coordinates, writing equation (2.26) in terms
of (p,¢) by using (2.27), we obtain a second order equation which does not involve
second spatial derivatives of p. This allows us to define the time-stepping procedure
in Lagrangian coordinates so that ¢ will be expressed in terms of Dp by solving the
equations on individual timesteps. Then, noting that the measure-preserving property
of ¢ implies det D¢ = 1, we obtain a second-order equation of Monge-Ampere type for p,
instead of the equation (2.22), in which the coefficients and the right-hand side depend
on the third spatial derivatives of p, where we recall that Q = Q(D?p, Dp,z). This
allows us to avoid the loss of a derivative in the iteration.

In the rest of this section, we briefly describe the plan of the paper.

In Section 3 we define a time-stepping approximation of the system (2.28). For a time
step size 0t > 0 and n = 0,1,..., N, a periodic function p, on R? is an approximation
of p(ndt,-), and a measure-preserving map Fy, 11 : R?> — R? with F(-+h) = F(-) + h
for any h € Z? is an approximation of the flow map connecting time steps nét and
(n + 1)dt. Then py is given by the initial data. On the n-th step of iteration, assuming
that p,, is known, we define equations for F,,+1 and p,4+1. The equation for p,y; is of
Monge-Ampere type.

In Section 4, we show that for any p,, p,+1 close enough to pg in the C?® norm, and
5t small depending on po, it is always possible to define a map F,,; which is a C1®
diffeomorphism and satisfies equation (3.7), and such a map is unique among all maps
close enough to the identity.

In Sections 5, 6 we show that if the step size §t is sufficiently small, then for any p,
which is close to pg in the C®%norm, we can find Pn+1 close to pg in C’27O‘/2, such that
the map defined in Section 4 is measure preserving. This is done by iteratively solving an
equation of Monge-Ampere type using the Implicit Function Theorem. Also we establish
an estimate which shows that if pg € C*+22 k > 1, then p,;1 will remain bounded in
C*k+22 and will be Cédt-close to p, in C*Th  This allows to define a time-stepping
solution on time interval [0, 7], independent of (small) 0t.

In Section 7, we take the limit of the time-stepping solutions as 6t — 0, and show that
the limit is a smooth solution of system (2.1)-(2.4) in Lagrangian coordinates. Because
of smoothness, there is no difficulty in transforming the solution to Eulerian coordinates.

In Section 8, we extend the above discussion to the SG shallow water case.
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In Section 9, we prove uniqueness of solutions, both for the SG and the SG shallow
water equations, under the assumptions of Theorem 2.1 and 2.2 respectively.

3. TIME-STEPPING IN LAGRANGIAN COORDINATES

In this section we define a time-stepping approximation of the system (2.28). We first
give a heuristic motivation for the equations defined below.

In the following argument it will be more convenient to work with periodic functions
on R?, instead of functions on T2.

Discretize the time at fy with step size 6t. Then the time difference equation corre-
sponding to (2.26) is
Vg(to + (St, l‘o) — Vg(to, .To) — f(¢(t0, ZL‘(]))JVg(to, xo)ét

+ f(o(to, x0))J (¢(to + 6t, z0) — ¢(to, z0)) = 0.

On the other hand, we have
(32)  Ry((to,m0))stVa(to: o) = vg(to, z0) + f(B(to, 20))Ivg(to, 20)5t + O(6t*|v)).

where

(3.3) R — < cosa —sina )

sina cosa

(3.1)

is the matrix defining a rotation by angle a. In the later construction of approximate
solutions, v, will remain bounded in some smooth norm for a short time, So we can
replace (3.1) with

(3.4)  vy(to +0t,20) — Rysevy(to, wo) + f(@(to, x0))J (#(to + 6t, z0) — H(to, 20)) = 0,

where Ryst = Rp(g(t9,00))5t- Write the flow map from time ¢y to to + ot as F, then
B(to + 9t, ) = F o ¢(to, ). Write z = ¢(to + t, z0), then ¢(tg, z0) = F~1(z). With
this notation, and recalling (2.25), equation (3.4) becomes

(35)  ug(to +0t,2) — Rpseug(to, F~' () + fF(F~(2))J (x = F~'(x)) =0,

where in Rys, the function f is evaluated at F ~1(x). Recalling that u, = f —1JVp and
noting that RysJ = JRys, we obtain

Y x)IVp(ty + 6t, x)
— U F N (@) Ryt Vp(to, ' (x)) + f(F ' () (x — F'(z)) = 0.

where Rf(;t = Rf(Ffl(;c))Et-
Let tg = ndt. Write ppy1 = p((n + 1)0t), pn, = p(ndt), and F,4q for the flow map
connecting time step ndt and (n + 1)dt. Then we obtain from (3.6):

(37) 2+ @) T ELL () Ve () = Fly (@) + (F 72 RypsVpn) (F L (@)

In the second term of the right-hand side, functions f and p, are evaluated at F,_ _&1 ().
-1

(3.6)

We require the map F), | to be a measure preserving diffeomorphism of T2.
Next we will set up the iteration scheme based on the ideas described above. Let
po be the initial data. Then we define py,po,...,pny inductively as follows. Let n €

{0,1,2..., N}, and assume a function p,, is given. We look for a function p,4; and a



8 JINGRUI CHENG, MICHAEL CULLEN, AND MIKHAIL FELDMAN

measure preserving map F,, 11 such that (3.7) holds. Since we want F,, 1 to be measure
preserving, we take the gradient of both sides of (3.7), and collect terms involving DF, - J:I:

(I+ 7'V @ V() (@) + f 2 D?ppy1) (2) + Ansa(2)

(38) I+ £V © V() + F2D%0) (Fohy (@) + Busa ()] DFL, (),
where
Anir(@) =[N ELL @) = £ (@) Vpan () @ V() (@)
(3.9) -1 —1p-1 -1 2
@) (N ED (@) — £ @)D (2),
sry B U IR E) ~ @) © VU )

+ D[f(Rpse — 1)Vpa (Fy i (2)).
Taking the determinant of both sides of (3.8), we see that det DF} jl = 1 if and only if

det[(I 4+ f'Vpnp1 @ V() + f2D?pnia) (@) + Anja (2)]
=det[(I + f'Vp, @ V(f1) + f2D%py) (F, )} (2)) + Bpya(2)).

The number N will be defined below so that Nét is small and pq,...,py are close to
po in the norms specified below. After (3.7)-(3.11) are solved for n = 1,..., N, we
define the approximate solution (pg, ¢*) of (2.28) with step size 6t to be psi(t) = pn
if ¢t € [ndt, (n + 1)6t), the approximate flow map ¢%(t) = F, 0 F,,_10---F, for t €
[ndt, (n + 1)6t).

In the following, to simplify the notation, we write ¢(z) = pp+1(x), p(z) = pn(x),
and F' = F,41, A(x) = Apt+1(z), B(x) = Bpt1(z) for the functions and maps used in
(3.7)-(3.11). In the present notation, (3.7) becomes

(3.12) v+ fH @) fTHFTH @) Va(z) = F7H @) + (f 2 RpseVp) (F ' (2)).

Here, in the last term, all functions are evaluated at F~!(x). Equation (3.11) in the
present notation becomes the following:

det[(I+ f'Vq@ V(f™) + f2D%q)(z) + A(x)]
=det[(I+ f'Vp@ V(1) + f2D’p)(F~(2)) + B(a)],

(3.11)

(3.13)

where the expressions of A(z), B(x) are given by (3.9), (3.10) with p, = p, pny1 = g,
Fn+1 == F

In next two sections, for a given p which is close to pg in C?® and small 6¢ > 0, we
find ¢ and F which satisfy (3.12), (3.13). Here a € (0, 1) is fixed from now on.

4. CONSTRUCTION OF MAPS

Let py € C*%(T?) satisfy [opo(z)dz = 0 and (2.5). In this section we show that,
given p, ¢ which are close to pg and small ¢ > 0, the map F~! satisfying (3.12) exists
and is invertible. For this we use the Implicit Function Theorem.

We continue to work with periodic functions on R?, instead of working directly on
T2. Then, for k =0,1,... and o € (0,1), we denote by C*(T?) the space of functions
¢ : R? = R which are in C**(R?) and Z?-periodic:

CP(T?) = {p € C**(R?) | p(x + h) = @(x) for all h € Z?}.
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Then C%(T?) is a closed subspace of C*%(R?), thus C%(T?) with norm |¢||ka =
¢l k.0,r2 is a Banach space.
Let U; € C*“ be the open subset defined by:

(4.1) Uy={peC>* I+ fD(f 'Dp) > %01}.

Also, we denote by C*®(T?;R?) the space of mappings w : R? — R? which are in
Ck(R%;R?) and Z2-periodic:
(4.2)  CP(T?%R?) = {w € C**(R?%R?) | w(z 4+ h) = w(z) for all z € R?, h € Z?}.
We also consider mappings w : R? — R? with the following periodicity property:

k.o mp2. 02\ ko mp2. m2 _ 2
Cp (R R?) = {w € Cp7 (R%RY) [ w(x + h) = w(z) + h for all h € Z7}.

loc

Note that C],f *(R%;R?) is not a subspace. We also note that
(4.3) CP(R* R?) = id + C**(T% R?),

where id is the identity map id(z) = z in R%. Indeed, w(z + h) = w(z) + h for all
r € R%, h € Z? if and only if v := w(x) — = is Z2-periodic. The reason to introduce
CS’Q(R2;R2) is the following: if p, ¢ are periodic, and ||p — ¢l|2,o and 0t are small, then
the map z = F~! solving (3.12) and close to id satisfies z € Cﬁ’a(RZ;RQ), see Lemma
4.2 below.

We first rewrite equation (3.12) as follows:

For fixed p,q € C%(T?), and 6t € (—1,1), consider the map

Qpast = Q : R? x R? - R? defined by

(4.4) Qz,w) =z + f~ (@) f (w)Vy(x) —w = (f*Rs5Vp) (w).
Solving (3.12) for F', with given p, q, dt, is equivalent to solving
(4.5) Qpgot(w,2) =0

for z for each z € R?, then F~!(x) = z(z). Also, we note that for any p € C%(T?)
(4.6) Qppol(z,x) =0 for all x € R?,

which is obtained directly from (4.4) using that Ry = I in (3.3). Thus we expect that
z(z) — x is small if ||p — ¢||2,o and 0t are small.
In the next lemma we use the set U; defined by (4.1):

Lemma 4.1. For any po € Uy there exists € > 0 such that for any p,q € C*%(T?)
satisfying [|p — pollz,arz <€, lg = poll2,ar2 < €, and any 5t € (—¢,¢)

(i) DwQAp’qﬁt(x,w) < -3 if]Aa: —w| < g
(ii) For any x € R?, the map Qp q.6t(x,-) : R* — R? is injective on Be(x).

Proof. We note first that for ¢ = p = py and 6t = 0, we get for any z € R?:
DuQpo po.0(@, ) = =T = (F'Vpo @ V(£ ') + £ > D?po) (=)
=1~ (f~'D(f ' Dpo))(z) < 7%01.
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Now consider any p, ¢, 6t satisfying conditions of the Lemma, and any =, w € R? with
|z —w| < e. Then, assuming that € € (0,1), we have ||p||2,a;[l¢]l2,a < [|poll2,a + 1, thus,
from (4.4), we get:

|Dpr0,p0,o(x,x) - Dpr,qﬁt(x?w)‘ < \Dpro,po,o(x,x) - Dw@p,po,ét($aw)|

+ |Dpr,po,6t(x7 w) - Dpr,q,&(xv ’LU)|
< C(llp = poll2,0 + llg = pollio + |z — w|™ + |6t])
< Ce*,

where C depends on || f!||c1.a(r2) and [|pollc2.a(r2), and C may be different in different
occurrences. Thus, choosing e small depending only on ||| cr.a(2) and ||pol|c2.a(r2),
we get assertion (i) of the Lemma.

Now we prove assertion (ii) of the Lemma. For w,w € B.(x) with w # w we have
7w+ (1 — 7)w € Be(z) for any 7 € [0,1], and then denoting e := w — W, we get e # 0
and thus

A P . ¢
(Qz,w) — Q(z,0)) -e = /0 (DwQ(z, 7w + (1 — T))e) - edr < —Z0|e\2 < 0.
g

Next we show that solutions z = F~! of (3.12), which are close to the identity map,
lie in the set C;’a (R%;R?). We first note the property

(4.7) Q(x +kw+h)= Q(m,w) +k — h for any z,w € R?, h, k € 72,
which follows from (4.4).

Lemma 4.2. For any po € Uy there exists € > 0 such that if p,q € C**(T?), z : R? — R?
and 6t € (—e,¢e) satisfy (3.12) with F~' := z, and also satisfy |[p — pola.ar: < €,
lg — pollaare <€ ||z — id| poome) < &, |0t] < &, then z € Cp*(R%;R?).

Proof. From (4.7), if Q(z, z(z)) = 0, then Q(z + h, z(x) + h) = Q(z, z(x)) = 0 for any
x € R?, h € Z?. Combined with the property |z(x) — x| < € and the injectivity of Q(x, )
on the B.(x) shown in Lemma 4.1(ii), we obtain z(x + h) = z(x) + h.

Finally, the fact z € Cll 2% (R?;R?) follows from the Implicit Function Theorem applied
to the equation Q(:U,w) = 0, using nondegeneracy of DwQ(af;,z(af;)) for any x which

follows from Lemma 4.1(i) since |2(z) — z| < €, and using the regularity @ € C’llo’?(RQ X

R2;R?) which follows from (4.4) for p,q € C*<. O

Now we show that (3.12) has a solution F~! = z € C;’Q/Q(RQ;RQ). For that, we use
the Implicit Function Theorem in the following spaces. Define a map
(4.8)  Q:C3(T?) x C24(T?) x CL/2(R%R?) x (—1,1) — CHX(T%R?) by
(49) Qa0 280)(x) = Qpgn(w, ().
Thus, @ is given by the expression:
(410)  Q(pg,268)(x) = 3+ f (@)~ (2(2))Va() — 2(2) — (2 Ry5iVp) (2()).
The fact that Q in (4.10) acts into CH%/2(T2;R?) is seen as follows: the regularity
Q(p,q,z,0t)(-) € che/? (R%; R?) follows directly from the choice of spaces in the domain

loc



SEMI-GEOSTROPHIC SYSTEM WITH VARIABLE CORIOLIS PARAMETER 11

of @ and the explicit expression (4.10). The Z2-periodicity of Q(p, g, z, 6t)(-) follows from
the property

(4.11)  Q(p,q,z + h,6t)(z + k) = Q(p,q, z,6t)(z) + h — k for any = € R?, h, k € Z,

where (4.11) follows from (4.10) using Z2-periodicity of f, p, ¢ and property (4.3) for
z € Cp**(R2;R2).
Given (p, g, 0t), solving (3.12) for F~! is equivalent to solving

(4.12) Q(p,q,2,6t) =0
for z, then F~! = 2 solves (3.12). From (4.6) and (4.9), we have for any p € C>%(T?)
(4.13) Q(p,p,id,0) =0,

where id is the identity map in R2. Then we will solve (4.12) for z(-) when p € Uy NC3,
and when ||p — ¢||2,o and §t are small.

Since the set of functions Cp®(R2;R2) is not a space, it is convenient to replace z(-)
by w(z) = z(z) — x in Q, since then w € C1*(T?; R?) by (4.3). Thus we define

Q1 : C¥*(T?) x C**/2(T?) x CH/2(T% R?) x (—1,1) — CH*/(T% R?)

(4.14) |
by Qi(p, q,w,d0t) = Q(p,q, w + id, 6t),
that is
=fYa)f Nz + w(= ) —w(z
(4.15) Qu(p. ¢ w,6)(2) =f (@) f 7 (@ + w(2)) Vg (2) — w(x)

— (f 2Ryt Vp) (x + w(x)).

Expressing equation (4.12) in terms of @)1, we see that solving (3.12) for F', for a given
», q, 0t, is equivalent to solving

(4.16) Q1(p,q, w,0t) =0
for w, then F = (id + w)~!. From (4.13), for any p € C3%(T?)
(4.17) Q1(p, p, wo,0) =0,

where wyq is the zero map in R?, i.e. wg : R? — R? is given by wo(x) = 0. Then we will
solve (4.16) for w(-) with small ||w||2,q, when p € Uy N C**, and when [|p — g||2,4/2 and
0t are small.

Now, in order to solve (4.16), we will apply the Implicit Function Theorem in spaces
given in (4.14), near the background solution given in (4.17).

For that we first note that the higher regularity of p implies that the map @1 is smooth:

Lemma 4.3. The map
(4.18)  Qp: C¥(T?) x C2Y2(T?) x CV/%(T% R?) x (—1,1) — CV/3(T% R?),
defined by (4.10), is continuously Frechet-differentiable.

Proof. Lemma follows directly from the expression (4.10) and Lemma 10.1, proved in
the Appendix. O
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Now we prove existence of solution of (4.16) near (p,p, wo,0). For pg € C>*(T?) and
€ > 0, denote:

Va(po) == {(p, @) € C**(T?) x C**'*(T?) | |Ip — poll3.a» 17 — Poll2.a/2 < €}
(4.19) C C3(T?) x C2/%(T?);
We = {w € CY2(T%R) | ||w]|y,a2 < €} C CH(T%R).
Lemma 4.4. For any po € Up N C>*(T?) there exist 1,62 > 0 such that for any
(p,q,0t) € Vo, (po) X (—e1,€1) there ezists a unique w € W, such that (p,q,w, dt) satisfy

(4.16). The map G : Vz, (po) X (—€1,€1) = We,, defined by G(p, q,0t) = w, is continuously
Frechet-differentiable.

Proof. This follows directly from the Implicit Function Theorem in Banach spaces. In-
deed, by Lemma 4.3, the map @ is continuously Frechet-differentiable, and (4.17) holds.
Using (4.15), we find that the linear map

(1.20) D@ (o, po. w0,0) : CH/2(T% B2) — C1o/2(T% )
is given, for h € Cl’o‘/Q(TQ;]RQ) by
(DwQ1(po, po, wo,0))h = (=1 —(f 1Vpo @ V() + f2D?po) )k
= (—1—(f7'D(f'Dpo)))h.

Since the matrix (— I — (fle(flepo)))(x) is nondegenerate for each x € R? (which
holds because p € Uj), and since —I — (f_lD(f_leo)) € Ch(T?%R?), it follows
that the map (4.20) is a linear isomorphism. Now the lemma follows from the Implicit
Function Theorem. O

Remark 4.5. From Lemma 4.4 and (4.17), it follows that

G(p,p,0) = wo for all (p,p) € Vz,(po)-

Then, since G : Vo, (po) X (—¢1,e1) = W, is continuous, it follows that for any e}, € (0,e2)
there exists €1 € (0,e1) such that G(p, q,dt) € W, if (p,q,6t) € Vor (po) x (=€, €Y).

Lemma 4.6. For any py € U; N C3*(T?) there exists € € (0,e1] such that for each
(p,q,6t) € Ver (po) x (—€1,€7) the map z = id+G(p, q,t) : R? — R? is a diffeomorphism.

Proof. Let €1 and e be sufficiently small for the map G to be defined by Lemma 4.4.
Then, by (4.8) and (4.14)

(4.21) Qpqsit(z,2(z)) =0 for all z € R%.

We show that z(R?) = R? for each (p, q,dt) € Ve, (po) x (—e1,€1).

First we note that, after possibly reducing 1, we have that z(R?) is an open set.
Indeed, using Remark 4.5, we find that for any &}, € (0,e2) there exists €] € (0,1) such
that, if (p,q,dt) € Vo (po) x (—¢7,€1), we get

(4.22) Iz — il e o) = G, 0. 60) | o= g2y < 5.

Then choosing &}, smaller than £/2 in Lemma 4.1(i) and choosing the corresponding €/,
we get DyQpgst(z, 2(x)) < —%I for each # € R? if (p,q,dt) € Vo (po) x (=€, ¢).
Then, fixing £ € R?, we obtain by the Implicit Function Theorem that there exists a
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neighborhood B,.(z(#)) of z(z), where 7 > 0, and a C*/2 map g : B,(2(#)) — R? with
g(z(%)) = Z, such that

(4.23) Qp.q.st(g(v),v) =0 for all v € N.

Since

lg(2(2)) — 2(2)]| = 12 — 2(2)]| < &5 < /2,
then reducing r, we get ||g(v) — v|| < € for each v € B,.(2(%)). Then, by (4.21), (4.22),
(4.23) and Lemma 4.1(ii), it follows that v = z(g(v), i.e. B.(2(2)) C z(R?). Thus, the
set z(R?) is open. Also, from now on we set &1 to be equal to £} chosen above.

Next, we show that the set z(IR?) is closed. If z(x;) — © € R? for some points x; € R?
then from (4.22) it follows that there exists a positive N such that z; € By (0) for
all i > N. Thus there exists a convergent subsequence x;; — & € R2. Since z(-) is
continuous, then z(2) = 9, thus z(R?) is closed.

Now, z(R?) is an open, closed, and non-empty set, thus z(R?) = R2. Also, by Lemma
4.1(ii), z(-) is injective on R?. Thus the map 27! : R? — R? is uniquely defined. Also,
locally this map is determined by the Implicit Function Theorem as we discussed above:
271 = g locally, where g(-) is given by (4.23). Thus 2! € chel? O

loc

5. SOLVING THE ITERATION EQUATIONS

Let é1,q,p,0t be as in Lemma 4.6. Then we can define the map F(x) = (id +
G(p,q,0t))~1, so that F~!(z) = id + G(p,q,0t). Then (q,p, F~',dt) satisfy equation
(3.12) by Lemma 4.4 and (4.15).

To make F~! measure preserving, we solve equation (3.13), with F~! = id+G(p, ¢, 6t),
for g. We will use the Implicit Function Theorem in the setting described below.

Lemma 5.1. Let pg € Uy. There exists €3 € (0,€1), such that for any (p,q) € Vey(po),
|0t] < e3, one has ||Allo,||Bllo < §. Here A(z), B(x) are given in (3.9),(3.10) with

P=Dn, ¢ =Pnt1, and F, ', = id+G(p,q,5t).

Proof. Let 0 < & < &1 be small and assume (p,q) € Vz(pg). We first estimate the matrix
A. From (3.9), for some constant C' which depends only on f we get:

[Allo < Cllgll2,a/211G1l0 < C(llqoll2,a/2 + DIIG]l0-
Next we can write the expression of B in (3.10) as
B=[(f"'V(p—a)(F () + (f'Va)(F () = (f7'Va)(@)] @ V(fH)(FH(2))
+ D[f2(Ryse — DVp)(F ' ().
Since one has ||g — pll2,a/2 < €3, [0t| < €3, one can estimate
1Bllo < Clllp = aller + [ fllerllalle211Gllo + 6t Ipllc=],
< Cles + (llpollez + 1)(IG o + €3)]-

Now from Remark 4.5, ||G(p, ¢, dt)||o can be made as small as we want as long as (p, q) €
Vs (po) and |0t| < e3 with 3 chosen small enough. It follows that, as long as € is chosen
small enough, we can make || Alfo, | Bllo < €. O
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Denote

Cg’a = {p € Ch(T?) . / o(x) dx = 0}.
[0,1)2

For the rest of this section, we fix pg € Uy N C*¥+t2 for some k > 2.
Given p near pg and small §t, we solve the equation (3.13) (with F' defined by F~! =
id+ G(p, q,6t)) for q using the Implicit Function Theorem. Consider the following open

subset Us of C’2 /2

(5.1) Us = {w e Gy s I+ {7 D(f ' Dw) > T [[w = pollaasz < &3}

where e3 is chosen in Lemma 5.1. Let Us C Cg "“ be defined similarly, namely

(5.2) Us = {w e C’S”O‘ I+ f'D(f'Dw) > %0, lw —polls.a < €3}

Lemma 5.1 implies that

I+ Vp@ V() + £ D) o (id +G(p.q,5t) + B > 7
for all (q,p,dt) € Uy x Uy x (—e3,e3),

where B is as in Lemma 5.1. Also, by (4.19),

(5.3)

(5.4) Us x Uy C V.
Then we can define the following map:
(5.5)

P :U; x UQ X (—63,63) — CO,a/Z by

Plq.p. 6t) = det[I + f'Vq@ V(f~") + f*D?q + A T
PO det[(T + FIVp @ V(Y + f2D%p) o (id + G(p.q,60) + B]

where A and B are as in Lemma 5.1.

Lemma 5.2. Map (5.5) has the following properties:
(i) / P(q,p,dt) )(:L‘) dz = 0 for any (q,p,0t) € U2XU2X(—€3,53). Thus P(q,p,0t) €

Oa/2, which means that P acts in the following spaces:

(5.6) P:U;y x U2 X (—63,63) — C(()),a/Q

(ii) (q,p,0t) € Uy x Uy x (—e3,e3) satisfies equations (3.12), (3.13) with F~' = id +
G(p, q,8t) if and only if P(q,p,dt) =0 on T2.

(iii) P is continuously Frechet differentiable in the spaces given in (5.5), or equivalently
in (5.6).

Proof. First we show P maps into CO /2

Fix (q,h,0t) € Uy x Uy x (— 63,63). From (3.8) with p, = p, pny1 = Fn_+1 =
id+G(p, q, 6t), one sees that the right hand side of (5.5) at x € R? is exactly det D, (id+
(G(p, q,dt)(x))) — 1. Denote G := id+G(h,q, dt). Then G : R? — R? is a diffeomorphism
by Lemma 4.6, and the right hand side of (5.5) is det DG(z) — 1. Then we calculate,
changing variables:

/ det DG(x) dx:/ dy:/ dr =1,
[0,1)2 G([0,1]?) [0,1]2
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where the second equality follows from Z2-periodicity of G — id = G(h, g, dt), and from
the fact that G : R? — R? is a diffeomorphism, see Lemma 10.5 (applied now with
h =1). This completes the proof of assertion (i) of the Lemma.

Assertion (ii) of the Lemma follows from Lemma 4.4 and (5.5).

Now we prove assertion (iii) of the Lemma.

Using (5.3), Lemma 10.2 and Corollary 10.3 we see that it is sufficient to show that for
any (4,7) € {1,2}2, the following maps acting in the spaces Uy x Us x (—¢3,e3) — C0/2
are continuously Frechet differentiable:

(5.7) (P, 4, 6t) — 0ij + [0 - 05(f 1) + f 200+ Ayj,

(5.8) (p,q,0t) — 635 + [f 10 - 8;(f 1) + f28yp)(id + G(p, ¢, 8t)) + Bij-

Here A;j and B;; are elements of the matrices A(x) and B(z) which given in (3.9),(3.10)
with p = pn, ¢ = pny1, and Fn_+11 = id + G(p,q,0t). We now show differentiability of
maps (5.7), (5.8). From Lemma 10.4 with Lemma 4.4, the terms f~1(id + G(p, q, 6t)
and V(f~1)(id + G(p,q,6t)) are Frechet differentiable, where we include the terms in
expressions of A and B. Then by Lemma 10.2, one can see that the mapping (5.7) is

Frechet differentiable. From Lemma 10.1(ii), the terms D?p(id + G(p,q,dt)) are also
differentiable. Then we obtain differentiability of the map (5.8). O

Now we will show that the partial Frechet derivative D, P(po, po,0) : Cg’a/ 2 Cg’a/ 2
is invertible.

First we can calculate from (4.15), (4.16) amd Lemma 4.4:
(5.9)  DgG(po,po,0)h1 = [I + f72D’po + ' Vpo @ V(f )] 7 (f V).
Then by explicit calculation, we find that D, P is
Dy P(po, po,0) : C’g’aﬂ — C’g’a/Z

(510 h—s L(h),
where
(5.11) L(h) = 3% o1 Mig[f 2050 — 05(F 1V (f19ipo)) - (DG (po, po, 0)h)] |

det(! + f=*D(f~'Dpo))

Here M = M;; is the cofactor matrix of I + f~1D(f~1Dpy), which is strictly positive
definite due to (5.2). Notice we already computed DG (po, po,0) in (5.9).

Remark 5.3. Note that the operator (5.11) acts in spaces given in (5.10), i.e. that
/ (L(h))(z)dz = 0 for any h € Cg’a/2. This follows from (5.6), since L = DyP(po, po,0).
[0,1)2

Next we argue the linear operator L defined above is invertible and the inverse is a
bounded linear operator. First we observe that L can be put in the form

L(h) = a;;0;;h + b;0;h.
with coefficients a;;,b; € C*/?(T?), with the norms depending only on ||po||¢s.. and %
Also it follows from (5.11) that L is uniformly elliptic, precisely
~ f2det(I+ f-1D(fDpy))’

aij
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Thus ellipticity follows from (5.2) and regularity of pg, f, f 1.
Now invertibility of Dy P(po, po,0) : 002 /2, Cg /2 follows from the following lemma.

Lemma 5.4. Let L(h) = a;j0;;h + b;0;h be a uniformly elliptic operator on T2, with
coefficients a;j,b; € C*(T?). Suppose that coefficients aij,b; satisfy the following addi-
tional property: L(h) € C§(T?) for any h € Cg’o‘(']I‘Q). Then L : Cg’a/Q — Cg’a/Z is an
isomorphism.

Proof. The injectivity follows from the strong maximum principle. Indeed, if L(h) = 0
for some h € C*“ then, by the strong maximum principle, h must be a constant. Since

h e Cg’a, ie. / hdx = 0, this constant must be zero.
[0,1)

To show surjectivity, we use the method of continuity. We consider the following
family of operators:

Ly : C3* — O™ with t € [0, 1]

(5.12) Li(h) = (1 — t)Ah + tL(h).

When ¢t =0, Ly = A. The equation Ah = k has a unique solution in C’g’a with any
k € Cg’a. Uniqueness is again the result of the strong maximum principle. Existence
can be obtained by minimizing the functional I[v] = [, 3|Vo|*> + kv over the space
H{(T?) :={v € H} .(R?) : v is Z*-periodic, and [, v = 0}.

By Theorem 5.20 in [11], to see that L is surjective, we just have to show the estimate

(5.13) [h]l2.0 < C||Lihlloo for all t € [0,1] and h € CF“.
By the Schauder estimates, we have
(5.14) 1Pll2.0 < C([Pllo + [IL2A]l0.0)-

Here C depends on the C“ norm of the coefficients and the ellipticity constant of operator
L. Both are independent of ¢t. So we just need to show

(5.15) Ih]lo < C||Lihllo.o h € C2* and V¢ € [0, 1].

We use compactness and argue by contradiction.

If (5.15) were false, then for any n > 1, there exists ¢, € [0,1], h,, € COQ’O‘, such that
|hnllo > n||Lt, hnllo,o. After normalization, we can assume ||hyllo = 1 and || L, hpllo,0 —
0. By the Schauder estimates, h, is bounded in C%®. So up to a subsequence, we can
assume t,, — t, € [0,1], hyy, — hy in C2, and h, € Cg’a. Then we will have L; h, = 0.
By the strong maximum principle, we have h, = 0. On the other hand, because h,, — h.
uniformly, we have ||h.|[o = 1. This is a contradiction.

O
Hence we can conclude the following:

Proposition 5.5. There exist e4,e5 € (0,e3] with es < €4, such that for any p € Cg”a(T2)
with ||[p—pol3.a < €5 and 6t € (—¢5,¢5), there exists a unique g € C>*/?(T?) which solves
(3.18) with F~' =id + G(p,q,6t) and satisfies ||q — polla,a/2 < €4

Thus, denoting q :== H(p,ot) and Us = {p e CO™(T?) : |p—pollsa < 55}, we obtain
a map

H:Us x (—85,85) — Us,
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such that for any (p,6t) € Us X (—e5,¢5), defining ¢ = H(p,0t) and F~1 = id +
G(p, H(p,dt),dt), we get a solution (p,q, F~1,6t) of (3.13).

Proof. This follows from Lemma 5.2(ii), and (5.10), (5.11) with Lemma 5.4 by the Im-
plicit Function Theorem.
O

Remark 5.6. If pg is chosen in a compact subset of C*%(T?), one can see that such
a choice of €5 is actually uniform. In particular, this choice of €5 is uniform on any
bounded subset in CH®,

We also prove the following lemma which will be used below:
Lemma 5.7. If ¢4, and hence €5, are sufficiently small, then C(x) > 9 for any p and
dt as in Proposition 5.5 and ¢ = H(p,0t). Here C(x) is

C(x) I+/ D[f2Dpl((1 — 0)F~(x) + 0x)db

(5.16) / V(1 = 0)F~Y(z) + 6x)d0 © Vp,
with F~' =id + G(p, q, t).

Proof. We start by observing that
C(z) = (I + f~'D(f~'Dp))(x) =

1
/0 [D(f~2Dp)((1 — 0)F () + 0x) — D(f~2Dp)(x)] b

— (@) /01 [V =) F (2) + 0z) — V(f1)(2)]d0 ® Vp.
Hence, recalling F~! = id + G(p, q, 0t), we get:
Ce) = (I + f'D(f'Dp)(@)| < | D*(f~2Dp)|lollG (p, 4, 61) o
[ ol D2 ollG (0, 9, 50) o
< (10l £ 2l o2 (llpolls,a +4) + 1F = oIV (F~H1l0) 1G (P2 4. 6t) [o-

By Remark 4.5, we can make [|G(p, ¢, 0t)||o as small as we wish as long as we choose &4
small. In particular, we can make the above expression less than 2. Now, since p € UQ,
we know that I + f~'D(f~!Dp) > 2, and it follows that C(x) > ZO O

From now on, we fix ¢4 and €5 such that Lemma 5.7 holds.

6. ESTIMATES OF SOLUTIONS ON TIME STEPS

Suppose the initial data satisfies py € C§+2’a and I + f~'D(f~'Dp) > co.

Fix ot € (0,e5), and define p1,pa,... as following. Assume that, for n = 0,1,..., we
have defined p, € Us, where Us is from Proposition 5.5. Then we can define p,11 :=
H(pn, 6t). Thus we have p,, 11 € Uz, and by Lemma 4.6 and (5.4) with €3 determined by
Lemma 5.1, we can define the flow map Fj, 1 which is a diffeomorphism and solves

6.1) w4+ @)L () Ve () = F L (@) + (2 RystVpa) (Fy 4 (2));
(6.2) det DF, 1 = 1,
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where (6.2) follows from (3.13) written in the form (3.11). By the definition of Us, we
have |Ap41(z)| < €. Hence I + f~'D(f 'Dppi1) + Angy1 > L.

In order to continue the process, we need to show that p,41 € Us. We will show that
this is true if ndt is sufficiently small, i.e. if nét < T, where T' > 0 does not depend on
0t. In order to show this, we establish some estimates for the approximate solutions p,,.

Lemma 6.1. Let py1 = H(pn, 0t) with ||p, — polls,a < €5, |0t] < e5. Then

(6.3) [Pnt1llk+2,0 < ColllPallk+2,a)-
Proof. First we show that
(6.4) [Pn+1llk+2,072 < C3(([Pnllkr2,a/2)-

This follows from differentiating (3.13). Indeed, we have from our assumption and the
definition of the map H that [|pn+1ll2,.a/2 < [|Poll2,a/2+1. Also it follows from Lemma 4.4
that ||G(pn, Pnt1,0t)[l1,a/2 < 1. Now by differentiating (3.13) we see that Dp,y1 solves
an elliptic equation with the main coefficients given by M;;, the entries of the cofactor
matrix of I + f~'Vp1 @ V(f~1) + f2D%*p,11(z) + Ans1(x). The resulting operator
is uniformly elliptic, with ellipticity constant depending on ¢ and ||po||2,o /2, because, by
Lemma 5.1, I+ f~*D(f"'Dpp41) + Aps1 > ¢. Calculations based on (3.9), (3.10) show
that all the coefficients of this equation are in C%®/2, with norm bounded by ||p,|| 3,0/2
and [[py41(|2,a/2- So one can apply Schauder estimates to conclude that Dpj, 11 is bounded
in C%%/2 or that p,4; is bounded in C3%/2. Now one looks at (3.8) to conclude that
1G(p, ¢, 6t)||2,0/2 can be bounded by |[pn+1ll3.a/2: [Pnll3,a/2- Then differentiate (3.13)
twice to see that D?p,, 1 solves a uniformly elliptic equation with coefficients bounded
in C0/2 by IPnt1ll3,a72 and [[pnll4a/e- One can further differentiate (3.13) and use
Schauder estimates again and again to get (6.4).

Then (6.4) gives a bound for ||p,+1]|2,a, since & > 1. Therefore by looking at (3.8),
one sees that ||G(pn, Pnt1,0t)]1,o can be bounded by ||pp+1||2,o and ||pn||2,o- So the same
argument as in the previous paragraph gives the desired conclusion.

0

Lemma 6.2. Under conditions of Lemma 6.1,

(6.5) |Pnt+1 — Pnllkt1,0 < C1t,
where the constant C1 = C1(||pnt1llk+2,0: |Pnllk+2,0)-

Proof. In this argument, all the constants C' depend only on ||pp41l/k+2.a, [|Pnllk+2, and

may change line from line. Write ¢(x) = pp+1(2), p(x) = pp(z). First we observe that

1G(p, ¢, ) |lk+1.0 = [|F7! = id|k+1.0 < C. Here C has the dependence as stated in

the Lemma. This estimate follows from differentiating (3.8) and a bootstrap argument.

Indeed, first from Lemma 4.4, we know that ||G(p, q,dt)1,a/2 < €2 < 1. Also it follows

from (5.3) that (I+ f~'Vp@V(f~')+ f72D?p)(F ')+ B > <, therefore we can invert

and obtain

(6.6)

DF~' = [(I+f7'VpaV (f )+ 2D*p)(F)+B] - [I+f'VqaV(f )+ 1 2D%q+A].

Since we already have p,q € C%?, the formulae in (3.10), (3.11) for A and B with
(6.6) gives D.G(p,q,0t)(z) € C¥ with a C%* bound having the stated dependence.
This shows that G(p, ¢, 6t) € C1®. Now since k > 2, we know that actually p,q € C>°.
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This implies the right hand side of (6.6) is in C®. Therefore we obtain from (6.6) that
G(p, q,0t) is in C%2. If it happens that p, ¢ € C*“, then we know the right hand side of
(6.6) is in C%®, and hence it gives G(p, q,0t) € C>®. One can repeat this argument and
it gives in general that if p,q € C*t22 then G(p,q,dt) € C**12, with an estimate on
the C**12 norm which has the dependence stated in the Lemma.

We subtract from both sides of (3.13) the quantity det(I 4+ f~*D(f~'Dp)), and write
the resulting equation as a linear equation for ¢ — p. Then the the left hand side of the
resulting equation can be written as

(6.7) ai[f 2 (@)05(q — p) + [ (@)0i(q — p)0; (f 1) + Ayjl,

where
Qjj = /01 Mij[(l — 9)(M1) + 9(M2)]d0

Here M;; denotes the entries of the cofactor matrix, and My = I + f~1D(f~1Dq) + A,
My =1+ f~1D(f~'Dp), A;j is the element of the matrix A(x) from (3.9). The right
hand side becomes

(6.8)
bij [(f0ipd; (f~ ) (F () — £ 0ipd; (f 1) (@) + (f20p(F ' (2)) — f20ip(x)) + Bij]

1
= by [/0 O (fr o (f71) + f20p) (1 — ) + OF ! (2))dO(F, " — a) + Bijl,
where
bij = / Mi[(1— 6)(MY) + 0(My)]db.

Here M| =1+ f~'D(f~'Dp)(F~!(z)) + B. Now observe we can write

/ R(f (1 = 0)F () + 02)dB(F; — ) - (Vg V(£ 1) + f~' D).

As for B(z), the first term can be rewritten as
(6.10)
[(F'Vp)(F~ () = [ V()] @ V(F ) (F~ ()
= [TV (FE (@) = [T V()] @ VIT)(E (@) + [TV -9 @ V() (F (2))

1

= [ a1 In e @)+ (1= 0m)an @ V(T FE @) — )
+ V- @ V(HEFE (@)

The second term of B(x) can be rewritten as

(6.11) D[f~*(Rys — DVp)(F~(x)) = gdt,

with |lgla < C.
To summarize, the difference ¢ — p satisfies an equaiton of the following form

(6.12) aijaij(q — p) + bzaz<q — p) + Cl(Fl_l — xl) = g(St,

lellk-1,0 < C,

with [|aij[k,q [|bi
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Next we represent F'~!(x) — 2 in terms of V(g — p), with an error term controlled by
§t. For this we need to go back to (3.12). Subtracting z + f~2(z)Vp(x) from both sides
of (3.12), we obtain

(6.13)
FH@) (T F () Va(z) - (@) Vp(e) = F () —
+(f2Vp)(F (@) = f2Vp() + [f 2 (Ryse — DI Vp(F ().
After rearranging terms, we get
(6.14) f~H (@) fTHEFE @)V (g —p) = [ 2 (Rpse — DVP)(F~ (@) = Cla)(F~H(x) — ).

where

C(x) =I +/ D[f2Dpl((1 — 0)F~(x) + 0x)db
(6.15)
/ V(f — 0)F~(x) 4 0z)df @ Vp.

From Proposition 5.5, we know C(z) > €. Now in (6.14) we have f~1(F~!(z)) € Ck+be,
with norms controlled by ||p|/x+2.as [|¢/lk+2,a- Also the term f~2(Ryps — I)Vp(F~(z)) =
mdt with ||[m||x, bounded by C(||p|lk+2,a: ||¢llk+2,). Therefore in the equation (6.12),
q (Fl_1 —x;) can be dispensed with and the result follows from the Schauder estimates. [

Lemma 6.3. Let (pn,pni1,0t) be as in Lemma 6.1, and

(6.16) |F~ = id||p,q < Cat.

Here Cy = Co([lpnt1llk+2,0: [Pnllir2,0)-

Proof. We use (6.14),(6.15) to get

(6.17) F~H(x)—x = Cla) [ (@) f T (F (@) Vg —p) = [ (Rpse — ) Vp(F ' (2))].

We use the inequality [|fgllk.a < Ckllflkallgllka- Notice that C(z) € C*<, hence

C~1 € C*, with C* norm controlled by ||p;||kt2.a, i = n,n+1, and %, by Proposition

5.5. The C* norm of the square bracket is controlled by Cét by Lemma 6.2. 0
For immediate use, we prove the following lemma,

Lemma 6.4. Let a € [0,1). Let k> 1, G € C**(T?), and let F~! : R? — R? be a map

which satisfies F~Y(z+h) = F~1(z) +h for any h € Z* and |F~! —id||.o < C*8t, then

(6.18) IG o F7 Yo < |Gllka + O,

where C' depends on ||G||y,o, C*, a and k.

Proof. In the following argument, the constant C has dependence as in the Lemma, and
may change from expression to expression.

We assume « € (0,1), since the case o = 0 is simpler, and follows from the argument
below.

It is obvious that

(6.19) IG o F~lo < [|Gllo.
Thus we need to estimate terms D?(G o F~1) for multi-indices 3 satisfying 1 < |3| < k.



SEMI-GEOSTROPHIC SYSTEM WITH VARIABLE CORIOLIS PARAMETER 21

Using that D;(G o F~') = Y2_ (D;G) o F')D;F; ', we obtain

2
(6.20) Di(GoF™') = (DiG)o F™' + Y ((D;G)o F)Dy(F~' —id);.
j=1

Next we show that for any multi-index g with || > 1,

2
(6.21) DA(GoF ) =(DG)oF '+ Y > ag,;DV(F " —id),
1<hI<I8] j=1

where ag ,, ; is a polynomial expression of {(DY'G) o F Y <yi<igls {D7/F*1}1§W|§|5|_1.
Indeed, we prove (6.21) by induction over m = |3|. Case m = 1 follows from (6.20).
Next, assume that m > 1 and that (6.21) is proved for all |5| < m. Let |5'| = m + 1,
then D?" = D;d? for some i € {1,2} and || = m. Now, taking D;-derivative of (6.21)
for 3, and applying (6.20) with DG instead of G to handle the derivative of the first
term in the right-hand side of (6.21), we obtain (6.21) for §'.
Now from (6.21), recalling the structure of ag, ;, we see that if 1 < |3| <k, then

(6.22) |IDP(G o F~Y||o < |DPGllo + Cét,

where dependence of C is as in the lemma.
In order to estimate [D?(G o F~1)], for |3| = k, we first estimate this seminorm for
the first term in the right-hand side of (6.21):

DPG)o F~Y(z) — (DPG) o F~1(y)]

[(DPG) o F7Y, = sup I

Ty |z -yl
< [DPG), sup (I @) —2) — (P ) —y)| + v —yl)"
- "oy |z —y|*
_pf [ F @) =) = (F7H(y) —y)[\*
[D7Cle <1+ vy |z — y] )

< [D°Gla(1 + || D(F - id)[0)”
< [DPGlo(1 + C||F —id||1) < [DPG)a(1 4 CBY).
Then by (6.21),
[DP(G o F7Y)], < [DPGa(1 + C6t) 4+ Cot < [DPG), + Cét.

Combining this with (6.19) and (6.22), we conclude the proof of (6.18). O
Define
(6.23) VU :=det(I + f~'D(f ' Dpm)).

Lemma 6.5.
(6.24) [¥n41
Here C3 = C3(||pn+1llk+2,00 |Prllk+2,0). Recall vy, = det(I + f~ID(f'Dpy)).

ko < HVnHk@ + Cg5t.
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Proof. Write q(x) = pny1(x), p(x) = pp(z). Define
v, = det(I + f~'D(f~ Dp)(F~}(x))
vy = det(I+ f~'D(f~ Dp)(F~'(x))
Vi1 = det(I + f'D(f ' Dq) + A(x)

By the equation, we have v, = v,.
We will prove the lemma by showing

)

+ B()),
).

(6.25) Willea < [vallka + Cot,
(6.26) ||V;ZJrl — Untillk,a < C6,
(6.27) 1V, = Ve < C6t.

First we observe that (6.25) is a direct consequence of Lemma 6.4 applied to G =
det(I + f~'D(f~'Dp)) and Lemma 6.3.
To see (6.26), we can write, upon noticing that p,+1 = g,

1
(628) V’:l-f—l — Unt+1 = /0 M”(I + f_lD(f_qu) + QA(ZL'))CZHAU(Q})
Hence
1
(6.29) V41 = Vntillka < Chll / I+ f7'D(f7'Dq) + 0A(x))d0| k|| Aij I .0
0

But ||Aij|k,a < C6dt by (6.9) and Lemma 6.3. So (6.26) is proved. (6.27) is proved in a
similar way as (6.26), by noticing that | B;j||k,« < C6t. This follows from (6.10), (6.11)
and Lemma 6.3. u

Lemma 6.6. Forn=20,1,...

(630) Hank-i-Za < C4(HV7L||]€,04 + 1)'
Here Cy = 04(Hpn‘|2,a)'
Proof. We differentiate both sides of (6.23) with m replaced by n and obtain linear

elliptic equations for the derivatives of p,. We can then use the Schauder estimates to
obtain the result. O

Now we apply the estimates obtained in the Lemma to prove the following crucial
estimates of approximate solutions.

Proposition 6.7. For any pg € C**2 k > 2, satisfying I+ f~*D(f~'Dpg) > co, there
exist T1 > 0, € > 0, depending only on ||po||k+2.a, f, co and k, such that for any |6t| < e,
one can construct a sequence (py, Fy) of solutions to (6.1), (6.2) for n < % — 1, such

that py, € Cg+2’a and F,, : T2 = T? is a measure preserving diffeomorphism. Moreover,

(pn, Fn) satisfy the following estimates:
(6.31) IPnllks2,0 < C,

(6.32) |Prng1 — ank+1,a < Cdt,
(6.33) 1oy = idllya < C8,
(6.34) | Frs1 —id|[k,a < Cot.

for0<n < % — 1. Here C depends only on ||po||k+2,as f, co and k.
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Proof. Let M = 4{jvy||k,qa-

Let Cs = Cy(||pol|2,a + 1)(M + 1). This is the bound for ||py|[r+2,e given by Lemma
6.6 if we have the bound ||vy||k, < M and the bound ||p,||2,a < [|poll2,a + 1.

Define Cg to be the bound for ||pp41||k+2,« given by Lemma 6.1 if we have ||p, —pol[3,o <
€5, [|Pnllk+2,0 < Cs, and ppi1 = H(pn, 6t).

Now let C7 be the constant given by Lemma 6.5 such that ||t 41(k.a < [|[Vnllk,a + C7dt
if we have the bound ||pn|lk+2,a: |Pn+1llk+2,0 < Cé.

Similarly let Cg be the constant given by Lemma 6.2 such that ||pp4+1—pn||k+1,a < Csdt
if we have the bound ||p, ||k+2,0, |Pr+1llk+2,0 < Co

Finally let C9 = min(C5, Cs).

We will show by induction that

(6.35)  wallka < llvo
as long as 6t € (0,e5) and

ko + 1070t |pnllk+2,a < Co, o0 — Pollkt1,a < nC76t

. €5 M
(6.36) ndt < min <2C8, 207) =T,
where €5 is chosen according to Proposition 5.5.

We note that (6.35) obviously holds for n = 0. Suppose (6.35) is true for any j < n,
suppose also (6.36) holds for n+1. By the induction hypothesis, we have ||py||x+2,0 < Co,
and also ||pn, —poll3,a < nC70t < e5/2, where we used (6.36) in the last inequality. Hence,
by Proposition 5.5, we can define p,, 11 = H(pp, 0t). It remains to show (6.35) with n+ 1
instead of n.

First by the induction hypothesis and Lemma 6.1, since ||p,||g+2,o < Cy < Cs, we can

conclude that

(6.37) IPnt1llk+2,0 < Cs.

By the induction hypothesis, we also have ||p,|lk+2,0 < Co9 < Cs. Hence we can apply
Lemma 6.5 and the induction hypotheses (6.35), to conclude that

(6.39) Instllia < [vallea + Crdt < [[vollka + (n+1)Crot.

Also, from (6.38), using that (6.36) holds for n + 1, and that M = 4||vy||x,q, we have
Vst llka < %+ 2 < M. Now we can use Lemma 6.6 to conclude that

[Pnt1llkr2.a < Calllpollza +1) - (M +1) = Cs
Combining this with (6.37), we get
(6.39) 1P+l k42,6 < min(Cs, Cg) = Co.

Furthermore, from (6.35) and (6.37) we have ||pn||k+2,a; [|[Pnt1llk+2,0 < Cs, thus we can
apply Lemma 6.2 to get

(6.40) |IPrns1 — Pallkt1,0 < Cgt.
Hence
(6.41) [Pnt1 — pollz,a < IPnt1 — Pall2.a + nCr0t < (n+ 1)Cgdt

since k > 1. From (6.38), (6.39) and (6.41) the induction is complete.

Thus for any 6t € (0,e5) we have shown existence of (Fy,,p,) for integers n > 1
satisfying (6.1), (6.2). Moreover, the estimates (6.35) hold. We note that (6.35) directly
implies (6.31), (6.32). Also, (6.33) is proved in Lemma 6.3.
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To see (6.34), ﬁrst observe there is no loss of generality in assuming Cdt < ﬁ, SO
that we get ||F n+1 —id||k,a < 55 from (6.33). Here C' is the maximum of C5 up to Cg

appearing in this proof. Then (6.34) follows from Lemma 6.8 below by taking G = F, +1
The Proposition is now proved with T = T3. O

Lemma 6.8. Let G : R? — R? be a diffeomorphism, such that G(x+h) = G(x) + h, for
any x € R? and h € Z%. Suppose that G € C’IM‘(R2 R?) for some k> 1 and 0 < a < 1,

with |G — id||ka < 555- Then G7' € C’ZIZCQ(RQ R?) and [|G7! —id||j0 < C||G —id||j.a-

Here C' depends only on k, a.

Proof. First we observe that G~! € Cloc , with |[D(G™Y)|k-1.a < C, with C depending
only on k, o. Indeed, from ||G — id||yq < ﬁ, we know that % < det DG < % From
the Implicit Function Theorem, we know that G~! is C! and D(G™1) = (DG)~HG~1).
From this we get a universal C%® bound for D(G~'). One keeps differentiating and get
|D(G™Y) k1.0 < C, with C depending only on k, a.

To see that |G — id|jo < C||G — id||k.a, We just need to show that |[D(G™!) —
I|k—1,a < C||G = id||g,o. Observe that D(G™1) — I = D(G"Y)(I — (D(G™Y)™) =
D(G™YH(I — DG(G™1)). Therefore,

ID(G™Y) = Illj-1.0 < CID(GYllk-1alll = DG 0 G~ i-1.a

<Ol = DG oG i1

Here C' depends only on k, a, and we used the calculation |[D(G™')|x-1.. < C. So
we just need to show that ||[I — DG o G7!|y-1.4 < C||G — id||ka- But if we calculate
the (k — 1)—th derivative of I — DG o G~!, it will be the sum of terms of the form
D (I — DG) o G~! multiplied by derivatives of G~' of order< k — 1, with |#/| <k — 1.
Hence we have the claimed estimate. t

Remark 6.9. We remark that the quantity Ty in (6.36) can be chosen to be uniform
for all initial data po in some bounded set of C*t2. Indeed, the quantity M and hence
Cs depends only on ||pol|k+2.a, co, and f, so will be Cs. Hence the same will be true for
C7,Cs,C9. As for €5, we have seen in Remark 5.6 that as long as pg is taken within some
compact set in Uy C 03 then we can choose €5 uniformly. But we assumed k > 2,

+2,a

hence any bounded set in C’k will be precompact in C>*.

Finally, we estimate the continuity in time of the flow map. Define the flow map at
the n—th step to be:

6.42 nét,") = F,oF,_1---Fy: R?> - R?,
(6.42) o( )

where Fy = id. Notice that ¢(nét,-)(z + h) = ¢(ndt,z) + h for any h € Z? and ¢(nét, )
is measure preserving.

We wish to get a flow map which is Lipschitz in C*® norm. For this we need to
estimate the continuity of the discrete flow map in time. We start with the following
elementary lemma;:

Lemma 6.10. Let G1,Ga € CP%(R%;R?), F € CF%(R?%;R?), with Gi(z+h) = Gi(z)+h,
i =1,2 and F(x + h) = F(z) + h for any h € Z*. Then ||G1 o F — G20 F|ja <
Cu([Flle,)llGr = G2llk,a-



SEMI-GEOSTROPHIC SYSTEM WITH VARIABLE CORIOLIS PARAMETER 25

Proof. First notice the obvious estimate:

max |Gy o F(z) — G o F(z)| < max |Gi(x) — Ga(x)|.
zeT? z€T?

For the derivatives, notice that if 3 is a multi-index with |8| = k, then D?(G1 o F) —
DP(Gy0 F) is a sum of the terms of the form D? (G — Gs) o F multiplied by derivatives
of F of order < k, with 1 < || < k. d

With this lemma, we are ready to prove:

Proposition 6.11. There exist constants T € (0,T1], C12 > 0 depending only on
lpollk+2,0, [, co and k, such that, for any |0t] < €5 and any corresponding sequence
of approzimate solutions constructed in Proposition 6.7, the following estimate holds for
each 1 <n < %:

(6.43) [¢(ndt, ) — ¢((n —1)6t)[|k,a < Cr26t.

Proof. Applying previous lemma to G; = F,,, G2 = id, and F = ¢((n — 1)dt, we can
conclude

(6.44) l6(nét,) — d((n — 18 lka < Cra(l6((n — 1)6) 0)Cro0t.

Here (g is the constant given by Proposition 6.7. Notice that ¢(0) = id, and put
¢(—0t) = id. Let T > 0, and ngo be the largest integer with ngdt < 7”7, we sum (6.44)
from 0 to ng and obtain

. T’
(6.45) sup_6(ndt, ) — idlle < Cua( sup_ [ 6(nt, o) Crodt - .

0<n<+% 1<n<5;

for any 77 > 0. Let C be the constant C1; given by Lemma 6.10 when F has the bound
| Fllk,o <2+ ||id||k,a- Then, choosing T is small so that CC1oT" < 2, we see by (6.45)
that

(6.46) [¢(ndt, )|k < 2+ [lid]|k,a;

for 0 <n < ig—t,. Let T'= min(71,7"). Then T depends only on ||po||k+2,a: f» co and k,
and (6.46) holds for 1 <n < L. For such n, denoting Cy := CChp, we get from (6.44)

[¢(ndt,-) — ¢((n — 1)0t)[|k,a < Cr26t.
Hence the proof is complete. ]
7. PASSAGE TO THE LIMIT

7.1. Determining the flow map and pressure by taking the limit of time-
stepping approximations. Here we make use of the estimates obtained in (6.31)—
(6.34), (6.46), (6.43) and pass to the limit in the following equation

(71) w4+ )TN () Vo () = F (@) + £ 2 Ry (Vpa) (B ().
For t € [0, 7], let ¢¢' : R? — R? be a map defined by:

(7.2) 0(z) = ¢p(ndt,z), if ndt <t < (n+1)dt,
where ¢(ndt, ) is defined by (6.42). We also define:
t — nét (n+1)6t —t

(7.3) ¢ (z) = o((n+1)dt, )+ p(ndt,x), if not <t < (n+1)dt.

ot ot
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The estimates (6.43) show that the map q_S?t is Lipschitz in time under the norm C*.
Indeed, it follows from (6.43) that [|¢)" — ¢%||xa < Cralt — s, for any 0 < s <t < T,
and |§t| < e5. Now we can use the Arzela-Ascoli Theorem applied to ¢9t restricted to
[0,1]% to get a subsequence of 0t; — 0, and a limit map ¢; Lipschitz in time under the
norm C*%, such that

(7.4) q}ftj — ¢¢ under the norm C*# for each 0 < 8 < «, uniformly for ¢ € [0, T].

Also one observes that for ndt < ¢ < (n + 1)dt, one has

162 = 62 lk.a < ll6(ndt,-) = d((n = 1)5t, )0 < Cra6t.
Therefore the convergence obtained in (7.4) will hold also for ¢%(t):

(7.5) qbftj — ¢¢ under the norm C*# for each 0 < 8 < a, uniformly for ¢ € [0, T].

The same argument works also when we use ¢(ndt, )" in (7.2), (7.3), to define families
of maps ¥9 and 1?*. Then we can pass to the limit as in (7.5), and conclude the limiting
map 1); will also be Lipschitz in time under the norm C*, and that @/}f b . Since

the argument for convergence of 1% can be performed by taking a subsequence of the
sequence {0t;} used in (7.5), we can assume without loss of generality that convergence

qutj — ¢ and @bf b ¢ holds along the same sequence 6t; — 0. Then it is not difficult
to observe that ¢ = (;5;1 for each t € [0,T]. Indeed, for each n and j, with nét; < T,
one has ¢4 (nét;, %% (ndtj,x)) = z. Fix any t € [0,7] and j € N, find n such that
not; <t < (n+ 1)dt;. Now one can conclude that ¢(t,(t,x)) = x, which follows from
the uniform convergence obtained above and the Lipschitz continuity in time of the limit.
The same argument also shows 1 (t, ¢(t,z)) = x. Hence the maps ¥ (t) and ¢(t) obtained
above are inverse to each other. Thus we obtained that ¢; : T?> — T2 is a diffeomorphism
for each t € [0,T"), and

(7.6) | ¢t, &y ko < C,for each t € [0, 7).
Also notice that, from (6.43),
(7.7) |6t — dsllk,a < Clt — s],for any s,t € [0,T].

Also since the map ¢(ndt, -) in (6.42) is measure-preserving, then by (7.2) and (7.5),
(7.8) ¢¢ : T? — T? is £L2-measure preserving for each t € [0, T].

Similarly we may consider p%(t). By the estimate (6.31)-(6.32), and a similar argument
to the above, we can use the Arzela-Ascoli theorem to get a limit function p;, which is
Lipschitz in time under the norm C*t1% such that

(7.9) pftj — p; under the norm C*+5%(T2), uniformly in ¢ € [0,7] .
Then, by (6.32),
(7.10) Pt — pslli+1,0 < C|t — s|, for any s,t € [0,T].

Denote uy(ndt,z) = f~1(z)JVp(ndt,z). In Lagrangian coordinates, define
(7.11)

Vgt(t, x) = f_1(¢5t(t,x))JVp5t(t, ¢5t(t, z)), vy(t,z)= ot 2)IVp(t, d(t, ).
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Then vgt is piecewise constant in time. From (7.5), (7.9) we conclude that:

vgtj (t,-) = v4(t,-) under the norm C*#(T?;R?) for each 0 < 8 < a,

(7.12)
uniformly in ¢t € [0, 7.

Also, by (7.7) and (7.10)

(7.13) vy(t,-) is Lipschitz in time under the norm C**(T?).

With the above preparation, we are ready to derive the equations in the limit.

7.2. Deriving the equation in the limit. In (7.1), replace = by ¢%((n+1)dt,z), and
recall that ¢%((n + 1)6t,-) = F,y1 o ¢°*(ndt, ). Then, recalling the notation ¢;(z) =
#(t, ), we get for each x € R%:

¢(n+1)5t+f (¢n+1)5t)f )V i’;l(qﬁ?ﬁn)&)
= OO+ [F 2 Rst (VD] (6051)-

In the last term on the right hand side, all the functions are evaluated at ¢°,(z). Using
(7.11), we rewrite the last equality as

Bl 1yst— Doz + £ (D05 (=) (v 6t(n+1)5t — Vohast)
- [f_l(Rf& )] (¢n§t>( Vg, n5t)

Fix 0 < s <t < T’, and suppose k16t < s < (k1 + 1)dt, and koot <t < (kg2 + 1)6t. With
ot sufficiently small, we have k; < ko. Summing (7.14) from k; to ko — 1, we get for each
z € R?%:

(7.14)

ko—1
4%& C%at + Z f n5t )(=J )(ng(nﬂ)(st _ngnat)
n=~k
(7.15) - '
= > [ (Ryst = D@05 (=T Ve s0)-
n=ki

Now we take the limit in (7.15) along the sequence t; — 0 from (7.5) and (7.9). We
will suppress the index j, and write ¢ — 0 meaning the above sequence.

As 0t — 0, we get gbkz& gZ)iﬁat — ¢y — ¢ in CFB(T?) for any B < a by (7.5).

For the right hand side of (7.15), one can get for each z € R%:

ko—1
Z [f_l(Rf& - I)} (Cbnét)( ng nt)
n=ki
koot t
N (e e [ T T A (O A {CRICR T

t
= / vy AT as ot — 0,
S

where the convergence is obtained as follows. By (7.5), (7.12) there exists C' such that
||¢ft 2 < C and ||v 12 < C for each t € [0,T], j = 1,2,.... Then,
using (7 5), (7.12) again, we see o that for each # € T2 the integrands (as functions of
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t € [0,T]) are uniformly bounded with respect to j, and converge pointwise on [0, 7] to
F7Y¢7) T f(¢p7)(—Jvgr). Then we apply the Dominated Convergence Theorem.

It only remains to deal with the second term on the left hand side of (7.15). For this
5t N—vit(nst.-
we define (Dyv,)si(t,-) = = ((n+1)6t;§t) g (00) for t e [ndt, (n + 1)0t). Then (Dyvy)si(t)
is uniformly bounded in C*® for 0 < 6t < e5 and t € [0,T]. This follows from our
definition (7.11) and estimates (6.32) and (6.43). Then we can write

ko—1
f Et 5t _ V6t
n(5t g,(n+1)5t g,nét

n=ki
koot
N R AR RS
}CQ(St koot
=/ |:f_1(¢§—t)_f_1(¢7')] (Devg)st(T, ')dt+/ FH o) (Divg)se(, - )dt.
k16t k16t

In the first term above, we have f~1(¢%) — f~'(¢,) — 0 in CFP(T2) for any B < «a

uniformly in 7 € [0,7] by (7.5), and (Dyvg)s:(T,-) is bounded in C*e(T?) uniformly in

7 € [0,T)] as we showed above. Thus the first term converges to zero for each x € T?.
So we can focus on the second term. We do a “discrete integration by parts”:

koot ko—1 v5t B v5t
/ I (¢r)(Dth 6t dT = Z / ¢T+m§t g,(n+1)dt g,ndt dr
k10t = 5t

ko—1
[ Z / f ¢T+1’L 1&, gn(5t Z/ ¢r+n§t gn(sth:|

(7.18) n=ki+1
= 515_1[/ F N Dt (1)) AT - Vst —/0 f_1(¢r+k16t)dt'vgfk15t]

ko—1

5t
+ Z / 1[ (Dri(n—1)5t) — f_1(¢7+n5t):|dtvgn5t

n=k1+1

The first two terms will converge to f~1(¢)vy+ and f~1(¢s)vys in CFP(T?) for any
[ < a respectively. For the last term, we fix some z € T? and have

ka—1 5t
1. . _
E[f 1(¢T+(n—1)6t)_f 1(¢T+n6t)]dtvgfn6t
n=ky+170
ko—1
(719) Z - f (¢T+5t)d V
n6t
n=k1+1 TL 1 6t ’
(kg 1)5t — -
:/ ' (¢r) 5{ (¢T+6t)vgﬂ_+6td7_.
k10t

Now we wish to take the limit of this term as ¢ — 0. We have seen in (7.7) that ¢, is Lip-
schitz in ¢ under C**(T?) norm, hence f~!(¢;) will be Lipschitz, and for a.e 7 € [0,T),

we have fﬁl(%)_g:l(%*‘”) — 0¢(f*(¢-). Then, using also (7.13), we find that the inte-
grand will converge to —8;(f~1(¢))vyr for a.e T € [s,t]. Also we know the integrand is
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bounded on [0, T'] by some constant independent of dt, by the said Lipschitz continuity of
f~1(#¢)) and also the boundedness of vgt. Hence we can apply the Dominated Conver-

gence Theorem to conclude that the integral converges to — fst O(fH(o(t,2))v,(t, z)dt.
Combining all calculations above, we conclude that in the limit we have for any fixed
r €T

th ¢s - f (th)vg,t - f_1(¢s)vg(5)
7.20
(7.20) / - (fY(pr)) Vg rdT] = /t Vg, dT.

Or equivalently

t t
(7.21) ¢ — G5+ (=) [ FHr)0rvy(T,-)dr = / Vg, rdr.
S S
Next we take the limit as ¢ — s. In the limit, we obtain the following:

Proposition 7.1. For L' —a.e s € [0,T], and for any x € T2, it holds:

(7.22) Or(s,-) + (=) f~Hs)Opvg(s,-) = vy(s,),
(7.23)
dp(s,2) = [[+ [72D*p+ fTVp @ V()] " (s.0(s,2)) - (fLTVD) (s, 6(s,2))
— f20:Vp(s, (s, x)).

Proof. From (7.13) we conclude that lim; s W exists for L3-a.e (s,z) €

[0,T) x T?2. Now we fix some s € [0,7), such that the above limit exists for £?-a.e
x € xT?. Note that this property holds for a.e. s € [0,T), by Fubini’s theorem.

For s chosen above and t # s, we divide (7.21) by ¢t — s, and take a limit as t — s.
Then the first term in the left-had side of (7.21) will tend to d;¢(s, z), for £L2—a.e z € T?
because of our choice of s, while the term on the right hand side of (7.21) will tend to
vy(s,x), because of the Lipschitz continuity of v, with respect to the time-variable. It
remains to consider the integral in the left-hand side. For this purpose, we calculate for
eachz € T?, andany 0 < s <t < T

/ 7 (60)0rvy(r, i = / (P () — £ (60)) vy (7, )dr
—i—f_l(¢5)/ 0rvy(T, dr
— / (F1(6r) — F1(60))Brv (7, VT + 1 (00) (Vo — Va.s).

In the last line above, we used the fact that for any =z € T?, t —» vy(t,x) is Lipschitz
in ¢, and so the usual Newton-Leibnitz formula holds. Divide last line above by ¢ — s,
and let t — s. We observe that the first term will tend to zero, because f~1(¢(t,z)) is
Lipschitz in ¢, with a Lipschitz constant independent of x, while 0;v4(7,-) is bounded.
The second term will tend to 0;vg4(s,x), by the choice of (s,z). Therefore, the last line
above, divided by ¢ — s, will tend to f~1(¢s)0yvy(s, ) ast — s.

Now we can conclude from (7.21) that for L' — a.e s € [0, T7:

(7.24) Oho(s,) + (=I)f Hbs)0vy(s,-) = vy(s,-), for L2—a.e z € T?
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Next we follow a rather standard and classical procedure to show that the higher
derivatives exist. Observe that % is uniformly bounded in C*® for any t > s by
Pim =02

tj, —$
converges in C*# for any f < «a, and the limit function is equal to 9;¢(s, ) for a.e.
x € T2 by the choice of s. Thus C*#-limit on T? does not depend on the choice of the
sequence and subsequence. This shows that 9;¢(s, z) exists for all z € T2. Thus we have
proved that

(7.7). Hence for any sequence t; — s there exists a subsequence ¢;, such that

(7.25) (s, -) € CF(T?) with ||9;¢(s,-)||cra < C for a.e. s € [0,T],

where C' does not depend on s. We can apply similar arguments to p; using (7.10), and
thus obtain:

for a.e. s € [0,T], d¢p(s,x) exists for all z € T? and

7.26
(7.26) Aip(s,-) € CH1(T2) with [|p(s, )l grone < C,

where C' does not depend on s. From (7.25), (7.26), we conclude that for a.e. s € [0,7),
oVp(s,-),vy(s,-) € C¥* and the usual chain rule holds. Then we obtain from (7.11):

(7.27)
Orvg(s,z) =T [f7H((s,2))0Vp(s,8(5,2)) + fH((s,2))D?p(s, 6 (s, 7)) (s, z)
+Vp(s, 6(s,2)) @ V(f7)((s, 2))0(s, 2)],
for £2—a.e z € T2
Observe that each term in both sides of (7.27) are at least C**, we see that (7.27) holds
for every x € T?. Similar arguments also works for (7.24), and we can conclude that for

L' —a.e s€0,T], (7.24) holds for every z € T?.
By plugging (7.27) into (7.24), we obtain for £! —a.e s € [0,T):

(7.28)
[+ 2D+ 7 Vp @ V(f~H)] (s, 6(s, %)) (s, )
= (f71IVD)(s, 8(s,2)) — f20:Vp(s, d(s,x)),
for every x € T?.

By our construction, we have I+ f~2D?p(s,-)+ f~'Vp(s,-) @ V(f ') > £, so we can
invert this matrix, and obtain

(7.29)
Bid(s,x) = [[ + f2D*p+ V@ V()] (s, 6(5,2)) - (f 1 TVD) (s, b5, )
— 720, Vp(s, ¢(s,z)).
[l

7.3. Regularity in time. In this section we show that the limiting equations (7.22),
(7.23) hold for any (s,z) € [0,T) x T2. For this, we need to show regularity of p and ¢
in time.
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Fix any ¢ € C'(T?). Using the measure-preserving property of the map ¢; in (7.8),
we obtain
(7.30)
d
0= (4§ [ cetanas) = [ Tetolsanaotsais
[t=s

dt T2 T2

= [, Ve@ls.e) 1+ D% + £ Vp @ V(] T (I - 200 5,0, )

B / V¢(@)[I+ 2D+ fVp e V(Y] (F IV — f20,Vp) (s, @) da.
T2

That is, Op(t,-) solves the following uniformly elliptic equation in divergence form for
a.ete[0,T):

(7.31) V-[(I+ f'D(f'Dp)) ' f2V(0p)) = V- [T+ f'D(f'Dp)) ' (f ' IVp)].
Write this equation in the form

(7.32) V- JA(t,x)V(Op)] =V - F(t, z).

Here A(t,z) = (I + f~1D(f~1Dp))~L(t,z). We have that IAt, ), F(t, )l ok < C
for a.e. t € [0,7). Then the standard estimates for linear elliptic equations imply

|0ep(t, )|l crt1,0(12) < C for ace. t € [0,T). Next we want to obtain higher regularity in
time.

Proposition 7.2. For any (s,r) € [0,T) x T2, and 1 < m < k+ 1, 0/"p(s,x) ewists,
op € L=([0,T); CF+2=m(T?)), and (7.22), (7.23) hold for any (s,z) € [0,T) x T2,

Proof. We follow the standard procedure to obtain existence of higher-order derivatives.
Formally we can differentiate (7.31) in ¢, and obtain a similar elliptic equation for 92p;,
and apply the C*“ estimates. To proceed rigorously, we take any t; < t» for which
(7.31) holds true, and take their difference:

Op(t1) — Oup(t A(ty) — A(t
V<A(t1)f2V( tp( 1) tp( 2) )Z_v< (1) (2)
t1 —t2 ty —t2
Vp(t1) — Vp(t A(ty) — A(t
p( 1) p( 2) + ( 1) ( Q)f_1JVp(t2)),

t1 — to t1 — t2
where A(t)(z) = A(t, z) for A(t, z) defined above. Recall that we have the estimate A(1)
in C%(T?). Also, by (7.10) we have an estimate for w in C*~1 independent
of ti1,ta € [0,7]. Thus the right hand side of (7.33) has the form V - G(x), where
IG()||ck-1.0 < C for C independent of t1,ty € [0,T]. By Ch* estimates for elliptic
equations, we obtain
Oip(t1) — Oip(ta)

t1 — to
where C'is independent of t1,t € [0,7).

Hence 9;p exists for all (¢,z) € [0,T) x T?: indeed fix z € T?. From (7.34), functions
gn(t) = M}W defined on [0,T — |h|] for |h| < T/2, are equiLipschitz on their
common domains, thus from any sequence h; — 0 one can extract a subsequence h;,
so that g, (-) converge to a uniform limit > € C([0,T) on compact subsets of [0,T).
Also, (7.26) implies that ¢°°(t) = 9yp(t,x) for a.e. ¢, thus g°°(¢) is independent of the

f28th(t2)>
(7.33)

+V- (A(tl)f_lj

(7.34) [ [ckarzy < C forae. ti,t2 €[0,T),
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subsequence h;; for such ¢. It follows that the uniform limit g°°(:) is independent of the

subsequence h;,, i.e. limy_,o w exists for each ¢ € [0,7"). Thus we proved

that for each x € T2, 9;p(-,x) exists for all ¢ € [0,7). Also, now (7.34) holds for all
t1,t2 € [O,T).

Here we can see (7.23) holds for any (s,z) € [0,7) x T2, since the right hand side
of (7.23) is continuous in s. The continuity of the term 0;Vp comes from the estimate
(7.34). From (7.27), we know 0;v, is also continuous in s for each fixed z. Hence (7.22)
is true for all s.

Then we let to — t; in (7.34) and, repeating the proof of (7.25)-(7.26), we obtain
that, for a.e. t € [0,T), 02p(t,x) exists for all x € T2, and ||0?p(t, Mer.aqrey < C for
those t, with C' independent of t. Then we can repeat the previous argument and obtain
the claimed regularity for dFt2~™p(t,.) for 0 < m < k4 1. From (7.23) we see that
Orp(t) € L>®(0,T;CH(T?)). Also, recall that ¢(t) : T2 — T? is a diffeomorphism for
each ¢, and (7.6) holds. Hence we define

u(t,x) = gg(t, ¢~ (t,2)),
and obtain u € L>(0,T; CH®). O
In (7.24), we replace = by ¢~ 1(t,z), thus get
(7.35) u+ (=J)f (x)Diuy = u,.
This gives equations (2.2) and (2.3). Also, we have remarked in (7.8) that ¢; is measure
preserving. Then it follows that u is divergence free, so that (2.4) holds.
8. EXTENSION TO SG SHALLOW WATER WITH VARIABLE f

In this section, we will extend our analysis to the SG shallow water (SGSW) equations
with periodic boundary conditions. The SGSW equations are the following:

(81) (ugrv0) = =5 )
(8.2) Dyug + % — fv=0,
(8.3) Dyvy + gz + fu=0,
(8.4) ?)}tl + V- (hu) =0,

with initial data h|,—o = hg. Recalling the assumptions made in Theorem 2.2 we require
(8.5)

ho € C*T2(T?) for some k > 2; I+ f1D(f *Dhg) > co; / ho=1; hg>cy.
[0,1)

Then as in Section 3, we can discretize in time and thus obtain a time-difference
equation, and we need to solve:

(8.6) z+ [N @) fTHF TN @) Va(z) = F7H @) + f 2 Rest(VR) (F~ ().

In the above, ¢(z) = hpy1(x), h(z) = hy(x), and F = F,4;. This is the same equation
as (3.7). Now we require f[o 2= f[o 12 = 1. In the shallow water setting, I does not
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preserve Lebesgue measure, but should satisfy the following push-forward condition:

(8.7) Fy(hdz) = qdy,

which, in the case of continuous h, ¢ and a C! diffeomorphism F, is equivalent to
_ q(x)

8.8 det DF7' = 22—

(5 ‘ W(E ()

Therefore, recalling (3.8), (3.11) (or its version (3.13)) we see the equation we need to
solve is now

(8.9) det(I+ 1 (@)Vgo V(fT) + [*D*q+ A()) _ q(x)

' det[(I + f7IVh @ V(f~1) 4+ f2D2h)(F~1(z)) + B(x)] h(F~1(x))
where A(z) and B(z) are the same as in (3.9),(3.10), with p,41 replaced by ¢ and py,
replaced by h. Thus we need to solve (8.6), (8.9) for ¢ and F' and show that F' is a
diffeomorphism.

Since equation (8.6) differs from (3.12) only in notation (p changed to h), then all
results of Section 4, with p replaced by h, hold for equation (8.6). In particular, the
map G is defined as in Lemma 4.4, and satisfies the properties found in Lemmas 4.4
and 4.6, and the map F = (id + G(h, q, 6t)) ! solves equation (8.6) for given (h, g, dt) €
Ver (po) x (—€7,€}), where €] is defined in Lemma 4.6. Lemma 5.1 also holds.

Next we use the Implicit Function Theorem to solve (8.9) for ¢, with F' defined by

F~' =id+ G(p, q, 6t). Denote by 012’0‘ the following affine subspace of C?%(T?):

C2 = [ e CP(T?) / w=1).
[0,1)2
Consider the following subset Uy of C’12 /2,

(8.10) Us={we > [+ f'D(f'Duw) > %0 w > %1

Here €3 is from Lemma 5.1. Then G(h, g, dt) is defined, and id + G(h, q,0t) is a C’llo’?/Q
diffeomorphism of R?, as long as [|h — hol[3,.a < €3, [l — holl2,a/2 < €3, and |6t] < e3.
Let Us C Cf”a be defined by
Uy ={weCP™: T+ f~'D(f*Dw) > 02—0, w > %1, |w — hy

By Lemmas 4.4 and 4.6, this guarantees that the map F~!' = id + G(h, q,6t) can be
defined and invertible if ¢ € Us and h € Us, and that F' is a Frechet differentiable map.
Define a map

(8.11)

s lw —hollga/e < es}

‘37a < 63}.

P:U; x UQ X (—63,63) — Cg’a/Q

ho (id+G(h,q,0t)) det(I + f'Vq@ V(f1) + f2D?*q+ A))
det[T + f-IVh@ V(f1) + f2D%h)o (id+ G(h,q.0t)) + B] 1
where the matrices A and B are given by (3.9) and (3.10) with (p,, pn+1) replaced by
(h,q), and Fn_+11 replaced by id + G(h,q,dt). It is clear from the formula above that P
maps into C*/2

Now we need to show that the right hand side of (8.11) has integral zero. This is
similar to assertion (i) of Lemma 5.2. We first show the related property in a more

(q,h,0t) —




34 JINGRUI CHENG, MICHAEL CULLEN, AND MIKHAIL FELDMAN

general setting. Fix hg € Uy N CF+22 and define more general versions of the sets U
and Uy by replacing spaces C;" by spaces C™ (i.e. removing the condition [ g2 = 1
in the definitions):

_ _ €o
Up={g€ C***: I+ f7'D(f'Dq) > 5 19 = polla,ase < esks

~/ _ _ C
Uy ={qeC*: 1+ fD(f qu)>§qu_p0

3a < 63}.

Then, for (q,h,dt) € Ul x Uy x (—es,e3), the expression defining P in (8.11) is well-
defined by Lemmas 4.4 and 5.1. Then we prove the following:

Lemma 8.1. Denote Q(q, h,dt) := P(q, h,dt) + q, i.e.

Ola.hot) = 1o id+ Gl g.00) det(I + £ Vg @ V(1) + f2D%q + A))
GO = 4et[(T + FIVh @ V(f~1) + f-2D2h) o (id + G(h, q,0t)) + B] '

where A and B are as in (8.11). Then for any (g, h,dt) € Ul x U, x (—e3,e3),

(8.12) Q(g, h,ot)(z) dx = / h(z)dz.

[0,1) [0,1)

Proof. Fix (g, h,dot) € Uj x U, x (—es,€3).
From (3.8), we see that the map @) can be written as

Q(g,h,0t) = ho (id + G(h,q,dt)) det Dy (id + G(h, g, 6t)).
Also, id + G(h, q,6t) : R? — R? is a diffeomorphism by Lemma 4.6.

Denote G := id + G(h, q, 6t), then, as we showed, G : R? — R? is a diffeomorphism
and Q(q, h,0t) = (ho G)det DG. Now we calculate by changing variables:

/ h(G(z))det DG(z) dx = / h(y)dy = / h(z)dz,
[0,1)? G([0,1)?) 0,1)?

where the last equality follows from Z2-periodicity of G — id = G(h,q,6t) and h, and
from the fact that G : R? — R? is a diffeomorphism, see Lemma 10.5 for details. (|

Now, for (q,h,d0t) € Uy x Uy x (—e3,e3), the right hand side of (8.11) has integral
zero by Lemma 8.1 and since f[o e h = f[o 12 ¢ = 1. Thus the map P indeed maps

Us x Us x (—€3,€3) into C’g’aﬂ. Furthermore, similar to Lemma 5.2(iii), one can show
that the map P in (8.11) is continuously Frechet differentiable.
To apply the Implicit Function Theorem, we need to show the linearized map Dy P(hg, ho,0) :

Cg,a/Q N C(()),a/2
5.4, we obtain

(8.13) DqP(ho, ho, O)IU = aijé)ijw + b;0;w — w = L(w).

is invertible. By the argument similar to the calculations before Lemma

where the coefficients a;;,b; € C%%/2(T?). The injectivity follows from the strong maxi-
mum principle since the coefficient of the zero-order term is negative.

To see that L : Cg’aﬂ — Cg’a/2 is surjective, we first we notice L : C%%/2(T?) —
coe/ 2(T?) is injective by the strong maximum principle. Then we show that L is sur-
jective as a map from C%/2(T?) to C%*/2(T?). Indeed, this follows from the method of
continuity similar to the proof of Lemma 5.4, except that now we use Lo defined by Low =
Aw — w, and show the existence of a solution to Low = k by minimizing the functional
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ITv] = [12 5(IV0|>+0v?)+kv over the space H'(T?) := {v € H} (R?) : v is Z*-periodic}.
Now, given k1 € C(()),a/Q, we can find w € C%%/2 such that L(w) = k;. It only remains to
show w € Cg,a/z, i.e. that ng w = 0. We first note that sz L(w) = fT2 k1 = 0. Thus,
using the form of L in (8.13), it remains to show that fTQ a;;0;;w~+b;0;w = 0. This can be
seen as following. Let Q(q, h,0t) = P(q, h,dt) + q as in Lemma 8.1. Then, from Lemma
8.1 and since f[071)2 h = 1, we see that @ maps U} x Uy x (—e3,€3) into C?’am. From (8.5)
and (8.10), ho+ew € U, if |¢| sufficiently small. Also, a;;0;;w+b;0;w = DyQ(ho, ho, 0)w.

Hence
d
/ aij(‘)ijw + b;0;w = < Q(ho + cw, ho, 0)) =0.
T2 dE T2 |€=0
This proves w € 00270‘/2.
This discussion proves the following proposition, which is similar to Proposition 5.5

in the SG case:

Proposition 8.2. There exist 4,65 € (0,e3] with €5 < &4, such that for any h €
Cg’a('H‘Q) with ||h — hol3.a < €5 and |5t| < 5, there exists a unique ¢ € C>*/2(T?) which
solves (8.13) with F~' = id + G(p, q,6t) and satisfies ||q — holl2,a/2 < €4

Thus, denoting q := H(p, dt), we define a map

H:{llp —pollz.a <es} x (—e5,e5) = Us.

With this, we can set up the iteration as in the beginning of Section 6.

Next we establish estimates for the approximate solutions, similar to Section 6. The
proofs essentially repeat the corresponding proofs in Section 6, thus below we will only
include the parts of the proofs which differ from the SG case.

Lemma 8.3. Suppose hy 1 = H(hp, 8t) with ||hy, — hol|3,o < €5, then

(8.14) [An+1llk+2.0 < Colllhnllk+2.0)-

Proof. Similar to the proof of Lemma 6.1. (|
Lemma 8.4.

(8.15) | hnt1 — hnllkt1,0 < Cr6t.

Here the constant C1 = C1(||hn+1llk+2.0 | onllk+2,q)-

Proof. As in the proof of Lemma 6.2, the result follows from linearization.
We will write ¢ = hy11, h = hy,. We start by rewriting the equation (8.9) as

det(I + f~Hx)Vg@ V(f~1) + f2D?q + A(x))

q(x)
(8.16) -1 -1 -27)2 -1
o det[I+ fTIVARV(fT) + f2Dh)(F~ (x)) + B(x)]
B h(F~1(x)) '
We subtract from both sides the quantity det(I+/ *Wh@%p()f “DALT2D?R) g Jeft hand side
becomes

det(I + f~'D(f~'Dq) + A(z)) — det(I + f_lD(f_th))_q - h‘det(I—i—fle(f*th))
q(z) gh ‘
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We can deal with the first term in the same way as we did in the proof of Lemma 6.2.
That is, we can write the left hand side as a;;0;;(¢ — h) 4+ b;0;(¢ — h) — c¢(q¢ — h), where
aij, bi,c € CF and ¢ > 0. (Indeed ¢ = qihdet(l + f7ID(f~1Dh)))

The right hand side becomes

det[(I + f~*D(f~'Dh)(F~(z)) + B(z)] — det(I + f~D(f~1Dh))
- -
h(F~1(x))
det(I + f~'D(f~'Dh)) - ( ! - ).
h(F=1(z))  h(z)

In the same way as in the proof of Lemma 6.2, we can write the first term above as

lN)i(?i(q — h) + dtf, with by € Ck—La f e Cka The second term can be represented in

terms of F~!(z) — x, hence in terms of Vg — Vh, as was done in the proof of Lemma
5.13. To summarize, we will get an elliptic equation of the form

Cbijaij(q - h) + cz&( — h) - C(q — h) = 0tf.

with a;j,c € Cke ¢ e CF1a f e C%* and ¢ > 0. Noting the sign of the zero-order
term, we obtain the desired estimate. ]

Lemma 8.5.

(8.17) |F~ = id||p,q < Cat.

Here Cy = Co([|hnt1llk+2,0) [1Pnllk+2,0)-

Proof. Exactly the same proof as in Lemma 6.3. O
Denote

det(I + f~1D(f'hy,))
Vp = . .

Lemma 8.6.
ka S HVnHk,a + C36t.

(8.18) [P
Here Cs = Cs(||hnsllis2,a: [1nllis2.0)- Recall vy, = S ZPUZ D),

Proof. We follow the proof of Lemma 6.5.
We use the notation ¢(z) = hpt1(z), h(x) = hy(z). Define

, det(I + f~ID(f~1Dq) + A(x))
Vnt1 =

n

q(x) ’
| detl(I + fD(f D) (P (x)]
" h(F~1(x)) ’
L det[(I+ F1D(LDR)(F (@) + B(a)]
" h(F~1(x))
By equation (8.9), v, ; = v;,. We prove the result by showing
(3.19) 1Wher = vl < CBt,
(8:20) [nllka < [Vallka + Cot,
(8.21) vy, = vnllk.a < Ct.

(8.19), (8.21) are proved in exactly the same way as in Lemma 6.5. (8.20) is the conse-

quence of Lemma 6.4 applied to G = det(]+f71pD(file)). (|
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Lemma 8.7.

(8.22) th+1||k+2,a < C4(H”n+1||k,a + 1)-
Here Cy = Cy(||pn+1ll2,a)-

So we can obtain exactly the same estimates as in the SG case. Then we repeat the
proof of Proposition 6.7, to get the following

Proposition 8.8. For any hg € C*2% k > 2, satisfying I + f~'D(f~'Dhg) > co,
there exists Ty > 0, € > 0, depending only on ||hollk+2.a, f, co and k, such that for any
|0t] < e, one can construct a sequence (hy, Fy,) of solutions to (8.6), (8.8) (with h = hy,

q = hpt1 and F = F41) forn < % — 1, such that h, € C’f“’a and F,, : T?> — T?

is a diffeomorphism satisfying det DF,41 = % Moreover, (hy, F,) satisfy the
following estimates:
(8.23) 1nlk+2,0 < C,

(8.24) 1hn+1 = pnllk41,a < C6,
(8.25) |E Y —id|ge < O,
(8.26) | Frr1 — id|| 0 < Cét.

for0<n< % — 1. Here C depends only on ||hol|k+2,a5 f, co and k.

Define the time-discretized map ¢(ndt,-) = F,0---0F as in (6.42). Then similarly to
the SG case, we can show that ¢(ndt,z +h) = ¢(ndt,x)+ h for h € Z? and the following
estimate holds:

(8.27) [(ndt,-) — ¢((n = 1)dt, -)||k.a < COt.

for1<n< %. Here T depends only on ||ho||k+2,a; f, €0, c1 and k.

Also ¢(ndt,-)x(hodr) = hndx. All the convergence facts obtained in Section 7.1, i.e.
(7.5) and (7.9) for h instead of p, hold true here. Similarly to (7.11), we define

vg,5t(t7 .%') = fﬁl(fbét(ﬂ $))JVh6t(t7 (Zs&t(t? l')), Vg(t7 Cl',') = fﬁl<¢(t7 $))JVh(t, ¢(t7 I’))

Then we obtain (7.12) and (7.13). With this, following the argument in Sections 7.2,
7.3, we obtain as in Proposition 7.1:

(8.28)  Op(t,x) + (fJ)f_l(qbt(x))atvg(t,x) = vy(t,x), for any (t,z) € [0,T) x T2,

In Eulerian coordinates this equation is equivalent to

(8.29) w(z) + (=J)fHx)Dpuy(t, z) = uy(t, ).
This gives (8.2),(8.3). It only remains to show (8.4). To show this, we only need to show
(8.30) Gi#ho = hy.
Since ¢; is a diffeomorphism, this is equivalent to
ho
8.31 det Doy = .
(8:31) > hi(¢1)

To see (8.31), notice ¢; is the limit of ¢* under the norm C*# for every 8 < a, and h(t)
is the limit of h%(t) under the norm C**1% with any § < «. In the discrete setting:
det Do(not,-) = W Now one can use the Lipschitz continuity in time of ¢, and
hy, and the convergence results above to pass to the limit and obtain (8.31).
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9. UNIQUENESS

In this section, we prove uniqueness of smooth solutions to the SG and SG shallow
water equations. In the following, C' will denote a generic constant which may change
from line to line, but its dependence will be made clear.

First we briefly explain the idea of the proof of uniqueness. Take the SG case as an
example. We employ the Lagrangian formulation (2.28). Let (p1,¢1), (p2,$2) be two
smooth solutions with the same data. We derive a Gronwall-type inequality for the
function a(t) = supg<,<; ||¢1,s — ¢2,5//z2. First we take (2.21) for pi, pe and subtract.
Then we obtain a linear elliptic equation for the function O¢p1,t — O¢pa,¢- This allows us to
estimate ||0;Vp1s — 0y Vpa | 2 in terms of ||p1+ — p2¢|| g2, using linear elliptic estimates.
This is done in Lemma 9.4. Next, using equation (2.26) and the measure preserving
property of ¢, after some calculations we obtain equation (9.17). Then we take (9.17)
for p1, po and subtract. This gives us a linear elliptic equation for p1 ; —p2 ;. This allows us
to control ||p1,+ — pa,¢|| g2 in terms of supg<,<; || 41,5 — ¢2,s]| 2. This is done in Proposition
9.5. Next we use (2.20) and the fact that 9;¢ = u(¢) for both solutions to get an estimate
for ||0¢14 — Orpo|| 2 in terms of ||p1s — patllgz and ||0:Vp1 s — 0:Vpa sl 12. Integrating
in time, we get in Lemma 9.6 an estimate for ||¢1+ — ¢2+||z2 in terms of the time-integral
of |[p1+ — potllgz and ||0;Vp1r — 0, Va2, and noting that these last quantities are
estimated above in terms of supg<,<; [[¢1,s — @25 12, we get a Gronwall-type inequality.
This allows us to conclude uniqueness.

9.1. Uniqueness for SG. In this subsection, we prove the uniqueness part of Theorem
2.1. Suppose we have two solutions of SG, (pi,u1,4,u1) and (p2,uz4,us) defined on
[0, Tp] x T2, with regularity p; € L>(0,Ty; C3(T?)) and d;p; € L>(0, Tp; C*(T?)). Then
by (7.35), we see u; € L>®(0,Typ; C(T?)). This regularity allows us to define the flow
map ¢;(t,z)(i = 1,2) which satisfies ¢;(t,z + h) = ¢;(t,z) + h for any h € Z?. Also,
from (2.6) for p; and pa, there exists a constant A > 0 such that

(9.1) I+ f'D(f'Dp;) > M\ for i=1,2 on [0,Tp] x T2

In the following, the argument is made for either one of the solutions if there is no
subscript. Also we will denote ¢¢(z) = ¢(t, ), ¢1,.(z) = ¢1(t, x) with similar notation
for other functions.

Recall that (2.28) holds for both solutions. Write (2.26) as

(9.2) Bude () + ~H(0u ()0 (f~H (91(2)) Ve (1 () = f 71 TVpe(n ().
We can solve (9.2) for 0;¢; to obtain

(9.3) Ohpi(z) = I+ fD(f ' Dpe)) () (f IV — F20.Vpe) (de(2)).

On the other hand, we can rewrite (9.2) as

(9.4) 01e(x)+ 0 (f > Vpe(de(x))) = [ V@V (f 1) (d(2))Opde(x)+ f 1 T Ve (¢ ().
Integrate in ¢ to get

$i(x) + f2Vpe(u()) = @ + f*Vpo(x)

+ / 719Dy ® V(£ 1) (0(2))Dscbs(x)ds + / TV pa(a())ds.
0 0
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Differentiating on both sides, we obtain
(9.5)
(I + D(f~Dpe)(¢0)) Dy () = (I + D(f~*Dpo))(x)

t t
+/ f‘les®V(f_1)(¢s($))asD¢s(fC)d8+/0 D(f~1IVps)(ds(x)) Ds(w)ds

/ S O )60y 7 008

Okml

In the above, 0,,, Oy means 0,,, and 0,,. We do an integration by parts in the first
integral of the right hand side:

[ 900 V006, )
= IV @ V() @) Dnle) — £ o V() )
-/ O Vpe © V() (64())] D ()
Plugging this into (9.5), we obtain
(I+ 77 D( " Dpo)) (6n(@)) D) = (1 + £~ D~ Dpo) ()
- [ 5095 8 V(6 Do)

(9.6) N / DU LIV D) (65(2)) Débs (2)d

/0 Z O~ Oups O (1)) (0(2)) (B, 6D — 0,05 0,0™)ds

Define
(9.7)  EYNs,z) = —f10,Vp, @ V(f H(x),
(9.8)  E(s,z) = (f‘lJVps)( )s

Z 055" (05 (2))[=0m (f 1 05O (f 1)) (@)
(9.9) +ak(f 8zps m(f_l)(x))}

2

= > @)[=0u(f OO (f ) (@) + O(f T OipsOm (f 1) (@)

and let E(s,z) = E' + E? + E3. Notice that we can use (9.4) to plug in (9.9) for ds¢™.
So E(s,z) involves space derivatives of p up to second order and also 9;Vp;. We can
write (9.6) as

(9.10)

(I+f7'D(f~' Dpr))(é(2)) D () = (erf_lD(f_leo))(fb‘)Jr/O E(s, ¢s(x))Dos(x)ds.
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Multiplying (9.10) by E(t, ¢i(z))(I + f~1D(f~'Dp;)) "1 (¢¢(x)) from the left on both

sides, we obtain

E(t, ¢u(2))Dér(x) = B(t, ée(2)) (I + f T D(f~ Dpe))~ (¢r(2))-

9.11 t
1y [(T+ f"D(f ™ Dpo))() +/0 E(s, ¢s(x))Dos(x)ds].
Denote
(9.12) H(t,z) = /0 E(s, 65(2)) Déss(x)ds.
We see that it solves the following initial value problem.
(913) ML) _ 1, 60@)(D(e) + H(t, )
(9.14) H(0) =0,
where
(9.15) G(t,x) = BE(t,z)(I + f'D(f ' Dp)) " (t, z),
and
(9.16) D(x) = I+ f~'D(f~" Dpo)(x).

Finally we conclude from the measure preserving property of ¢; and (9.10) that
(9.17)  det(I + f~'D(f~'Dpy)) = det[I + f~'D(f ' Dpo)(¢; ' (x)) + H(t, ¢; ' (x))].

Let ¢1, ¢2 be the flow maps corresponding to the two solutions introduced at the
beginning of this section, with initial data pg. We start with some preliminary estimates:

Lemma 9.1. Let H(t,x) : [0,T] x R? — Mayo(R) be the solution to the problem:
dH (t,x)

o = Alto) - Hit,o) + B(t,),

H(0) = 0.

Here A(t,z), B(t,x), H(t,x) are 2 X 2 matriz valued functions, periodic with respect to
72, and we assume supoc;<7 |A(t,-)||c1r + [|B(t,-)||cr < M. Then we have

(9.18) V(e + [ DeF(E, )| < Ct.
Here C depends only on M and T'.

Proof. The estimate of ||H(t,-)| e~ follows from the Gronwall inequality. To estimate
D, H, we first differentiate and then use the Gronwall inequality and the estimate already
obtained for H. O

We use Lemma 9.1 to estimate C'-norm of the function H (¢, z) defined in (9.12):
Lemma 9.2. Let H be as defined in (9.12), then:

(9.19) ot lerrey < C,
(9.20) VH(t, ) erz2y < Ct.

Here C' depends on ||pl| Lo (0, 1;c3 [|0:D| Loo (0,10:02)5 As To-
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Proof. To show (9.19), we observe that due to (7.35), u;(-) is bounded in C*(T?) for each

t, with a bound which has the same dependence as in the Lemma. Thus the flow map ¢;

of w;(-) has an estimate in C'*(T?) for each ¢ by a constant with the same dependence.
To prove (9.20), according to (9.13),(9.14) and Lemma 9.1, we only need to show

(9.21) sup [|G(t, ¢¢()) 1) < C,
0<t<Ty

since the estimate of || D||¢1(2) follows from (9.16).

To prove (9.21), we only need to show supg<i<g, |G (t,-)l|c1 + [|¢tl|cr < C. The term
||o¢]| o is estimated in (9.19). For the estimate of G(t,-), we need to go back to (9.15),
and (9.7)-(9.9). From the explicit expressions given there and (9.1), we see that the C*
norm of G(t, ) is bounded by a constant which has the dependence as in the Lemma. [

Below, we write L2 and H? for L?(T?) and H?(T?).
Lemma 9.3. For any t € [0,Tp], we have
(9:22) lé1s = 62 llz2 < Cligre — b2l

and
(9.23) p1e — doillze < Cllory — dagllre.

Here C' depends on ||pi| Lo (0,1:c3(12))5 [|10tPill Loo (0,10;02(12))5 A, To, @ = 1, 2.

L2-

Proof. From estimate (9.19) for ¢; and ¢, we can bound the eigenvalues of D¢ ¢, 1 = 1,2
from above. Since det D¢; ; = 1, we also obtain the bound for the eigenvalues from below.
This gives an estimate for | D¢, !||r. Now, since ¢;; is measure preserving, we have

(9:24) lé1s = da¢llz = Idrs © b2 —idllpz < Doy ll=lidre = éallpa-
This gives (9.22). The proof for (9.23) is similar. O

Lemma 9.4. For each t € [0,Tp], we have
(9.25) 10:Vp1e — 0 Vpallr2 < Clipie — patllme-
Here C depends on X, ||pitlc2, [|0witlcr, i =1,2.
Proof. We take (2.21) for pi, pe and subtract to get
V(I + 7 D Dp1a) " (0 Vpre — 0 Vpay)]
=V [T+ D 1) (T IV — f T Vo)
+ V(I + 7D~ Dpra)) ™
— (I + f7'D(f ' Dp2y)) ) (f I Vpas — 20,V p2y))-

Multiplying both sides of (9.26) by Oip1+ — 02+ and integrating by parts, and using
(9.1), we obtain (9.25) O

(9.26)

Proposition 9.5. For any t € [0, Tp)

sup [[p1s — p2sllpz < C sup |[o1s — dp2sllL2.
0<s<t 0<s<t

Here C' depends on ||pi| Lo (0,1:c3(12))5 [|10tPill Loo (0,10;02(12))5 A, To, @ = 1, 2.
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Proof. From (9.17) for p; and pa, by subtraction we get
(9.27) aii [ 0;(f T 0i(pre — p2g)) = F(2),

where
/ AL+ 07~ D(F D) + (1 — 0)f " D(f L Dps.))db,

= by [f 105 (f T Oipo) (14) — £ 0(f 1 0p0) (¢34 ()
+ Hyij(t, dyy (2) — Haj(t, 51 ()],
with

1
bij = /0 Myi[I+ 0~ D(f~" Dpo) (1, (2)) + (1 = 0)f ' D(f ™' Dpo) (63, ()

+OH (8,61 (2)) + (1= ) Ha(t, 65 (2))]d0.
Here [M;;(A)] denotes the cofactor matrix of the matrix A.

We assumed p1, ps2 to be C3 smooth, and f € C?, from which we conclude that the
coefficients of equation (9.27), written in the non-divergence form, are in C*(T?), and the
C' norms depend on IP1, P2l Loo (0,10;c3(T2))- Also, equation (9.27) is uniformly elliptic
(by (9.1)), and has no zero-th order term. Then we apply the H? estimate to get
(9.28) Ip1e = p2allz < CJIF| 2.

Next notice that b;; is bounded. Indeed, we just need to observe Hy, Hy are bounded,
this follows from Lemma 9.2. Then we estimate

IFllz2 < Cllf ' D(f " Dpo) (1) — £ D(f ' Dpo)($51)lI 12
+ O Hyij(t, é11 () — Haij(t, dgt (D)2
< Cllpre — d24llz2 + ClIDHy(t, )| oo |14 — boll 2 + Cl| Hy — Hol| 2.

Here we used that py € C® and Lemma 9.3. Now we use that ||DHj||r is bounded,
which follows from Lemma 9.2, to obtain

(9-29) [FlL2 < Cligrs — daullL2 + CllHy — Ha| 2.
We can deduce from (9.13) that

jt(Hl Hy) = Gi(t,p14(x))(Hy — Ha) + (G1(t, d1,0) — Ga(t, ¢2,0)) (Ho + D).

Thus we have

t
[Hip = Hogllz < sup [|Ga(t, ')||L°°/ [H1,s — Ha,sl| 2

+( sup HHIILOO+||D||L<>o)/0 1G1(55 01,5(-)) — Gals, P2.5()) [ 2-

0<t<Tp
To deal with the second term we have
1G1(s, ¢1,5(-)) — Ga(s, P2,5()) | 2
(9.31) <G5, 01,5() = Gils, d2,6 ()l 2 + 1G1(s, d2,5()) — Gals, d2,s(-)) |l 2
< I1DGi[Lef1,s — d2,sllr2 + [[G1 — G2l 12
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Recall (9.15) for the definition of G, and the explicit expressions given in (9.7)-(9.9),
we see ||DyG1||pe < C. We still need to estimate ||G1 — Ga||r2. Now

G1—G2 = (Ex—Ep)(I+f'D(f ™" Dp1)) " +Ea[(I+f ' D(f ' Dp1)) "' =(I+f~"D(f " Dp2)) "]
Then we estimate
(9.32)
IG1 = Gallrz < |1+ f'D(f ' Dp)) = |Ey — Ea| 12
+ | Eallze - 1|1+ £ D(f ' Dp1)) ™" = (I + f~'D(f " Dp2)) | 2
< C|lEr — Eal2 + Cllp1 — pallge-

It only remains to estimate ||E; — Ez|[z2. For this we go back to (9.7)-(9.9). One sees
easily from (9.7) and the previous lemma

(9.33) |EL, — E3llz2 < Cl0sVp1 — 0sVp2llr2 < Cllpr — pellge-

Also from (9.8):

(9.34) 12, — B3Iz < Cllprs — posllae

One can see from (9.9) that

(9.35) IE? s — E3 |l 22 < Clluy — 3|2 |[pall o2 + Clluglllzelpr — p2]l 2

From (7.35) we observe that ||u||ze can be estimated by |[p|c2 and ||Op||c1. On the
other hand, from Lemma 9.4:

(9-36)  Jlure —uaellre < C(llpr = p2llaz + [10:Vp1 — 0:Vp2ll12) < Cllpre — pall -
Collect (9.32)-(9.36) to get

|G1 = Gallr2 < Cllpr — pal[ g2
Recalling (9.30) and (9.31), we get

t t t
|Wu1ﬁMm§0/Hmwf%uﬂﬁc/H%ﬁ¢MMMHC/HHSWMW®-
0 0 0

Use the Gronwall inequality to get
t ¢
[Hy — Hallr2 < C/ 61,6 — 2,5/l L2ds + C/ 1p1,s — P2.sll2ds.
0 0
Recalling (9.28) and (9.29), we have

t t
|Mwmﬂmgamrwmm+/|mrwmmw+/mM—mAmw
0 0

Using the Gronwall inequality now completes the proof. (]
We present a final lemma which follows directly from (9.3).

Lemma 9.6.
t
@16 — P2l < C/ (lp1,s — p2,sll 2 + 10:Vp1,s — OV pa sl 12)ds.
0

Here C' depends on ||pi| Lo (0,1:c3(12))5 [|10tPill Loo (0,10;02(12))5 A, To, @ = 1, 2.



44 JINGRUI CHENG, MICHAEL CULLEN, AND MIKHAIL FELDMAN

Proof. From (9.3), using (9.1) and the measure-preserving property of ¢o;, we have

10ebre — Oepol| 2
<+ D Dp1g) (T IV — f 20 Vpre) (1)
- I+ f_lD(f_lel,t))_l(f_lval,t — f_28tvP1,t)(¢2,t)HL2
+ 1T+ D Dp1a)) " (f T TV — £200Vp1y)
- I+ f_lD(f_lez,t))_l(f_ljvp2,t - f_23th2,t)||L2
<|IDI + f7'D(f ' Dp1a) " (f T IV — F20V Pl 61 — ol
+ Cllp1t — p2tllgz + Cll0:Vp1s — 0 VD24

L2
Applying the Gronwall inequality now completes the proof. ]

Combining all the above estimates, we can now conclude uniqueness. Indeed, from
Lemma 9.6 and Lemma 9.4, we get

t
lérs — daellze < C / Ip1s — posll 2.
0

Let a(t) = supg<s<y [|91,s — d2,5/| 22, and b(t) = supp<,< [[P1,s — P2,s/|m2. Therefore

a(t) < C /0 b(s)ds.

Using Proposition 9.5 we obtain

a(t) < C’/Ot b(s)ds < C/Ota(s)ds.

Also a(0) = 0 since ¢; o = id. Then from the Gronwall inequality, a(t) = 0 for all
t > 0, that is ¢14 = ¢4 for all ¢ > 0, which implies u; = up. Also, from a(t) = 0 and
Proposition 9.5, b(t) = 0 for all ¢ > 0, that is p; ; = pa; for all t > 0. Now uniqueness is
proved.

9.2. Uniqueness for the SG shallow water equations with variable f. The
uniqueness for the SG shallow water case is very similar to the SG case. Let ¢(t) be
the flow map, and h(¢, x) be the fluid depth field. Assume that (2.10) is satisfied. Then
similar to (9.2), we have

(9.37) Oru(x) + ()0 (f (e(2)) Vhe(e())) = f 7TV Ry(¢r ().

The same calculation as in the SG case shows (9.3)-(9.6) still holds with p; replaced by
h¢. In particular, we have

(9.38)  (I+ f7'D(f ™' Dhe))(¢e(2))Ddy(x) = (I + f~D(f 7' Dho))(x) + H(t, z).

Here H is given by the same expression as in (9.12) and solves an initial value problem
similar to (9.13)-(9.16) with E given by (9.7)-(9.9), the only difference being p replaced
by h. A similar comment applies to Lemma 9.2. We can conclude ||H(t,-)||cx < Ct.
Here C depends on [|h|| e (0,1,c3(12))5 [10th|l Lo (0,1:02(12))5 As To, where A > 0 is such
number that I + f~'D(f~1Dh) > A\ on [0, Ty] x T?, which exists by (2.10).
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The difference arises in (9.17). Since ¢; does not preserve Lebesgue measure, but
satisfies (¢¢)uho = he, we have

(9.39) det Doy (x) = ]%.

Taking the determinant of both sides of (9.38), we obtain
det(I + f~'D(f~'Dhy)(¢r(x))) _ det(I + f~'D(f~'Dho)(x) + H(t,x))

hi(¢e(2)) ho(x)
Applying this at the point ¢, Yz), we get
(9.40)
det(I + fT'D(f ' Dhy)(x)) _ det(I + f~D(f ' Dho)(¢; ' (=) + H(t, ¢, ' (2)))
() - ho(¢; () '

As in the SG case, we solve (9.37) for 0;¢y:
Oee(x) = (I + fTID(f~ Dhe)) ™ () [f 1T Vhe — [T20, V] (1 ().

Equivalently, writing this at the point ¢; '(x), we get an expression for the physical
velocity:

(9.41) w = I+ f'D(f'Dh)) (f 1 IVh — 20, Vhy).
Applying the equation dsh+ V- (ushy) = 0, we obtain an elliptic equation for d;h, namely

(9.42)
VI +f'D(f'Dhy)) f 200,V hy] — 0th = V- [T+ f'D(f ' Dhy)) 7t f 1 he IV Ry).

Suppose we have two solutions of the SG shallow water equations, (hi,u1,4,u;) and
(h2,u2,4, uz), which satisfy the assumptions of Theorem 2.2, and are defined on [0, Ty] x
R2. Then there exist constants A, ;1 > 0 such that

(9.43) I+ f'D(f7'Dh;) > A and h; > p for i=1,2 on [0,Ty] x T2

Due to (9.41), we have u; € L>(0, Tp; C!), hence we can define the flow map ¢;(t).
Next we present the estimates in the shallow water case which lead to uniqueness,
parallel to the previous subsection.
As a preparation, we first observe that the analogue of Lemma 9.3 also holds for the
shallow water case.

Lemma 9.7. For any t € [0,Tp], we have

(9.44) lpry — daillre < Cllgre — ol
and
(9.45) p1e — dotllze < Cllors — dagllre.

Here C' depends only on A, p, [|hil| Lo 0.10:02(12)), 10¢hill Lo 0.10;:01 (12)), @ = 1, 2.

Proof. From (9.41), u; € L°°(0,Ty; C*(T?)). Since the flow map ¢; is generated by u;, it
follows that ||D¢; ¢|| e~ are uniformly bounded in ¢, with a bound having the dependence

as in the Lemma. Also, from (9.39) combined with (2.9) and (9.43), it follows that
m < det D¢;; < @, for i = 1,2. From this we conclude ||D<;S;t1||Loo are also
uniformly bounded in t € [0, Tp], with a bound having the dependence as in the lemma.
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To prove (9.44), we can calculate

/ |74 (x) — dyy ()| Pda = / |z — ¢34 (¢1.4(x)) | det Dy () d
[071)2 [071)2

:/[01

1 102(022(2)) = 03, (G142 det Do)

< | Doyt ll3 || det Doy ool pre — .l 2.
The proof for (9.45) is similar. O
Similar to Lemma 9.4, we can show
Lemma 9.8. For each t € [0,Tp], we have
(9.46) 10,V Ry — 0V hayllzz < Cllhiy — hallge.
Here C' depends on A, u, ||hit|| Lo 0,10;:02), | 0chill oo (0,10:01)» & = 1, 2.

Proof. Similar to the proof of Lemma 9.4, we take equation (9.42) for h; and hg, and
subtract. Multiplying both sides of the resulting equation by d;h1 — Otho and integrat-
ing by parts, we obtain (9.46), noticing that the zero-th order term has the right sign so
we can argue in the same way as in Lemma 9.4. g

The key proposition holds also in SG shallow water case. It is an analogue to Propo-
sition 9.5.

Proposition 9.9. For any t € [0, Tp)

sup th,s - h2,5||H2 < C sup Hﬁf)l,s - ¢2,5”L2-
0<s<t 0<s<t

Here C' depends on A, u, ||ill o< 01:03), [|0hil [ L (0, 10;02), To, @ = 1, 2.

Proof. Similar to the proof of Proposition 9.5, we take equation (9.40) for hy,hy and
subtract. Then we obtain equation for hq; — ha, with the left-hand side

det(I + f~'D(f"'Dhig)(x)) det(I + f~'D(f~'Dhyy)(x))

hit(z) ho4(z)
= aij 7105 (f 1 9Py — hay)) _ et + J7ID(f 7 Dhay) (h1t — hag).
hi 4 hitho ’ ’

Here
1
aij = /0 M;(I+0f'D(f*Dhis) + (1 —0)f'D(f ' Dhay))do.

Property (9.43) and regularity assumptions for hq, he imply that the equation is uni-
formly elliptic, and coefficients are in C1(T?), with ellipticity constant and C' norms
depending on the parameters listed in the lemma. The sign of the coefficient of zero-th
order term is negative, by property (9.43). Hence we can apply the H? estimates to
conclude

171t = hogllg2 < C||F|| Lz,

where F' is the right-hand side of the equation. Now we can do a calculation as in the
proof of Proposition 9.5 to estimate ||F|| 2. O

Finally, we have
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Lemma 9.10.

[f1e — b2

t
2 < C/ (||h175 — h275HH2 + H&chLS — 6,5Vh2,s LQ)dS.
0

Here C depends on ||hi| Lo (0,1:0%)5 [|0thill Loo (0,10:02), @ = 1, 2.

Proof. We argue exactly as in the proof of Lemma 9.6, using (9.39) for ¢, instead of
the measure-preserving property. ]

With the above estimates, we can conclude uniqueness in the same way as for the SG
case.

10. APPENDIX

10.1. Frechet derivatives for maps between Ho6lder spaces.

Lemma 10.1. Let o, f € (0,1) and o > 3. Then,
(i) The map G : C%(T2) x C1A(T?;R?) — CVP(T?) defined by

G(p,w) =po (id + w)

is continuously Frechet-differentiable.
(i) The map G above considered as a map CH*(T?) x C1A(T%;R2) — C%F(T?) is also
continuously Frechet differentiable.

Proof. In the argument below, the constant C' may change from line to line, and depends
only on «a, B, [|pllcz.e(r2) and [Jw||crs(r2;re).-

We only prove the first statement. The second statement is proved in a similar manner
and is simpler.

That G maps into CV#(T?) is clear from the expression. We show Frechet differ-
entiability, with differential DG (p,w) for any (p,w) € C>*(T?) x CLA(T?;R?) given
by

DG(p,w) : C**(T?) x CYP(T*R?) — C(T?),

(10.1) , .
(hi,h2) — hyo (id +w) 4+ (Vpo (id + w)) - he.

Here the second term above denotes the dot product of 2-vectors in R2.
By definition, we need to show that

|G(p+ eh1,w + 6ha) — G(p, w) — DG(p, w)(chy,0h2)
e+4d

HL’B — 0,

as €,0 — 0, uniformly for any ||hi]|2,a, ||h2]1,8 < 1. we can write

[G(p + ehi,w + 0h2) — G(p,w) — DG(p,w)(chy, 6hs))(x)
1
= /0 (Vp(z + w(x) + 00ha(x)) — Vp(z + w(x)))db - dha(x)
+ e(hi(z + w(x) + 0ha(x)) — hi(x + w(z)).
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Therefore,

(10.2)
|G(p + ehi,w + 0hg) — G(p, w) — DG(p, w)(eh1,0h2)|1,8

<6 sup [|[Vp(id+w + 65he) — Vp(id + w)| 1,8l h2]l1,5
0<6<1

+¢||h1(id + w + dho) — hi(id + w)||1
< 50219151 |Vp(id + w + 00ha) — Vp(id + w)||1 g + €||h1(id + w + Sha) — hq(id + w)]|1,8-
Now
DI[Vp(id +w + 05ha) — Vp(id + w)]
= D*p(id + w + 05hs) (I + Dw + 05 Dhy) — D*p(id + w)(I + Dw)
= [D?p(id + w + 05hy) — D?*p(id + w)|(I + Dw + 85 Dhs) 4+ 05 D*p(id + w)Dhs.
Therefore,
| D[Vp(id + w + 06ha) — Vp(id + w)]||o.3
< |D?p(id + w + 05hs) — D*p(id +w)||o g||I + Dw + 05 Dhal|o 5
+ 8] D?p(id + w)llo,s/| Dh2llo,5
< ||D*p(id + w + 05ha) — D*p(id + w)||o (1 + ||wl|1,5 + 6) + 6C
< C||D*p(id + w + 05he) — D*p(id + w)||o 5 + 6C
Finally, we use the interpolation inequality to estimate the first term above:
|D?p(id + w + 05hs) — D*p(id + w) |0,
< |D?p(id + w + 85h3) — D*p(id + w) |3/ - | D?plid + w + 6hs) — D*p(id + w)|jg~"*
< O(llpll2.allhz]I§ 6°) P/
<05 0.
The second term in (10.2) can be handled in a similar way.

Also using the explicit expression of DG(p,w) in (10.1), and arguing in a similar way
as above, we show that DG is continuous in p, w under the operator norm. O
Lemma 10.2. Let f : R" = R be a C® function, then the map

F :C%(T?) x ¢%...C%(T?) - C%(T?)
(p1,p2,+ pn) V> f(P1:D2, " Pn).
is continuously Frechet differentiable.

Proof. For simplicity, we just prove this Lemma for n = 2. The general n can be handled
in a similar way. From Taylor‘s formula, one can write

1
f(p1 +eh1,p2 + 0he) = f(p1,p2) +h101f(p1) + 0hala f(p2) + /0 Az, t)(1 - t)dt,

where
A(Hf, t) = 811f(8h1>2 + 2812f(€h1)((5h2) + 822f(5h2)2.

Here 0;; f is evaluated at (pi +tehi, p2 +tdha). Now observe that if || ||o.a, [|[P2]l0,a < 1,

A(z,t) -

one has a uniform C%“ bound for 5 This proves that the map F' is differentiable. The
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continuity of the differential follows readily from the expression Dy, F'(p1,p2,- -+ ,pn)hi =
9if (p)hi.

Corollary 10.3. The map
det : CO’Q(MQXQ) — %
A — det A.

is continuously Frechet differentiable. Here C%(May2) denotes the space of 2x 2 matrices
with entries in C%(T?),

Similar to Lemma 10.1, one can also show
Lemma 10.4. Let f € C%(T?), then the map
F: CY(T%R?) — CO(T?)
w— f(id + w).
is continuously Frechet differentiable.

Proof. Let ||h][1,o < 1, we can write

flid +w+eh) — f(id +w) — V f(id + w)eh
1
= 5h/ [Vf(id 4+ w4+ €0h) — V f(id + w)]db.
0
Therefore,

| f(id + w + eh) — f(id + w) — V f(id + w)ehlpa
<cellhlloa sup [|Vf(id+w+ebh) — V f(id + w)]|o,a-
0<0<1

Now we use the interpolation inequality:
IV f(id +w + ebh) — V f(id + w)l0,a
< ||V f(id +w + ebh) — V f(id +w)||%: - |V f(id + w + £0h) — V f(id + w)]|5~.
< C(elD*fllolhflo) '~
O

10.2. Integration on T?. We note the following elementary property of Z2-periodic
functions:

Lemma 10.5. Let G : R? — R? be a C! diffeomorphism, h € C(R?), and let G —id and
h be Z2-periodic. Then

Proof. We can write
G([0,1)%) = Ui,

Denote B;; := A;j — (i,7). We show that

(103) Bij are disjoint, and [O, 1)2 = U(i,j)EZQBij'

Indeed, suppose x € Bj; N By;. Then x + (i,j) = G(y) and = + (k,l) = G(z) for y, z €
[0,1)2. Then using Z2-periodicity of G —id, we have G(y) —y = G(y— (i,5)) — (y — (i, §))

yez2Aij, where A;; are disjoint, and A — (4,5) C [0, 1)2.
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and G(z) —z = G(z— (k1)) — (2—(k, 1)), from which z = G(y) — (4, j) = G(y— (4,7)) and
similarly = = G(z — (k,1)). Since G : R? — R? is a diffeomorphism, we get y — (i, j)) =

— (k,1), which implies y = z and (i,7) = (k,l) since y,z € [0,1)2. Thus B;; are
disjoint. Next, let x € [0,1)2. Since G : R? — R? is a diffeomorphism, then z = G(y)
for some y € R2. Then y = 2 — (i,5) for some z € [0,1)? and (i,5) € Z*. Using again
Z2-periodicity of G —id, we get x = G(z — (i,5)) = G(2) — (i, j), from which, using that
z,2 €[0,1)% we get x € B;;. Thus [0, 1)2 = Ugi,jyez2 Bij- Now (10.3) is proved.

With this, using Z2-periodicity of h, we get

/G([o,l)) )dy = Z / Z / dw—/[o’m h(z)da.

j)EZ2 j)EZ?

27])
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