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INTERFACE
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ABSTRACT. In this paper, we present a new geometric level-set formulation of a plasma-
sheath interface arising in the plasma physics. We formally derive the explicit dynamics
of the interface from the Euler-Poisson equations and study the local-time evolution of the
interface and sheath in some special cases.
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The purpose of this paper is to continue the study begun in [37] of the dynamics of a
plasma-sheath interface (in short ”sheath interface”) arising from the plasma sheath problem
[2, 15, 35, 38, 40, 48, 56]. The issues can be easily understood by the examination of the
Euler-Poisson system (E-P). Consider a plasma consisting of cold ions and hot electrons
confined to a domain Q = R3 — Qg which is exterior to a target Q9 C R3. Both ions
and electrons have constant temperature, the temperature of the ions being absolute zero
Kelvin. The density of ions is denoted by n, the density of electrons is e~ (Boltzmann
relation [40]), —¢ is the potential field and u is the velocity of the ions. In this case, (E-P)
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reads

on+V-(nu) =0, (x,t)€Qx(0,00),
(1.1) ou+ (u-Viu= Vo,

E2Ap=n—e?,
subject to initial and boundary conditions:

(na u, ¢)(X7O) = (n07u0a¢0)(x)? X € Q,
(1.2) Vo vy= g();,t)’ (x,t) € 0 x [0,00).

Here ¢ is proportional to the Debye length Ap [40] and v is the exterior normal at the
target boundary 9€y. Typically away from the boundary 0€, the formal ¢ — 0 limit in
(E-P) can be used to yield the quasi-neutral relation n = e~?. However near the boundary
0, this quasi-neutrality breaks down (see Section 2) and a sheath boundary layer of width
¢ forms.

In [37], Ha and Slemrod gave a description of sheath dynamics for the case of planar,
cylindrically and spherically symmetric motion, generalizing earlier work of Daube and
Riemann [48]. In this paper, we make no restriction as to symmetry and formulate the
dynamics of the sheath interface in terms of a geometric level-set, where the dynamics of
the sheath interface is based on a step-sheath model. In the step sheath model, the spatial-
time domain is separated by a propagating sheath interface into distinct quasi-neutral and
sheath regions. Particularly interesting in our approach is a set of equations describing the
evolution of the sheath interface as a curvature driven flow. Specifically, we show that the
sheath interface evolution is governed by the equations:
o 0 on h-v

1
— o v Ne Y _ g, 1
50 5 nV-v, (V+1)+ - nVS (VVsinn),

where

(i) the level set S(t) = {(x,1) : ¥(x,t) = 0} is the sheath interface;
(i) & = 9 + Vv - V is the normal time derivative following S()
and V; is the surface gradient on S(t);
(iii) v is the exterior unit normal to S(t). Since V - v is twice the
mean curvature of S(t), motion is curvature driven;
(iv) h is the ion current and n is the ion density on the sheath interface.

Usefulness of such models is seen in studying material processing [40] and in particular the
plasma source ion implantation (PSII) technique invented by Conrad and his collaborators
[16]. Other applications may be found in the related problems for the modelling of electron
beam where again loss of quasi-neutrality is a crucial issue (see [7, 8, 9, 10, 21, 22, 23, 24]).

We note that in this paper we have taken the normal component of the electric field
to be prescribed on the boundary 0€y. This boundary condition was used by Cipolla
and Silevitch [15] in their study of plasma-sheath evolution and considerably simplifies the
proof of the existence and uniqueness theorems presented in Section 7. On the other hand
the derivation of the evolution equations for the sheath interface is independent of the
boundary conditions. (An existence and uniqueness theorem for the boundary conditions
used in [37, 48] u = uy, ¢ = ¢y, on I remains an open problem).
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The rest of this paper is organized as follows.

In Section 2, we present a formulation of the plasma-sheath problem for general targets
under suitable physical assumptions. We decompose the domain {2 into two sub-domains (a
quasi-neutral region and a sheath region) and a common boundary (the sheath interface).
On each sub-domain, we simplify the Euler-Poisson system according to suitable physical
relations (the equations of isothermal gas dynamics in the quasi-neutral region and the zero
electron density limit in the sheath region). In Section 3, we review the definitions of normal-
time derivative and surface gradient for the fields defined on a sheath interface. In Section
4, we derive the explicit kinematics of the plasma-sheath interface from the Euler-Poisson
system. In Section 5, we simplify the sheath-interface dynamics by considering orthogonal
flow (the tangent component of ion velocity is zero) on the sheath interface. In Section 6,
we summarize the systems governing dynamics of sheath, sheath-interface and quasi-neutral
plasma and in Section 7 we study the local dynamics of sheath and sheath interface when
the sheath interface is represented by the graph of a smooth function in R?. The proof of
local existence for the full initial-boundary value problem describing sheath, quasi-neutral
and interface regions is modelled on free boundary studies of Chen and Feldman [13] and
Canic, Keyfitz and Lieberman [12]. We also borrow many ideas from the fundamental
paper of Nouri [43] where our sheath system was considered in the absence of boundary
conditions and the interface region. In Section 8, we present a new ”bulk interface” level-set
formulation of the initial-boundary value problem. Appendix A provides a detailed proof of
the local existence theorem of Section 7 while Appendices B and C provide other technical
lemmas.

2. Level-set formulation of the plasma-sheath interface

In this section, we present a level-set formulation of the sheath interface for general three-
dimensional targets. This formulation was partly employed in [37] in the case of planar,
cylindrical and spherical targets.

First we give a rather elementary description of the plasma sheath. Since the Debye
length ¢ is a small parameter in (1.1), the Poisson equation suggests that the quasi-neutral
relation n = e~% should pervade in our problem. Substitution of this relation into (1.1)
yields the quasi-neutral system:

(2.3) on+V-(nu)=0, (x,t)€x]|0,00),
. du+ (u-V)u+V(lnn) =0,
with prescribed initial data for n and u at ¢ = 0 and boundary data VInn - vy = —g

on 9. In general, the initial-boundary value problem for (2.3) is not well-posed. For
example, consider the symmetric cases of planar, cylindrical and spherical targets. In these
cases, the Euler-Poisson system (1.1) becomes

Op+0r(pu) =0, ro<r<oo, t>0,
(2.4) Opu + 8T<“23> = 0,6,
526r(ru r¢) =p—=PpPe, p=nr’, pe= e*¢>7al/7

where v = 0, 1,2 correspond to the planar, cylindrical and spherical cases respectively.
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With this one-dimensional symmetry, (2.3) possesses two distinct characteristic curves:

dxa dx2

i — _— = ]_

a T T Tl
which carry the prescribed data into the domain (g, c0) x R. Notice that when u decreases
below the critical value u = —1, both characteristics x; and x2 run into the boundary

r = 19, thus making the initial-boundary value problem for (2.3) overdetermined and hence
unsolvable in the class C*((rg, 00) x (0, 7)) N C°([rg, 00) x [0, T)), for some positive constant
T. Hence near the "Bohm velocity” u = —1, quasi-neutrality breaks down and a sheath
boundary layer forms. Since the Poisson equation reads

20, 0,0) = ' (n— ),

the quasi-neutrality relation is violated when the left hand side becomes non-negligible. This
has been quantified by Franklin and Ockendon for steady problems [30], where a matched
asymptotic expansion yields 0,¢ ~ e %, 0 < 3 < 1, so that the electric potential develops
a large gradient near the sheath edge (see also [47]). Since ¢ has rapidly increased as the
ions entered the ”sheath” boundary layer, we formally set the electron density p. = 0 of
(2.4) in the boundary layer to define the ”step sheath” model which we now describe in
more detail.

Specifically we return to the Euler-Poisson system. Since the sheath width is order of ¢,
we use fast variables (X,1):
X t

X=-, t= -,
€ €
to get a rescaled system:
Om+ Vg - (nu) =0, (x,t)€Qx(0,00),
(2.5) dpu+ (u- Vg)u = Vo,
Af((b =n-—- €_¢,
and rescaled initial and boundary data

(naua ¢)(}_{7 0) = (n07u07¢0)(}_{)7 X € Q,
Vxo-vo = g(x,t), (X,t) € 0 X [0,00).

where now the gradient Vz and the Laplacian Az are taken in terms of rescaled variables

X.

As mentioned above in the sheath region, we formally set the electron density to be zero
to get the rescaled sheath system (S):

om+ Vg - (nu) =0, (x,t)€Qx(0,00),
(2.6) opu+ (u- Vg)u = Vi,
Ag¢ = n.
In contrast, in the quasi-neutral region, we use the rescaled quasi-neutral system (Q):
27) Om+Vg-(nu) =0, (x,t)€Qx(0,00),
' Jru+ (u-Vg)u+ Vg(lnn) = 0.
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Of course it is readily noted that (2.7) is just the system of compressible inviscid isothermal
gas dynamics.

The boundary surface 9€}y is described by an implicit relation:
b(x,e) =0, for a smooth function b: R® x Ry — R.

Furthermore we assume b satisfies the scaling relation:
X _ _
If x=—, then b(ex,e) = c(e)b(X), for some smooth functions ¢, and b.
€

For these rescaled independent variables X, the boundary surface 92y of the target g can
be represented as

(2.8) b(%) = 0.

Example 1. (Perturbation of a planar surface x; = 0). Consider a high frequency small
perturbation of our planar surface such that

x1 = eby (ﬂ, ﬂ), where by : R? — R;
€’ €

Ty — b1 (Z2,73) = 0, and b(Z1,Ta, T3) = T1 — b1 (T2, T3).

Example 2. (Perturbation of a circle in the R?: r = ergy). Consider a perturbation of a
circle such that

r =erpba(f#) where by : R — R : smooth and 27-periodic;

Set . r
Ti=—,i=1,2, and 7 = —,7 = roba(0).
c €
and 7
jf + 33% — 7’(2)132 tan ™! (2) =0,
z1

describes the curve in the x; — zo plane.

Example 3. (Perturbation of a sphere r = erg). Consider the sphere in R? described by
r =erg and let 0, ¢ denote the standard polar and azimuthal angles such that

x1 = rsin¢cosb, To = rsing¢sinb, T3 = 7 COS ¢.
As a perturbation of our sphere, consider
r = erobz (0, ¢)

where b3 : R? — R is smooth and 27 periodic in 6, ¢. Then again setting

_ _ r
Ty = —, r=-,

e g
Wwe see

r= TObS(ev ¢)7

T T
T3+ T34+ 73— r%b%(tan_l (7—2> ,cos ! <73>> =0,
1 3 —9
D1 T

and

describes the surface.
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target sheath region guasi-neutral region
Q, Q) S(t) Qq(®)

F1GURE 1. Schematic diagram of a physical domain at time ¢

In this paper, for fixed time ¢, we decompose the domain €2 into the sheath region, the
quasi-neutral region and their interface, i.e.,

Q=Q,t)US(t)UQy(t), Q) : the sheath region,
Q4(t) : the quasi-neutral region, S(t): plasma-sheath interface.

Now we return to the issue of the sheath edge. As noted above for the steady motion
with planar, cylindrical and spherical symmetry, a matched asymptotic expansion [30] yields
0r¢ =P, 0 < B < 1. Hence in the formal quasi-neutral limit (¢ — 04), we obtain the
sheath edge relation

O = edprp =P =0, as € — 0+,
so that the normal component of Vx¢ on the interface becomes zero, i.e.,
(2.9) Vo-v=0 on S(t).

We will incorporate this relation in defining the sheath interface below.
First drop the over bars in (2.6) and (2.7) for notational simplicity and set n. to be the
electron density so that our governing equations become

on+Vx-(nu) =0, (x,t)€ Q(t) x (0,00),
Ju+ (u-Vx)u = Vo,
(2.10) Axp=n, n.=0.
in the sheath region and
om+ Vx-(nu) =0, (x,t) € Qyx(0,00),
Ju+ (u-Vyx)u+ Vx(lnn) =0
(2.11) n =ne = e ¢ (quasi-neutrality and the Boltzmann relation) ,

in the quasi-neutral region.
Note that with overbars deleted the target boundary surface (2.8) can be rewritten as

b(x) = 0.
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We combine (2.9) with the "Bohm-relation” u-v = —1 (where v is the unit exterior
normal to the plasma-sheath interface) to give a definition of the sheath interface for (2.5).
Specifically the definition of the plasma-sheath interface S(t) is defined by the level set of
the normal component of the electric field and ion-velocity fields:

Definition 2.1. A plasma-sheath interface S(t) separating a quasi-neutral region and an

ion-sheath region is the level set of the normal component of the ion velocity and electric
fields,

St)={xeR?: (u-v)(x,t)=—-1, (Vo v)(x,t) =0}, t>0,
where v is the exterior normal to the interface.

Notice our definition is motivated by the observation that in the symmetric case [37] only
the normal component of fluid velocity u and electric field V¢ affect the sheath location.

We list main assumptions (M) employed in this paper.

e (M1) The sheath interface is non-characteristic for the exterior quasi-neutral system
(2.11) and whose (signed) normal speed satisfies

V#£0,-1.
(M2) Continuity relation: n,u,¢,Vn,Vu,V¢ and h are continuous across the
sheath interface.

(M3) Continuity of surface Laplacian of ¢, i.e., As¢ across the interface.
(M4) The current density h decays to zero at oo, i.e., for each ¢t > 0,

lim h(x,t) =0.

|x|—00

(M5) The target boundary is C2-regular, i.e., the boundary can be represented by
the graph of a C?-function locally.

3. Preliminaries

In this section, we review the concept of a normal-time derivative and some basic lemmas
which will be used in Section 4. In the sequel, we use the Einstein summation convention for
repeated indices and assume that the sheath interface S(t) is represented by the zero-level
set of a scalar valued function v, i.e.,

Sit)={xeR® | o(x,t)=0} for t>0.

We let {S(t)} be a C%-regular sheath interface in R? such that tangent planes, normal lines
and mean curvature are well defined. Since S(¢) is regular, we have

[Vxth(x,t)| # 0.

Let v(x,t) = (v1,v2,v3)(x,t) be the exterior unit normal vector of the sheath region at
the interface S(t). Then it follows from e.g. [33, 36] that we have

X
Ve[’
where £, is the mean curvature. Throughout this paper, we follow the terminology of

Gurtin [36], and we use “bulk” field to denote the fields (e.g., scalar, vector and tensor
fields) defined on R? — Qg and in contrast, we use “superficial’ field to represent fields only

v 1=1,2,3 and V- v =2k,
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defined on the interface S(t).

For given t > 0, let ¥(S(t)) be the normal bundle of S(¢) which is a subbundle of a
tangent bundle of R? restricted on S(t), i.e., T(R*)|s(), moreover, we have the following
orthogonal decomposition of T(R3) = R3:

T(R3) = T(S(t)) @ v(S(t)).
The fiber of any bundle at a point p € S(t) will be denoted using a subscript p, for example,
if peSt), T,(R® =T,(S(t) ®vy(S()).
We define the projection operator P onto the tangent bundle of S(¢):
P:T(R? — T(S(t)); Plw) =w— (w-v)v.
For simplicity of presentation, we use the following notation: w € T(R3),
w' =P(w), w'=(w- v, w=wtw'.

Definition 3.1. [36] The surface gradients Vsf and VsF of f and F are defined as pro-
jection of bulk gradients, i.e.,

Vsf =PVf and V,F =V,FP.

Suppose the interface moves in the direction —v. Consider two surfaces S(t) and S(¢)(t+
At) and choose the unit interior normal —v to S(t) at a position pg where the normal
intersects the surface S(¢)(t + At) at the point p;.

Definition 3.2. [36] If the velocity field v of the interface S(t) is a normal field v = Vv
and f is a superficial scalar field on the {S(t)}, the normal-time derivative of f is defined

as:
0f(po,t) _ f(p1,t + At) = f(po. )
———~ = lim .
ot At—0 At
Remark 3.1. If f is a C'-bulk field, then the normal-time derivative of f can be defined
as
0
o asrve vy

moreover, the normal-time derivative for the C'-bulk vector field F can be defined similarly,
1.€.,
oF

— = 0;F F .
50 oF + VF(Vv)

Here the sign of (scalar) normal velocity V' is positive or negative depending on expansion
or contraction of S(t) respectively.

Recall that v is the outward normal at the interface of the sheath region (see Figure 1).
Lemma 3.1. [36] The normal-time derivative of an exterior normal v is the negation of
surface gradient of the scalar normal velocity V' of the interface, i.e.,

ov

E == —VSV
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Proof. We consider the following five identities:

v:_%, K|Vl = (Vo) v, VIV = (Ve Ve,

Vi)|Vr =V @ VY —v(V V), |Vi|ow =P(Vou).

The first three identities can be obtained easily, so we only present the calculation for the

last two identities. First we observe
|V¢|Vy = |V¢|<( g "‘/})‘ ”w“ QM; ¢(C & C"m”)

= VoVy-—v(Ve V.

Similarly, we have

|V¢|8t1/

VU o (IVUIVO0) — (VO 1)V
Vo0 (gg7) = 199 Tup )
= Vaﬂ/J - (Vf)ﬂb : l/)l/ = P(V@tw)

Based on the above identities, we note that

V&tw Btw 8tw atw
= V|{=—— oYV \Y VIV
Vol vaﬂ t vaﬂ vaﬂ AR
1%
3.12 = —VV - —=V|V¥|.
By definition of the normal-time derivative for the vector field, we have
v Vo
= = o+ Vp(Vr) = p( T )+ (vy)
= —-VV —IP’( v V|V1/J!> + Vv (V).
VY|
Here we used the identity (3.12). Now we claim:
\%
= —P(—=— =0.
(|W|V\w|) FVu(Vr) =0
Proof of the claim:
v
T = —V|V ——V|VyY|- v + =—— Vv (|VyY|lv

_ ‘vw[vww (vwwu)v—!W\(W)V}

\le [(v ® Vi) — ((v ® Vi) (v, u))u _ (v ® Vi — (V@ Vi) (v, u))u}

O

Lemma 3.2. Let v be any bulk scalar field such that Vv - v = 0 on the sheath interface
S(t). Then we have

Av =Aw+ (Ve Vu)(v,v) on S(t),
where (V @ Vvu)(v,v) =v(V & Vou)v.
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Proof. Let v denote a bulk scalar field. Recall that
Vsu=PVv=Vuv— (Vv v,
which then yields
(Vsv)i = Op,v — (1j0z;0)v4, and Vs(Vsv) = 0, (V)i — (110, (V).
By definition of the surface Laplacian Agv, we have
Asv = V- (Vsv)
= Or, (000 = (4300, )0) = 10, (92,0 — (V300,004 )i
= aﬁiu - Vi(amiyj)(axjv) — uiyj(amiaxjv) Sz (033],1))(8“%)
— i(0g,0p,v) + 1/11/1-2(8@ v;)(0x;v) + ulvjyf(&,;j Oz, v) + Vv (O, v) (0, 11)

= 8;.1) — Vi) Og, Og, U
= Av— (Ve Vu)(v,v).

Here we used
I/jamjv = 0, viV; = 1.

Remark 3.2. We have

Ap = A+ (Vo Ve)(v,v),
An = An+ (Ve Vn)(v,v) onS(t).

Lemma 3.3. A surface gradient of a scalar superficial quantity lies in the tangent plane of
the surface, i.e., for any scalar superficial field w,
Vew-v =0.
Proof. Let w be an arbitrary superficial field. By definition of surface gradient,
Vsw =Vw —[(v-V)w|y,
and hence
Vew-v=Vw-v— (v V)w=0.

O

Remark 3.3. Since v = , it can be regarded as a bulk quantity and hence via Remark

Vi)
3.2, Agp, Agn can be regarded as bulk quantities as well.

4. Derivation of kinematics of the sheath interface

In this section, we derive the explicit dynamics of the plasma-sheath interface S(¢) which
is implicit in the Euler-Poisson equation and defining equations (see Definition 2.1). Crucial
to our computations is the following assumption.

Assumption: Bulk quantities u,n and ¢ are C' functions in space for
each fixed time t in both the quasi-neutral and sheath regions, and hence
these functions and their spatial gradients on the sheath interface can be
computed as limits from the sheath or quasi-neutral regions. Furthermore
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second derivatives of ¢,n,u in directions tangential to S(t) exist and are
continuous across S(t), e.g.,

(4.13) Asp=—Aglnn  on S(1),

since Ag¢ can be determined as a limit from the quasi-neutral region (see
Remark 3.3).

Remark 4.1. Notice since ne = 0 in the sheath region and ne = e=? in the quasi-neutral
region, the electron density n. suffers a jump discontinuity across S(t).

As noted earlier we have assumed the outward normal from the sheath region to the
quasi-neutral region on S(t):

v= vy

VY

and henceforth we treat v as a bulk quantity defined by this relationship. Thus the decom-
position:

for a bulk quantity 1,

u=-v+4+u' ondS(),

which decomposes the velocity u' into its normal and tangent component on S(t) is mean-
ingful as a bulk relation as well, i.e.,

Vi
T _
u =u+ —=—.
VY
However we continue to use the slightly simpler notation for the bulk quantity u':
u' =u + V.

The explicit dynamics for the plasma-sheath interface which we will obtain are as follows:

On S(t),

(4.14) ‘;if — O+ V|V = 0,
(4.15) % =nV.-v—V,-(nu')—V(nu')(v,v),
5(‘;; - [(Vu ) V}u— V.V — V,lnn,
(4.16) :—[(Vv—u)-V}u+ [(Vu—u)-v u' - V,V - V,lnn,
with the implicit “constitutive equation” for V'
(4.17) (V+1) + % - —%vs (VVInn).

Here the current density h is given as:
h=0;V¢+nu onS(t).

We derive the above dynamics in the following subsections separately and all normal-time
derivatives will be calculated from the quasi-neutral region unless otherwise noted.
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e Derivation of (4.14). Since the sheath interface is the zero-level set of 1, we obtain
a Hamilton-Jacobi equation:

0:%’ = O+ Vv Vi
_ VY
= 8tw+vW Vi
= O+ V|V

e Derivation of (4.15). We calculate the normal-time derivative as a limit from the
quasi-neutral region to get

% = Oon+Vv-Vn=-V-(nu)+ Vv -Vn

= —Vn-u—nV-u+ (Vv)-Vn
—Vn-(—v+u')—nV-(—v+u')+ (Vv) Vn
Vn-v—Vn-u' +nV-v—nV-u' +(Vv)-Vn
—V-(mu")+nV-v+(V+1)r-Vn

—Vs-(nu') =V(nu")(v,v)+nV-v+(V+1)r -Vn
= —V,-(nu")=V(nu')(v,v) +nV- v on S(t).

e Derivation of (4.16) By definition of u’ and momentum equation in (2.11), we have

su'  S(u+v)
ot

ot
= ou+ (Vv -V)u—V,V
= —(u-V)u—Vglnn+ (Vv -V)u—-V,V
= [(Vu—u)-V}u—VSV—Vslnn

= —[(Vu—u)-V}u-l- [(Vu—u)-v u' - V.,V - Vlnn,

where we used the quasi-neutrality relation ¢ = —Inn and u = —v on S(t) consistent with
our Assumption (4.13).

e Derivation of (4.17). For x € Q4(t), we differentiate the Poisson equation in (2.10)
with respect to t to get

(4.18) 0=08(Ap—n)=V- (V@tqﬁ + nu).
We define the current density h in the sheath region (2, as

(4.19) Voip+nu=h and hence V- -h=0.

Now we claim:

(4.20) lim (V&tqb - u> (y,1) = [vs<vvs¢> - Vn] (x,1), (x1) €S,

yEQ(T)
Proof of the claim: Recall that

Vo-vr=0 on S(t).
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We take the normal time-derivative of the above equation to get
0 = (Wft v) _ 5Z¢'u+v¢-%
- [atw (V- V)V(j)} WV —Vé-VV
= Voo - v+ (VV@Ve)(v,v)—Vp- VsV
(421) = VO v -V, (VV0) +V[(VEVe)w.w) + A on S(1),
where the total quantity on the R.H.S. is well defined and continuous with limits from €

and Q4. Of course the individual terms VO,¢-v and V(V ® V¢)(v, v) will be discontinuous
across the interface. It follows from Lemma 3.2 and (M3) of Section 2 that

Asp =A¢— (Ve Ve)(V e Ve)(v,v),

and again the R.H.S. is continuous across S(t) even though the individual terms are dis-
continuous. Hence

Axt) = lim (A= (Ve Ver))y,t)
yEQS(t)
(4.22) = n-— )11131}( (Ve Vo) (v,v)(y,t), (x,t)eS(t).
yEQs(t)

Take the limit y — x, y € Q in (4.21) and use (4.22) to get
lim <V6t<;5 . 1/) (y,1t)
y—x

yEQs(t)
=V, (VV0)(x,6) = V[ lim (V& Vo(w,1))(y,1) + Ase(x. 1)
yEQS(t)

- [vs (Vvsgb) - Vn} (x,1).
This completes the proof of the claim.

Finally use the u-v = —1 on S(¢) and the definition of h in (4.19) to see
(4.23) lim (V@tgb : 1/) (y,t) =h-v+n, xeS{).
y—x
yeQs(t)
We combine (4.23) and (4.20) to get the ”constitutive equation” for V'

(vs(vvsqé)) —(V+ln=h-v.

Remark 4.2. Since on the level set 1» =0, n satisfies (4.15)
on
5

on §(t) and V # —1, then

nV-v—V,-(nu')—V(nu')(v,v),

Vn-v=0 onS(t).
Proof: From above subsection 4.2, we have the relation
on
5
which combined with (4.15) yields the result.

—Vs-(nu') = V(nu")(w,v)+nV-v+(V+1r- Vn
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5. Orthogonal flow at the interface

In this section, we consider orthogonal ion-flow, i.e., flow which is normal to the inter-
face so that:

u' =0 on S(t).

For the geometrical motion of the interface, orthogonal flow is crucial for simplifying (4.14)
- (4.16). Of course in general u' need not be zero; non-orthogonal flow on the sheath
interface may be induced by the presence of a magnetic field B. In this case, the term
u x B appears at the right hand side of (1.1 b) and, as shown in [46], non-orthogonal flow
occurs on the sheath interface. But notice in the rescaled variables (X, 1), this term is now
O(e) in (2.4 b) and hence negligible in our theory. Thus if u' initially zero on the sheath
interface, it is reasonable to assume u' = 0 on the interface for all time since magnetic field
perturbations are omitted in our rescaled theory. On the other hand, recall (4.15):

J
5—? =nV-v—V,-(nu') = V(nu)(v,v).
For an orthogonal flow (u' = 0), the last two terms in R.H.S. of the above equation are

zero, because
e u' =0 on S(t) implies V- (nu') = 0 on S(t);
e u' =0 on S(t) yields % = 0 on S(t) and hence the L.H.S. of (4.16) is zero
and (4.16) becomes

((V+ Dy - V>UT = ((V+ Dy - V)V+VS(V+lnn) on S(t).

Here we used u = —v. Now take the inner product of the above equation with v
and use the relations

Vv(v,v)=0, Vgn-v=Vn-vr=0 ondS(t),
to get
(V+1D)Vu' (v,v)=nV,ln(V+1)-v=0 by Lemma 3.3.
Since V' # —1, we have
Vu'(v,v) =0 on S(t).
Hence the term V(nu')(v,v) becomes zero:
V(nu")(v,v) = (Vneu')(v,v) +nVu' (v,v) = 0.

In summary, for orthogonal flow at the interface, the dynamics of the sheath interface
S(t) is described by a pair of scalar evolution equations and an implicit ” constitutive equa-
tion” for V:

5£_ on

.24 =
(5.24) L=,

h-v 1
E—nv'u, (V—l—l)—l—T——ﬁvs-(Vvslnn).

Next we recover the dynamics of planar, cylindrical and spherical interfaces from (4.14)
- (4.17) to show consistency with the earlier paper [37]. In the case of symmetric motion,



A GEOMETRIC LEVEL-SET FORMULATION OF A PLASMA-SHEATH INTERFACE 15

surface derivative terms in the constitutive relation for V' will be zero, and so V satisfies
h-v
v=-1- (=),
n

5.1. Dynamics of symmetric targets. We first consider a planar target. We take the
ansatz for the level set function :

Y(x,t) =x1 —s(t), x=(r1,x2,73),
then the plasma-sheath interface is given by the zero-level set of v, i.e.,
S(t) ={(x,t) : P(x,t) = 0}.
Moreover, we have
v=(1,0,0), u' =0, n=1, Vilnn=0, A;nn=0 and V,n=0 on S(t).
Hence the dynamics (4.14) - (4.17) reduce to
5(t) = =1 —h(t),
which is the relation obtained in [37].

Next we consider a spherical target. Since all fields are assumed to depend only on the
radial variable r and ¢, the terms involving the tangential derivatives V, and u' in (4.14)
- (4.17) vanish, and we get the simplified dynamics:

(5.25) Oy — (1 + hT”) VY| =0, &n=nV-v.

We take the ansatz for the level set function v, weighted density p and current h:
Y(rt) =r —s(t), plrt)=r>n(r,t) and h(rt) = s(t)*h.(t),

where h, is the radial component of the current h and only depends on the time ¢ by the
divergence free condition. Then (4.24) becomes

(5.26) s =—(1+ ;l) and  9yn = 27" on S(t).
Here ps(t) = p(s(t),t). On the other hand, we have
pult) = L p(s(0).1) = Dupls(2). ) + 50, (s(0). )
= 2s(t)n(s(t),t) + 25(75)5(75)11(5%75}2, t)
= 2s(t)n(s(t),t)[1+ s(t)] = 50
Hence the interface is governed by
s =—(1+2). i) =

which is again the same dynamics derived in [37]. The cylindrically symmetric case is done
analogously to obtain

as in [37].
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6. Recapitulation: The dynamics of an orthogonal flow

In this section, we summarize the governing systems for the sheath, quasi-neutral plasmas

and sheath-interface for an orthogonal flow.

The sheath system (S)

on+ Vx - (nu) =0, (x,t) € Qs x (0,00),
Ju+ (u-Vx)u= Vo,
Axp =mn,

subject to initial data and boundary data

(’I’l, u, ¢) (Xu 0) - (ns()a U0, ¢SO)(X)) X € QS (0)7
ng) V=g on 890,

in the sheath region;

the quasi-neutral system (Q):

dru+ (u-Vy)u+ Vi(Inn) =0.

{atn + Vi (nu) =0, (x,t) € Q x (0,00),

subject to initial and boundary data

(TL, u)(xv 0) = (nq(]a u(IO)(X)7 X € Qq(())’
(n,u)(x,t) = (ns,us)(x,t) on S(t),

in the quasi-neutral region;

the sheath interface system (SI):

o on h-v 1
ﬁ—O, E—nv-l/, (V+1)+T——EVS'(VV51nn),

subject to initial data:

(1, n)(x,0) = (Yo,m0)(x),  x€S(0).
where h := V¢ + nu.

7. Planar motion and local existence theorems

In this section we present a simplification of the general theory in Section 6 to planar
flow. In addition we give local existence theorems for the interface system, the sheath
system under a ”small gradient” assumption for relation for V' in (5.24) and the quasi-

neutral system.
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7.1. Local existence for the interface system. In this subsection, we first consider the
local existence of the interface system:

) J h- 1
5—7’?:07 n—nv-l/, (V+1)+7V:—;VS‘(VVSIHH),

5t n
in the case that the interface is a curve evolving in the x1 — x2 plane.

(7.27)

Below, we first explain the procedure to calculate h - v appearing at (7.27). As in [6], for
a Hl-vector field v = (v1,v2) and a scalar function v, we define

Vv =030 + Opyv2, V X V:i= 0403 — Ogyv1 and V<%ou:= (Op,v, —0x, V).

Then it is easy to see
VxViv=Av and V- -V%ie=0.

We next express the current h as a direct sum of three vector fields via the planar Hodge-
Weyl decomposition (Theorem 6 in [6]):

(7.28) h=V(+Vio+m for (x,t) € Qs(t) x [0, 00),

where ¢ and v are scalar valued functions, and all components m; of m = (mq,ms) are
harmonic functions.

We now take a V x (7.28) to find
Vxh = VxV%+Vxm

(7.29) = Av+V xm.

In contrast, in the sheath region ()

(7.30) h =V0,¢ + nu and V xh=V x (nu).

We combine (7.29) and (7.30) to get

(7.31) Av =V x (nu) =V xm for (x,t) € Qs(t) x [0, 00).

According to equation (20) of Theorem 3 in [6], we can set Neumann boundary conditions
for ¢ and Dirichlet boundary condition for v:

(7.32) v=0 on 9 US().

Let 79 and 7 be unit tangent vectors on 0€)y and the sheath interface respectively. Then
zero Dirichlet boundary condition (7.32) yields

(7.33) Vo-19=0 ondfy and Vuv-7=0 onS(t).
On the other hand (7.32) is equivalent to
(7.34) Vi =0 on dQUS(t).

Again by the equation (20) of Theorem 3 in [6], m satisfies
(7.35) m-vg=0 ondQy and m-v=0 onS().
Furthermore, the proof of Theorem 11 shows: for some scalar valued function p,

(7.36) m=Vip  (x1) € Q) x [0,00).
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In particular, it follows from (7.28), (7.34) and (7.35) that

(7.37) V(-vg=h-vy on dQ and
(7.38) V(-v=h-v onS(t).

Finally since V- h = 0 and (7.36) in Q4(¢), we see from (7.28)
(7.39) AC=0 in Q4(¢),

with Neumann boundary data for ¢ given by (7.37) and (7.38). Note again that the function
h is not known a priori and must be computed from the given boundary data g and initial
conditions. In fact, however, to produce a solution ¢ of (7.37) - (7.39), we solve the exterior
problem:

(7.40) A =0 on R% — Qq,
with the Neumann boundary condition (7.37) on 0 and
(7.41) Jim ve=o.

Solution of (7.40) and (7.41) in the full exterior domain reflects the fact that the decomposi-
tion (7.28) must be done in the whole exterior domain R2—{) and V-h = 0 in R2—), where
the current is appropriately defined in both the sheath and quasi-neutral regions. More ab-
stractly, if we write the direct sum decomposition (7.28) for h(-,t) € L*(R? — Q4(t)), then
the projection V¢ must be in L?(R? — Q(t)) as well. Notice that the exact computation
of v and m is irrelevant and would be done a posteriori to solve the full evolution in the
sheath region from (7.31).

In summary, the procedure for computing the quantity h - on the sheath interface is as
follows. In order to evolve (7.27), we solve the exterior Neumann problem:

AC=0 inR?—Q,
V(- -vog=h-vyg on 09,
and then employ (7.38)
h-v=V({-v onS(t).
This provides the mechanism of the transfer of information from the boundary to the sheath
interface, enabling the sheath interface to evolve according to (7.27).

7.1.1. Evolving curve which is a graph of a function. We consider the situation
where the target is a perturbation of a plane so that the interface is given by the graph
of a function. Hence we assume that the interfacial quantities and profile are functions of
x1,T9,t and moreover the profile is given by the graph of some function f, i.e.,

x9 = f(x1,1).
As in the Figure 2, we denote the angle between the exterior unit normal v and xi-axis at
(z1,t) by O(x1,t), hence
v(zy,t) = (cosO(xq,t),sinb(xy,t)), 0 € (0,7),

and also set

V(z1,t) = V(z1, f(x1,1),1) and n(xy,t) = n(zxy, f(x1,t),1).
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Xo ’F

FIGURE 2. Schematic diagram of a sheath interface on the plane

Lemma 7.1. The time and spatial derivatives of f are given by:
V

sinf’

8961f = —cot b, of=
Proof. In Figure 2, we notice that
a+60= g, and tana = —0,, f.
These imply
cot = —0,, f.
It follows from the above figure 2 that

VAt

= sin 2y,
Flant+ At — fla,t) 0+ 0((At)7)

As At — 0, we have ~
v =sinf, or Of =
t

v
o f sin@’

O

In the following lemma, we obtain evolution equations for the interface, which are equiv-
alent to (7.27).

Lemma 7.2. In the case when the sheath interface is a curve in the plane, (7.27) is equiv-
alent to the following system for 0,7 and V:

o0 V cos @ -0 0 0,0 sin 081117
on | + | 2nsinf Vcosf 0 Opn | = 0
O f 0 0 0 Oz, f Si‘g 5

with the constitutive relation for V:

V1) + h~(cosné?,sin0) _

S
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which can be expressed as a ODE for V:

(02, V) (0, 7) sin? O(1 + cos? 0) N V(l N SiI_lHawl <sin 0_89511’1)) 14 h- (Cos_ﬁ, sin 0)

n2 n

oY

0
Proof. (i) — = 0 : So the statement equivalent to o = 0 is just the equality of cross

partial derivatives 0;(0z, f) = Oz, (01 f) and we have

%
8,5(— cot 0) = 311 (@) .
This yields
(7.42) 040 +V cos 00,0 = sin00,, V.
(ii)% = ndivr: Recall the 2nd equation can be rewritten as

(7.43) o + Vv - Vn = ndivy.

Here all quantities and their derivatives are evaluated on the interface. Next we claim:
_ v .
o = oyn — (_—)8“71, V.v = -2sin60,,0,
sin 6

>8m2n.

Proof of the claim: By direct calculation and Lemma 7.1, we have

cos? 6

V cos 00,,n = V cos 00,0 + V(

sin @

O = O + OpynOpf = On + ‘9”<$>

Similarly we obtain
Vcos00,n = Vcos00y,n+V cos00,,n0y, f

2
_ 0
= Vcos@@xln—<vsc_zse ) 2o 0.
i

Next note
V.-v =-2sin60,,0.
In (7.43), use the above claim to get

on+Vv-Vn

= On + V cos00,,n + Vsin00,,n

cos2 6

= 0in — (%)&mn + V cos 00,,n + ‘7(7)83;271 + V'sin 09,,n

sin 6
Vg, 2 02
g <—1+Cos 0 + sin 0)

= Oy + V cos 00,0 + —
- sin
= O+ V cos 00, n.
Therefore our scaled evolution equation is
(7.44) o+ V cos 00,1 + 27isin 09,6 = 0.

Now combine (7.42) and (7.44) to get the equations for the motion:
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o0 V cosf =0 0 0z, 0 sin eazlv
(7.45) on | + | 2nsinf® Vcosh 0 Op,n | = 0
Of 0 0o 0) \o.f v

Finally we derive ODE satisfied by V. Recall the interfacial quanities

V(z1,t) = V(x1, f(21,1),1) and n(x1,t) = n(w, f(r1,1),1),

and use the fact that the unit normal v and the unit tangent ¢ to the sheath interface are
given by

v = (cosb,sinf) and t = (sinf, — cosf)
to see

VsV = VV - (VV.-v)v=(VV - t)t
(7.46) = (sinb0,,V — cos09,,V)(sinf, — cos0).
Furthermore via the chain rule and the relation d,, f = — cot 8, we find

02,V = 05,V + 05,V f =VV - (1,04 f)
VV -t

(7.47) = VV-(1,—cotfh) = g

Thus (7.46) and (7.47) imply

(7.48) V.V = 0,,V(sin?6, —sin 0 cos 0).
Similarly we find for n(z1,t) that
(7.49) Vslnn = 9,,7(sin? 6, — sin f cos 6),
as well as

Vn -t
(7.50) Opy 1 = g

In fact from (7.50) we easily see

Oz, (5in00,,0) = (92 n)sind + (0y, 0p,n)(0y, f) sin 6
— (D2, 05,m) cos 0 — (02,1)(0z, f) c0o8 0 + (9, 1) €08 00y, 0 + (Oyyn) sin 00, 0,

but by the definition of Asn we know
Agn = (07, n)sin® 0 — 2(Jy, Oy,n) sin b cos 0 + (92,n) cos® 6,

and hence
(7.51) sin 00, (sin 00, 1) = Agn + (Vn - v)(9,,0) sin 6.
Recall now that the definition of the sheath edge requires

Vn-v =20,
and (7.51) simplifies to
(7.52) sin 00, (sin 00,,n) = Agn.
Finally substitute (7.48) - (7.50) into the defining ” constitutive relation” for V:
h - (cos#,sin@)

n

1
(V+1)+ =V, (VVslnn),
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and do the obvious trigonometric simplifications to find the first order O.D.E. for V:

(0, V) (O, 1) S_iI212 (1 + cos? 0) i ‘—/<1 n sir_lﬁax1 <sin 0_81175)) T14 h- (cos_@, sin 0)
n n n

0

Remark 7.1. These are the same formulas as would have followed from the formulation of
Angenent and Gurtin [3].

For a presumably known V(z1,t), we see that the coefficient matrix of (7.45) yields the

characteristic equation:
AV ecosh—N)?=0
yielding eigenvalues
)\1:0, )\2:)\3:‘7(308(9

and unfortunately we have only one linearly independent eigenvector for the pair of eigen-
values A2, A3, i.e., (7.45) is not strictly hyperbolic. Hence the relation between V and ¢
"input” given by (7.1.1) is crucial.
The simplest approximation that captures the dependence of V on the other fluid variables
is to recall that when the sheath interface is a plane, a cylinder and a sphere, surface gradient
terms in (7.27) will vanish. Hence for sheath interfaces which are near planes, cylinders, or
spheres, dropping surface gradient terms provides a first approximation quasi-linear theory
of sheath interface motions, i.e., we take the normal velocity to be given by the approximate
relation.

V(¢ v L cos 00;,¢ +sin 96@{”

V=-1- = —
n n
With this approximate speed V, the system (7.45) becomes
0,0 Vcos® —sin09yV —sinbd,V 0 Oy, 0 sin 60,V
(7.53) om | + 2nsin 6 Veosd 0] |Oen | = 0 ,
o 0 0 0) \ous v

where we have dropped the overbars.

The characteristic equation for the coefficients matrix is given by
AMAZ = (2V cos B — BV sin )\ + (V)2 cos? 0 — VAV cos O sin f + 2n sin? 9(9”‘7] =0.

But notice that
V(- v

n2

OV = —

)

and hence we have

It follows that \ satisfies

A=0 _or . 3 o .

- <2V cos @ — 9pV sin 9))\ + V2 cos?0 — VOpV cosfsinf — 2(V 4 1) sin? 4 = 0,
and hence

A =0 _ or 3
2X = (2V cosf — 0yV sin0)
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N

+  [(2V cos — 3V sin0)? — 4(VZcos? 6§ — VIV cosfsinf — 2(V + 1) sin? 9)] .
Thus we have three real distinct eigenvalues when
4V? cos? §—4V 9pV cos O sin 0+ (9 V)2 sin? @ > 4V2 cos? §—4V dpV cos O sin —8(V +1) sin? 6.
Doing the obvious cancellation we see
(BpV)?% > —8(V +1)

so that when V 41 > 0 we have real distinct eigenvalues. Of course a more precise result
is that we have real distinct eigenvalues if and only if

(— sin 09y, ¢ + cos 00,,¢)? cos 00, + sin 00,,¢
n? ” 8( )

n
Thus we may state the following local existence, uniqueness theorem.

Theorem 7.1. Assume the normal component of the current V( - v obtained from solving
the interior sheath system (2.6) is known and sufficiently smooth on R? x [0,T] for some
T > 0, and initial data (0o, nso, fo) satisfy the following conditions:

(i) (Bo,m50, fo) € (C'(R)® and [16ollc(gy + Insollcs gy + [l olleary < Gos

(ii) ngo > 0;
o 2 .
(i) (—sin 6p0z, (o —2|— cos 000z,o) o 8<COS 000z, Co + sin 0p0,, C()) on the interface S,
50 ns0

where Gq is a positive constant. Then there is a time interval [0,T,) with Ty, > 0, so that
the interface equations (??)-(7.53) with the approximate constitutive relation V.=V have
a unique classical solution (0,n) € (C*(R x [0,T})))2.

Proof. The result follows from the classical local existence theorem for strictly hyperbolic
systems (see Courant and Hilbert [19], Douglis [25]). O

Remark 7.2. 1. The time T, depends on ||0so|]1,00:R, ||7so|1,00:R and Go.
2. If initial data and all coefficients are C*, k > 2, then by the standard iteration scheme,
there exist unique C*-solutions to the sheath interface system (see Friedrichs [31]).

7.1.2. Evolving simple closed convex curve in the plane. In this part, we consider
the case where the interface is given by a simple closed convex curve in the plane (see Figure

3).

Consider a portion I' of a curve which is represented by xo = f(x1,t) in x;-z2 plane.
If we wish to study the evolution of a simple closed convex curve in the plane, it will be
convenient to use polar coordinates:

(7.54) r1 = 1Cosf, To = rsin 3,
so that the evolving curve is represented by r = r(3,t), and the portion I" becomes
(7.55) rsin 8 = f(rcosf,t),
First recall the result of Lemma 7.1 to be used in computations below, i.e.
Vv

sin @’

Oz, f = —cot b, of =
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sz

/ /r/ N
/\ B

X1

FIGURE 3. Schematic diagram of a sheath interface in the plane

Now differentiate (7.55) with respect to ¢ to get
OrsinfB = 0Oy, f(Oprcosf) + O f

v
= —cotf(dyrcos B) + g

and we see

(7.56) or = —

cos(6 — )
Note that we need to know the evolution of 6 together with n. In order to use the previous
computation in Section 7.1.1, we need to express J,, in terms of J3.

9 i
(7.57) We claim: 9,, = — Slrnﬂag.

Proof of the claim. Differentiate (7.55) with respect to  to obtain
sin 3 4 cot 8 cos 8
rcosf3 —rsinfcotf’

(7.58) 0,8 = —

where we used 0y, f = —cot . On the other hand, the chain rule yields
Oy, = O0p70r + 0,803
O, 70,303 + Op, $03.

(7.59)
Recall that

r? =22 + (f(x1,t))* and ﬂ:arctan(f(m’t)>,

x1
and apply (7.59) to r and (3, use the above relation to find
(cos B cot @ + sin 3)

)

(7.60) Op,7 = —sinfcotf +cosf and O 0 =—

”
and then use (7.58) and (7.60) to obtain

5. — _(—sinﬁco‘c@+cosﬂ)(sinﬁ—Fco‘cﬂcosﬁ)a B ((:036(:0‘504—Si115)6
e r(cos 3 — sin 3 cot 6) A r &
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ie.,
94
smﬂa

Oy, = — s

This completes the proof of the claim.

On the other hand, note that the convexity of interface can be treated as follows:
Oz,0  2sin 030
sin?0 rsin? 0

aﬁlf = Oy, (—cot ) =

> 0,

where we used the above claim and hence the convexity of an interface is represented by
the relation

sin 800 < 0.
We combine (7.56) - (7.57) and Lemma 7.2 to obtain the following lemma.

Lemma 7.3. In the case when the sheath interface is a simple closed curve, (7.27) is
equivalent to the system:

0 9in 3 V cosf 0 0 d30 _ 2sinfsin BO5V sin B0V
Oons | — 2ngsinf Vcosf 0 Ogns | = 0
o " 0 0 0/ \asr B

(7.61)

with the same constitutive equation for V as in Lemma 7.1.

If we employ the small surface gradient approximation V for V, we can state the following
theorem.

Theorem 7.2. Assume the normal component of the irrotational part of the current V{-v
obtained from solving the interior sheath system (2.10) is known, sufficiently smooth, 2m-
periodic in 3 and smooth 2w-periodic initial data (0o, nso,r0) in the sheath interface satisfy
the following conditions:

(i) (80, ns0,m0) € (C*(R))* and ||6o]lc1(r) + |Insollcr(ry + Iroller gy < Go
(i) ngo >0, 1o > 0;

(i) (—sin 00,0028 o) - Vso S 8(cos by, sinbp) - VCSO;
(

nﬁ?o Ns0
iv) |90 — ﬁ| < 5 Sinﬂageo < 0.

Then there is a Tyx > 0 so that the interface equations (7.61) with approximate constitutive
relation V- =V has a unique classical solution (6,n,7) € (CY(R x [0,T.s)))? which is 27-
periodic in 3, and this solution satisfies the estimates

101l (Rx[0,720)) T+ [I7sllcrRxjo,1)) + I7ller Rx(o,7))
(7.62) < 2(1160llr ) + lImsollerwy + lIrolleae) ).

where Gy is a positive constant, and T.. depends on ||0o|c1(r)s [|I7s0llc1(rys [ITollcr(r) and
Go. Furthermore the sheath interface is convex since sin 39360 < 0.
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Proof. The eigenvalues of the coefficient matrix are A1, A2, A3, where A1, Ao are the eigen-
values of (7.45) and A3 = 0. Thus again we have real distinct eigenvalues and again the
classical existence and uniqueness theorem in [19, 25] can be applied. Convexity is preserved
since we have C'-continuity of  in 3 and t. O

Remark 7.3. 1. If the initial data and all coefficients are C* k > 2, then by the standard
iteration scheme, there exists a unique C*-solution to the sheath interface system satisfying
(7.62) with C*-norms replaced by C*-norms (see Friedrichs [31]).

2. The above existence theorem can be further generalized into the Hélder space C*7(R)
with the estimate (7.62) replaced by C*7Y(R)-norm. (See [39]).

7.2. Local existence for the sheath system. In this subsection we study the local exis-
tence of smooth solutions to the sheath system when the boundary of the target is a small
perturbation of an infinite cylinder and the initial sheath interface is a smooth simple closed
convex curve as in Section 7.1.2. We model the proof on the presentation of Nouri [43] and
use an iteration procedure given in the papers of Chen and Feldman [13] and Canic, Keyfitz
and Lieberman [12] to construct approximate solutions to the sheath system and then em-
ploy the Schauder Fixed Theorem to show the existence of local in time sheath solutions.
Since the exact location of the sheath interface is not known a priori, at each iteration
step, we have to evolve the interface system with the data given by the sheath system
as well. This makes the proof technically challenging, yet since the proof outlines a pos-
sible approach to numerical implementation, we view it as a crucial part of our presentation.

Below we summarize the main assumptions for initial and boundary data to the sheath
and interface systems and then we state the main theorem of this subsection. In what
follows, 04,7 = 1,2 and §* are positive constants representing the lower and upper bounds
of the size of data, and V, A denotes a spatial gradient and a spatial Laplacian respectively.

Notations. We first introduce some efficient notation for norms and partial derivatives:

| - | : the Eulidean norm in R",

[-]o,, : the Holder seminorm in a spatial region in R?
| - lloy : the Hélder norm in spatial region in R?,
[[-1lo, : the Hélder seminorm in a space-time region in R? x [0, 77,
Il - Illoy : the Hélder norm in a space-time region R? x [0, 7.

For the definitions of Hélder seminorm and norm, we refer to Evans’ book [28]. On the
other hand, for calculus in two space variables, we will denote the multi-indice o as an
ordered pair (a1, az) of nonnegative integers, and use the notation:

lof ;== a1 +az and 0% := 0yl 052,
Now consider the sheath system (S):

on+V- (nu) =0, (Xat) € Qs(t) X (07 00)7
(7.63) Ju+ (u-V)u=Vo,
A¢p =n,
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subject to initial and boundary data:

(7.64) {(n,u, ¢) = (no,ug, o) on 24(0) x {t = 0},
v(71)"/0:,9 on aQox[Oyoo)'

We impose several conditions on data and the target boundary: Let v € (0,1) be fixed.
e (Al) (Regularity, compatibility)

no € CY7(92,(0)), o € (C*7(2(0)))?,
g€ CH (09 x (0,00)), Agg=mng on Q(0),
up = —v on §(0), Vo -vo=g on 0Qy x {t =0}.

e (A2) (Boundedness)

dx1 < no, max 10“10110,4,0, 0y + 1191l]2.7,000 x[0,00)) < 7,

a, _ < §*.
max f;}i’,ﬁ”a uoillo . 0.(0) <
0<kh<2

e (A3) (Monotonicity and dissipativity) For x € 4(0),

(1) The real parts of the eigenvalues of Vug(x) are non-negative.
(2) The initial velocity ug is strongly dissipative in the sense that

ug(x) - x < —npl|x|[*  for some positive constant 7.
e (A4) (Consistency)

Initial data (ng,up, ¢o) are given so that initial interface is contracting:

V- v
no

1< Vp:i=-1— <0,

where (j is the unique solution of the exterior Neumann problem
Al =0 in
with boundary data

VCO Vo = ho, on 8@0 X {t = 0},
lim V(, =0,

|z|—o00
and hg := drg — no(ug - Vo).
e (A5) (Convexity and regularity of the target boundary)

Qg is convex and C?7 so that the corresponding normal vq is in C17(9€ x
[0,00)) :

max |||l [1,.000x 0,71 < 6"

)



28 MIKHAIL FELDMAN, SEUNG-YEAL HA, AND MARSHALL SLEMROD

We next consider the approximate interface system is given as before by:

00\ ggng (Veost 0 0\ (050 _2einfsin o5V
(7.65) Ons | — 2ngsing Veos 0| | Opns | = 0
orr " 0 0 0) \ s -

subject to initial data:

(0,7,7)(8,0) = (60,150, 70)(B), B €R.
We impose following conditions on initial data (B):
e (B1) (Regularity, boundedness and compatibility)
(80, m50,70) € (C3V(R))2, ng=mns on S(0),
01 < lgleignso(ﬁ)a 160][3.4,r + [|7s0l[3,;R + l[70ll3,4;r < 07,

where d,1 and 6* are positive constants.

e (B2) (Location of the initial sheath interface)
The target and initial sheath interface are sufficiently separated in the sense that

2rp < dy2 < minr ,
b 2 < min ()

where 7, denotes the radius of the smallest circle with center 0 containing a target
Qo and d.o is a positive constant.

o (B3) (Convexity of initial interface)
160 — B| < g and  sin 8900 > 0.

e (B4) (Initial strict hyperbolicity)

V{so - (—sin by, cos byp) - 8V (50 - (cos by, sin Op)
nzo Ns0 '

e (B5) (Consistency with initial data)

—(cos B, sinby) - (rg cos 3, rgsin §) < —7707"(2), 6 €R.

Let 1 be a sufficiently small positive number satisfying

)
0 < 7 < min {(5*, 2 rb} and we set

2
4mo*
Ky = 151([ T } +2),
!
rq = the radius of the largest circle with a center 0 contained

inside the target .

We set T' to be a sufficiently small positive constant satisfying the a priori bound:

g (2 ) g )
"6Kgo*\ 2 ") 2(6Ky(6%)% + Rg) S

0<T<<min{
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where R3 is a positive constant depending only on Ky, 6, 4,7 = 1,2 to be specified explic-
itly in Lemma A.9. In what follows, we use a simplified notation for space-time regions:
For the positive constant T chosen as above,

(7.66) Qi := B(0,36") — Qp, Q. = {x: %2 <|x| <6} and A(T):=Q x [0, 7).

Here B(0,36) denotes the ball with a radius 36* and a center x = 0.

Notice that A(T) is a bounded region in space-time and the inclusion relation:
QoC Ol Cc and Q. C Q.
We define a subset of a Banach space (C17(A(T)))? as follows.
Definition 7.1.

BT) = {v=(o1,u) € (CY(R(T)))? : 0% € COVA(T)),i = 1,2, o] =2,
and v satisfies the conditions (D) below},

(D1) v(x,0) =ug(x) on Q(0);
(D2) v(x,t) - x < —%0||XH27 (x,t) € (B(0,r + 6K00™T) — Qo) x [0,T7;
(03) mas Y ma 100l ) < 3Kod":

0<k<2
(D4) max[||9rvilllo, ary < Ko(18(8°) + Bs )

Remark 7.4. 1. The definition of the above set B(T') was motivated by the work of Nouri
[43].

2. B(T) is a compact convex subset of a Banach space T

(7.67) T :={ve OV (AT)): 0% € COT(A(T)),i =1,2,|a| = 2}

for T € (0,7) via the Arzela-Ascoli Theorem.

3. The dissipative condition (D2) guarantees that all characteristic curves passing through
a point (x,t) € (B(0,ry + 3Ko0*T) — Qo) x [0,T] reaches the initial sheath region 24(0)
backward in time and the target boundary 0 forward in time.

In the following subsection, we present the construction of an iteration map and then
state the main theorem for a local existence of sheath solutions. The detailed proof of the
existence of local sheath solution is based on a series of lengthy and technical lemmas and
these lemmas will be proved in Appendix A.

7.2.1. Construction of an iteration map. Let T be a given small positive number to be
determined later. Next we describe the construction of an iteration map step by step.

e Step 0. Let v € B(A(T)) be given.
e Step 1. Determine Al(T;v) and n in AL(T;v):

We solve a linear transport equation for n as follows:
(7.68) on+V - (nv) =0, n(x,0) = no(x).
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interface

guasi-neutral region
Nq(T)

S* So X

FIGURE 4. Schematic diagram of a space-time region

Define a space-time region Al(T;v) and Q1(0;v) (see Figure 4):

AL(T;v) := the region bounded by 99y x [0, 7] and backward characteristic surfaces
issued from 0Q x {t =T} ,
Ql(s;v) ;= projection of the space-time region AL(T;v) N (R? x {t = s}) onto R?,

and a characteristic curve passing through (x,t): For (x,t) € AL(T;v),

(7.69) dfiis) =v(x(s),s), x(t)=x, 0<s<T.

Since v is uniformly bounded in C'Y-norm, there exists a unique solution x(s, t, x) to (7.69),
and we set

a(x,t) = x(0,t,x), (x,t) € AX(T;v).
On the other hand, along the characteristic n satisfies
d
d—lnn(x(s,t,x),s) =—(V-v)(x(s,t,x),s) 0<s<T.
s
We integrate the above equation along x(-,¢,x) to get

(7.70) n(x,t):no(a(x,t))exp</O(V-v)(x(s,t,x),s)ds), (x,t) € AY(T;v).

e Step 2: Determine the normal current h - v = V( - v on the interface.

We use the given boundary data g and n given by Step 1 to compute

ho = 0yg — (nv) o VO
0
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and solve the exterior Neumann problem for Laplace’s equation: For given t € [0, T],

Al(x,t) =0, x€Q,
(7.71) V(-vg=hy ondQpand lim V(=0.

|| =00

e Step 3 Determine the location of the interface and the interfacial density.

With V( determined by Step 2, we solve the interface system:

. 2sin @ sin ﬂaﬁf/

D0 : V cosf 0 0\ [0s0

2 - r
Omns | — sin § 2ngsin® Vcos® 0O Ogng | = 0
Opr " 0 0 0/ \ 9 v

cos(0—0)

subject to C?7-initial data

(67n87r)(ﬂ7 0) - (907n8077'0)(/8) S (0277(]&))3’

satisfying the assumptions (B1) -(B3) and approximate normal velocity of the interface

V1o Vg'(COSH,SIHQ),

s

where V( is evaluated at (r cos 6, rsinf). Since V( is uniformly bounded in C17(A(T)) and
T < 1, it follows from Theorem 7.2 that there exist C17 solutions (@, n,r) such that
5*2

SE<r(Bt) <26, (B1) eRx[0,T].

e Step 4: Determine A2(T;v), Q2(0;v) and n in A%(T;v).
In Step 3, we have determined the trajectory of the sheath interface S(t), and an ion
density ns on the interface. We first define A2(T;v), Q22(0;v) (see Figure 4):

A%(T;v) := the region bounded by backward characteristic surfaces issued from
0 x {t = T} and interfaces Uyc[o 7 S(t),
Q2(s;v) := projection of the space-time region A2(T) N (R? x {t = s}) onto R2,

We then repeat the same procedure as in Step 1 to get n in A2(T;v), i.e., solve the linear
transport equation

om+V-(nv) =0, (x,t)€AT;v),
with initial and boundary data:
n(x,0) =ng(x) x€Q%(0) and n(x,t) =ns(x,t) (x,t) €S(t).
Let (a, tp) be the point on either Q4(0) x {t = 0} or S(to) x {t = to}. We solve the equations
for x and n as before:
xX(5,t0,0) = V({5,100 ), 5> to

7s Inn(x(s,to, ), s) = —(V-v)(x(s,to, ), s),
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subject to initial and boundary data:

n0(0é> to = 0,

to,t0,0) =a and n(a,tg) =
x (o, to, c) (e, o) {ns(a,to) ty > 0.

We set the approximate sheath region As(7T;v):
Ay(T;v) = AT, v) UA2(T;v)  and  Qu(t;v) := QL v) UQE (L v).

e Step 5: Determine an electric field V¢ in As(T;v).

(From Step 4, we know n in the region A4(7’; v), so we can now solve the Poisson equation
with mixed Dirichlet-Neumann boundary data:

Ap=n, (x,t) € As(T5v),
Vé-vg=g ondQy and ¢=—-Ilnng onS(t), 0<t<T.

e Step 6: Determine a new updated velocity u.

With the electric field V¢ from step 5, solve the inhomogeneous Burgers’ equation:
ga+a-Via=Vog,
with initial and boundary data:
u(x,0) =up(x), x€Q:0), and wu=-v onS(t), 0<t<T.
Let x(s,to, ) be the characteristic curve issued from (e, tp). Then we have
t -
LR W A s

Here x is a characteristic curve associated with . Since V¢ can be uniformly bounded
by initial and boundary data and T' < 1, the above inhomogeneous Burgers’ equation is
uniquely solvable.

e Step 7 Extend 1 to the whole fixed domain A(T).
We use Theorem 7.2 and the fact that the boundary data ho for (7.71) is uniformly
bounded by the initial and boundary data for the sheath system to get
Qq(t;v) € B(0,36%)  for ¢t € [0,T].

We then extend each component of 1 to the fixed physical domain ©; (see Appendix B).
Finally we set

and then define an iteration map F as follows:

F : B(A(T)) — B(A(T)); F(v) =u.
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Below we state the main theorem of this subsection which provides a local in time exis-
tence of sheath solutions to (2.6). The proof of the theorem and relevant lemmas are given
in Appendix A.

Theorem 7.3. Suppose the conditions (A1) - (A5) and (B1)-(B5) stated at the beginning
of this subsection hold. Then there exists a sufficiently small positive time T and the sheath
region As(T;u) such that the sheath system (7.63) - (7.64) admits a smooth solution (n,u, @)
satisfying

n € CY (A (T;u)), ue (CH(Ay(T;u)))?

0%u; € C¥7(Ay(T;n)), Vo€ CY(Ay(T;u)), |a|=2, i=1,2.

7.3. Local existence for the exterior quasi-neutral system. Recall the quasi-neutral
system is given by the isothermal gas dynamics system:

o+ Vx-(nu) =0, (x,t) € Qy x(0,00),
(7.72)
Ju+ (u-Vy)u+ Vx(lnn) = 0.

subject to initial and boundary data

(n,u)(x,0) = (ng0,uq0) (%), x € ,(0),
(n,u)(x,t) = (ns,us)(x,t) on S(t),

in the quasi-neutral region. We continue our discussions of Section 7.1 where the sheath
edge is described by a curve:

T2 = f(xla t)7
in the x1 — o plane. Theorem 7.1 provided local existence and uniqueness in time for the

sheath edge dynamics when V' was replaced by the local ”small gradient” approximation
V. Thus Theorem 7.1 provides a smooth boundary zo = f(z1,t) and data:

(7.73) n=ng, u=-v onuz=f(x,t), t>0,

with v = (=0,, f,1) (1 + (lef)2> for the exterior quasi-neutral system.

N[

In this section, we will sketch the proof of the following theorem for local existence-
uniqueness of initial-boundary value problem for the exterior isothermal gas dynamics quasi-
neutral system.

Theorem 7.4. The exterior isothermal gas dynamics quasi-neutral system (7.72) with
boundary data (7.73) and initial data

n(ﬂjl,ﬂfg,O) = 7'1/0(131,552)7 u(x17$2,0) = uo(l'l,CCQ), To > f(l'l,O),

has a unique classical smooth solution on [0,T] for any compact subset of Qq = {(x1,x2) :
x9 > f(x1,t)} where T > 0 sufficiently small, provided the following conditions are satisfied:

(1) the initial data for the sheath edge problem of Theorem 7.1 and the
mitial data for the exterior quasi-neutral problem are consistent and
sufficiently smooth at xo = f(x1,0);

(2) the initial data is sufficiently smooth;

(3) V is not =1 or 0 at t = 0.
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Proof. The proof follows from the theorem of S. Schochet (Appendix A2 in [54]). We will
apply Schochet’s theorem via the obvious change of variables. First set

Z=1T2 — f(xlvt)v Ul(xlaz’t) = Ul(l'l,Z + f(xlat)’t)?

UQ(IEl,Z,t) = UZ(:L‘I’Z + f(mlat)at)) N(I’l,Z,t) = n(azl,z + f(xlvt)at)
and let Uqe, Use and N, be any smooth extension of the boundary data in the region z =
x9 — f(x1,t) > 0. Next set

N=N-N,, Uy=U~-U, Us=U—-Us, W=(N,Uy,Us).

A straightforward application of the chain rule shows the quasi-neutral system (7.72) be-
comes

Ago W + A1611W + A20, + BW = F,
where Ag, A1, As and B are 3 x 3 symmetric matrices that depend smoothly on W, x1, z,t
for 2 > 0,t > 0,21 € R and W in a neighborhood of 0. F' is a smooth function of (x1, z,t)
taking values in R3:

10 0 U14Uw N+N, 0
Ag=10 (N+N)> 0 , Ai=| N+N, Ui+U, 0
0 0 (N + N.)? 0 0 (U1 + Ure)(N + N)?

and let us set
=—-0f — (U1 + Uie)Oy, f + (U2 + Use).

Then _ _
Z —0s,(N+N.)  N+N,
Ay = | =0, (N +N.) Z(N + Ne)? 0
N+ N, 0 Z(N + N.)?

and B, F' are defined in the obvious way. The boundary condition (7.52) becomes
W=0 atz=0,t>0,z; € R.

Notice the boundary z = 0 is C* and Schochet’s boundary matrix M on z = 0 (see [54]) is
just the identity whose null space is 0. Thus Schochet’s conditions (ii) - (viii) are satisfied
if we only consider the boundary z = 0. Also on the boundary z = 0, the boundary matrix
of (v) is simply —As and det Ay = —n[1 + (8x1f)2]%17(1 + V) when W = 0. Hence if
V # 0,—1, condition (v) of Schochet’s theorem is also satisfied in the neighborhood of
W = 0. Unfortunately Schochet’s theorem as stated above requires a bounded domain with
C* boundary. However since the proof is based on his Theorem A1 which holds for planar
boundaries, Theorem A2 holds in our case as well [53]. O

8. Dynamics of the sheath interface: Extended bulk interface system

In this section we suggest another approach to compute the sheath interface motion
based on only bulk quantities. The idea is simple and follows from the general level set
ideas recently summarized in the monograph of Osher and Fedkiw [44]. Recall that all
quantities in the sheath interface evolution (5.24) can be extended as bulk variables defined
on R3 x [0,00), say v = % ,etc. Hence if we solve the bulk system, location of the level
set ¢ = 0 will provide the true location of the sheath interface given the known value of V{
obtained from solving the interior sheath problem. This idea is explained below in further
detail.
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8.1. Extended bulk interface system (EBI). We follow the program noted above and
introduce the extended bulk interface system (5.24) whose solution on the interface reduces
to the original solution to the interface system. The bulk system for the extended bulk
quantities ¢ and n are:

on+Vv-Vn=nV - v,
h- 1
(8.74) Valt = = [V (VVin) -V (VVInn - vw)]
1
- [V(VV Inn)(v,v)— V((VV Inn - 1/)1/) (v, u)},
where V( is known from solving the interior sheath system and v = % Notice on level

sets 1 = 0, (5.24) and (8.74) are identical. The advantage of (8.74) is that it is defined via
"bulk” quantities and the evolution of the level set 1) = 0 may be obtained by solving (8.74)
on (R? — Q) x [0,00).

8.1.1. Special solutions to EBI. In this part, we show consistency of the (EBI) approach
with the earlier results of [37] for planar, cylindrical and spherical symmetric motions. Hence
we first look for the special solutions of (8.74) which are planar and radially symmetric.

We first consider planar solutions with the following ansatz:
Y(x,t) =x1 —s(t) n(x,t)=n(r,t) and h=(h,0,0).

In this case, since all surface gradients and a curvature term V - v vanish, EBI system
(8.74) becomes

571/}:0, 5—n:0 and V:—l—ﬁ.
ot ot n
)
The relation 5 O¢ + Vv -V yields a system for planar solutions (¢, n, h):
) ) h
(8.75) —$+V =0, on + $0,,m =0 and V:—l—g.
It is easy to see that
h

(8.76) n(x,t) = no( constant ), §$(t)=—-1——, and (x,t) =z — s(t).

no

are solutions of (8.75) and this is consistent with [37].

Next we consider radially symmetric solutions so that (¢, n, h) only depends on the radial
distance r and time t. We take the ansatz v as:

Y(rt) =1 —s(t).
Under the above ansatz for 1, the system (8.74) becomes

2 h,
V:‘é(t% 3tn+V8rn:7n7 5+1+Z:0’
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where h, is the radial component of the current h. We combine the first two equations to
get

2 h
(8.77) On+sdhn="2  s+1+2=0.
r n
We define $(a, t) by the characteristic curve (particle path) issued from « corresponding to
the first equation of (8.77), i.e.,
ds(a,t)
dt

Then along the characteristic r = §(a, -), the system (8.77) becomes

dn(5(t),t)  2n(s(t),t) hr(5(t),1)
dt s(t) n(s(t),t)

We now take the time-derivative of the second equation in (8.78) to get

2(5(t) + 1) (5(t) + 1)(Orhrd(t) + Oihy)

= 5(t), 5(a,0) = a.

(8.78) 5(1) + 1+ =0.

5(t = 0.
W50 n
Here h, and n are evaluated at the particle path (§(¢),t). We take the ansatz for the
hy(r,t) = % By direct calculation we have
. 2(5(t) + 1) h()(3(t) +1
s+ 2801107 hoGO Y
5(t) h(t)

and hence on the interface 1(r,t) = 0 we recover the 2nd order equation for §(t) which is
identical with the result in [37]. The cylindrical case can be done analogously.

8.2. Approximate extended bulk interface system. While we view the (EBI) ap-
proach as a promising method for numerical computation, in this subsection we give a more
modest application and derive an approximate solution of the bulk interface motion when
the target is a small ”transversal” perturbation of an infinite plane. We employ a formal
asymptotic expansion around the special solution (1, ng, ho) satisfying (8.76).

8.2.1. Small transversal perturbation of a planar target. Let us choose a small pa-
rameter p and we formally expand ¢, n and h in terms of power series of yu:

Y(x,t) = z1 — s(t) + pr(z2, 23,1) + -+,
n(x, t) =np + Mnl(@,f’?&t) +ey
h(Xat) = (hO(t)’ Oa 0) + Mhl(.fz,,fg,t) +

where ng is a positive constant and hy = (hq1, h12, h13) and
wO(X¢ t) =T — S(t)a TL(X, t) ="no and h0<t)

are exact solutions to the extended EBI with the relation:

i() = —1 — M0,

g

2

Below, we formally denote the higher-order terms by ”---”.
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Next we derive a system for (¢1,n1,h):

hu(:UQ, T3, t) hg(t)m 1 ho(t)
Ay — - —(1
(8.79) 1 o no | n2 (1+

Oy = no@iwl + 833%)-

or equivalently, we have a linear plate equation for ni:

ho 1 h
2 2 2 0 /92 212 2 2
9;nq + (8 n1 + 0z,n1) + o (1 + n0> (0, + 0z,)"n1 = Oz,h11 + Oz ha1.

e Derivation of (8.79). We claim:

h-v ho h11 h0n1 2
Vn = O YR (M O
v-Vn=0(u), - noﬂt(no n%>+ (1),
ho h1 ho 2 ho
V=120 £ (4 A
o /Lno 10+ 0( + > n1+0( )

Below we will check the above claim. It follows from the ansatz for v that

Vi = e+ uVir +---
b = —4(t) + udehy + -+ ,

where e; is the unit coordinate vector in zp-axis, i.e., e; = (1,0,0). Since 0,11 =0

|VT/)| =1+ O(/‘L)a v=e;+ M(O a$2¢1,a$3¢1) + O(MQ)’

h-v hyt hi1 hony
by holl) b o),
n U no 77,0

By direct calculation we have
vVn = (e1+p(0, ethr, Orytn) + O?)) - (Vs + O(1))
= pdgmi + O(1?) = O(i?).
Recall that
Vs=V—-vv- V),
ie.,

Vo=V = (€1 +uVe1 ) (@uy + V01 - V) + O(1?),

where Vi1 = (0, 0z,11, Oz41). Hence for any scalar quantity w(z2, x3,t), we have

(8.80) Vsw = Vw — (0, w)e; — u((@xlw)vwl + (V- Vw)el) +O(u?).
We apply the above equation (8.80) to w = Inn to obtain
Vslnn = an = ,um +O(u?).
n no
Hence we have
1 I A ()
——V.(VV,lnn) = nQV[( - )v } +O(u?)  and

)
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We now equate order p-terms in our EBI system to see

h11 h0n1 1 ho
81 - —(1+=2)A =
(8:81) Oy = = = ==+ ng( + no) (2.2)1 = 0,
(8.82) Oy = no(92,11 + 02,1b1).

Finally we apply the differential operators A(,, ,,) and 9 to (8.81) and (8.82) respectively
to obtain

9 1 ho\ .o
(883) 81‘, ni + hQA(wQ’mS)nl + an <1 + %)A(mz,xg)nl = A(127x3)h11.
Since hy < 0, the above equation has the structure of an equation for a vibrating plate.
Note it is well-posed if and only if

h
1+ -2 >0.
no

The motion of v is constructed by the insertion of the solution 7; of (8.83) into the first
equation of (8.79). The level set ¢ = 0 tracks the motion of the ”wvibrating plate” via the
relation:

1 = S(t) - M¢1($2,£B3,t> + O(MQ)

Remark 8.1. Notice here we have not made the “small gradient” approzimation V.=V
and the role of the surface derivatives in the original implicit constitutive equation for V.
becomes apparent.
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