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ABSTRACT. We establish the existence and stability of multidimensional steady transonic flows
with transonic shocks through an infinite nozzle of arbitrary cross-sections, including a slowly
varying de Laval nozzle. The transonic flow is governed by the inviscid potential flow equation
with supersonic upstream flow at the entrance, uniform subsonic downstream flow at the exit
at infinity, and the slip boundary condition on the nozzle boundary. Our results indicate that,
if the supersonic upstream flow at the entrance is sufficiently close to a uniform flow, there
exists a solution that consists of a C1® subsonic flow in the unbounded downstream region,
converging to a uniform velocity state at infinity, and a C1** multidimensional transonic shock
dividing the subsonic flow from the supersonic upstream flow; the uniform velocity state at
the exit at infinity in the downstream direction is uniquely determined by the supersonic
upstream flow; and the shock is orthogonal to the nozzle boundary at every point of their
intersection. In order to construct such a transonic flow, we reformulate the multidimensional
transonic nozzle problem into a free boundary problem for the subsonic phase, in which the
equation is elliptic and the free boundary is a transonic shock. The free boundary conditions
are determined by the Rankine-Hugoniot conditions along the shock. We further develop a
nonlinear iteration approach and employ its advantages to deal with such a free boundary
problem in the unbounded domain. We also prove that the transonic flow with a transonic
shock is unique and stable with respect to the nozzle boundary and the smooth supersonic
upstream flow at the entrance.

1. INTRODUCTION

We are concerned with the existence and stability of multidimensional steady transonic flows
with transonic shocks through multidimensional infinite nozzles of arbitrary cross-sections. Such
problems naturally arise in many physical situations, especially in the de Laval nozzles which
have widely been used in the design of steam turbines and modern rocket engines (see Courant-
Friedrichs [11], Whitham [47], and the references cited therein). Since the nozzles in applications
are usually much longer with respect to their cross-sections, the problem is often formulated
mathematically as an infinite nozzle problem. Correspondingly, such a multidimensional infinite
nozzle problem has extensively been studied experimentally, computationally, and asymptotically
(see [11, 15, 18, 21, 22, 23, 47] and the references cited therein). The stability issue for transonic
gas flow through a nozzle for the one-dimensional model was analyzed in [40, 41]. The existence
and stability of multidimensional steady transonic flows through multidimensional infinite nozzles
has remained open; see [5, 11, 12, 43, 47].

In this paper, we focus on the infinity nozzle to establish the existence and stability of mul-
tidimensional transonic flows with supersonic upstream flows at the entrance, uniform subsonic
downstream flows at the exit at infinity, and the slip boundary condition on the nozzle bound-
ary. The potential flow equation for the velocity potential ¢ : @ C R"™ — R is a second-order
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nonlinear mixed equation of elliptic-hyperbolic type:
div (p(|Dy|?) D) = 0, reQCR", (1.1)

where the density function p(q?) is

1
p(g®) = (1-6¢%) (1.2)
and 0 = "’%1 > (0 with adiabatic exponent v > 1.
The nonlinear equation (1.1) is elliptic at Dy with |Dep| = ¢ if

p(q®) +2¢°0'(¢°) > 0 (1.3)
and hyperbolic if
p(q*) +2¢°0'(¢%) < 0. (1.4)

For this infinite nozzle problem, we first seek a multidimensional transonic flow containing a
multidimensional transonic shock which divides a subsonic downstream flow from the supersonic
upstream flow. In order to construct such a transonic flow, we first formulate this infinite nozzle
problem into a free boundary problem: The multidimensional transonic shock is a free boundary
which divides two phases of C™® flow in the infinite nozzle, and the equation is hyperbolic in the
supersonic upstream phase and elliptic in the subsonic downstream phase. Since the existence of
the supersonic upstream phase is a direct corollary of the standard local existence theory of the
initial-boundary value problem with the slip boundary condition for nonlinear wave equations (cf.
[27, 28, 30]), we can further formulate the free boundary problem into a one-phase free boundary
problem for a nonlinear elliptic equation by shiffmanization, a cut-off technique (see [4, 45]).

We further develop a nonlinear iteration approach and employ its advantages to deal with such
a free boundary problem in the unbounded domain and to solve the multidimensional transonic
nozzle problem in a direct fashion. Our results indicate that, for the transonic nozzle problem,
there exists a transonic flow such that the flow is divided into a C'*® subsonic flow up to the nozzle
boundary in the unbounded downstream region from the supersonic upstream flow by a C'%®
multidimensional transonic shock that is orthogonal to the nozzle boundary at every intersection
point, and the uniform velocity state at the exit at infinity in the downstream direction is uniquely
determined by the supersonic upstream flow at the entrance which is sufficiently close to a uniform
flow. The uniform velocity state at the exit can not be apriori prescribed from the corresponding
pressure for such a flow to exist. We further prove that the transonic flow with a transonic shock
is unique and stable with respect to the nozzle boundary and the smooth supersonic upstream
flow at the entrance.

One of the advantages to employ our nonlinear iteration approach is that, as long as we
know how the corresponding fixed conormal problem for (1.1) can be solved and estimated, the
solution of the free boundary problem and its estimates directly follow, even for more complicated
geometry of the domain under consideration. In this sense, the iteration approach is more efficient
than the partial hodograph approach developed in [6], since we do not need to change equation
(1.1) with fine features. This indeed plays an important role to achieve the C'1**regularity of both
the solution and the free boundary up to the nozzle boundary and to allow the nozzle boundary of
arbitrary cross-sections, by employing the features of equation (1.1). Also, this approach enables
us to deal with the multidimensional nozzle problem in a direct fashion, which especially applies
to the bounded nozzle problems with various different compatible boundary conditions at the
exit by solving the elliptic problems with nonsmooth fixed boundaries, as discussed in Section 3
and in [9, 10, 13, 24].

Another new ingredient of this paper is to develop a C''®—estimate framework for solutions
of the conormal problem for elliptic equations of divergence form with C'*—coefficients in the
domains with corners and wedges. In our nozzle problem, the corners and wedges are formed in
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the intersection of the free boundary with the fixed boundary, so it is necessary to develop such
an estimate framework to deal with the new difficulty of the intersection of a free boundary with
a fixed boundary, especially when n > 3. In [5], we considered a transonic flow in an infinite
cylinder with a cross-section of the form A = (0,1)"~ 1, i.e., a flow in the domain (0,1)"~! x R,
in which, by reflections, we can reduce the problem to the domain T" ! x R, where T" ! is
the (n — 1)-dimensional torus. Thus, in studying the free boundary problems in [4, 5], we were
able to avoid studying the intersection of the free boundary with the fixed boundary. In the
case of arbitrary smooth cross-section in dimension n > 3, this can not be done even for the
flow in the unperturbed cylinder: Indeed, if we locally flatten the boundary, the equation in the
new coordinates changes its structure and the reflection leads to an equation with discontinuous
coefficients. When we consider a flow in the nozzle (i.e. in a perturbed cylinder), we face a similar
problem. Thus, in the present paper, we have to consider the intersection of a free boundary with
a fixed boundary, that is, a nonlinear conormal problem in the domain with nonsmooth boundary
for any dimension (n > 2). The problem in a fixed domain with wedges was considered in [36],
where the C18-regularity of solutions near the wedges for a general oblique derivative problem
for linear elliptic equations was obtained. On the other hand, the results in [36] require certain
conditions on the relative geometry of the wedge and the vector fields in the oblique derivative
conditions; and, moreover, the Holder exponent 3 of the solution depends on the geometry of
wedges, in addition to the Holder exponent of the coefficients and the right-hand sides of the
equation and boundary conditions. These features present the difficulties in using the results of
[36] in constructing solutions for our nonlinear problem. Thus, in this paper, we first study the
existence and regularity of solutions, by restricting the class of equations and considering only
the conormal boundary conditions and cylindrical domains, and then we obtain sharp results
that are used for constructing the solution of the free boundary problem for the nonlinear elliptic
equation in the subsonic domain.

A further new ingredient is to develop a useful approach for obtaining uniform estimates of
solutions in the (perturbed) cylinders of length R — oo and showing that the velocity (the
gradient of the solution) converges to an asymptotic constant state at infinity. In [5], we reduced
the problem to the domain T”~! x R so that the symmetry allows us to use the pointwise
estimates of solutions to study the asymptotics at infinity. In the present case, the domains are
of more general geometry, so our approach is now to use natural integral estimates of solutions to
achieve the asymptotics of solutions at infinity. This approach should be useful to other problems
in unbounded domains with similar features.

The uniqueness and stability of the nozzle problem is a question of great importance to know
under what circumstances a steady transonic flow involving transonic shocks is uniquely deter-
mined by the boundary condition and the conditions at the entrance and when further conditions
at the exit are appropriate (see Courant-Friedrichs [11]). In this paper, we identify that the steady
transonic flow involving a transonic shock is uniquely determined by the Cauchy data at the en-
trance for the nonlinear wave equation and the uniform subsonic flow condition at the exit at
infinity, which are natural physical conditions. Note that the pressure can not be apriori pre-
scribed at the exit at infinity even for the existence; otherwise, it is clear from our results that
there is no weak solution for this problem (also see [5]).

Some efforts have been made for solving the nonlinear equation (1.1) of mixed type. In par-
ticular, Shiffman [45], Bers [2], and Finn-Gilbarg [17] proved the existence and uniqueness of
solutions for the problem of subsonic flows of (1.1) past an obstacle (also see [14]). Morawetz
n [42] showed that the flows of (1.1) past the obstacle may contain transonic shocks in gen-
eral. In [4, 5, 6], we developed two approaches to deal with multidimensional transonic shocks.
Also see Canic-Keyfitz-Lieberman [3] for the transonic small disturbance equation and Zheng
[61] for the pressure-gradient equations. For the bounded transonic nozzle problem, see [4] for
the multidimensional channel case and [48] for the 2-dimensional case. Non-transonic shocks
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(hyperbolic-hyperbolic shocks) were analyzed in [7, 8, 25, 32, 39, 44, 49] and the references cited
therein.

In Section 2, we set up the infinite nozzle problem involving multidimensional transonic shocks
and present the main theorems of this paper. In Section 3, we develop a C'*® estimate framework
up to the wedge boundary of the cylinder for the conormal problem for second-order linear
elliptic equations of divergence form with C'* coefficients for subsequent development. In Section
4, we reformulate the transonic nozzle problem into a free boundary problem by introducing a
multidimensional transonic shock as a free boundary which divides the upstream and downstream
phases of C1® flow in the infinite nozzle. We introduce an iteration procedure to construct
approximate solutions of the free boundary problem in Section 4 and make uniform estimates
of the solutions on the bounded domains with wedge boundary in Section 6. In Section 7, we
establish the existence of multidimensional transonic flows with transonic shocks via solving
the corresponding free boundary problem in the infinite nozzle. In Section 8, we establish the
uniqueness and stability of multidimensional transonic flows with transonic shocks in the infinite
nozzle.

2. TRANSONIC SHOCKS, NOZZLE PROBLEMS, AND MAIN THEOREMS

In this section, we first set up the infinite nozzle problem involving multidimensional transonic
shocks and present the main theorems of this paper.

A function ¢ € C%1(Q) is a weak solution of (1.1) in an unbounded domain € if

(i) |Dp(x)] <1/V0  ae.
(ii) For any ¢ € C5°(Q2),

| #1DeR) D Do =0, (2.1)

We are interested in weak solutions with shocks. Let QT and Q= be open subsets of Q such
that

QtNQ =0, QtuN- =9,
and S = QT N Q. Let p € C%(Q) be a weak solution of (1.1) and be in C*(Q* U S) so that
D¢ experiences a jump across S that is an (n — 1)-dimensional smooth surface. Then ¢ satisfies

the following Rankine-Hugoniot conditions on S:
=0, |ollDePIDp ] o (2.2
s

where v is the unit normal to S from Q= to O, and the bracket denotes the difference between
the values of the function along S on the QF sides. Moreover, a function ¢ € C'(Q* U S), which
satisfies | Dg| < 1/v0, (2.2), and equation (1.1) in QF respectively, is a weak solution of (1.1),
i.e., o satisfies (2.1) in the whole domain .

Set ¢+ = p|n+. Then we can also write (2.2) as

ot =~ on S (2.3)
and
p(IDe™ )¢y = p(IDe™)Dp™ v on (24)
where ¢ = D™ - v is the normal derivative on the QT side.

Note that the function
1
o(p) == (1-6p*)* p (2.5)
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is continuous on [O, V1/ 9} and satisfies

B(p) >0 forpe (0, \/W) . D(0) = ( 1/9) =0, (2.6)
0<®'(p) <1 on(0,c,), d'(p) <0 on (c*, 1/0) , (2.7)

® (p) <0 on (0,c, (2.8)

where

e =1/(0+1) =/2/(yv+1) (2.9)
is the sonic speed, for which a flow is called supersonic if |[Dg| > ¢, and subsonic if |Dep| < c..
Suppose that ¢ € C%1(Q) N CHOQF U S) is a weak solution satisfying
|Dp| < e, in QF, |Dp| >c. in Q7, Dyp* - v|s > 0. (2.10)
Then ¢ is a transonic shock solution with transonic shock S dividing €) into the subsonic region
QT and the supersonic region 2~ and satisfying the physical entropy condition (see Courant-
Friedrichs [11]):
p(ID™ ) < p(IDp*|?)  along S.
Note that equation (1.1) is elliptic in the subsonic region and hyperbolic in the supersonic region.
Let (2/,x,) be the coordinates in R", where x,, € R and 2’ = (21,...,2,-1) € R"7 1. Let
qo € (c*7 1/\/§) and ¢ (z) := gy z,. Then ¢y is a supersonic solution in . According to
(2.6)—(2.7), there exists a unique qf € (0, c,) such that

p (@) g =r((4)%) g - (2.11)
Thus, the function
| g zn, x€eQy =0n{x : z, <0},
wo(@) = { a8 Tn.s reQf =Qn{z : x, >0} (2.12)

is a plane transonic shock solution in €2, Qg and €, are its subsonic and supersonic regions
respectively, and S = {z,, = 0} is a transonic shock.
Defining ¢f () := qf z,, in Q, we have

vo(r) = min(pg (v), ¢y (z)) for z € Q. (2.13)

In this paper, we focus on the following infinite nozzle ) with arbitrary smooth cross-sections:
Q=T(A x (—o0,00)) N{x, > —1}, (2.14)

where A C R™! is an arbitrary open bounded, connected set with a smooth boundary, and
¥ : R™ — R" is a smooth map, which is close to the identity map. For simplicity, we assume
that
OA is in ClE1+3 (2.15)
and
[V —Id||[2]+3,aR" <O (2.16)

for some « € (0,1) and small o > 0, where [s] is the integer part of s, Id : R" — R" is the
identity map, and ||t||m, o p is the norm in the Holder space C"*(D) in the domain D. Such
nozzles especially include the slowly varying de Laval nozzles [11, 47]. For concreteness, we also

assume that there exists L > Lg (say, Lo > 10 without loss of generality) such that

U(z)=x for any x = (2/,2,) with z, > L, (2.17)

that is, the nozzle slowly varies locally in a bounded domain as the de Laval nozzles.
In the two-dimensional case, the domain €2 defined above has the following simple form:

Q={(z1,22) : 1> —1, f_(22) <x1 < fr(22)},
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where || f+ — d+lls,0.r < 0 and fy = di on [L,00) for some constants dy satisfying di > d_.
For the multidimensional case, the geometry of the nozzles is much richer.
Note that our setup implies that

o0 =9,2U 90
with
92 := Y[OA x (—oo0,00)] N {(z',xp) : xp > —1},
3,0 := V(A x (—o0,00))N{(z',xp,) : xp =—1}.
Then our transonic nozzle problem can be formulated into the following form:

Problem (TN): Transonic Nozzle Problem. Given the supersonic upstream
flow at the entrance 9,92:

P=0e, Pu, =%  on o, (2.18)
the slip boundary condition on the nozzle boundary 0;€:
O, =0 on 0f}, (2.19)

and the uniform subsonic flow condition at the exit z,, = oo:
le() = wanller @iz, >ry) — 0 as R — oo, for some w € (0, ¢y), (2.20)

find a solution ¢ of problem (1.1) and (2.18)—(2.20) in .

As we will see below, the supersonic upstream part ¢~ of the solution can be constructed
in O = QnN{zr, < 1} from the data on the nozzle entrance (2.18) by using the standard
results on initial-boundary value problems for hyperbolic equations. Thus, assuming that the
C1@ supersonic solution ¢~ is given in Qy, we can formulate the transonic nozzle problem (TN)
as the following one-phase free boundary problem.

Problem (FB): Free Boundary Problem. Given a supersonic upstream flow
¢, a weak solution of (1.1) in ©y, which is a C'* perturbation of ¢y :

o, < Coo (2.21)

le™ — %o
with ¢ > 0 small, for some constant Cp, and satisfies (2.19), find a multidi-
mensional subsonic flow @1 of (1.1) satisfying (2.19)—(2.20) and identify a free

boundary z,, = f(z') dividing the subsonic flow ¢™ from the given supersonic
flow ¢~ so that

S eT(@), x> f(2),
o(z) { (o) < fla) (2.22)

is a transonic shock solution.

Note that, for a solution ¢ of Problem (FB), the subsonic region Q% and supersonic region ™
in (2.10) are of the form

Qo) ={zn > f@")}, Q7 () = {za < f(2)}. (2.23)

Our main theorem for the free boundary problem, Problem (FB), is the following.

Theorem 2.1 (Existence). There exist o9 > 0, C, and C’, depending only on n, «, 7, qa',
Co, A, and L, such that, for every o € (0,00), any map ¥ satisfying (2.16)—(2.17), and any
supersonic upstream flow ¢~ of (1.1) satisfying (2.19) and (2.21), there exists a solution ¢ €
COH(Q) N C>°(Q") of Problem (FB) such that

D¢ = g enlloo.0+ < Co. (2.24)

Moreover, the solution ¢ satisfies the following properties:
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(i) The constant w in (2.20) must be q*:

w=q", (2.25)
where ¢ is the unique solution in the interval (0,c.) of the equation
p(a")et = Q" (2.26)
with )
QT = T/ p(|Dp~|*) Dy~ - vdH™ . (2.27)
1Al Ja,0
Thus, @ satisfies
llp — q+xnl|Cl(Qﬂ{mn>R}) —0 as R— oo, (2.28)
and q* satisfies
gt — a5 | < Co; (2.29)
(i1) The function f(x') in (2.22) satisfies
[£ll1,0,rn-1 < Co, (2.30)

and the surface S = {(2/,f(z')) : 2’ € R"1} N Q is orthogonal to 9, at every
intersection point; L
(iii) Purthermore, ¢ € CH*(QF) with

le —atznlian, < Co. (2.31)

If the supersonic upstream flow ¢~ has a higher regularity, then we have the following unique-
ness theorem.

Theorem 2.2 (Uniqueness). There exists a constant oo > 0 depending only on n,«a,v,Cy, A,
L, and qa' such that, if o < o¢ and the supersonic solution ¢~ in Problem (FB) additionally
satisfies

lo™ = @5 . < Coo, (2.32)

then the solution ¢ of Problem (FB) satisfying (2.24) is unique.

The standard local existence theory of smooth solutions for the initial-boundary value problem
(2.18)—(2.19) for second-order quasilinear hyperbolic equations implies (see Appendix) that, as
o is sufficiently small in (2.16) and (2.21), there exists a supersonic solution ¢~ of (1.1) in €,
which is a C**! perturbation of ¢y : For any « € (0,1],

o™ =g llka0s < Cooy  k=1,2, (2.33)
for some constant Cy > 0, and satisfies
O~ =0 on 0,8y, (2.34)
provided that (. ,%.) on 9,1 satisfying
lee = o Tnllasee +llve —ao lgesr— <o k=12, (2.35)
for some integer s > n/2 4 1 and the compatibility conditions up to the (s + k)*"~order, where
the norm || - ||g= is the Sobolev norm with H* = W*2. In particular, as a direct corollary

of Theorems 2.1-2.2 and Proposition A.1 in Appendix, we obtain the following existence and
uniqueness result for the transonic nozzle problem, Problem (TN):
Theorem 2.3. Let qf € (0,c.) and q; € (c*,l/\/é) satisfy (2.11), and let pqo be the transonic

shock solution (2.12). Then there exist oo > 0, C, and C, depending only on n, a, 7, al, A,
and L such that, for every o € (0,00), any map ¥ satisfying (2.16)—(2.17), and any supersonic
upstream flow (. ,1.) on 0,8 satisfying

e — o Tallgs+2 + 10e —qo lgstr <o (2.36)
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for s >n/2 +1 and the compatibility conditions up to the (s + 2)*"—order, there exists a unique
solution ¢ € C%(Q) of Problem (TN) satisfying (2.23)—(2.24) and

,a,Q— S Co.

le — wo

Moreover, this solution satisfies ¢ € C%1(Q) N C>(QF) and properties (i)—(iii) of Theorem
2.1, where (2.27) is replaced by

1
fem /8 L (2.37)

Remark 2.1. The smoothness conditions (2.15)—(2.16) are just for simplicity of presentation
and can be relazed: For evample, in Theorems 2.1-2.2, we require only C*® in (2.15)-(2.16).
The localization condition (2.17) is not essential to achieve Theorem 2.1; In general, it can be
replaced by an appropriate decay condition.

Remark 2.2. When the initial data (¢, , 1. ) = (=, 2, ) is constant and the nozzle QN{—1 <
Tpn < =14€} = Ax[-1,—1+ ¢ for some € > 0 as a de Laval nozzle, then the compatibility
conditions are automatically satisfied. In fact, in this case, ¢~ (x) = Y. x, is a solution near
T, = —1 in the nozzle.

Remark 2.3. When n = 2, condition (2.36) for the supersonic upstream flow (¢, ) on 9,
in Theorem 2.3 can be replaced by the C3-condition:
lee — o Tnllcs + e —aq llez < o (2.38)

This can be achieved by following the arguments in Li-Yu [33].

Remark 2.4. There exist o and C' depending only on the data such that equation (2.26) with
Q" defined by (2.27) has a unique solution g € (0, c.) satisfying (2.29).

This can be seen as follows: From (2.16), it follows that ||0,Q2] — |A|| < Co and |v —e,| < Co
on 9,€2, and hence that |v - e, — 1] < Co on 9,92. Then

Q" — p((gg)*)aq |

1 _ _
Sm/ |p(|De™|*) D ~v—p((qo+)2)qo+!d$’+‘1 |A|

_ _ 0,00
‘A|/ p(IDe™[)De™ - v — p((g5)*)p |d1"+‘1— A p((ad)?)ag

= JA] /a o (|p(1De™ ))De™ -v = p(IDy 1) Dy - v| + p((g5)*)ag |V - en — 1]) dz’ + Co
< Co,
where we used (2.11) and (2.21). Thus, by (2.6)—(2.7), we obtain that, if o is small depending

only on the data, then there exists a unique solution ¢+ € (0,¢,) of equation (2.26) such that
(2.29) holds.

Remark 2.5. In fact, the solution with a transonic shock of Problem (TN) in Theorem 2.3 is
also stable with respect to the nozzle boundary and the smooth supersonic upstream flow at the
entrance; see Theorem 8.1.

Remark 2.6. For the isothermal gas v = 1, the same results can be obtained by following the
same arguments in this paper.
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3. CONORMAL PROBLEMS FOR LINEAR ELLIPTIC EQUATIONS IN A CYLINDER

In this section, we develop a C1'® estimate framework up to the boundary of the cylinder for
a conormal problem for linear elliptic equations of divergence form with C“ coefficients.

Let A C R ! be an open bounded, connected set with C%% boundary.

We fix the set A and a number « € (0,1) through this section.

For @@ > 0, denote

Co:=Ax(0,Q), Zé::Ax{xnzo}, 2 = 0A x (0,Q), Z%::Ax{xan}.

Consider the problem

n

> (ijtia,)e, = f in Co, (3.1)
i,j=1
Z @ijUe, Vi = G on Eg, k=12, (3.2)
i,j=1
u=nh on X3, (3.3)

where v is the inward unit normal on Zé? and Eé to Cq.

The main issue in the argument below is to show the existence and uniqueness of solutions
which are C1'® up to the edge A x {0} of the cylinder. Lieberman [36] studied general oblique
derivative problems for linear elliptic equations in the domains with wedges in which the C'*# reg-
ularity of solutions is obtained near the wedges. However, these results require certain conditions
on the relative geometry of the wedge and the vector fields in the oblique derivative conditions;
Moreover, in [36], the Holder exponent  of the solution gradients depends on the geometry of
wedges and the coefficients of the equation and the right-hand sides of the boundary conditions,
and # < « in general where « is the Holder exponent of the coefficients and the right-hand sides.
In this section, by restricting the class of equations and considering only conormal boundary con-
ditions and cylindrical domains, we obtain the sharp C1® regularity of solutions up to A x {0},
i.e., # = «. This is important for our approach developed in Sections 4-8.

Theorem 3.1. Let \i,...,\,, and X\ are the constants satisfying 0 < A < \; < X\7! fori =
1,...,n. Then there exist k > 0 and C > 0, depending only on n,\,Q, and X\, such that, when
a;j(x) satisfy

llai; — /\15;:\|07Q7CQ <k for i,j=1,...,n, (3.4)

and
feL>®Cq), he Hl(CQ), (3.5)
g1 € Co’a(%% g2 € CO@(%)) (36)

there exists a unique weak solution u € H'(Cq) of (3.1)~(3.3) in the sense that (3.3) holds as the
trace and

n 2
/ (Z AijUe; We, + fw)dx + Z/ grwdH" =0 (3.7
Ca =1 =17%6
for any function w € H'(Cq) with w = 0 on 8Cq N {x, = Q}. Moreover, the solution u is
Ch*(Cq/2) and satisfies
lullioco . < CllullLzey) + 1fll0.0.co + lg1llo,a,s, + l92ll0,a,52)- (3-8)

Theorem 3.1 is a direct corollary of Theorem 3.2 below, stated in more technical terms. In
order to state Theorem 3.2, we introduce some notations and weighted Holder norms.
Denote
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We will use the following weighted Hélder semi-norms and norms in the cylinder Cq, in which the
weight is the distance to the portion of the boundary % = 0Cq \Cq. Denote 6, = dist(m,%) =
Q — z, for x = (2/,2,) € Cq and 6, = min(d,,dy) for z,y € Co. For k € R, a € (0,1), and
m € N (the set of nonnegative integers), define

e, = D0 D0 sup (om0 Diy(a))), (3.10)
0<j<m |8]=m *€Ca

[[u]](k) . = Z sup (6mmx(m+a+k 0)|D u( ) Dﬁu(y)l),

m;o;C _ oo
e |,3‘7 r,yecbwz#y |I‘ y|

k
| |maC’ _| | OC’ +H ]]in;)a;%’

where DP = 8[31- 0P B = (Bi,...,B3,) is a multi—index with 8; > 0,3; € N, and |g| =

Tn

61+ -+ Bn. The weighted Hbélder norms |u| on the boundary part Eé are defined

(23
similarly.
Theorem 3.2. Let \i,...,\,, and )\ be the constants satisfying 0 < X < XAy < A7! fori =
1,...,n. Then there exist k > 0 and C > 0, depending only on n,\,Q, and X\, such that, when
a;j(x) satisfy (3.4) and

feL?(C) NLi(Cy), heH' (Cq), (3.11)

g1 € LA(BH)NCO(ZL), g2 € LA(B3) N CO((Z))) (3.12)

with
+n/2 (14n/2
|f|00 /)Jr‘ /2)

0a(22)' < 00,

there exists a unique weak solution u € H'(Cq) of (3.1)—(3.3) in the sense that (3.3) holds as
the trace and (3.7) holds for any w € H'(Cg) with w = 0 on dCq N {z, = Q}. Moreover, the
solution u is CY(C") and satisfies

n/2 n/2 (14n/2)
iy, < Cllullzzeq) + [ Fl5oer,” + 910wy, + 19210 (h2),)- (3.13)

Now we prove Theorem 3.2. We first consider an auxiliary problem:

> Nttare, = f+ 39, in Cg, (3.14)

i=1 i=1

Z Az, Vi = Aplig, = 1 on Eé, (3.15)
n n—1 n—1 )

Z Az, Vi = Z Aillg, Vi = g2 + Z 'y on Y2, (3.16)
i=1 i=1 i=1

u=nh on X3, (3.17)

where we used that v = e, on X, in (3.15) and v - e, = 0 on £, in (3.16). Note that smooth
solutions of (3.14)—(3.17) satisfy

/c Z)\ Uy, Wy, — ;w Wy, + fw)dx

Q =1
+/ (g1 —¥") wda’ —/ gpwdH" ' =0 (3.18)
Eb 22Q
for any function w € H'(Cg) with w =0 on Cq N {z, = Q}.
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Lemma 3.1. Let A\i,..., \,, and \ be the constants satisfying0 < A< X\; < X! fori=1,....,n
Let
FEeL?(Co)N L. (Ch), v=@"....,9") e H(Co)NC*(Cy), he H' (Co),
_ (3.19)
g1 € L*(35)NCY(2Y), g2 € C(CH) NL*(53) NC™*(Cp)
with
flsoel” + Wlgae,” + lgalae,” < oo (3.20)
Then there exists a unique weak solution u € H'(Cq) of (3.14)-(3.17) in the sense that (3.17)

holds as the trace and (3.18) holds for any w € H'(Cq) with w = 0 on 8Cq N {x, = Q}. The
solution u is CH*(Cq,) and satisfies

n/2
el o) + 1ulia 2,

24n/2 14+n/2
< CIfllzcqy + W loioe” + Illzaiee) + [¢lgacr” + llgllo.as,

1 2
Hlg2llz2mz) +loalgm gz + Il ee)) (3.21)
and
n/2 2+n/2 1+n 2 14+n 2
[ul iy, < Cllullzieq) + 1 Floiger,” + [WlGaer + lgiloasy +lo2lgamzy):  (3:22)

where C' depends only on n, A, Q, and .

Proof. We prove this lemma in six steps. The constant C' in the argument below is a universal
constant depending only on n, A, @, and A, and may be different at each occurrence.

Step 1. First we show the uniqueness of weak solutions. Suppose that u; and uy are two
weak solutions of (3.14)~(3.17). Then u; — up = 0 on 33,. Thus, writing the weak forms (3.18)
for w1 and us respectively and subtracting the expressions with w = u; — uo yield

/ Z)\|8 (uy — uz)|*dx.
CQZJ 1

Since u; — us = 0 on 2‘22 and A; > 0, we conclude u; = up a.e. in Cg.

Step 2. We now focus on the existence of solutions and estimate (3.21). First we show that the
problem can be reduced to the case where the right-hand side of the boundary condition (3.15)
vanishes. We can extend g, from ¢, = A x {0} to the whole hyperplane {(z',0) : 2’ € R""'}
such that the extension g € C§(R" 1) satisfies [|g7]/0.a. rn-1 < C||g1]l0,a,a- Now, as in [20, page
124-125], we choose a nonnegative n € C3(R"™') with [g,._, 7(y')dy’ = 1 and define

G2 z,) = )\,_len/ g1 (" =z In(y")dy' for z, > 0.
Rnfl

Then G € CH*(R"}) with

[Gll1,aco < Clgilloar— < Cllgillo.an (3.23)
and

MGe, =91 =01 on A x {z, =0}.
Thus, u is a weak solution of (3.14)—(3.17) if and only if v = u — G is a weak solution of the same
problem with modified right-hand sides: f,, g1, and go are replaced by f = f,it = o' — ) Gzl,
g1 =0, and g2 = go. Using (3.23), it is easy to check that (3.21)—(3.22) for v in terms of fib, g1,
and go implies (3.21)—(3.22) for w in terms of f,, g1, and go.

Thus, from now on, we assume
g1=0 on . (3.24)
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Step 3. We also note that we can assume without loss of generality that
P" =0  on Xf. (3.25)

Indeed, if u is a weak solution of (3.14)—(3.17), then u is also a weak solution of (3.14)—(3.17)
with 9™ replaced by ¢¥™: Y™ (2, z,) = V" (2, z,,) — " (2, 0) for (z’, x,) € Cg. Since

n 14+n/2 n 14+n/2)
19" 2cq) + [loacr. < CU" lzzcq) + Wlomer ),

it follows that (3.21)-(3.22) in terms of the right-hand sides with " replaced by " implies
(3.21)—(3.22) in terms of the original functions.

Clearly, ¢ satisfies (3.25). Thus we can assume (3.25) from now on.

Step 4. With (3.24)-(3.25), we extend problem (3.14)-(3.17) to the cylinder C_q ) =

x (—Q, Q). Set E%—Q,Q) =0A x (—Q, Q).

Note that, with (3.24)—(3.25), u is a weak solution of (3.14)—(3.17) if (3.17) holds as the trace
and, for any w € H'(Cg) with w = 0 on 9Co N {z,, = Q},

/ Z Ay, Wy, — wazi + fw)dx — / gwdH" ' =0. (3.26)
Co =1 i=1 5%

We use the even reflection to extend u, f, h, go, ', ..., " to C(~q,q) and the odd reflection
to extend ¥™ to C(_ . That is, for 2’ € A and z,, € (0,Q), we use the same notations for the

original and extended functlons to define

90({17/7 _-'I/'n) = 30(1'/73771) for © [= {u7 f7 h’g ﬂ/ll)la o ’,L/}n—l}7
D —) =~ (2, ). ? (3.27)

Obviously, for u € H'(Cg) and f,4,h, and go as in Lemma 3.1 with (3.25) for ¢, the extended
functions satisfy

ue H'(C—q), [e€L*Cqq)NLi5.(Cl g0 ¥ €H (C—gq)NCCga)

hEHl(C(,Q’Q)), QQECO‘(Z%fQ,Q))ﬂL ( (- QQ))
where CE Q Q) = Ci—g,@) U E% 0.Q)" Moreover, defining the weighted Holder semi-norms and

norms | - | by (3.10) with the supremums taken over the domains
2.Q

m;a;C/ ‘ ‘maEz

(e
C(,Q’Q) and Z(fQ,Q) respectively and

0, = dist(x,9C_q,0) \ E%fQ’Q)) =min(Q — z,,Q +,) for x = (2',2,) € C_q,0)

we obtain

(24n/2) (24n/2) (14n/2) (14n/2)
|f|0’07C£—Q,Q) S C|f|O,O,C£? ) W}‘o « C’ —0.Q) S CW}‘O « C’ )

(3.28)
(14n/2) < C| (14n/2)

lg 2|0a2§ 0o = 2lo,a,cly

where the norms on the right-hand sides are finite by (3.20).
Then it follows from (3.26)—(3.27) that the extended functions satisfy

n

/ (Z AilUg; W, — quiiwm + fw)d:v — / gwdH" 1 =0 (3.29)
C-q.9)

2
=1 i=1 0.0

for any w € H'(C(_q,q)) satisfying w = 0 on {z, = £Q}. Indeed, (3.29) holds separately when
the integration is over subdomains {z,, > 0} and {z, < 0} (the last follows by the change of
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variable ©,, — —x,,). Thus, the extended function u is a weak solution of

Z )\Zumiwz =f4+ Z 1/};1 in C(,Q’Q)7 (330)
i=1 i=1

n n—1 n—1
Z iy Vi = Z Aillg, Vi = g2 + Z V' on E%_Q7Q)a (3.31)
i=1 i=1 i=1
u=nh on (Ax{-Q})U(Ax{Q}). (3.32)

Conversely, if u is a weak solution of (3.30)—(3.32) (i.e. (3.29) holds for w as above), then u
satisfies u(z', —x,,) = u(a2’, zy,) for 2’ € A and x,, € (0,Q). To see this, we first note that a weak
solution of (3.29) is unique: The proof similarly follows the proof of uniqueness for (3.1)—(3.3)
by using the fact that, if u; and uy are two weak solutions of (3.30)—(3.32), then we can use
w = uy —uz in (3.29). Now, the properties in (3.27) for f, h,v, and g2 imply that, if u(z’, z,) is a
solution of (3.29), then u(z’, —x,,) is also a solution. Thus, by uniqueness, u(z’, —x,) = u(x’, z,).
Now, let w € H'(Cq) with w =0 on {z,, = Q}. Extend w by the even reflection to C(_q,g). We
can use this extended w in (3.29). Then, using the properties in (3.27) for u, f, h,%, and go, we
see that, for all the integrals in (3.29), the integrals over subdomains {x, > 0} and {z, < 0}
are equal. Thus, (3.29) implies (3.26). Then, in order to solve (3.14)—(3.17), it suffices to solve
(3.30)—(3.32) for the extended right-hand sides.

Step 5. We now derive some estimates for the weak solution u € H*(C(_g,q)) of (3.30)—(3.32).
We first derive the energy estimate. We can use w = u — h in (3.29) and then use the ellipticity
and the Holder inequality to obtain

||u||H1(C(,QyQ)) é C(H(fﬂ w)HLQ(C(,Q,Q)) + ||h||H1(C(,Q,Q)) + Hg2||L2(Z(27Q1Q)))' (333)

Note that, by the standard local regularity results for the conormal problem for elliptic equa-
tions in domains with C*® boundary (e.g., [35]), we have u € C’l’o‘(CE_QQ)).

Now we derive the estimates for the Holder norms of u. We first recall the standard estimates
for the conormal problem for elliptic equations in a unit ball B; = B1(0) and a half-ball B =
B1(0) N {z, > 0}. If u € H'(By) is a weak solution of the equation

ij=1 i=1
with a;; € C*(Bs) satisfying the ellipticity condition: there exists some A > 0 such that, for any
r € By,

n

AP <Y ag(@)&é < AP for any ¢ € R", (3.35)
ij=1
and, if f € L>=(By) and ¢ € C*(By), then u € C*(By 3) with
lullt,a,8,,, < Clullzzs,) + I fllzem) + [¥ll0,0,8,), (3.36)

where C' depends only on n, A, and ||a;;||0,a,5,- This follows from [20, Theorem 8.32], combined
with [20, Theorem 8.17]. Similar estimates can be obtained for the conormal problem, in which
u € HY(B") is a weak solution of (3.34) in B;" with the conormal condition

Z Az, =g+ ¢"  on d'Bf =8B N{x, =0}, (3.37)
j=1
where g € C“(§+). Then u € Cl’“(B;L/Q) with

il p,, < Cllullaapy + 1l oy + [¥llo o it + I9lo.00 ) (3.38)
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where C' depends only on n, A, and [la;l| BF This can be inferred by simplifying the estimates
of [35] to the case of linear elliptic equations.

Let p € (0,1/2). By scaling, we obtain the corresponding local estimates for weak solutions of
(3.34) in B, and for weak solutions of the conormal problem (3.34) and (3.37) in Bf. We write
only the estimate for the conormal problem in B;r, since the interior estimate in B, differs only
in that it does not have the terms with the norms of g on the right-hand side. Thus, if u is a
weak solution of (3.34) in B+ /o and satisfies (3.37) in Bf N {x, =0}, then u € C**(B /2) with

||UH0 0B}, + /)”DUHO 0B/, + PH—Q[DU]O a,BY,

. 3.39
< Co 2 ull gy + 021l s + P15 (3.59)

+p1+0¢[w]0’a’32— + p||g||0’038/3;r + p1+a[g}0’a’a/33).

This estimate is obtained by introducing the function v(z) = u(px) in Bj, writing the equa-
tion and the conormal condition satisfied by u in terms of v, using estimate (3.38) for v with
corresponding right-hand sides of the equation and conormal condition satisfied by v, and then
rewriting that estimate in terms of w.

Now we get similar estimates for weak solutions of (3.30)-(3.32). Using that A is C1
and compact, there exits » > 0 and M > 0 such that, for any z € Z%—Q,Q) and any positive
p < min(r,d,), there is a C1 diffeomorphism F that flattens Z%fQ’Q) in B,(2)NC(—q,0) so that
B;'/M C F(B,(2) NC—q,q)) C BIT/IP and ||(F, F~1)||c1.« depends only on A. The transformed
function v(y) := u(F~!(y)) satisfies a conormal problem of the form (3.34) and (3.37) in B"’/M7
where the equation is elliptic (with ellipticity constant A/2 and the C'® norms of the coefficients
ai; depending only on the C* norms of A) and the appropriate norms of right-hand sides of
the original and transformed problems are estimated by one in terms of another with a constant
depending only on the C'® norms of A. This can be seen by choosing the function w supported
in B,(z) in (3.29) and changing the variables + — y = F(x) in (3.29). Now we obtain estimate
(3.39) for v, which implies the following estimate for w:

D,2(2) TP [DU0.0.0,)(2)

||U||0,0,Q

< Clp™?|lull 2(q,2) + P21 F L@,y + Y llo0.0,) + 2T Wloaa, ) (3:40)

H92)0,0,0:0,(2))

+pllg2ll0,0,00,() + P
for any z € E%iQ,Q), 0 < p < min(r,d,), with C' depending only on n,A, L, and X\, where
Qp(2) := By(2) NC—g,q) and 9'Q,(2) 1= By(z) N E( 0,0) We also have the corresponding
interior estimates: For any z € C(_g ) and 0 < p < dist(z,0C_q,q)), we obtain (3.40) for
Q,(z) = B,(z) without the terms involving the norms of g» on the right-hand side. Multiplying
the interior and boundary estimates (3.40) by p™/? and using a standard argument (e.g., [20,
Theorem 4.8]) yields

(n/2) <C (24n/2) (14n/2) (14n/2) 3.41
hu |1acé Q) (2 |w|0ac -Q.Q) * 20,0«2?7@,@)' (3.41)

Obviously, estimates (3.33) and (3.41) imply (3.21). Also, (3.41) implies (3.22).
Step 6. It remains to prove the existence of a weak solution u € H'(C(_q,q)) of (3.30)-(3.32).
We first assume that f,1 € C*(C_g,q)) and g2 € C"X’(Z%_Q,Q)). Then, since Ei@,@) is a C%“

surface and g, + 31— ¥y, € O 0‘(22 we can find G € C’Q’Q(CE 0.)) such that

QQ))

Z ANiGo,vi = go + Z 'y on 3¢ g.0) (3.42)
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To construct such a function G, we first extend the right-hand side of (3.42) to E%_QQ 20)

OA x (—2Q,2Q) so that g € C’l’o‘(Z(Q_QQQQ)) with § = go + Z;L:_ll Y'y; on Z?_QQ). Then, for
every x,. € OA x (=3Q/2,3Q/2), we can locally flatten 2%7262,2@) by a C?? diffeomorphism
T : R" — R" ie, for some r > 0, U(B,(z,) N (A x R)) = U(B.(xx)) N {x, > 0} with
U (B, (x.) N (OA x R)) = U(B,(x.)) N {z, = 0}. Then condition (3.42) is transformed into

=1

ch(x')éw =g on {z, =0}, (3.43)

where ¢; € CH*(R"1) with ¢, > min(\1,...,\,)/2 > 0if r is chosen sufficiently small, and § €
CL2(R"1) with compact support is obtained by transforming § by ¥ and extending to R"~*.
Now, by the argument similar to [20, page 124-125], we choose a nonnegative n € C3(R" 1) with
Jrn-1 (¥ )dy’ =1, define the function

g g(a" — zny') N
G(z' n) = In Ty N d ;
(' xn) =2 /Rni1 cn(x’—xny’)n(y) Y
and show that G is C%*(R7) and satisfies (3.43). Transforming G back by U—!, we obtain
G = G* € C%%((A x R) N B,(z,)) satisfying (3.42) and G = 0 on Z%QQ’QQ) N B, (z.). Gluing
these local functions by using a partition of unity, and taking into account that the local functions
G vanish on E%_2Q,2Q), we obtain a C%“ function G in a neighborhood of the boundary part

E?iQ’Q) in C, which satisfies (3.42) on Z%iQ’Q). Finally, we extend G to the whole cylinder
C(_Q7Q) with G € 02’Q(C(_Q7Q)).

Now, denoting f = f + S (WL — XiGaya,), we have fe C(C—q,q))- Thus we can solve the
variational problem of minimizing

IR -
Iv] = /c( i (5 Z Aiva, + fu)dx
-Q, =1
on the set {v € H'(C(_g,q)) : v=h—G on A x {z, = £Q}}. If v is a minimizer, then
u=wv+ G is a weak solution of (3.30)—(3.32).
For general f,1) € L*(C(_g,0)) and g3 € 1/2(2%762762))7 we approximate by fi, 9 € C*°(C(_qg,0))

and gb € C>(3¢_q.q)) such that (fi,9) — (f,¢) in L*(C_q,@)) and g — g2 in LA(32 ¢ q)-
Then, for each I, we can find a weak solution u; € H'(C(_g,q)) of (3.30)~(3.32) with functions
fi,41, and gb on the right-hand side. Since uy, — u; satisfies (3.30)—(3.32) with fi — f1,¥r — 11,
g% — gb, and h = 0 on the right-hand side, we apply (3.33) to see that {u;} is a Cauchy sequence
in H'(C(_q,q)) and its limit u is a solution of (3.30)—(3.32) with the original right-hand sides.
Now Lemma 3.1 is proved. ]

Proof of Theorem 3.2. If « is a small constant depending only on A, then (3.4) implies the
ellipticity (3.35) with 2\ instead of A. We choose such x below.

First we show the uniqueness of weak solutions. Suppose that u; and usy are two weak solutions
of (3.1)~(3.3). Then u; —u = 0 on B¢, Writing the weak form (3.7) for u; and ug respectively,
subtracting the expressions with w = u; — ug, and then using the ellipticity yields

- 3
0= Z 50z, (U1 — u2)0y,; (U1 — ug)dz > Z)\ |D(uy — ug)|?d.
€q i,j=1 o
Since u; — ug = 0 on 33, we conclude u; = ug a.e. in Cq.
‘We now apply the Banach contraction fixed point theorem to prove the existence and regularity
of the weak solution u € H'(Cg) of (3.1)-(3.3) for sufficiently small x > 0 in the space:

K ={veH' (C)NC(Ch) : lollc = llvllicq + IL2, < oo}
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We now define a mapping J : K — K. For v € K, consider problem (3.14)-(3.17) with functions
f, h, g1, G2, and ¥ on the right-hand sides, where

f = f7 h = h7 92 = g2, (344)
a1(z) =g1(x) + Z (Nid? — aij(x))vg; (x)vi(z) for x € Eb = A x {0}, (3.45)
ij=1
Vi) = Z()\Z(SZ — aij(2))va, () for z€Cq, i=1,...,n, (3.46)
j=1

with f, g1, 92, and h from (3.1)—(3.3). Since v = e, on Eé, we have
n
= Z — Gnj)Ve; = g1+ " on r € Zb. (3.47)

By (3.4) and v € K, the functlons g1 and v satisfy the conditions of Lemma 3.1. Thus, by Lemma
3.1, there exists a unique weak solution u of (3.14)—(3.17) with the right-hand sides described
above, which satisfies (3.21) and thus implies u € . We define the mapping J : £ — K by
setting Jv = u.

Now we show that J is a contraction mapping in the norm || - || if & > 0 is small. Let
v 0% € K and u* = Ju* for k = 1,2. Then u! — u? is a weak solution of (3.14)—(3.17) with the

following functions f , h, g1, g2, and 1[) on the right-hand sides:

f:()a g2:07 iL:O)

n

P (x) =Y (Nid] — aij(@) (g, (2) = v (2))  for z€Cq, i=1,...,n,

(@) = 3] — any@) (Wl (2) — 02, (2)  for = € Th.

y (3.4), we have
1ll2cqy < CrlIDV' = Do?|l2(eq) < Crllo’ = vk,

|zp|01:’g/2 < Ck|Dv' - Dv2|g{;’g£f> < Crlvt — 02 57;{723&2 < Crllv* — o2k,

IN

~ 1+n/2
[91lo.cst, < CrID" = Do?llo 53, < Cx| D' — D[/

Crlv! — v2|(1?0{’2€)b < Ck||vt —v?|k.

IN

Thus, from (3.21),

lul —u?|lx < Ckllv’ = v?[|x.
Therefore, the mapping J : K — K is a contraction mapping in the norm || - ||x if k < 1/C)| i.e.,
k is small depending only on n, A, @, and A.

For such k, there exists a fixed point u € K satisfying Ju = u. Then u is a weak solution of
(3.1)—(3.3). Indeed, since Ju = u, then u satisfies (3.18) with right-hand sides given by (3.44)-
(3.46) computed with v = u. Rearranging and taking into account the last expression in (3.47)
yields (3.7). Also, since u satisfies (3.18) with right-hand sides given by (3.44)—(3.46), u satisfies
(3.22) with these right-hand sides, which implies

n/2 24n/2 14+n/2 n/2)
[ul{"2, < Clullzzcq) + 150 et” + llgy ) + Orlul{"2

Lyt ‘92‘0@,(2%)/ La.Ch

by estimating ¥ and g1 similar to the estimates of ¢ and g1 above and with v = u. If k is small,
this implies (3.13). Then Theorem 3.2 is proved.
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Proposition 3.2. Let \1,...,\,, and X be as in Theorem 3.2. Let L > 0. Then there exist
k > 0, depending only on n, A, \, and L, such that for any Q > L, if a;;(x) satisfy (3.4) and
f.91, 92, b satisfy (3.5), (3.6), there exists a unique weak solution u € H'(Cq) of (3.1)-(3.3).
Proof. By Theorem 3.2, if k > 0 is small depending only on n, A, \, and L, there exists u; €
H(CL) N CH(C}) which is a weak solution of (3.1) in Cr, (3.2) on ¥% and u; = 0 on X3, in
the sense of (3.7) with @ replaced by L. Then we can extend u; from Cr /5 to Cq so that the
extended function @ satisfies @; € C’l’o‘(%) and %1 = uy on Cr,/o.

Denote
n

g2 1= g2 — Z i (1), Vi on 3.

i,j=1
Then go € CO,a(%), and go =0 on 22/2. Ngv, repeating the construction of Step 6 of proof of
Lemma 3.1, we show existence of G € C1%(Cq) satisfying

Z a;jGyvi =gz and G =0 on Zz. (3.48)
ij=1
Also, choosing by n € C*°(R!) satisfying n = 0 on (—o0, L/4) and n =1 on (L/2,00), and using
that go =0 on X7 , and G = 9 on X7, we sce that the functioi G(x) = n(z,)G(x) also satisfies
(3.48). Thus, replacing G by G, we get a function G € C1*(Cq) satisfying (3.48) and

Z aiij’jVi =0 on E}Q

ij=1
Now, for f,' € C%*(Cq) for i = 1,...,n, and h e H'(Cg), we construct a weak solution
v € HY(Cg) of the problem

n

n
Z (aijvxj)aci = f + Z¢;1 n CQ,
ij=1 i=1
n
Z Vg v =0 »L »n2 =h 3
QijVy, Vi = on g, , v=~h on Q
ij=1

in the sense that v = h on Z% holds as the trace and

n n 2 n
/ (Z iUz, W, — Zﬂ’iwr,, + fw)dx + Z/k quiyiwd'l‘{”*l =0 (3.49)
C i=1 k=1"%

Q jj=1 0 i=1
for any function w € H'(Cg) with w = 0 on E%. First we assume ¢¢ € C1%(Cq) fori =1,...,n.
Then, denoting f = f+ 37, YL, we have f € C(Cq). Then we find a weak solution v of (3.49)

as a minimizer of
1 < .
1= [ G 3w, + fo)is
i,2=1
on the set {v € H'(Cg) : v=nh on E%} In general case, assuming that i)' € C%%(Cgq) and
using w = v — h in (3.49), and using ellipticity, we obtain

”UHHI(C(—Q,Q)) < C(Hf”LQ(C(—Q,Q)) + ”wHC"(C(—Q,Q)) + Hh”Hl(C(—Q,@))’ (3.50)

where C' depends only on n, A, @, A, k. Then approximating 1 = (¢1,...,4,) by ¥, € C1*(Cq)
such that ¥, — v in C%%(Cq), denoting by v; a weak solution of (3.49) with v, instead of v,
and using (3.50) and the linearity of the problem, we find that {v;}$°, is a Cauchy sequence in
H'(Cg), and its limit is a weak solution of (3.49) with ¢ € C%(Cq).
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Now let v € H'(Cg) be a weak solution of (3.49) with f as in Proposition, and
wi:—Zaij(a1+G)mj7 B:h—ul—G,
j=1
where h is as in Proposition. Note that ¢¢ € C%%(Cq) and he H'(C(—g,q)), thus such v exists,

Then function v = u; + G + v is a weak solution of (3.1)—(3.3) O

Next we prove some regularity properties of weak solutions near ¥2,, more specifically near
the wedge W := 0A x {x, = Q}. For a < b, denote C(4 ) = A x (a,b) and Z%a,b) = 0A x (a,b).

Proposition 3.3. Let A > 0 and b > 0 be constants. Let the coefficients a;;(x) satisfy the
ellipticity condition (3.35) and let ||ai;llo,a,ax(@-b,q) < A™'. Let u € H' (Cig—p,q)) be a weak
solution of the conormal problem

Z (aijuz;)e; =0 in Cig-b0) Z aijuz,; v =0 on E%be’Q), (3.51)
i,j=1 1,5=1
u=0 on Ax{z,=0Q} (3.52)

in the sense that (3.52) holds as the trace and

/ > g, we,dz =0 (3.53)
C

(Q-5,Q) ij=1

for any function w € HI(C(Q_;),Q)) with w = 0 on 9Cq—p,q) \ E%Q_va). Then there exists
8 € (0,1) and C > 0, depending only on the data (i.e., on n, A, b, a, A\, k) such that u €
Cl’a(C(Q_b/ZQ) \W) and

|Du(x)| < Cllull L2 (ax (q-b.qy (dist(z, W)’ for any = € Cg-12.q)» (3.54)
where W := 0A x {z, = Q}.

Proof. The regularity v € C® (Cig-b/2,0) \ W) follows from the standard interior estimates for
linear elliptic equations and the estimates for the Dirichlet and conormal problems. Thus it
suffices to prove (3.54).

Denote

D o 2
2@-40) = %@-0.0 \ Xig-1.0)-
We first note that any weak solution u of (3.51) (without requiring (3.52)) satisfies the following

local estimates: For any Bogp = Baogr(y) C R™ with R € (0,5/10), denote M = SUPB, AP, , o ut

and m = infBzRﬂZ(DQ,b,Q) u, where in the case Bag N E%—b,@) = () we set m = —o0 and M = cc.
Define the functions UX/I and u,, in C_u,00) DY
i _J sup(u(z), M), x€Cio-s0), _ _J inf(u(z),m), =€ Cqg_pq)
uy () = M c b u,, (z) == C c
v € Cne0) \Clo-b.0) m, %€ Cloooe0) \ C(@-0,0)-
Then, for any p > 1,
sup  uf; < CRTPllufi ] oo (Ban(mne e o)

Br(Y)NC(—oo,00)

If w is nonnegative in Bygr(y) N C(g-s,q), then, for any 1 < p < n/(n — 2), the weak Harnack
inequality holds:

inf Uy, = CRTPu || 1o (Byn (e
BR(y)mC(—Qo,oc) m m (B2r(y) (—oo,oo))’

where the constant C' depends only on A, b, A\, and p. The proof follows the proofs of [20, Thm
8.17, 8.18, 8.25, 8.26] since, in the weak formulation (3.53), we can use the same test functions
as in [20, Thm 8.17, 8.18, 8.25, 8.26] and obtain the same expressions in the result, with the only
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difference that we integrate over C(_o ) instead of R". Also, in our case, the test functions
may be nonzero on the boundary part E%Q_b, o) and thus we use the Sobolev inequalities for the
functions that vanish only on a part of the boundary (cf. [34, Thm. 6.37]).

Once the weak Harnack inequality is obtained, we follow the proofs of [20, Thm 8.22, 8.27]
to obtain the existence of 5 € (0,a) and C > 0 depending only on the data such that, if v is a
weak solution of (3.51)—(3.52), then

lu(z)] < C’Hu||Loo(c(Q73b/4,Q))\Q — xn|ﬁ for any = € Cig—v/2,q)-
We also obtain Hu||Loo(C(Q73b/4,Q)) < Cllullz2(ax(@-b,q)) by applying the local estimates to du
with p = 2 and using (3.52). Then, using 0 < Q — z,, < dist(z, W) for x € C(@-b/2,), we have
lu(z)] < CHUHLz(AX(Q_b,Q))(diSt(I, W))’B for all x € C(Q_b/g,Q). (3.55)

Now we follow the argument of Step 5 of the proof of Lemma 3.1. For z € R™ and p > 0,
denote Q,(x) := C(g-p,q) N By(x). Let € A x {z,, = Q} and p = min(b, dist(z, W))/10. Then
B,(x) N0C(g-p,g) C A x {z, = Q}. Thus, applying the standard estimates for the Dirichlet
problem [20, Thm 8.32, 8.33], properly scaled, we obtain

[llo,0.02, () + PIIDU0,0.0, 5 (2) + £ T [Dtlo,as0, 52y < Co™ ™2t 20 () (3.56)

where C' depends only on the data. Now let = € EfQ_b/ZQ) and p = min(b, dist(x, W))/10. Then
B,(x)NOCg—p,q) C E%Q—b,Q)' Thus the proof of (3.40) yields (3.56) in the present case. Finally,
if z € Clg-p/2,0), p = min(b,dist(xz, W))/40, and B,(x) C Cg—s,0), then the interior estimates
[20, Thm 8.32] also yield (3.56). Note that, if z € C(g—p/2,0) \ W, 0 < r < min(b, dist(x, W))/10,
and y € Q,(z), then 1dist(z, W) < dist(y, W) < 2dist(z, W). Then (3.55) and (3.56) imply

00,2, 2(x) < Clltll L2(ax (Q—b,qy (dist(z, W) ™! (3.57)

for all choices of (z, p) discussed above. Moreover, the sets Q,/5(x), with (z, p) specified above,
cover C(g_p/2,0)- Then we use again that Jdist(z, W) < dist(y, W) < 2dist(z, W) for all y €
Q,/2(x) to have (3.54). O

[ Dul

4. FREE BOUNDARY PROBLEMS IN THE INFINITE NOZZLE

In order to solve Problem (FB), we first reformulate it into a free boundary problem for the
subsonic part of the solution, since Problem (FB) is originally hyperbolic-elliptic mixed.

We first modify equation (1.1) to make it uniformly elliptic so that it coincides with the original
equation in the range of Dy in the subsonic region Q% for ¢ satisfying (2.31) with sufficiently
small . The details of the truncation procedure are in [4, Section 4.2].

Let € = (cx — qg )/2. Then there exist p € C11([0,00)) and ¢; > 0,5 = 1,2,3, depending only
on qa' and -y, such that

pld®)=pl¢®) if 0<g<e —e, (4.1)
5(?) = co + %1 it g>c.—e, (4.2)
0<co < (f)(qz)Q)/ <ecp  for g€ (0,00). (4.3)
Then the equation
£ = div (3(Dg[2) Dp) = 0 (4.4)

is uniformly elliptic, whose ellipticity constants depend only on gg and .

To formulate the problem into a free boundary problem, the main point is to replace the
pointwise gradient condition {|D¢(z)| < ¢} defining Q1 (¢) by a condition stated in terms of ¢
so that our problem is formulated into the framework of free boundary problems.
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To do that, we first need to construct a local C'** supersonic solution ¢~ in the domain
0 := QN {-1<z, <1} of the initial-boundary value problem (2.18)—(2.19) for the nonlinear
hyperbolic equation (1.1) such that

le™ =0 a0, < Cro (4.5)
when o is sufficiently small. This is ensured by the local existence theorem, Proposition A.1 in
Appendix. By the standard extension argument (see [5] and Section 7.2), we can extend ¢~ to

the whole infinite nozzle ) such that

™ —wglliae < Cooy @, a0 =0. (4.6)

Then the following heuristic observation motivates our formulation: By (2.13) and ¢; > qf ,

we have QT (o) = {x € Q : po(x) < ¢y (z)}. Since ¢~ is a small C* perturbation of ¢y

and g; > qd , then we expect that ¢ is close to ¢ in C1*(Q+(¢)) so that we can expect that

QF(p) ={z € p(a) <o (2)}.

We also perform the corresponding truncation of the free boundary condition (2.4):

A(ID¢?)py = p(ID¢™|*)Dp™ v on 8. (4.7)

On the right-hand side of (4.7), we use the original function p since p # p on the range of

|Do~|2. Note that (4.7), with the right-hand side considered as a known function, is the conormal
boundary condition for the uniformly elliptic equation (4.4).

We first solve the following free boundary problem (TFB), which is a truncated version of
Problem (FB), in which the gradient condition that determines Q% in Problem (FB) is also
replaced by the condition ¢ < ¢~ in  with the definition QF := {p < =} N Q.

Problem (TFB): Truncated Free Boundary Problem. Given a supersonic

upstream flow o= € C12(Qq) of (1.1) satisfying (4.5) and (2.18)—(2.19) for small

o > 0 and some constant Cp, find ¢ € C(Q2) such that

(i)  satisfies
o<~ in Q (4.8)

and conditions (2.18)-(2.19) on the boundary and (2.20) at infinity;

(ii) ¢ € CH*(QF) N C?(QT) is a solution of (4.4) in QF := {p < ¢~} NQ, the
non-coincidence set;

(iii) the free boundary S = 9QT N is given by the equation z,, = f(z’) so that
Ot = {x, > f(2')} N Q with f € C1;

(iv) the free boundary condition (4.7) holds on S.

In the next sections we first solve Problem (TFB) by an iteration procedure using uniform
estimates at infinity and the regularity estimates near the nonsmooth boundary. Finally, we use
an estimate for |D¢| to conclude that the solution of the truncated problem, Problem (TFB), is
actually a solution of Problem (FB) and thus Problem (TN).

5. ITERATION PROCEDURE AND UNIFORM ESTIMATES

We now introduce an iteration procedure to construct approximate solutions of Problem (TFB)
in the domain 2 and make uniform estimates of the solutions on the unbounded domain with
nonsmooth boundary.

5.1. Iteration set. Let M > 1. We set
K= {w eCH™(Q) : || —q zull1an < Ma}, (5.1)

where ¢ is defined by equation (2.26) (see Remark 2.4) and a € (0,1). By definition, Ky is
convex. Now we will show that /Cj; is compact in the weighted Holder space C’(l’_alég () as defined
below.
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For @ € (0,1), m € N, and k € R, we define the following spaces:
Clit (@) = {ue C™ @) : [ull%),q < oo, (5.2)

'E?’;;)a;ﬂ = Hu||£:30;9 + [u]i:?a;ﬂ are the norms with

lulhe = > (> sup (051 D%u(z)]),

0<j<m |8]=5"

! |DPu(x) — DPu(y)|
[ o = > sup (5’5 y z :
‘ﬁ|:mz’yeﬂ’x7ﬁy |x - y‘

where [|u]]

0z = |zn| + 1 for x = (2, 2,) € D, and 65y = min(d,,d,) for x,y € D.
Lemma 5.1. If a > 3> 0, then Ky is a compact subset of C(l’_ﬁl)(ﬁ).

Proof. Let ¢; € Ky for j =1,2,.... By astandard argument, we can extract a subsequence (still
denoted by) v;, which converges in C1# on every compact subset of Q to the limit ¢ € C1*(€Q).
Then [|t) — ¢Txp|1,0,0 < Mo and thus ¢ € Kyy. It remains to show that [|¢; — wng%% — 0 as
j — o0.

Fix 0 < ¢ < 1. Then ||ij(17_a17§m{mn>l/s} < (Mo + q*)e, and the same estimate holds
for . Also, since ¥; — 1 in CY(Q N {z, < 2/e}), there exists jo such that, for j > jo,

lv; — 1/}||§j%m{$?é2/€} < e. Then, for j > jo, we have ||3); — ¢||§7ﬁl)Q < Ce, and the assertion is

proved. O
5.2. Construction of the iteration scheme. Let ¢ € K. Since ¢, > qg', it follows that, if
- +
9 — 4o
< 5.3
7=00M+1) (5:3)

with large C' depending only on n, then (4.5) implies

- _
(67 =¥, (@) 2 L= >0 in 0 (5.4)

and ¢~ > on {z, > 1}. Then the set QT (¢)) := {¢p < »~} N Q has the form:
QW) = {zn > f(@)}NQ with | fll1ere-1 < CMo (5.5)
for C depending only on g5 — gg. The inward unit normal on Sy = {z,, = f(z/)} N Q to O is

Dy~ (z) — Dy()

vy(x) =
0= D)~ Do)
By the definition of ICps and (5.3), formula (5.6) also defines vy (2) on €, and

for z € Sy. (5.6)

s — enlloam < CMo  with C = Claf,q). (5.7
Motivated by (4.7), we define the function
Gy(z) = p(|D¢™ ()|*) Dy~ (x) - vy(x)  on Q. (5.8)
Then we consider the following problem in the domain Q7% (1):
div (p(|Dp[*)Dg) =0 in QT (), (5.9)
p(IDeP)py = Gy(x)  on Sy :={z, = f(a')}, (5.10)
0, =0 on Q" =0T (y)N oA, (5.11)
Jim o — 0"l L @+ () (e, >R = 0, (5.12)

show that there exists a unique solution (), and extend the solution to the whole domain €2 so
that ¢ € K.
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We rewrite problem (5.9)—(5.12) in terms of the function u(z) = p(x) — ¢ z,. We first note
that the boundary condition (5.11) is equivalent to
p(|Dp*)p, =0 on 907"

Now w(z) is a solution of the following problem:

div A(Du) =0 in Q1 (y), (5.13)
A(Du) - v = gy(x) on Sy, (5.14)
A(Du)-v=—p((g")*)g v e, on 90", (5.15)
Jim{ull < @+ @)z >ry) =0, (5.16)
where
A(P) = p(IP +q"en)(P +qTen) = p((¢")*)gTen  for PeR", (5.17)
gu(@) = Gy(x) = p((a") gtV - en. (5.18)
Thus, u(x) satisfies the uniformly elliptic equation with the same ellipticity constants as in (4.4):
ME? < zn: A (P)&&; < A7H¢? for any P,& € R™. (5.19)
i,j=1
Moreover, from the definition of A(P) and (4.1)-(4.2), A(P) satisfies
AO) =0, (1+|P)|DpAl, (P) < C. (5.20)

Finally, we state a linear problem corresponding to (5.13)—(5.16). Namely, we use (5.20) to
find that, for i =1,...,n,

Al(Du(z)) = 3" aij(e)us, (2), ay(z) = /0 Al (tDu(a))dt.
j=1

We replace u = ¢ — ¢, in the definition of the coefficients a;; by ¢ — ¢z, for ¢ € Kus to
define

1
a;j(z) = ag)) (z) = /o A;j (t(DY(x) — qTen)) dt for z€Q, i,j7=1,...,n. (5.21)

The ellipticity (5.19) of A(P) implies that the coefficients a%p)(x) satisfy the ellipticity condition
(3.35) for any x € Q.
Also, from (5.17) and (5.21),

@ = [ {aoe) + - ot (522)

+20' ([tDY () + (1 = £)g T en|*) (tvha, (x) + (1 = £)g ™67 ) (t1), () + (1 — t)q+5§‘)}dt

for x € 2, where 65 =1if i =4 and 5f = 01if i # j. In particular, we have a;; = a;;.
We note that, for 109 = ¢*x,,, the corresponding coefficients G;; defined by (5.22) are constants

and satisfy

a;j = K6} for i,j=1,...,n, (5.23)
where r; are k; = p((¢")?) for i = 1,...,n— 1, and k, = ¢'(¢T) for ¢(s) = p(s*)s. By
(4.1)-(4.3), we have

A<k < AT for i=1,...,n.
Now, for ¢ € Kpr, we use (5.22) and (4.1)—(4.3) to obtain

lal — ij 0,00 < CMo. (5.24)

7
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Thus, we formulate the following conormal fixed boundary elliptic problem:

n

Y@ u)e =0 i Q7 (), (5.25)
ij=1
> afy s, vi = gy (2) on Sy, (5.26)
ij=1
S afug,vi = —p((a) g v - en on 00" (y), (5.27)
3,j=1
A ([ulle@r @)nie,>ry = 0. (5.28)

Since the coefficients are only C, we can expect to find only a weak solution u € CH*(QF(¢)))
of (5.25)-(5.28) in the sense that u(x) satisfies (5.28) and, for any w € C}(R"),

n
/ Z az(-;p)uijwi dx + / Gy wdH" ! (5.29)
< Sy

1E(y) i,j=1
—/ (g v - ey wdH™™ ! = 0.
0+ (9)

We will determine the iteration map J(¢) = ¢ by solving (5.25)—(5.28) for u, extending u
from QT () to Q so that u + ¢Tx, € Ky, and defining ¢ = u+ g+ x,. A fixed point of this map
is obviously a solution of Problem (TFB) in Q. In Sections 6-7, we prove the existence of such
a map J, as well as its fixed point.

6. FIXED BOUNDARY PROBLEMS IN A BOUNDED DOMAIN QE(qﬁ)

In order to find a solution of (5.25)—(5.28) in the unbounded domain Q% (1)), we first solve the
corresponding problem in the bounded domain

Q) = Ot @) N {z, <R}, R>L,

and then pass to the limit as R — co. Thus we consider the following problem:

(aE;-b)ua:j)zi =0 in QL), (6.1)

1

<.

5]

> ajy e vi = gy () on Sy, (6.2)
ij=1
> alPue = —p((a"))a v en  on BQLW), (6.3)
i,j=1
u=0 on 0Q%(¥)N{x, = R}, (6.4)

where o) are defined by (5.21) and 9,0%(v) = A NI, ().

ij
We first note several properties of gy, which will be used later.

Lemma 6.1. There exists C > 0, depending only on the data and independent of M and R,
such that

gy ll0,0.0, < Co. (6.5)

This is proved in [5, (4.48), page 334]. Another property of gy, is
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Lemma 6.2.

R e TR e e
f

a0k
Proof. Note that

0 = / Azy) = f/ e, - vdx!' f/ en - vdH" ! f/ en - vdH" 1,
Qg Ax{z,=R} S aQh

where v is the inward unit normal. Since v = —e,, on A x {x,, = R}, then, from the last equality,
we have

/ en.de”*w/ en - vdH" 1 = |A]. (6.6)
S

a0k
Also, since Gy, is defined by (5.8) and ¢~ € C1¥(Q\ Q}(¥)) is a weak solution of (1.1) in
Q\ Q% () and satisfies the boundary condition (2.19), we find

GydH™ ! = / p(|Dp™ 1) D™ - vdH 1. (6.7)

Sy 8,9

Then we have

/S pudt ™ =l [ veendre
f

a0y

= [ ot = st ([

Ve, dH N + / v- endH"_l)
Sy S

a0h
= [ Guanrt (gt P)atAl = 0.
Sy
where we used (6.7) and the fact that ¢* satisfies (2.26)—(2.27). O

We now fix ¢ € Ky and write Qf for QL (¢) and a;; for aE}b) to simplify the presentation.
Also, C denotes a universal constant, which may be different at each occurrence, and depends
only on the data and is independent of M and R. Furthermore, there exists oy > 0 depending
only on M and the data such that, when o < g, Sy C {—1/10 < z,, < 1/10} by (5.5); we always
assume o < oy below.

Lemma 6.3. Let o € (0,00) be sufficiently small, depending only on the data and M. Let
u € HY(QF), R > L, be a weak solution of (6.1)—(6.4) in the sense that

(i) u=0 on 9Q}, N {x, = R} as the trace;

(ii) For any w € HY(Q}) satisfying w =0 on 99 N {z, = R} in the sense of traces,

[3 wunwndet [ gpwar = [ (@t wdtt =0, (68)
Qf Sy a0}

R,j=1
Then
||DU||L2(Q;) < Co. (6.9)

Proof. We use the approach in the proof of [5, Lemma 4.2]. We first choose w = u in (6.8) to
obtain

n
/ Y aijua,ug, de = ’/ guudH"™ +/ A v en udH" .
U ij=1 Sr Cieys
Now, if () is a constant which will be chosen below, we use Lemma 6.2 to obtain

/Q Y wuude = - [ - Qar = [ (et e (0 Quan

N
Rij=1 Sy aQy
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where we used that v - e, = 0 on 9;Q} \ 9,F by (2.14) and (2.17).

1

Choosing @ = (u)r = +7/ u(z)dr and using the L? estimate of the boundary
QL (V)] Jot @)

traces of functions in the Sobolev space H'(Q} (¥)), (6.5), and |v - e,| < Co on 9,2} by (2.16),

we find

n
/+ g AjjUy Uy, AT
Q

Rij=1

IA

(f stare=) ([ ey

S

(gt ( /

|V.en|2dHn71)1/2(/ (u_(u)L)Qdanl)l/Q
a0t a0t

1/2

< o / ((u— (w))? + | Duf?) dx)
Qf ()

< CO’(/ |Du|2dgc)1/27
L @)

where, in the last estimate, we used the Poincaré inequality in the domain QZ(w), and thus the
constant C' depends only on n, L, the norms in (2.15)—(2.16), and || fy|/1,o,a. On the other hand,
it follows from (5.5) that if o < 1/M, then || fyll1,a,o < C with C' > 0 independent of M, R, and
¥ € Ky Now, using (3.35), we have

1 - C 1/2
/Q-E |D’u|2d1’ S X/Q+ Z aijuxjum dx S )\U(/Q; |Du‘2dz’) .

Ri,j=1

This completes the proof. O

By [35], the weak solution u of (6.1)—(6.4) is in Ch (ﬁ; \ (Sy U{z, = R})), since 92N 0N %
is C1,
Lemma 6.4. Let o and u be as in Lemma 6.3. Then, for any x,, € (L, R), there exists 2’ € A

such that uw(z',z,) = 0.

Proof. We follow the scheme of the proof [5, Lemma 4.3, Step 2]. Fix z € (L, R). Suppose that
there is no #’ € A such that u(2’,z) = 0. Then we can assume u(z’,2) > 0 for all 2/ € A, since
the case u(z’,z) < 0 for all 2’ € A can be handled similarly. From the compactness of A and
continuity of u, there exists a constant x > 0 such that

uw@',z) > k>0 for all 2’ € A.

Consider the domain D := A x (z, R). Then, using Proposition 3.3, we get u € C1*(D \ W),
with W = 9,Q N {x, = R}. Moreover, u is a weak solution of

n

Z (aijuz;)z; =0 in D,

ij=1
Z @ijUg, v =0 on 9, D=0DnoQN{x, < R},
ij=1

u>k>0 on DN {z, =z},

u=0 on 0DN{z, = R}.

Thus, by the maximum principle, v > 0 in D. In particular,

Uy = —Uy, >0 on (0DN{z, = R})\W. (6.10)
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By the strong maximum principle [20, Theorem 8.19], « > 0 in the interior of D. Also, denoting
Ds ={z €D : dist(z,dQ) > d}, where 6 > 0 is fixed to be small so that Ds # ), we have

ai; € C’O’O‘(T/g), u € Cl’o‘(m).
Thus, by [5, Lemma A.1],

Uy = —Uy, >0 on DsN{z, = R}. (6.11)

Since u = 0 on A x {x,, = R} and apy, > A > 0 from the ellipticity, we conclude from (6.10)—(6.11)
that
n >0 on (0DN{x, = R})\W,
Z AUy, Vi = —AppUg, o
i,j=1 >0 on DsN{z, = R}.

Since an, and u,, are continuous on Ds N {z, = R}, we conclude

/ Z AUz ; Vi dH" ! > 0. (6.12)
Q

N{z,=R} ij=1

On the other hand, we show that

/ Z aijuzj v; dHn_l = 0, (613)
Qn{z,=R} ij=1
thus contradicting (6.12). To prove (6.13), we choose p € (L, R), and use in (6.8) the test function
w(z) = C(((p — xpn)/e), where e >0, ( € C°(R) with ( >0on R, (=1 on (1,00) and ( =0 on
(—00,1/2). Note that w € C*°(Qr) and w = 0 on {x,, = R}. Thus we use this w in (6.8) and
u € CH(D\ W) and send ¢ — 0+ to obtain

7/ Z Anjg, dH" ! Jr/ gy dH" ! 7/ (gD g v e, dH™ 1 =0. (6.14)
Q ’ S Ay

N{zn=p} i,j=1

Since p > L and v - e, =0 on ;2N {z, > L}, we find from (6.14) and Lemma 6.2 that

/ > anjug, dH" =0, (6.15)
Q

Mzn=p}; j—1

From u € C»*(D\ W) and a;; € C*(Q), we have Y oijer(angug, ) (@' p) — 320 (anjug, ) (o', R)
as p — R— for every 2’ € A. Moreover, from (3.54) of Proposition 3.3, there exist C' > 0 and

B € (0,1) such that, for each p € (R+ L)/2, R) and 2’ € A, we have
|Du(2’, p)| < C(dist((z', p), W)~ < C(dist(z',0A))? 1,

where the last inequality holds since dist(z, W) > dist(z’, 9A) for any x = (¢/,z,) € Qg. Since
(dist(-,0A))?~1 € LY(A), we use the dominated convergence theorem to send to the limit as
p — R— in (6.15) and use that v = —e,, on 9D N {z, = R} to obtain (6.13).

Thus, we conclude a contradiction with (6.12), which completes the proof. ]

From (2.14)—(2.17), there exist » > 0 and C > 0 with the following properties: For any
xg € 0N {x, > —1/2}, there exist an orthonormal coordinate system (y1,. .., y,) with y,, = z,
and a function ¢ : R*~! — R such that

Qn Blor($0) = {yl > C(yz, ey yn)} n Blo,«(a:‘o), ||C||1’a7Rn71 < C, DC(xo) =0. (616)
Proposition 6.5. Let u(z) be as in Lemma 6.3. If o is sufficiently small, depending only on the
data and M, then, for any 2° = (29,...,2%) € Q% o, with L+1 < 2% < R —10r,

rrn

HDuHO,a,BT(xO)ﬁQ; < C||DU||L2(B4T(zo)mQ;)- (6.17)
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Proof. We use the fact that w — K also satisfies equation (6.1) and the conormal boundary
conditions (6.2)—(6.3) for any constant K € R.
When z satisfies B, (z¢) C 2%, we apply [26, Theorem 3.13] to u — K and obtain

||Du||07a,BT((EO)ﬂQ}; < Cllu— KHLZ(BALT(IQ)QQ;). (6.18)

When z¢ € 9,07 with L+ 1 < 2% < R—10r, then, since the right-hand side of (6.3) vanishes
on 9,Q" N{z, > L}, we use (5.24) and (a linear version of) the estimates for the conormal
derivative problem [35], applied to u — K, to obtain

1Dullo 0,8, @pn0s < Clu = Klloo(p,, (wo)nes)- (6.19)

Now we use the standard estimates [20, Theorem 8.17] for the equations of divergence form
(extended to the case of local estimates near the boundary for the conormal problem, see e.g. [37,
Chapter 4, Section 10] where these modifications are indicated in the parabolic case; note that
the Lipschitz regularity of the boundary in our case allows to use the weak form of the conormal
problem) to obtain

|w — KHCD(B%(zO)ﬂQ;) < Cllu— K||L2(B4r($o)ﬂ52;)'

That is, (6.18) is satisfied for the case z¢ € 9,QF.

Now choosing
1

| Bar(m0) N QL] Bar(0)NQ;
using the Poincaré inequality, and noting that the constant in the Poincaré inequality can be

K udzx,

chosen independent of z( € Q;g by (6.16), we complete the proof. ]
Proposition 6.6. Let o and u(x) be as in Lemma 6.3. Then
”uHCO(@) < Co.

Proof. Lemma 6.3 and Proposition 6.5 imply that
|Du| < Co on QFN{L+1<uz, <R-10r}.
Combining this with Lemma 6.4, we have
lu| < Co on QfN{z, € (L+1,R—10r)}.

To extend this bound to the domains Qf, N {R — 10r < z,, < R} = A x (R —10r, R) and Q |,
we note that these domains are of the fixed size and structure (the cylinder A x (a,b) and its
small perturbation, respectively). Note that, on the boundary parts {z, = L + 1} C 9Q} 41 and
{z, = R—10r} C 9(A x (R — 107, R)), we have |u| < Co, as we proved above. Moreover, the
right-hand sides of (6.2)-(6.3) are estimated in L> by Co from (2.16) and (6.5), respectively.
Thus we can use the standard estimates [20, Theorem 8.15] for the equations of divergence form
(extended to the case when we have the conormal boundary conditions on a part of the boundary,
see e.g. [37, Chapter 4, Section 10]). O

Proposition 6.7. If o is sufficiently small depending only on the data and M, there exists a

unique weak solution u € HY(QF) of (6.1)~(6.4). Furthermore, u € C1*(Q},_,,,.) satisfies (6.9)
and

||u||170t791+2 < Co. (6.20)

—107
Proof. Since the map ¥ in (2.14) satisfies (2.16), then, if o is sufficiently small, there exists the
inverse map ® : R — R” of W. The map ® satisfies
H‘b - Id”g’a’Rn S CU. (621)

Then, from (2.14),
B(9,02) C OA x R. (6.22)
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Note that, if ¢ is small, then, by (2.16), (4.5), and (5.4), we conclude that the set ®(QT(¢))) =
{p o ¥ <~ 0¥} N (A x R) has the form

o(QH () = {z, > f(@)}N(AxR) with |[f|i.ar— <CMo. (6.23)
Now we consider a map
d=d'o®:R" - R" for ®'(2/,z,) = (&, 2n — n(zn) f(2))), (6.24)

where n € C*°(R) is nonincreasing and satisfies n = 1 on (—00,1/8) and n = 0 on (1/4, c0).
From this definition, we have 3
||® — IdH17a7Rn § CMO'

Thus, for small o, the map ® is invertible and
&Y — Id||).0.rn < CMo.

In particular, for small o,

|® — Id||1.arn + | = Id||1,0re <1/10. (6.25)
Moreover, if ¢ is small, then
Ax(0,p) = (Qf N {z, < p}) for p> L/4. (6.26)

Define the function v(y) := u(z) = u(®~(y)) for y € Cr := A x (0, R). Then u is a weak
solution of the conormal problem (6.1)—(6.4) if and only if v € H*(Cg) is a weak solution of the
corresponding problem of the form (3.1)—(3.3) in Cr. To obtain the expressions of the coefficients
a;; and the right-hand sides f, g1, and go of problem (3.1)-(3.2) for v, in terms of the data of
problem (6.1)-(6.3) and the map ®, we make the change of variables y = ®(z) in (6.8). Then
we have '

llai; — kil lo,a.cn < CMo  for i,j=1,...,n, (6.27)
with x; defined by (5.23), where we used (5.24) and (6.25). In this case, the right-hand side in
(3.1) is f = 0; to estimate g1 and go in (3.2), we use (2.16), (6.5), and (6.25) to obtain

HngO,a,Zk S CO', k= ]-72 (628)

Also, from (6.4) and (6.26), we see that h =0 in (3.3) for v.

Now the existence a solution v(y) follows from Proposition 3.2 if o > 0 is sufficiently small
depending only on the data and L, so that the right-hand side of (6.27) is smaller than & in
Proposition 3.2.

Thus u(z) := v(®(z)) is a weak solution of (6.1)—(6.4).

Since a;; satisfy ellipticity condition, uniqueness of weak solution u of problem (6.1)-(6.4)
follows from the uniqueness argument in the proof of Theorem 3.2.

Estimate (6.9) for u(x) follows from Lemma 6.3.

It remains to prove (6.20). For any = € Q} N{L/2 < z, < R — 10r}, the standard interior
estimates [20, Theorem 8.32] and the estimates for oblique derivative problems [35] imply

HUHLQ,BT(gEO)mQJrR < C(||u||C0(B4T(zO)ﬂQ;) + ||ﬁ((q+)2)q+v : enHO,a,BT(xo)ﬂ@Q;) <Co, (6.29)

where we used (2.16) and Proposition 6.6. Thus it suffices to obtain an estimate in Q5N {x, < L}.
By (6.25)—(6.26), it suffices to show that
lvll1,0,ax(0,2) < Co, (6.30)
since the similar estimate then holds for ||u| La2hn{e, <L}
To show (6.30), we note that using (6.25)—(6.26) and Proposition 6.6 yields

[0l L2(Ax(0.22)) < 2||“||L2(Q;m{zn<2L}) < Co.

Now estimate (3.8), applied to v in the cylinder A x (0,2L), with the use of (6.28), implies (6.30),
if o is small depending only on M and the data. (|
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7. EXISTENCE OF SOLUTIONS OF THE FREE BOUNDARY PROBLEM

We now show the existence of solutions of the free boundary problem. In this section, C
denotes a universal constant, which may be different at each occurrence and depends only on the
data.

7.1. Solutions of the fixed boundary problem in the infinite nozzle. We first have

Proposition 7.1. If o is sufficiently small depending only on the data and M, then there exists
a unique weak solution u € C1*(Q+(¢¥)) of (5.25)—(5.28). This solution satisfies

||Du||L2(Q+(1/,)) < Co, (7.1)

[[u

10,0t (@) < Co,
plggo Hu”l,a,ﬂﬂ{$n>p} =0.

Moreover, we have

(i) u = Rlim ur, where ug is the unique solution of (6.1)—(6.4) for each R > 0 and the

convergence is in C18 on any compact subset of QF () for any 0 < 8 < o
(ii) For every R > L, there exists ' € A such that u(z',R) = 0.

Proof. We assume that o is sufficiently small to satisfy the conditions stated in Sections 5-6.
We first show that any weak solution u € C(Q%(¢))) of (5.25)—(5.28) satisfies (7.3). From
(5.28), for any ¢ > 0, there exists p > L + 2r such that

ullc@nien>py) < €

Note that (2.17) implies that the right-hand side of (5.27) vanishes on 9;,Q% (¢)) N {z, > p}.
Then the standard estimates [20, Theorem 6.2, Lemma 6.29] imply that, for z = (2/,2,) with
Ty > p>L+2r,
ull1,0,8, @)ne < Cllullo,o,B,. @)ne < Ce.
Thus, (7.3) follows.
Now we prove the uniqueness of weak solutions of (5.25)—(5.28) in C1¥(Q+(x)). Let u,v €

CH(Q* (1)) be two solutions of (5.25)—(5.28). Then, for any R > L + diam(A), define

() :=nr(z)(u(z) — v(z)),
where ng(z) = n(|z|/R) and n € C2°(R4) is a nonnegative function such that n = 1 on [0, 1].
Then ¢ € C}(QT). Using C as a test function in (5.29) for u and v respectively and subtracting
them, we have

0= /+ Z ag;p) ((le - Uxi)(uxj - ij)nR + (U, - U)(ij - ij)ag;iT]R) dz.
Q

Thus,

() c
/Q+ Z aij (ui’i - ’Uﬂfi)(ui’j - ij)anﬂi < E

i,j=1

/ (IDul + [Do])(|u] + [v])dz.
Q+N(B2r(0)\Br(0))

Note that [+ N (B2 (0) \ Br(0))] < 2R|A|. Thus, using the ellipticity of !, we find

A / Du — Dodz < C(lullom s + [0l008m0)
QtNBR(0)

for large R. Now we send R — oo and use (7.3) to obtain

)\/ |Du — Dv|*dz = 0.
Q‘F

R
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Thus, u — v = const., which yields u = v by using (7.3).

It remains to prove the existence of a weak solution of (5.25)—(5.28) satisfying (7.1)—(7.2) and
properties (i)—(ii) of Proposition 7.1.

The existence of a unique solution up € CH*(QL_,,,.) N H(QF) of (6.1)-(6.4) for any R > L
follows from Proposition 6.7.

Now, let R; — oo. Using estimates (6.9) and (6.20) for ug, which hold by Proposition
6.7, we can extract from {ug,} a subsequence converging in C1*/2 on compact subsets of Q
to a function u € C*(Q) that satisfies (7.1). Indeed, this can be achieved by extracting a
subsequence converging in C*/2(Q} ), a further subsequence converging in C**/2(Qf ,),
ete., and by using the diagonal procedure. Obviously, u is a weak solution of (5.25)—(5.27), since
we can pass to the limit in (5.29) for any fixed w € CL(QF).

Moreover, this solution w satisfies property (ii): Indeed, for fixed Ry > L, R; > Ry for
sufficiently large j. For such j, by Lemma 6.4, there exists z/; € A such that ug, (2%, Ro) = 0.

Then there exists a subsequence of {z;} converging to some point 2’ € A. Since ug, (-, Ry) —
u(+, Ro) uniformly in A, we have u(z’, Rg) = 0. Thus, the solution u satisfies properties (i)—(ii).
Also, since each up satisfies (6.9) and (6.20) with C independent of R, then (7.1)—(7.2) hold.
Now we prove that u satisfies (5.28). From (7.1), for any ¢ > 0, there exists p > L such that
HDUHLZ(QJrﬁ{zn>p}) <e.
Then, by Proposition 6.5 (which holds for u as ug),
HDU||0,a,Q+ﬁ{zn>p+1} < Ce.
From this estimate and property (ii) proved above, we have

||u||CO(Q+ﬂ{zn>p+1}) < Ce.
Now (5.28) is proved. O

7.2. Iteration map. We first define an extension operator P, similar to [4, Proposition 4.5]
and [5, Proposition 5.1], to obtain

Proposition 7.2. Let 0 > 0 be sufficiently small depending only on the data and M, and @~
satisfy (4.5). Then, for any 1 € Ky, there exists an extension operator Py : CH*(QF(¢)) —
C12(Q) satisfying the following two properties:

(i) There exists C depending only on n,v,qd, and o (but independent of M, R, o, and 1)
such that, for the solution u € C1*(Q+ (1)) of problem (5.25)—(5.28) and ¢ = u+ ¢z,

H,chp - q+xn”1,a,ﬂ < CJ; (74)
(ii) Let B € (0,c). If a sequence ¥y € Kar converges to 1 € C#(Q) in the norm || - ”5_6122

defined in (5.2), then 1 € Kpr; Furthermore, if ur, € CH2(Q+ (1)) and u € CH(Q+ (1))
are the solutions of problems (5.25)—(5.28) for vy and 1, respectively, and if o = uy +

qtz, and o = u+ qTx,, then Py, ox — Py in the norm || - HYﬁ%

Proof. Let ¢ € K. We first define an appropriate extension operator Py : CL*(Qt(y)) —
Ccho(Q).

Let ¢ € CH*(Q*+(¢h;)) and u = ¢ — ¢t x,. Then v :=u o ! satisfies v € C*(C(0,00)) With
Clap) = A x (a,b), where ® is defined by (6.24).

We first define the extension operator & : C#(C(g,00)) — CP(C(Z2,00)) for any 8 € (0,1).
Let v € C’l’ﬁ(M). Define &;v = v in Cg o). For (2,2,) € C(_10), define

2
x
S x,) = g cw(x',—Tn),
i=1
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where ¢; = —3 and ¢y = 4, which are determined by 37, ¢; (=1)™ =1 for m = 0, 1. Note that,
for sufficiently small o, we have Q C é(C(_ZOO)) by (6.25). Thus, (§1v) 0 ® € CL(Q).
Finally, we define
Py(p)(@) = (E1v) 0 B(x) + ¢ 2.
Obviously, Py () € C1*(Q). Also, since ®(Q2F (1)) = C(0,0), We have

Py(p)(@) = vod(z) + ¢ 2y = u(z) + ¢ zn = p(x)  forz e Q(v),

ie., Py : CL(Q+ () — C12(Q) is an extension operator.
Now, using (6.25), we obtain the following estimate as in the proof of [4, Proposition 4.5]:

1Py = g"anlha0 < Cle = ¢ 2nll1a0t@)- (7.5)

Then, if u and ¢ are those defined in assertion (i), we have (7.2) for u = ¢ — ¢ 2, by Proposition
7.1, and thus (7.5) implies (7.4). Assertion (i) is proved.

Now we prove assertion (ii). First, by Lemma 5.1, ¢ € Kyy.

By (7.4) applied to 9; and by Lemma 5.1, there exists a subsequence (still denoted by) ¢, (x)
such that

Py, = ¢ in C(liﬁl)(ﬁ) (7.6)

for some ¢ € CH(Q).

Denote 9y, := 1, 0¥ and ¢ := 1o W. Then, by (2.16), Y — ¥ in CL 5(A><[ ]) Denote by
fr(2) the function from (6.23) for ¢y (z). Then, by (2. 16), (4.5), and (5.4), fk — fin CYP(R).
Now let ®;, and ® be the maps from (6. 24) for fk and f , respectlvely Then &, and ® and their
inverse maps satisfy (6.25), and @, — ® and ®,' — ®~! in C"# on compact subsets of R".
Note vy := up 0 ®; ' € C*(A x [0,00)). Recall that uy, is a weak solution of (5.25)—(5.28) in the
domain Q7 (¢), with coefficients az(f") defined by (5.22) for t;, and corresponding right-hand
sides (5.18) and (5.27) for 1. Then, by Proposition 7.1, each wy, satisfies (7.1)—(7.2). Therefore,

[ Dvgll L2 (ax (0,00)) < Co, (7.7)
(0,00) SCo for k=1,.... (7.8)

Moreover, vy, is a weak solution of a conormal problem

n

S 0UY0, 000, =0 in A x (0,00), (7.9)
ij=1
300, vy = Gy (@) on A x {0}, (7.10)
1,5=1
Z bV, v = hy,(z)  on AA x (0,00), (7.11)
1,7=1

where b(w"’), Gy, » and hy, are defined by the coefficients and right-hand sides of (5.25)—(5.27) for

) _, )
@ij

1 and by <I’ L In particular, since a;; in C*# on compact subsets of Q as k — oo,

which follows from (5.22), and since <I> — <I>*1 in C™% on compact subsets of R"), it is easy
to show that, for any compact K C A x [O, 00),

b%‘m - bg;p) in CY(K)  and (G, by, ) = Gy, hy) in CP(K),

where bl(;b), Gy, and hy, are the coefficients and right-hand sides of (7.9)-(7.11) for ¢. By (7.8),
there exists a subsequence v, which converges in C'# on the compact subsets of A x [0, 00) to
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some v € CVP(A x [0,00)). Then, choosing w € C}(R™) in the weak formulation (5.29) for the
conormal problem (7.9)—(7.11):

[ e e
Ax(0,00)

ij=1 A
we pass to the limit for the subsequence {k,,} and conclude that v is a weak solution of problem
(7.9)—(7.11) with coefficients bl(;b) and right-hand sides gy, and hy. Note also that v satisfies (7.7)
since each vy, satisfies (7.7). Transforming back, we conclude that @ :=wvo ® is a weak solution

m

of problem (5.25)—(5.27) for ¢ and satisfies (7.1). Now the proof of Proposition 7.1 implies that @
satisfies (5.28). Then the uniqueness assertion of Proposition 7.1 implies u = @ on Q¥ (¢)). Thus,

Pulp) = (E1v) 0 @ + ¢t . (7.12)

Gy wda’ —/ hy,wdH" ™! =0,
x{0} AOA X (0,00)

Finally,
P, (01,) = (E10r,,) © B, +¢F w0 — (E10) 0@+ gta,  in CHI(K)

for any compact K C Q, since (®y, v, ) — (®,v) in CV#(K) and & : CP(Clo,00)) = CHP(CZ2,00))
is continuous. From this, using (7.6) and (7.12), we obtain that Py, (©%,,) — Py(p) in C(l’_ﬁl)(ﬁ).
Moreover, by the same argument, from any subsequence of Py, (¢r), we can extract a further
subsequence converging in C’(l;ﬁl) (Q) to the same limit Py(p). Thus the whole sequence Py, (x)

converges to this limit. Proposition 7.2 is proved. O

Now we can define the iteration map J : Ky — C1%(Q) by
T = Py (7.13)

with p(z) = u(z) + ¢z, where u € CH*(Q+(¢)) is the unique solution of problem (5.25)—(5.28)
with ¢ € Kps. By Proposition 7.2(ii), J is continuous in C*#(Q) for any 3 € (0, a).

7.3. Existence of solutions of the free boundary problem. Now we can prove the existence
of solutions of the free boundary problem. We denote by ¢ both the function ¢ in Q% (1)) and
its extension Py .

Choose M to be the constant C in (7.4). Then, for ¢ € Kys, we have from Proposition 7.2(i)
that ¢ := Jy € Ky if 0 > 0 is sufficiently small and depends only on n, 7, ¢, and €, since
M > 0 is now fixed. Thus, (7.13) defines the iteration map J : s — Kps and, from Proposition

7.2(ii), J is continuous on Ky in C(lfi/f(ﬁ).

In order to find a solution of Problem (TFB), we seek a fixed point of the map J. We use the
Schauder fixed point theorem (cf. [20, Theorem 11.1]) in the following setting:

Let o > 0 satisfy the conditions of Proposition 7.2. By Lemma 5.1, the set Kp; is a compact
convex subset of C(l’_oi/)z(ﬁ). We have shown that J(KCps) C Ky and J is continuous in C(l’_alé2 ().
Then, by the Schauder fixed point theorem, J has a fixed point ¢ € ICpy.

If ¢ is such a fixed point, then

¢(x) := min(p™ (), p())

is a classical solution of Problem (TFB) and S, is its free boundary.

It follows that ¢ is a solution of Problem (FB), thus Problem (TN), provided that ¢ is small
enough so that (7.4) implies that |Dy(z)| < ¢, — €, where ¢ = (c. — g )/2. Indeed, then
(4.1) implies that ¢ lies in the untruncated region for equation (4.4). Also, |D@| < ¢x — € on
Q@) == {@(z) < ¢ (x)} and |D@| > ¢, on 2\ 2T since p = ¢ on V() and p = ¢~ on
Q\ Q.
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8. UNIQUENESS AND STABILITY

We now prove the uniqueness of the velocity at infinity in Problem (TN) and, when ¢~ € C%,
prove the uniqueness and stability of solutions of Problem (TN). We first prove the following
lemma.

Lemma 8.1. Let o~ satisfy (4.5). Let o € C%1(Q) be a solution of Problem (TN) withw € (0, c.)
satisfying (2.24). Then there exists oo > 0 depending only on n, «, 7, and qj such that, if
o € (0,00), p satisfies (2.23), (2.30), and

| De — wen|lco@@niz,>ry) — 0 as R — oc. (8.1)
Proof. The proof that ¢ satisfies (2.23) and (2.30) is the same as in [5, Lemma 7.1].
Now we prove (8.1). Setting w(z) := ¢(z) — wxy,, noting that v - e, =0 on QT N {x, > L}
by (2.17), and using (2.23) and (2.30), we see that w satisfies

n

Z (aijwe; )z, =0 in Qn{z, > L},

ij=1
n

Z aijWe, Vi =0 on 90" N{z, > L},

ij=1

li =0

Jim{[wlle@)nge,>ry) = 0,

where
aij(z) = /0 {ﬁ ([tDp(z) + (1 — t)we,|?) &7

+20 ([tDe(x) + (1 — hwen |*) (tpa, () + (1 = wd]) (tog, () + (1 = t)ws]) }dt.

By (2.24), the equation is elliptic if ¢ is small. Then the proof of (8.1) is similar to the proof of
(7.3) in Proposition 7.1. O

Now we show that w in Problem (TN) is uniquely determined by ¢~ .

Proposition 8.2. There exists og depending only on the data as in Lemma 8.1 such that, if ¢~
satisfies (4.5) and ¢ € CY1(Q) is a solution of Problem (TN) with w € (0,c.) satisfying (2.24),
then w = ¢ in (2.20), with ¢* defined by (2.26) and p(x) satisfies (2.28).

This can be achieved by following the proof of [5, Proposition 7.2] and using Lemma 8.1 instead
of [5, Lemma 7.1].

It remains to prove the uniqueness of solutions of Problem (TN) satisfying (2.24) when ¢~
satisfies (2.32).

Proposition 8.3. There exists og depending only on the data as in Lemma 8.1 such that, if ¢~
satisfies (2.32), then the solution ¢ € C%Y(Q) of Problem (TN) with w = qT satisfying (2.24) is
unique.

The rest of this section is to prove Proposition 8.3 by using a version of the partial hodograph
transform developed in [6].

8.1. Extension of ¢~ to the domain Q. Since ¢~ satisfies (2.19) and (2.32) in the domain
0 := QN {x, <1}, then we can extend ¢~ to Q so that the extension (still denoted by) ¢~ is
in C%%(Q), coincides with the original ¢~ in QN {z,, < 7/8}, and
H(p_ — ¥ |2,04,Q < C(n,a)o, (8.2)
supp(¢~ — ¢y ) C QN {z, < L}, .
O~ =0 on 9,1, (8.4)
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where ¢y () = gg . To construct such an extension, we first note that we can modify the
mapping ¥ and replace it by a mapping ¥; € C%*(R" R") such that ¥, satisfies (2.14),
¥y — Id||2,0.r» < Co, (2.17), and

DY (z)vac(z) = ((z)ve,a(P1(x)) for any x € 9C,

where C = Ax(—00,00), voc(+) and vg,q(+) are the inward unit normals to IC and 9,€2 respectively,
and ||¢ — 1||2.a,0c < Co. To construct such ¥y, we first define the corresponding C% mapping
W, between sufficiently small neighborhoods (depending only on A and o) of dC and §;Q by

Uy (2 + svae(2)) = U(z) + svg,a(¥(2))
for z € 9C and s € (0,¢), where € > 0 depends only on A and L. Then we let

Vi (2) = n:(doy(2)) V1 (2) + (1 - n:(doy())) ¥ (x),
where dp,q(+) is the distance function to 9,2 and 7. : R — R is a smooth function satisfying
0<n.<lonR,7n.=1on[-0c0,7¢/8), and n. = 0 on (¢,00). Now we define ¢~ (x) = ¢~ (¥ (x))
on U7 H(Qy). Then, if o is small, 3~ is defined at least on Ax (—7/8,7/8) and satisfies D@~ -ve = 0
on OA x (—7/8,7/8). Now we define

¢~ (x) = m(zn)@” () + (L= m(zn))pg (z)  on Ax(=7/8,00),

and then the function ¢~ (z) = = (V7 (z)) is a C>* extension of ¢~ satisfying (8.2)—(8.4).
Denote
g=div(p(IDp)Dp") Q. (8.5)
Since ¢~ and ¢, satisfy (1.1) in €4 and €, respectively, then we find from (8.2)—(8.3) that g
satisfies

g € Ca(ﬁ)7 ||g||0’a’ﬂ g CJ? (8 6)
g=0 on (N{z, <7/8HuU(@n{x, >1}). ’
From now on, we use the extended function ¢~ = ¢~ (z) and C' may denote a different constant

at each occurrence, depending only on the data, unless otherwise is specified.

8.2. Partial hodograph transform. Let ¢ be a solution of Problem (TN) with w = ¢* and
satisfy (2.24). Then QF := {|Dyp| < ¢,} has the form (2.23) and (2.30). Define a function u in
QF by

u(z) == ¢~ (z) — ().
Then (2.31) and (8.2) imply

lu— (g5 — a")xnll1,0.0+ < Co. (8.7)

In particular, if o is sufficiently small, we use (2.29) to obtain
0<(qp —q7)/2 <ua, () <2(qy —qy)  forany zeQT. (8.8)
Furthermore, (2.28) and (8.3) imply
lu— (95 — " )znllor@na,>ry) — 0 as R — oo. (8.9)

Since ¢ is a solution of Problem (TN), ¢ satisfies (1.1) in QT and (2.4) on S. Then, since
S C 2y and ¢~ satisfies (8.4) on 9;Q), and also using (8.5), we see that u is a solution of the
following problem:
div (A(z, Du)) = —g in QF,
A(x,Du)-v=0 on S, (8.10)
A(z,Du)-v=0 on 9,07,

where, for x € QT and P € R",
A(z, P) = p(|D¢™ (z) — P[*)(Dp™ (z) = P) = p(|D™ (2)*) D™ (2). (8.11)
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Note that v satisfies the weak form of problem (8.10):
/ (A(z,Du) - Dn —gn)dx =0 for any n € C3(R™). (8.12)
O+

Since ¢ = ¢~ on S, it follows that
u=0 on S. (8.13)

Now we make a change of variables z = ®(z) to rewrite problem (8.12) into a cylindric domain
CT := ®(Q7"), where ¥ and its inverse ® are the maps in (2.14), (2.16), and (6.21). It follows
that, if o is sufficiently small, then

Ct=@AxR)N{za > (")}, [fl1,arer < CMo, (8.14)
and Ct = §,C*t U S, where
OCT == (DA x R) N {z, > f(2)} = ®(9,Q7),
S:=(AxR)N{z, = f(")} = ®(5).
Also, Ot = ¥(C™). Consider the function
w(z) = uw(¥(2)) for z € C*.
Then (2.16)—(2.17) and (8.7) imply
@ — (g9 —a")znll1acr < Co. (8.15)
In particular, @ satisfies (8.8) if ¢ is small. By (8.9) and (2.17),
1o — (g9 —a")znllorax(roey — 0 as R— oc. (8.16)

From (8.13), @ satisfies

@=0 onS. (8.17)
Moreover, @ is a weak solution of a fixed boundary problem of the form (8.10) in the domain
C* with modified functions A(z, P) and §(x) satisfying A € CY*(A x (—1,00) x R™) and § €
C*(A x (—1,00)). Precisely, @ satisfies

/ (A(z, D) - Dy — gn)dz =0 for any n € Cg(R™). (8.18)
Cc+

This is obtained by using the test function 1 o ¥, making the change of variables z — ¥(z) in
(8.12), and obtaining the expressions for A in C* x R™ and § in C* in terms of A, g, and the
map ¥. We do not write the explicit expressions of A and §, but only point out some properties
of A and §, which can be obtained readily by using these expressions. First, we emphasize that
A and § are given in terms of the original functions A, g, and the map ¥, which are independent
of the solution ¢ of Problem (TN). Next, using (2.17), we see that, for any R > 0, there exists
Cgr such that

IA = Al actxBr < CrllY[lc2ogmen)- (8.19)
Furthermore, from (2.17), it follows that A = Afor z, > L, ie.,
A(z, P) = A(x, P) for any z € A x (L,00), P € R™. (8.20)

Similarly, from (2.16)—(2.17) and (8.6), we conclude that § satisfies

g S CQ(K X [_1700))7 ||§||0,a,/\><(71,oo) < CU)
g=0 on (n{x, <1/2hH)u@n{z,>L})

if L > 1 and o is sufficiently small. Define

(8.21)

F(2' z,) = / ' g(z',s)ds  for (2',z,) € A x (—1,00). (8.22)
0
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Then, from (8.21)—(8.22), we have

F.F, €C*A x[~1,00)), (8.23)
1F 0,08 (~1.00) < €05 ([ ll0,0ax(~1,00) < Co, (8.24)
F=0 inAx(-1,1/2), (8.25)
F is independent of z,, € A x (L, c0). (8.26)

Note that, from (8.14), for sufficiently small o, the free boundary S lies within the domain
A x (=1,1/2). Then, by (8.25), the function F' vanishes on S. Also, using (8.14) and (8.23), we
can rewrite (8.18) as

/ (A(z, D@) + F(z)ey,) - Dndz =0 for any n € Cg(R"). (8.27)
ct

Now we make the partial hodograph transform. Define a mapping F : C* — R™ by
(Z‘/, xn) - (y/a yn) = (xlv ’EL(JT/, xn))
The nondegeneracy property (8.8) of @ implies that the mapping F is one-to-one on C+ and,
from (8.8) for @, (8.14), and (8.17)
F(CF) = A x (0,00),  F(5)=Ax{0},
i.e., the free boundary S is mapped to the fixed boundary A x {0}. Also, by (8.8) for @, there
exists a function v € CH*(A x (0,00)) such that, for (z’,z,) € Ct and y, > 0,
w(x',xy) =y,  ifand only if  v(2',yn) = . (8.28)
Thus,
FHY yn) = 0y ).
Differentiating the identity @(z’,v(2’, y»)) = yn, which holds for any (2/,y,) € A x (0,00), we
find
vy, >0 in A x (0,00)
and
1 1
Dyu=——Dyw, Uy, = —, (8.29)
Vyn Vyn
where the left-hand and right-hand sides are taken at the points (2', x,) and F(2', z,), respec-
tively. In particular, property (8.8) of @ implies
1 2

0< m <y, (y) < m for any yeC™T. (8.30)
From this and (8.15), we obtain
lv —voll1,0,Ax(0,00) < CO, (8.31)
where v9(y) = yn/(qy — ¢"). From (8.16) and (8.30),
lv—wollcr(ax(roe)) =0  as R— o0. (8.32)

Now, since @(z) is a solution of the conormal problem (8.27) in C*, then v(y) is a solution
of the corresponding problem in A X (0,00). In order to show that this problem has also a
conormal structure, we make the change of variables ¢ — y = F(x) in (8.27). In order to do
that, we especially need to change the variables in the test function 7. For that, we note that
the function ¥(y) :=no F~(y) = n(y',v(v,yn)) satisfies » € C1(A x (0,00)) and, by (8.30), if

n=0on R"™\ Bg, then ¥y =0 on (A x (0,00)) \ Bg, for some Ry, ie., ¢ = w|m for some
¢ € CLR™). Similarly, for any ¢y € C}(R™), there exists n € CA(R™) such that w\R—i =noF~!



MULTIDIMENSIONAL TRANSONIC FLOWS THROUGH AN INFINITE NOZZLE 37

and n(z) = ¢ o F(x) for x € Ct. We differentiate the identity n(z) = o (2',u(a’, x,)) and use
(8.29) to obtain

Yy

Uy

_ Y

Uy

DI/’]’] = Dy/w — n Dy/’l), ']’]yn (833)

Now, in (8.27), we make the change of variables z — y = F(z), use (8.29) and (8.33), note that
the Jacobian of F~!is JF1(y) = vy, (y), and write A(z', z,,,p',pn) for A(z, P) and F(2',x,)
for F'(z) to obtain

n

/ (B(y’, v, Dv) + F(y, v)en) - Dipdy =0 for any ¢ € C3(R"), (8.34)
Ax(0,00)

where, for v/ € A, z€ R, P= (p/,p,) € R" 1 x Ry,

/

. po1

Bi(y',z,P) = A"y, 2, ——, —)pn for i=1,...,n—1,
Pn Pn
PR o (8.35)
Bn(y/azvp) :An(y/azv_iai)_ Ai(?%ﬁ»’«“a‘*a*)]%-

Thus, v(y) is a weak solution of the corresponding conormal problem in A x (0, c0).

Note that the functions B(y,z, P) and F(y/,z) and the domain A x (0,00) in (8.34) are
independent of the solution ¢ of Problem (TN).

Conversely, let v(y) is a solution of (8.34) satisfying (8.31)—(8.32) with sufficiently small o
depending only on the data so that (8.30) holds. Then the corresponding solution ¢ of Problem
(TN), satisfying (2.24), can be determined. Indeed, from (8.30),

Ct={(,v(@,y)) : ' €A, y, >0} (8.36)

has the form (8.14), and a function @ € C*(C*) can be defined such that (8.28) holds. Then
(8.27) holds. Moreover, (8.31) implies (8.15). Next, we conclude that QT := ¥(C*) has the form
(2.23) and (2.30), and u(z) := a(P(x)) satisfies (8.12). Moreover, (8.15) implies (8.7). If o is
sufficiently small, then (8.7) and (8.15) imply (8.8) for w and @, respectively. Now, (8.32) implies
(8.16) and further (8.9). Then it follows that ¢, defined by ¢ = ¢~ —w in Q" and ¢ = ¢~ in
Q\ QF, is a weak solution of Problem (TN) satisfying (2.24).

Thus, the uniqueness of solutions of the conormal problem (8.34) satisfying (8.31)—(8.32)
implies the uniqueness of solutions of Problem (TN) satisfying (2.24).

We also note that, since ¢ satisfies equation (1.1) which is uniformly elliptic in Q% and the
function p in (1.1) is smooth in the range of |D¢l|?, and since ¢ satisfies (2.19) on 92" and
0,9 is a C* boundary, then the standard regularity results for elliptic equations and oblique
derivative problems imply ¢ € C**(Q+ \ S). Then it follows that v € C%*(A x (0, 00)).

8.3. Uniqueness of weak solutions of the conormal problem (8.34) satisfying (8.31)—
(8.32). In the argument of this section, the constant C' depends only on the data, unless other-
wise is specified.

Suppose that v; and v are two solutions of (8.34) in A x (0, c0) satisfying (8.31)—(8.32). We
assume that o is small so that (8.30) holds for v; and vy. Consider the function w = vy — vy.
Then w satisfies

lwll1,0,ax(0,00) < 2Ca (8.37)
and

[wll1,0,ax(R00) =0 as R — oo. (8.38)
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Moreover, w € C%%(A x (0, 00)) since v; and v, have this regularity. Also, subtracting equations
(8.34) for v1 and vy, we obtain

n

/A 0.00) (> aism)wy, ey + > bi(y)wepy,)dy =0 (8.39)
X (0,00 i=1

4,j=1

for any ¢ € C}(R"), where a;; and b; are defined by

1
aij (y) :/O B, (v, (1 = t)oi(y) + ta(y), (1 — t) Dui(y) + tDva(y))dt,

bi(y) = A (Bi(y/’ (1 — t)vy(y) + tva(y), (1 — t) Dy (y) + tDua(y)) (8.40)

LSPOE( (1 — ua(y) + tv2<y>>) .

Note that a;j,b; € CY(A x [0,00)).
Let (aY.,b?) be the coefficients (a;j, b;) for the background solution: ¥ = Id, ¢~ (z) = qg Tn,

YR

v1(y) = v2(y) = vo = yn/(qy — ¢ )- Then, using (2.11), (8.11), and (8.35), we find
al; = ki8], ) =0 for i,j=1,....n, (8.41)
where £; are the following constants: x; = p ((¢q)?) fori =1,...,n—1, and &, = ®'(q¢)/ (g5 —

qq) for ®(s) defined by (2.5). Then, since ¢f € (0, c,), we obtain from (2.5) and (2.7) that
ki >0 for i=1,...,n.
From (8.41) and using (2.16), (8.2), (8.11), (8.19), (8.24), (8.30)—(8.31), and (8.35), we have

||a¢j — Hz'(;g |0ya7A><(0700) + ||b, 0,0,A% (0,00) <Co for i,j=1,...,n. (8.42)

Moreover, using (8.3), (8.20), and (8.26), we see that
=0 on {y, > L1} for i=1,...,n, (8.43)
where L1 = 2L/(qy — qf )-

Note that, by (8.42) with sufficiently small o depending only on the data, the coefficients
a;j(y) satisfy the ellipticity condition (3.35) with constant A > 0 depending only on the data for
any y € A x (0, 00).

Now we prove that w = 0. We will do this in three steps.

Step 1. We show that there exist R; > 2L; and a nonempty open set A’ C A such that
w(z’,Ry) <0 for all 2’ € A'.

Denote . .
9= Zam’wmi = Z i We; (€n)i on A x {2L;}. (8.44)
i=1 ij=1
From (8.37) and (8.42), we have
lgllo,a,a < Co. (8.45)

Now we use (8.43) and w € C?(A x (0,00)) to conclude that w, restricted to A x (2L, 00), is a
C? solution of the conormal problem

Z (aiijj)fi =0 inA X (2L1, OO)7 Z aijw$jyi =0 on JA x (2L1, OO)7
=1 hi=1 (8.46)
Z AjjWg; Vi = g ON A x {2L1}.
ij=1
The uniqueness argument in the proof of Proposition 7.1 can show that w is the unique weak
solution in C1*(A x [2L;,00)) of problem (8.46) satisfying (8.38).
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Moreover,

/ gdz' = 0. (8.47)
AX{2L1}

Indeed, we use in (8.39) the test function ¢(x) = n(x)(((2L1 —x,)/e), where e > 0, n € C°(R™)
with n =1 on A x (0,4L;), and ¢ € C*°(R) with ( > 0on R, ( =1 on (1,00) and ( = 0 on
(—00,1/2), and then we send ¢ — 0+ using that w € C2(A x (0,0)) to get (8.47).

Let R > 2L;. Consider the conormal problem

n

> (0l =0 A x (2L ),

ij=1

- R - R (8.48)
Z aijw;j Jui =0 on A x (2L, 00), Z aijw;j Jui=g on A x {2L,},
i,j=1 ,5=1

w® =0 on A x {R}.

Now we can follow the argument of Section 6. Let w) € H'(A x (2L;, R)) be a weak solution
of problem (8.48). Using (8.45) and (8.47) instead of (6.5) and (6.2) respectively, we follow the
proofs of Lemmas 6.3-6.4 to show that wf) satisfies

I Dw | 12(ax 21, 7)) < Co

with C independent of R and that, for every z, € (2Li, R), there exists 2/ € A such that
w® (2’ 2,) = 0. Then we follow the proofs of Propositions 6.5-6.7 to show that if o > 0 is
small depending only on the data, there exists a unique weak solution w® e HY(A x (2L1, R))
of problem (8.48), and it satisfies

(R) <
7a7 K - -
w1 a,ax 201, B—10r) < Co,

with C' independent of R. Now we follow the proof of Proposition 7.1 to show that there exists
a sequence I?; — oo such that wF) converge in C*/2 on any compact subset of A x [2L1, 00)
to a solution @ € CY®(A x [2L1,0)) of problem (8.46) satisfying (8.38). Moreover, for any
Tn € [2L1,00) there exists 2’ € A such that w(z’',7,) = 0. From the uniqueness of a weak
solution in C*(A x [2L1, 00)) of problem (8.46) satisfying (8.38), we conclude that @ = w. Thus
there exists x{, € A such that w(zf,3L;) = 0.

If w is constant on A x (2L, 00), then w =0 on A X (2L1,00) by (8.38), and the assertion of
Step 1 is proved. Thus we assume that w is not constant on A x (2L1,00). Also, w is bounded
on A x (2L, 00) by (8.37).

Now, we use that w € C?*(A x [L1,00)) and satisfies > i je1(@ijwe)z, = 0in Ax (Ly, 00) and
ZZ;‘:1 aijwg,v; = 0 on OA x (Ly,00). We also note that, since v1,v3 € C**(A X [Ly,)), we
have a;; € CV*(A x [L1,00)) so that the equation in (8.46) rewritten in the non-divergence form
has continuous coefficients in A x [L1,00). Then it follows that inf R 21, 00) W(@) cannot be
achieved at any © € A X [2L1, 00) by the strong maximum principle and at any « € A x [2L;, 00)
since Hopf’s lemma contradicts the conormal boundary condition at such point. Thus, from
w(xf, 3L1) = 0, we conclude that, if w > 0 on A x (2L, 00), then w =0 on A x (2L, 00).

Thus, if w is not identically zero on A x (2L;,00), then there exists 2* € A x [2L;, 00) such
that w(z*) < 0. Since w is continuous, the assertion of Step 1 follows.

Step 2. We use that w < 0 on A’ x {R;} with Ry > 2Ly by Step 1 to prove that w < 0 on
A x (0, 2L1)
Choose the following test function ¢ in (8.39): For fixed ¢ > 0 and R > 0,
(w—mpg)*

T

—_ where mp :=max |0, su w < o0
w—mg)T +e i < b (y))

yEAX(R,00)
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by (8.37). Then ¢ € C%*(A x [0,00)) and ¢ = 0 on A x [R,0). Thus we can substitute this ¢
into (8.39) to obtain

[ (sazjw;((w —me))y, | bt (0 —mn)), ) o

Ax(0,R) (w —mp)*t +¢)? ((w—mg)T +¢)? '
Then using the ellipticity of (8.39) with constant A > 0, (8.37), and (8.42)—(8.43) yields

|D(w —mp)*?
/\/ Dlog (14 (w —mg)™ /e dy—)\/ dy

x (0,R) | ( )| Ax(o,r) ((w—=mpg)T +¢)?

_ +
<_ / j (w mf) )y, : dy
ax,r) - (w—mpg)t +¢)?

/ (w—mp)*((w —mgr)T),, ((w—mp)*),,
Ax(0,Lq )

-+ " w—ma) + o)

<C (]Dlog(l-i—(w—mR)J“/E)’+meR)dy
Ax(0,L1) €

<O |Dlog(1+(w—mR)Jr/s)|2dy)1/2

m
+CO—
Ax(0,Ly) €

Thus, for R > L4,
/ |Dlog(1+(w—mR)+/e)|2dy§C’—i—Cm—QR.
Ax(0,R) €

Letting R — oo and noting that Rlim mp = 0 by (8.38), we obtain

/ ‘Dlog (1—|—w+/€)’2dy§0.
Ax(0,00)

Since log (1 +w™" /e) =0 on A’ x {z,, = Ry} where A’ C A is nonempty and open, it follows from
the Poincaré inequality that

/ |10g(1+w+/€)|2dy§0,

AX (0 Rl)

where C depends only on the data, A’, and Rj, but is independent of €. Letting e — 0, we
conclude wt =0 in A x (0, Ry), which implies w < 0 in A x (0,2L;), since Ry > 2L;.

Step 3. Similarly, we prove w > 0 in A x (0,2L;), thus w = 0 in A x (0,2L1). Also,
w € C(A x [0,00)). Then g = 0 by (8.44). Now w =0 in A x (2L;, 00) by uniqueness of a weak
solution in C1®(A x [2L1, 00)) of problem (8.46) satisfying (8.38). Thus w = 0 in A x (0, 00), and
the uniqueness of weak solutions of the conormal problem (8.34) satisfying (8.31)—(8.32) follows.

8.4. Stability. As a consequence of the uniqueness, nondegeneracy, and regularity of solutions
of the free boundary problem, we have the following stability theorem.

Theorem 8.1. There exist a constant og > 0 and a nonnegative nondecreasing function G €
C([0,00)) with G(0) = 0, depending only on n,a,v,Co, A, L, and qf , such that, if

(i) 0 <k <o <og;
(if) ¥ :R™ — R™ satisfies (2.16)—(2.17), and ¥ : R™ — R"™ satisfies (2.17) and

|
1) ¢~ () satisfies (2. and ¢~ (x) satisfies
isfies (2.32 d ¢ isfi
o™ oW = @7 0 U 5 4 ax—1,1y S K (8.50)

(-1,1 §/<;; (849)
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then the unique solutions p(x) and @(x) of Problem (TN) for the nozzles defined by the mappings
U and ¥ in (2.14) and supersonic upstream flows ¢~ (x) and @~ (x), respectively, satisfy

I1fo = Follian < G(r), (8.51)
where fw(a:’) and ﬁ;,(x') are the free boundary functions of the cylindric domains CT(p) =
B(QH (@) and CH(@(x)) := D(QT(P)) in (8.14), respectively, where ® = U~ and & = 1.

Its proof repeats the one of [4, Theorem 6.1]. See also the remarks on the proof of the stability
part of [5, Theorem 2.3]. In the present case, as an additional step, the mapping from € to C is
involved.

APPENDIX A. EXISTENCE OF SMOOTH SUPERSONIC UPSTREAM FLOWS IN THE NOZZLE

In this paper, we require a local C''*® supersonic solution ¢~ in Sections 3-7 and C? super-
sonic solution ¢~ in Section 8 in the domain ©; := QN {-1 < z,, < 1} of the initial-boundary
value problem (2.18)—(2.19) for the nonlinear wave equation (1.1) such that

o™ =0 llka0n <Coo,  k=1or2, (A1)

for some Cy > 0 independent of o, when ¢ is sufficiently small. This is a direct corollary of the
standard local theory of smooth solutions of the initial-boundary value problem for the nonlinear
wave equations.

Proposition A.1. Let the nozzle boundary satisfy (2.15)—(2.16). Let the Cauchy data (p_ )
on 0,82 satisfy
lpe = g0 @nllaesx + Ve = go l|gesr—r <o k=1 0r2 (A-2)

for some integer s > n/2 + 1 and the compatibility conditions on the intersection 9, N 9,
up to the (s + k)" ~order. Then there exist oo > 0 and Cy > 0 such that there is a unique
classical solution o~ € C*t1(Qy) of problem (2.18)-(2.19) for the nonlinear wave equation (1.1),
respectively for k =1 or 2, such that, when o < oy,

o™ = #g lk+1,0,0, < Coo. (A.3)
If, in addition, conditions (2.15)—(2.16) and (A.2), as well as the compatibility conditions, hold

for higher-order derivatives, then the solution ™ has the corresponding higher reqularity.

As in Section 8, we set
w(z) == ¢ (x) = qq Tn-
Then w satisfies the following initial-boundary value problem:

div(A(Dw)) = 0, (A.4)
(0, W, Mzp=—1=(pe +d0,%c — a5 ), (A.5)
wyla,0 = =Gy Vn, (A.6)

as well as the compatibility conditions up to the (s + k)**~order, where

A(P) = p(|1P + g5 enl*) (P + g en) — p((45)*)dg en-
Since ¢ > ¢, then (A.4) is strictly hyperbolic, nonlinear wave equations with respect to the
xn-direction (whose role is as the time direction) for a small perturbation of the trivial solution
u = 0. By the standard energy estimates and the iteration procedure (cf. [27, 28, 30] and the
references cited therein), for small o > 0, there exists a unique solution

w(@',x,) € NEECI([—1,1); HT1(Q))

such that
s+k

> lwlles -1,1sme01-s(0) < Co,

=0
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for k =1 or 2, respectively. Since s > n/2 + 1, the Sobolev embedding theorem implies (A.3).
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